WEIERSTRASS GAP SEQUENCES AND THEIR WEIGHTS ON TROPICAL
CURVES

OMID AMINI AND SHU KAWAGUCHI

ABSTRACT. Given a divisor on a tropical curve, we associate to each point of the curve a Weierstrass
gap sequence. We investigate structural properties of these gap sequences and explore their relation-
ship with the Weierstrass gap sequences of line bundles on algebraic curves via the tropicalization
process.

1. INTRODUCTION

Let I" be a tropical curve of genus g > 2, and let r = rp denote the Baker—Norine rank function
on the set of divisors on I' (see Section 2 for an overview of divisor theory on tropical curves). Let
D be a divisor on I' of degree d and nonnegative rank r(D) = r.

To each point p € I'; we associate a strictly increasing sequence of positive integers

n = (n17° . '7n’f’+1))

called the Weierstrass gap sequence at p with respect to D, or simply the D-gap sequence of p. An
integer m belongs to the D-gap sequence if

r(D —m(p)) <r(D - (m—1)(p))-

Since subtracting a point from a divisor decreases the rank by at most one, it follows that there are
exactly 7 + 1 gaps at p, and the largest gap is at most d + 1 (see Section 3). When it is necessary
to emphasize D and p, we write np(p) instead of n.

The weight of the D-gap sequence n is defined by

r+1
Wt(@) = Z(?’Ll — ’L) € Zzo.
i=1
A point p € T is called a D-Weierstrass point if r(D — (r + 1)(p)) > 0. Since the sequence n is
strictly increasing, this condition is equivalent to requiring that np(p) # (1,2,...,7 + 1). Denote
by WL(D) the locus of D-Weierstrass points. This is a closed subset of I". For p € WL(D), the
D-Weierstrass weight wtp(p) of p is the weight of its D-gap sequence, that is, wtp(p) = wt(np(p)).

In the case where D is the canonical divisor K = Kp, we call ng(p) the canonical Weierstrass
gap sequence (or simply, the Weierstrass gap sequence) of p. Accordingly, a K-Weierstrass point is
called a canonical Weierstrass point, or simply, a Weierstrass point.

The above definitions parallel their classical counterparts on algebraic curves. Let C be a smooth
projective curve of genus g > 2 defined over a field of characteristic zero, and let D be a divisor of
degree d and rank r on C. Then the locus WP¢(D) of D-Weierstrass points is finite, and the total
weight satisfies the formula -, cwp,(p) wtp(z) = (r + 1)(rg — 7 + d) (see [Lak81, Theorem 6]).

Motivated by a question of Baker [Bak08, Remark 4.14], we seek to understand to what extent
the classical theory of Weierstrass gap sequences can be extended to the tropical setting.
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Our first result provides a characterization of the D-Weierstrass gap sequence at a point p that
is isolated in the D-Weierstrass locus. Consequently, the weight of such a point coincides with the
definition used by Amini—Gierczak—Richman [AGR23], and, together with their results, this yields
a formula for the total weight of all D-Weierstrass points when the D-Weierstrass locus is discrete.
For a point p € I', denote by D, the p-reduced divisor in the linear equivalence class of D; see
Section 2. The coefficient of D), at p is denoted by D,(p).

Theorem 1.1. Let I' be a tropical curve of genus g > 2, and let D be a divisor on I' of degree
d and nonnegative rank r. Then, for an isolated point p in WL(D), the Weierstrass gap sequence
at p with respect to D is given by

np(p) = (1,2, ..., r, Dp(p) +1).
In particular, the D-Weierstrass weight of p is Dp(p) — r. Furthermore, if WL(D) is finite, then

(1.1) > wip(p)=rg—r+d.
peEWL(D)

Since r(K) = g — 1 and deg(K) = 2g — 2, Theorem 1.1 implies that, if WL(K) is finite, then
(1.2) Z wt(p) = g° — 1.

PEWL(K)

As an immediate corollary, we obtain an upper bound on the weight of the D-Weierstrass gap
sequence of an isolated point.

Corollary 1.2. Let I be a tropical curve of genus g > 2, and let D be a divisor on I' of nonnegative
rank. Suppose that p is an isolated point in WL(D).
(1) If D = K, then wt(p) < g—1.
(2) If deg D > 2g — 2, then wtp(p) < g.
(3) The bounds in (1) and (2) are optimal in the following sense: for (1), there exist a tropical
curve T' of genus g and a point p € T' such that equality holds; for (2), for each d with
d > 2g — 2, there exist a tropical curve T' of genus g, a divisor D € Div(T") of degree d, and
a point p € T' such that equality holds.

The situation becomes more subtle when WL(D) has a non-isolated connected component. The
following proposition provides a sharp contrast to Corollary 1.2.

Proposition 1.3. Let I' be a tropical curve of genus g > 2, let D be a divisor on I' of nonnegative
rank, and p € I'.

-1
(1) If D = K, then wt(p) < %.

+1
(2) If deg D > 2g — 2, then wtp(p) < 29t

(3) The bounds in (1) and (2) are optimal, in the same sense as in Corollary 1.2.

We explore the interplay between Weierstrass gap sequences on tropical curves and those on
algebraic curves under tropicalization. Let k be an algebraically closed, complete non-Archimedean
valued field of characteristic zero, and let C be an algebraic curve of genus g over k. Assume that C
is a Mumford curve, meaning that it admits a strictly semi-stable model over the valuation ring of
k such that each irreducible component of the special fiber in this model is a smooth rational curve.
Let T' denote the dual metric graph of the special fiber, and let 7: C(k) — I be the specialization
map (see Section 2.4).

For each point p € I, let f,, be a rational function on I' which gives the reduced divisor D,, that
is, D 4 div(f,) = D,. For each tangent direction v to I' at p, denote by sl ,(f,) € Z the slope of
fp at p along v.
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Let B be a finite union of closed intervals of I', not necessarily a connected component of WL(D).
We define the D-Weierstrass weight of B analogous to the formula given in [AGR23] for the D-
Weierstrass weight of a connected component of WL(D):

(1.3) pp(B) =3 D)+ (g(B) —cB))r— > > shu(fy)

pEB pEOB vET,I'NJout B

Here D(p) denotes the coefficient of D at p, g(B) is the genus of B (i.e., its first Betti number),
¢(B) is the number of connected components of B, dB is the boundary of B, and v € T,I' N §°**B
is a tangent direction that goes out of B at p.

Theorem 1.4. Let I' be a tropical curve of genus g > 2 and let D be a divisor on I' of nonnegative
rank. Let 7: C(k) — T be as above and D be a divisor on C with T(D) = D. Let B be a finite union
of closed intervals in I'. Then we have

(1.4) S win(@) < (r+ 1) up(B).

zeWPe ('D)7
T(x)EB

When B is a connected component of WL(D), it is shown in [AGR23] that equality holds. The-
orem 1.4 shows that, for a more general subset B, one obtains an inequality instead. Degeneration
of Weierstrass points have been studied in [Dia85, EH87, EM02, Bak08, Amil3, Gen21, AGR23]
among others. Theorem 1.4 sheds new light on this phenomenon and yields interesting examples
concerning degeneration of Weierstrass points on algebraic curves; see Section 5. We also get the
following.

Corollary 1.5. Notation as in Theorem 1.4, assume that B = {b} is a singleton, b € T'. Then
up({b}) < wtp(b). In particular,

> wtp(z) < (r+ 1) wtp(b).
2EWPc (D), 7(z)=b
For nonnegative integers d and r, define
(1.5) S(ryd):=={n=(n1,...,np1) €2 [1 <y <--- <mpyy <d+1}.
We endow S(r,d) with the coordinatewise partial order < (see Section 3.2 for details). We set
WL>, (D) :={peT|np(p) >n}. We prove the following (see Theorem 3.7).

Theorem 1.6. For each n € S(r,d), the set WL>,, (D) is closed and has finitely many connected
components.

In connection with tropicalization, we note the following.

Proposition 1.7. Let the notation be as in Theorem 1.4. Take any x € C(k), and denote by np(x)
the Weierstrass gap sequence at x with respect to D on C. Then np(t(x)) > np(x).

We say that a closed subset B of T is a mazimal D-Weierstrass locus if there exists an n € S(r, d)
such that B is a connected component of WL, (D) and np(p) = n for all p € B. By Theorem 1.6,
there are only finitely many of such loci.

We now specialize to the case of canonical divisors. Since r(K) = g — 1 and deg(K) = 29 — 2,
for g > 2 we set

(1.6) S(g)=8S(g—-1,29g-2)={n=(n1,...,ng) €29 | 1 <my <---<mng<2g—1}.

For any p € I, the canonical Weierstrass gap sequence ng(p) = (n1,...,nq) belongs to S(g). We
call a maximal K-Weierstrass locus a mazimal Weierstrass locus, and we call a point belonging to
some maximal Weierstrass locus a maximal Weierstrass point. In particular, if p is isolated in the
Weierstrass locus, then p is a maximal Weierstrass point.
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Motivated by Equation (1.2) in the case where the Weierstrass locus is finite, we consider the
total weight of mazimal Weierstrass points when g = 2,3. We state here the genus 3 case (see
Section 6.5 for the genus 2 case.) We say that a tropical curve I' is bridgeless if removing any
segment of I' consisting entirely of points of valence two yields a connected topological space. If,
instead, such a segment e exists in I' whose removal makes I' disconnected, then each two points
p,q on e are linearly equivalent, so ng (p) is constant on e. Therefore, in studying ng (p) for p € T,
we may contract all such segments and assume that I" is bridgeless.

A point v € I' is a cut vertex if the deletion of v from I' makes I" disconnected.

Theorem 1.8. Let I' be a bridgeless tropical curve of genus g = 3 without cut vertices. Then
each maximal Weierstrass locus is isolated. Let {p1,...,pm} denote the set of maximal Weierstrass
points on I'. Then we have the following.

(1) Suppose that T' is hyperelliptic. Then m = 4 and we have

4

(1.7) Y wir(p) =12 = (3° - 9)/2.
i=1

(2) Suppose that T' is non-hyperelliptic. Then 4 <m <8, and we have

(1.8) thK(pi) =8 = 92 — 1.
i=1

See Section 6 for the proof and for the treatment of the case where cut vertices are allowed.
In particular, for a bridgeless tropical curve of genus 3, whether or not cut vertices are present,
maximal Weierstrass points are always finite in number, and the total sum of their weights assumes
only very specific values. It is natural to ask whether this phenomenon persists in higher genus,
that is, whether an analogous statement holds more generally. See also Question 8.1.

Finally, we consider classification of Weierstrass gap sequences. If C is a smooth complex pro-
jective curve of genus g > 2 and x € C(C) is a point, then the complement n,(x)¢ in Z~¢ of the
Weierstrass gap sequence ne(x) for x forms a numerical semigroup of genus g, i.e., |no(z)| = g and
a+b € ne(x) for all a,b € ne(x)°. Studies on which sequence is of the form ne(x) have a long
history since Hurwitz [Hur92]. For example, Buchweitz (see [EH87, p. 499]) showed that a certain
numerical semigroup of g = 16 is not of the form n,(z)¢ for any smooth complex projective curve C
of genus 16 and x € C(C). On the other hand, for g < 8, any numerical semigroup of genus g is of
the form ne(z)¢ for some smooth complex projective curve C of genus g and = € C(C); cf. [KOO08].

Motivated by the case of algebraic curves, we are interested in what sequence is of the form
ny(p) for a point p on a tropical curve I'. We set

G(g) :={n € S8(9) | n=ng(p) for some tropical curve I' of genus g and p € '},

N(g) :={n € S(g) | The complement n° in Z~ is a numerical semigroup },
where S(g) is defined in (1.6). (Here, the symbol G stands for “gap,” and N for “numerical.”)

Theorem 1.9. For 2 < g <4, G(g) is given as follows.

() (2) ()—{(12)( 3)}
( ) (4) (4) u{(1, 2 4 6),(1 2,5,6)}. Namely, we have
g4) ={(1,2,3, 4),( ,2,3,5),(1,2,3, 6) (1,2,3,7),

1
(1,2,4,5),(1,2,4,6),(1,2,4,7),(1,2,5,6),(1,3,5,7)} .
4
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In particular, unlike the situation for algebraic curves, the complement ny (p)¢ of ny(p) in Zso
is not necessarily a numerical semigroup. Similar tropical hyperelliptic curves that we use for the
proof of Theorem 1.9 yield such canonical Weierstrass sequences for any g > 4; see Remark 7.5.

We note that in [Bor22], that we became aware of after finishing the writing of this paper, Borzi
considers (canonical) Weierstrass sets on finite graphs and provides a sufficient condition that a
sequence appears as a canonical Weierstrass gap sequence, see [Bor22, Thm. C]. In particular, his
result yields that G(g) ~ N (g) is nonempty in general. Therefore, there is some overlap between
Theorem 1.9 and [Bor22, Thm. C].

Organization of this paper. In the preliminary Section 2, we recall notions that will be used
in the subsequent sections. This includes a brief review of the theory of divisors on tropical curves
and tropical Abel-Jacobi maps, tropical Clifford’s inequality, computation of ranks of divisors on
hyperelliptic curves, weights of Weierstrass loci by Amini—Gierczak—Richman, Baker’s specialization
lemma, and specialization of Weierstrass points. We then study in Section 3 basic properties of
tropical gap sequences, and prove Theorem 1.6 and Proposition 1.7. In Section 4, we give the
proofs of Theorem 1.1, Corollary 1.2, and Proposition 1.3. In Section 5, we study specialization
from algebraic curves to tropical curves, and prove Theorem 1.4 and Corollary 1.5. In Section 6,
we prove Theorem 1.8, while in Section 7, we prove Theorem 1.9. Finally, in Section 8, we list some
open questions.

Acknowledgment. OA is partially supported by the project AdAnAr of the Agence Nationale de
la Recherche (ANR). SK is partially supported by KAKENHI 23K03041 and 25H00587.

2. PRELIMINARIES

In this section, we briefly review the theory of divisors on tropical curves. For details, see e.g.
[BJ16] and references therein.

2.1. Divisors on tropical curves. For a positive integer m and a positive number ¢ > 0, let
Sm(e) denote the star of radius e with m branches. By a tropical curve, we mean a compact,
connected metric space I' such that, for any p € I', there are an open neighborhood U of p and
an isometry U with S, (¢) for some m and e that sends p to the center of S,,(g). We also call a
tropical curve a metric graph, and we use both terms interchangeably. Further, we assume that
the metric on I' is given by the path metric, i.e., for points p,q in I', the distance between p and
q is the minimum length of any path from p to ¢. The integer m above is called the wvalence of
p and is denoted by val(p). The tangent space T),(I') is defined as the set of all outgoing tangent
directions to I' at p, so |T,(I")| = val(p). We usually identify a tangent direction v at p with the
corresponding unit tangent vector to I' at p. The genus g(I") of T' is defined as the first Betti
number, i.e., g(T') := dimg H; (T, R).

Suppose that G is a loopless finite graph with the set of vertices V(G) and the set of edges E(G),
and that ¢: E(G) — R is a length function. Then we obtain a tropical curve I" by associating to
each e € F(G) a copy of the interval [0, £(e)], with {0, ¢(e)} identified with the endpoints of e, and
then further identifying the ends of different intervals corresponding to the same vertex v € V(G).
In this case, we say that (G,/) is a loopless model of I'. Each tropical curve in the sense of the
previous paragraph arises in this way, admitting, in fact, infinity many models. Moreover, points
of valence different from two belong to all models.

Let I' be a tropical curve. Let Div(I") be the free Z-module generated by points of I'. An element
of Div(T') is called a divisor, and is written as a finite sum D = > . a,(p) with a, € Z (with all
but finitely many of the a, equal to zero). The coefficient a, at p is also denoted by D(p). The
support of D is defined by {p € ' | D(p) # 0}, denoted by Supp(D). The degree of D is defined
by deg(D) = > ,cr D(p). The Z-submodule of Div(I") consisting of degree d divisors is denoted
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by Div¥(T). A divisor D is effective, denoted by D > 0, if D(p) > 0 for any p € I'. The canonical
divisor K of T' is defined by K := 3" r(val(p) — 2)(p) € Div(T').

A function f: I' = R is called a rational function on I' if f is piecewise affine with integer slopes.
The space of rational functions on I' is denoted by Rat(I'). (We note that it is natural to add oo
to Rat(T") to make it into a tropical module. For simplicity, however, we do not include oo in this
paper.) For f € Rat(I') and p € I', we denote the slope of f at the direction v € T),(T") by sl, . (f)
or simply by sl,(f). Note that sl,,(f) is an integer and that except for a finitely many points
p €T, val(p) = 2 and > veT, () sl,(f) = 0. The principal divisor of f is defined by

(2.1) div(f) =) (— > slu(f)) (p)-

pel veTp(T)

Two divisors D, E € Div(I') are linearly equivalent, denoted by D ~ E, if D — E = div(f) for
some f € Rat(I"). For a divisor D € Div(I"), we set

(2.2) Rat(D) := {f € Rat(T") | D + div(f) > 0}

and |D|:={E € Div(I') | D ~ E and E > 0}.

The Baker—Norine rank (or simply the rank) of a divisor D € Div(T"), denoted by r(D), is defined
as the maximum integer among —1 and integers k£ > 0 such that for all points p,...,pg in I', the
divisor D — (p1) — - - - — (pk) is linearly equivalent to an effective divisor. In fact, Luo [Luol1] shows
that there exists a finite subset W of I" such that the r(D) is equal to the maximum integer among
—1 and integers k > 0 such that for py,...,pr € W, the divisor D — (p1) — - -+ — (pg) is linearly
equivalent to an effective divisor. Such a finite set W is called a rank-determining set of I'.

With the Baker—Norine rank, we have the tropical Riemann—Roch formula.

Theorem 2.1 (Tropical Riemann—Roch formula [BN0O7, GK08, MZ08]). Let I" be a tropical curve
of genus g. Then, for any D € Div(I"), we have

r(D)—r(K —D)=1-—g+deg(D).

From the tropical Riemann—Roch formula, one can deduce Clifford’s inequality. We say that a
divisor D € Div(I) is special if r(D) > 0 and r(K — D) > 0.

Corollary 2.2 (Tropical Clifford inequality, see [BN07, Corollary 3.5]). Let D be a special divisor.
Then r(D) < deg(D).

A tropical curve I' of genus g > 2 is hyperelliptic if there exists a divisor on I' of degree 2 and
rank 1.
The equality condition for the tropical Clifford inequality is a theorem of Coppens [Copl6].

Theorem 2.3 (Coppens [Copl6]). Let ' be a tropical curve of genus g > 4, and let D be a special
divisor with 2 < r(D) < g — 2. If the equality r(D) = %deg(D) holds, then T is hyperelliptic.

2.2. Rank on hyperelliptic tropical curves. Let I' be a hyperelliptic tropical curve of genus
g > 2. A leaf edge of T is an edge e of some loopless model (G, ¢) of I' such that e has an endpoint p
with val(p) = 1. Let I be the tropical curve without leaf edge obtained by successively contracting
leaf edges of I'. Then there exists an involution ¢ on I” such that IV/(:) is a tree, and we take
vo € IV (C T') such that t(vg) = vy (see e.g. [KY15, §3]). For an effective divisor D on T', we set
pr(D) = max{k S ZZU | ‘D — 2k (’Uo)’ 7é @}

We will use the following criterion for the computation of ranks on hyperelliptic tropical curves.
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Proposition 2.4 ([KY15, Theorem 1.14]). Let I be a hyperelliptic tropical curve of genus g > 2
and let D be an effective divisor on I'. Then

H(D) = {pr(D) (if deg D — pr(D) < g),
deg(D) —g (if degD —pr(D) > g +1).

2.3. Total weight of the Weierstrass loci. Let I' be a tropical curve of genus ¢g. For any
connected closed subset A C I', we denote by dA the set of boundary points of A, and by 9°"*A
the union of the tangent directions going out of A at all p € dA. The number of tangent directions
going out of A at p is denoted by outdeg,(p). In other words, outdeg 4(p) = #(T,(T") N 9"t A).

Fix a point ¢ € I'. A divisor D € Div(I") is called g-reduced if it satisfies the following two
conditions:

(i) D(p) >0 for all p € T~ {q}.
(ii) For every connected closed subset A C T" \ {q}, there exists p € JA such that D(p) <
outdeg 4(p).

The following theorem is useful in computing the rank of divisors, see Section 5.1 of the survey
paper [BJ16].

Theorem 2.5. For each D € Div(I'), there exists a unique q-reduced divisor that is linearly equiv-
alent to D. Further, vr(D) > 0 if and only if the coefficient of the corresponding q-reduced divisor
at q is nonnegative.

We denote by D, the g-reduced divisor that is linearly equivalent to D.

It follows that if r(D) > 0, then D, belongs to |D|. We denote f,; a function in Rat(D) (see
(2.2)) such that D +div(f;) = Dq. Then for any tangent direction v € T,(I") and any f € Rat(D),
we have

(2'3) Slq,l/(f) > Slq,z/(fq)'

Indeed, we set g := f — f;. Then Dy + div(g) > 0. By [Amil3, Lemma 7] and [BSv2, Lemma A.5],
g takes its minimum value at ¢. Thus sl ,(¢g) > 0, from which the inequality (2.3) follows. (Note
that in loc. cit. there is a sign difference in the definition of divisors of rational functions.)

Let D be a divisor on I' of degree d and nonnegative rank r(D) = r. Let A be a connected
component of the Weierstrass locus WL(D) :={p € ' | r(K — (r+1)(p)) > 0} (See Section 3.1 for
details). Note that A is a connected closed set of ', thus A is a tropical curve. Let g(A) denote
the genus of A. For p € 0A, we take f, € Rat(I') such that D + div(f,) = D,. Let

(2.4) pp(A) =Y D(p) + (9(A) = 1)+ > Y. shu(fa)

pEA PEDA VET,(T)NAOut A

Amini, Gierczak and Richman [AGR23] show the following formula of the total weight of up(A).

Theorem 2.6 (Amini-Gierczak-Richman [AGR23, Theorem 1.5]). Let ' be a tropical curve of
genus g > 2, and let D be a divisor on I' of degree d and nonnegative rank r. Let Ay ..., A, be the
set of all connected components of the Weierstrass locus WL(D). Then

m

> up(A) =rg—r+d.

i=1
2.4. Baker’s specialization lemma and specialization of Weierstrass points. Recall Baker’s
specialization lemma. Let k be an algebraically closed, complete non-Archimedean valued field, and
C an algebraic curve of genus g over k. Assume that C is a Mumford curve (see the paragraph after
Proposition 1.3 in Introduction). Let I be the dual metric graph of the special fiber of the model,
and let 7: C(k) — T be the specialization map.
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One way to see this specialization map is to use the analytification C*" of C in the sense of
Berkovich. There T is identified with the skeleton in C?" of a strictly semi-stable model of C over
the valuation ring of k, and there is a canonical retraction C®" — I" taking a connected component
of C*" \.T to a unique boundary point in I". Noting that the set of k-valued points C(k) is included
in C*", the restriction of the retraction map to C(k) gives the specialization map 7.

Extending linearly, 7 induces a map from divisors on C to divisors on I', which we still denote
by 7: Div(C) — Div(T).

Theorem 2.7 (Baker’s specialization lemma [Bak08, Lemma 2.8]). For any divisor D on C, we
have v(7(D)) > rc(D), where re(D) = dimy, H(C, O¢(D)) — 1.

In the rest of this subsection, we explain specialization of Weierstrass points, following the
exposition in [AGR23, §5]; see also [BJ16, §12.2]. We assume that k is of characteristic zero.

Let D be a divisor on C with rank r, where r := dimy H°(C, O¢(D)) — 1. Given a point = € C(k),
we define the vanishing set S, (D) of D at x to be the set of orders of vanishing of global sections of
Oc¢(D) at . We have |S,(D)| = r+1, and we write np(z) = (n1,...,np41), where ng < -+ < np41
and n; — 1 € S;(D) for any 1 <1i <r+ 1. We call np(x) the D-gap sequence. The weight of the
D-gap sequence is defined as wtp(z) := 71} (n; — ).

A point x € C(k) is a D-Weierstrass point if np(z) # (1,2,...,7 4+ 1). We denote by WP¢(D)
the set of D-Weierstrass points, which is a finite set. The Weierstrass divisor for D is defined by
(2.5) W= Z wtp(z)(z) € Div(C).

2€WP¢ (D)

Let K¢ denote a canonical divisor on C. If we fix a basis F of H°(C, O¢(D)), the corresponding
Wronskian Wrz is a nonzero global section of O¢ ((r +1)D+ @KC) whose divisor is pre-
cisely W.

We seek an explicit formula for 7(W) € Div(I'). For this, we define Rat(D) = {F € Rat(C) |
D + div(F) > 0}. For p € I' and a tangent direction v € T,(I'), define S¥(D) to be the set of
integers occurring as sl, , (trop(F')) for some F' € Rat(D). Here, identifying I" with a skeleton in
C*", trop(F') € Rat(I") is defined to be —log|F||;, and satisfies 7(D) + div(trop(F')) > 0. We
have |S¥(D)| = r + 1, and we enumerate S”(D) as s§ < ... < s¥. The following formula is proved
in [Amil3].

Theorem 2.8 ([AGR23, Theorem 5.5]). Notation as above, set W := 7(W) and D = 7(D) in
Div(T"). Then for any p € T, we have

(26) W) =+ 000 + k) - ¥ S
VET,T j=0

2.5. Effective locus in Pic?(X). Let I be a tropical curve of genus g > 1. For each d, let Pic(T")
be the linear equivalence classes of all degree d divisors on I'. For each divisor D of degree d,
denote by [D] € Pic?(T") its linear equivalence class. The effective locus Wy C Pic?(T') is the locus
of effective divisors classes, that is,

(2.7) Wy = {[D] € Pic! (") | r(D) > 0}.
The tropical Jacobian of I is the g-dimensional real torus
Jac(T") := H(I',R)/H.1 (T, Z).
By tropical Abel-Jacobi theorem (see [MZ08] and [BF11]), there is an isomorphism

AJ: Pic%(I') — Jac(T).
8



Fixing a point py € I', we get a natural identification
k k
(2.8) D, Picd(F) — Jac(I), Zai(pi) — ZaiAJ((pZ-) — (po))-
i=1 i=1

By an abuse of the notation, we define the effective locus Wy C Jac(I") as the image of Wy by ®,,.

Changing the fixed point pg results in a translation of Wy in Jac(T").

The map I' — Jac(I") that sends p to AJ((p) — (po)) is piecewise affine, meaning that there exists
a model of I" such that on each interval edge of this model, it factors through a piecewise affine
map to the vector space Hp(I',R). Since the composite 'Y — Jac(I") is still piecewise affine, the
effective locus W, is a closed polyhedral subset of Jac(T'). It is proved in [GST22, Theorem 8.3]
that Wd is of pure dimension d for each 0 < d < g.

We regard Pic?(T') as a real torus via the bijection (2.8). It thus follows that W is a closed
pure-dimensional polyhedral subset of Pic?(T).

3. D-WEIERSTRASS GAP SEQUENCES AND COORDINATEWISE PARTIAL ORDER

In this section, we present basic properties of D-Weierstrass gap sequences.

3.1. D-Weierstrass points and D-Weierstrass gap sequences. Let I' be a tropical curve of
genus g > 0. Let D € Div(I'). We set d = deg(D) € Z and r =r(D) > —1.

Definition 3.1. For p € I', we say that a positive integer m is a D-Weierstrass gap at p if
r(D —m(p)) <r(D—(m—1)(p)). o

Lemma 3.2. Let p € I'. Then there are exactly r + 1 D-Weierstrass gaps at p, and the largest
D-Weierstrass gap is at most d + 1.

Proof. If r = —1, then there is nothing to prove. Assume that » > 0. If n > d + 2, then
deg(D — (n — 1)(p)) < 0, so r(D —n(p)) = r(D — (n —1)(p)) = —1. This implies the second
assertion. For the first assertion, we have

r=r(D)>r(D—(p) =2r(D—-2(p) = =>r(D—-(d+1)(p)) = -1

Since removing a point from a divisor decreases the rank by at most one, there are exactly r + 1

D-Weierstrass gaps. O
We denote the D-Weierstrass gap sequence of p by n := (ny,...,ny+1) with 1 < n; < -+ <

np+1 < d+ 1, where ny,...,n,41 are the D-Weierstrass gaps at p. When we wish to emphasize D

and p, we write np(p) in place of n. Note that from the definition,

(3.1) r(D—ni(p)=r—1 for1 <i<r+1.

The weight of the D-Weierstrass gap sequence n is defined by

r+1
Wt(@) = Z(nz - Z) S ZZO‘
i=1
A point p € T is a D-Weierstrass point if np(p) # (1,2,...,7 + 1). This is equivalent to
wt(n(p)) > 0.
This notion of Weierstrass point is equivalent to the one in [Bak08] and [AGR23], as we show
next.

Lemma 3.3. A point p € I' is a D-Weierstrass point if and only if Dp(p) > r + 1.
9



Proof. Ifnp(p) =(1,2,...,r+1), then we have r(D — (r +1)(p)) =r — (r+1) = —1 by (3.1),
which by Theorem 2.5 implies that Dp(p) < r + 1.

Conversely, suppose that p € T verifies D, (p) < r+ 1. This means that r(D — (r+1)(p)) = —1.
Since removing a point from a divisor decreases the rank by at most one, and

r=r(D)=r(D—(p) =2r(D-2(p) 2 2r(D—(r+1)(p) = -1,

we get np(p) = (1,2,...,r+1). O
Define the D-Weierstrass locus by
(3:2) WL(D) :={peT |nplp) #(1,2,....,r+ D} ={p el |r(D - (r+1)(p)) > 0}.

We rephrase the above definitions in the case where D is the canonical divisor K.

Lemma 3.4. Suppose that D = K.

(1) A point p € T is a Weierstrass point if and only if r(g(p)) >
(2) An integer n is a Weierstrass gap if and only if r((n — 1)(p)) r(n(p)).
(3) The Weierstrass locus is given by WL(K) ={p €T |r(g9(p)) > 1}.

Proof. By the tropical Riemann-Roch formula (see Theorem 2.1), we have r(K) = g — 1.
Again by the tropical Riemann-Roch formula, we have r(g(p)) = 1 + r(K — g(p)), which gives
Assertions (1) and (3). We also have

r(n(p)) =1—g+n+r(K —n(p), r((n-1(p)=1-g+®m-1)+r(K—-(n-1)p).
Thus r((n—1)(p)) = r(n(p)) if and only if r(K —(n—1)(p)) > r(K —n(p)), which gives Assertion (2).

O
3.2. Coordinatewise partial order. For d > 0 and r > 0, we set
S(r,d)={n=(n1,...,np41) €Z7 |1 <ny1 <+ <npp1 <d+1}.
We endow a partial order < with S(r,d). Let n = (n1,n2,...,n041), o’ = (n},nh,...,n5) €

S(r,d). We write
n <n' provided that n; < n; forany i=1,...,r+ 1.

A function f: I' — S(r,d) is called upper-semicontinuous if for each n € S(r,d), the subset
{peT| f(p) >n}is closed in T

Let T" be a tropical curve and D a divisor on I' of degree d and rank r. For each n € S(r,d), we
set

WLz (D) :=={p €T |np(p) > n}.

We are going to show that WL>, (D) has a finitely many connected components and that the
map ¢ : I' = S(r,d) assigning each p € I' the D-Weierstrass gap sequence np(p) € S(r,d) is
upper-semicontinuous with respect to the coordinatewise partial order.

We need several lemmas. Recall that Wy_, := {[F] € Pic?~"(I') | r(F) > 0} C Pic?"(T) is the
effective locus (see Section 2.5). We set

W,.q = {[D] € Pic!(T) | r(D) > r} C Pic(T).
Lemma 3.5. The set W, 4 is a closed polyhedral subset in Pic®(T').

Proof. Take a rank-determining set W C I' (see the paragraphs before Theorem 2.1) and an
effective divisor £ € Div(I") of degree r with Supp(E) C W.
Let ¢p: PicY(I') — Pic?"(T') be the isomorphism given by D — D — E. As we explained in
Section 2.5, Wy_, is a closed polyhedral subset of Pic?~"(T").
10



Since W is rank-determining, we have

Wha = f ¢5 Wa-r)-
EeDiv(T),E>0
deg(E)=r, Supp(E)CW
Since the isomorphism (ﬁgl is a translation, ngl(Wd,r) is a closed polyhedral subset of Picd(F),
and we see that W, 4 is a closed polyhedral subset of Pict(T). O

Let I be a closed interval of I', which we identify with I = [a,b] C R. Let D be a divisor on T".
For nonnegative integers m and k, we set

I(m, k) :={p el |r(D—m(p)) =k}
By an open interval of I we mean the intersection of an open interval in R with I.

Lemma 3.6. Suppose that for allp € I, v(D —m(p)) > k. Then I(m,k) is a finite union of open
intervals in I.

Proof. We define the map ¢: I — Pic?"™(T') by p — D — m(p). Then

I(m, k) = @ (Wiaem ~ Wit 1,d-m) = ¢ Whdem) ~ @ (Wit 1,d-m)-

Since ¢ is piecewise affine (see Section 2.5) and Wy, q_r, and Wy 4—r, are closed polyhedral subsets
of Pic™™(T") by Lemma 3.5, we obtain the assertion. O

Theorem 3.7. Let D be a divisor on T’ of degree d and rank r. Then the map ¢ : I' — S(r,d)
assigning each p € I' the D-Weierstrass gap sequence np(p) € S(r,d) is upper-semicontinuous with
respect to the coordinatewise partial order. Furthermore, for any n € S(r,d), the set WL>, (D) is
a finite union of closed intervals of T'.

Proof. Let n=(ny,...,ny41) € S(r,d). We claim that {p € ' | np(p) > n} is a finite union of
closed intervals of I'. This gives the upper-semicontinuity of ¢ at the same time.

To show the claim, we proceed by the induction on |n| := ny + -+ 4+ n,41. For the base case
n=(1,...,7r+1),wehave {p €' | np(p) > (1,...,r+1)} =T Since I' is written as a finite union
of closed intervals of I', we are done.

In general, given n € S(r,d), we set

M:={m=(mi,...,myq1) €S(r,d) | n>

>m, |m|=|n|—1}.

For each m € M, there exists a unique k = k(m) with 1 < k < r 4 1 such that my = nx — 1. We
write np(p) = (n1(p),...,nr+1(p)). We have

{pel|npp) 2n}= |J {peT [nplp) > m, ni(p) #ms}.
meM

By induction, {p € ' | np(p) > m} is a finite union of closed intervals of T'.

Let I be one of the closed intervals. Since ng(p) > my, for any p € I, we have r(D—my(p)) > r—k
by (3.1). Further, ng(p) = my if and only if r(D—my(p)) = r—Fk by (3.1). It follows from Lemma 3.6
that {p € I | nkx(p) = mr} = I(mg,r — k) is a finite union of open intervals in I. Thus the set
{p €T | np(p) > m, nk(p) # mi} is a finite union of closed intervals of T', and we are done. O

Remark 3.8. The proof of Theorem 3.7 actually shows that there exists a constant C' = C(g, d)

depending only on g, d such that for each integer r and n € S(r,d), each tropical curve I' of genus g,

and each divisor D on I' of degree d, there exist at most C' connected components in W, (D). o
11



We end this section by giving the proof of Proposition 1.7. We follow the notation in Section 2.4.

Proof of Proposition 1.7. Let the notation be as in Theorem 1.4. Then we need to show that
np(T(x)) > np(x). It suffices to show that for any integer j, re(D — j(z)) < rp(D — j(7(z))). This
is a consequence of Baker’s specialization lemma (see Theorem 2.7). O

4. PROOFS OF THEOREM 1.1, COROLLARY 1.2, AND PROPOSITION 1.3
In this section, we prove Theorem 1.1, Corollary 1.2, and Proposition 1.3.

4.1. Proof of Theorem 1.1. Let I be a tropical curve of genus g > 2, and let D be a divisor on
I of degree d and nonnegative rank r. Note that since r > 0, we have |D| # (), so d > 0.

Let A; be a connected component of the D-Weierstrass locus WL(D) of I' (see (3.2)), and let p
be a boundary point of A4;. Since A; is closed (see Theorem 3.7), we have p € A;.

We write np(p) = (n1,n2,...,nr41) € S(r,d).

First, we show that n,.1 = D,(p) + 1. Indeed, we have r (D — D,(p)(p)) = 0 and for any j > 1,
r (D — (Dp(p)+j)(p)) = —1. Thus Dp(p) + 1 is the largest Weierstrass gap at p, and we get
nr1 = Dp(p) + 1.

Next we show that np(p) = (1,2,...,7,D,(p) + 1). To derive a contradiction, we assume that
np(p) # (1,2,...,7,Dp(p) +1). Then n, > r+1, so r(D —r(p)) > r(D — n.(p)) = 0 (see (3.1)).
Note that any point g € ' very near to p, we have (r + 1)(¢) ~ r(p) + (¢') for some ¢’ € I'. Then
r(D—(r+1)(¢)) =r(D—r(p)—(¢)) > r(D—r(p))—1> 0. It follows that ¢ is a Weierstrass point,
which contradicts with p being a boundary point of A;. We obtain np(p) = (1,2,...,7, Dy(p) +1).
In particular, wtp(p) = Dy(p) — .

Suppose now that the D-Weierstrass locus A; is a singleton {p;}. We take f; € Rat(I") such that
D +div(fy,) = Dp,. By (2.1), we have D(p;) — >per,.r Slpi,v(fp,) = Dp,(pi). It follows from (2.4)
that Z

pp({pi}) = D(pi) =7 — > Slyu(fp,) = Dp,(pi) — 7 = wtp(pi).
veTy, T’

Suppose each D-Weierstrass locus A; is a singleton {p;}. We write {p1,...,pm} for the set of
D-Weierstrass points of I'. By [AGR23| (see Theorem 2.6), we have >, up({p;}) = rg — r + d.
Then we obtain Y i, wtp(p;) =rg —r +d. O

The proof of Theorem 1.1 gives the following.

Proposition 4.1. Let I' be a tropical curve of genus g > 2, D a divisor on I' of degree d and
nonnegative rank r. Let n = (nq,...,n.41) € S(r,d). Let p; (i = 1,2,...) and p be points on T
such that lim; oo p; = p and np(p;) = n for all i. We write np(p) = (n1(p), ..., nr11(p)), which
satisfies np(p) > n by Theorem 3.7. Assume that np(p) # n and take the minimal 1 < k <r+1
with ng < ng(p). Then ng +1 < ngyq.

Proof. To avoid notational conflict, in this proof, we denote the divisor with support p € I" and
coefficient 1 by [p], in place of (p).

For¢=1,...,r+1, we have r(D — (ny— 1)[p;]) =r — €+ 1 and v(D — ny[p;]) = r — £ (see (3.1)).
Similarly, we have r(D — (n¢(p) —1)[p]) = r—¢+1 and r(D —ny(p)[p]) = r — . Since ny < ng(p), we
have r(D —ng[p]) > r(D — (ng(p) — 1)[p]) = r — k + 1. For any point ¢ € I" very near to p, we have
(mie+ 1)[g] ~ nalp] + '] for some ¢’ € T. Tt follows that (D — (nx + 1)[g]) = (D — nglp] — [¢]) >
r(D — nglp]) —1 > r — k. In particular, for large i, we have r(D — (ng + 1)[p;]) > r — k. By (3.1),
we have ng + 1 < ngyq. ]

Example 4.2. Let I be a tropical curve of genus 4. Then a point p € I with ng(p) = (1,2,5,6)
is not the limit of p; € I with ng(p;) = (1,2,4,5). o
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4.2. Proof of Corollary 1.2. Before we start the proof of Corollary 1.2, we introduce two classes
of tropical curves (i.e., metric graphs).

Example 4.3 (dipole graph). A dipole graph (also called a “banana” graph) By of genus g > 2
consists of two vertices joined by g + 1 edges, possibly of different lengths. Let v,v" denote the
vertices of By, and let eg,..., e, denote the edges of By. Let ¢; € R be the length of e;. In this
case, we denote By by By(lo, ..., 1lg). o

Example 4.4 (wheel graph). A wheel graph of genus g consists of vertices w and vy, ...,v,
where w and v; are joined by one edge for all 1 < ¢ < ¢, v; and v;4; are joined by one edge for
t=1,...,9 —1, and vy and vy are joined by one edge. Lengths of edges are possibly different. ¢

U1

() Vg

U3

€g+1

FIGURE 1. A dipole graph B, of genus g (left) and a wheel graph of genus g (right).

We begin the proof.
(1) Recall that r(K) =g —1 (> 1). Then Theorem 1.1 gives

(4.1) wig (p) = Kp(p) —r(K) < deg(K) — (g —1) =g — 1L

To show that this equality is optimal, consider the wheel graph of genus g, where each edge is
assigned length one (see Example 4.4) and consider the central point w. Then K ~ (2g — 2)(w) =
Ky(w).

If ¢ # w €T is very near to w, then g(q) ~ (g — 1)(w) + (¢') for some ¢’ € T with ¢’ # w. Since
outdegy,\ (w) = g, we see that (g — 1)(w) — (¢') is a ¢’-reduced divisor. Then

r(K —g(q)) = r((2g — 2)(w) — (9 — 1)(w) — (¢)) = x((g — 1)(w) = (¢)) = —1,
and ¢ is not a Weierstrass point. It follows that w is an isolated Weierstrass point.

Since K, (w) = 2g — 2 = deg(K), Equation (4.1) is an equality.

(2) Since D has nonnegative rank by the assumption, we may assume that D is effective. Since
deg(D) > 2g — 2, the tropical Riemann-Roch formula (see Theorem 2.1) implies that r(D) =
1—g+deg(D)+r(K — D) =deg(D) — g. Then Theorem 1.1 gives
(4.2) wtp(p) = Dp(p) — r(D) < deg(D) —r(D) = g.

To show that this equality is optimal, consider the dipole graph B, of genus g, connecting two
vertices v and v' with g + 1 edges (see Example 4.3). We assign each edge length one. For any
integer d > 2g — 2, we set D := d(v) € Div(By).

By the above computation, we have r(D) =d — g. Set r :=r(D). If ¢ # v € By is very near to
v, then (r +1)(q) ~ r(v) + (¢') for some ¢’ € By with ¢’ # v. Since outdegy,(v) = g + 1, we see
that g(v) — (¢') is a ¢’-reduced divisor. Then

r(d(v) — (r+1)(q)) = r(d(v) — r(v) = (¢)) = r(9(v) — (¢)) = -1,
and q is not a D-Weierstrass point. It follows that v is an isolated D-Weierstrass point.
Since Dy(v) = D(v) = d = deg(D), Equation (4.2) is an equality. O
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4.3. Proof of Proposition 1.3. We begin the proof of Proposition 1.3 (1)(3). Recall that r(K) =
g — 1. We write ng(p) = (n1,n2,...,ng). By (3.1), we have

r(K—(n—1)(p) =(g—-1)—(—1), r(K—-nip))=(g—1) —i
forall i =1,...,g. By tropical Clifford’s inequality (see Theorem 2.3), we get
1
r(K —(ni = 1)(p)) < 5(29 = 2) = (n; — 1)),
so, (g—1) — (i — 1) < 2((29 — 2) — (n; — 1)), which implies that n; < 2i — 1. Then
g

wig(p) = > (n; — i) < zg:(i 1) = “92_1)
=1

i=1
To show that the bound is optimal, let I be a hyperelliptic curve and let p be a point with
r(2(p)) = 1. Then ng(p) = (1,3,...,2g — 1) and wtg(p) = L2 (see Proposition 2.4).

Next, we prove Proposition 1.3 (2)(3). We set » = r(D) and d = deg(D). We write np(p) =
(n1,n2,...,np41). Since d > 2g — 2, the tropical Riemann-Roch formula (see Theorem 2.1) gives
r = d—g. The formula also implies that, for 0 <i < d—2¢g+1, r(D—i(p)) = 1—g+d—i+r(K—(D—
i(p))) = d—g—1, because deg(K — (D —i(p))) =29—2—d+i<2¢g—2—d+(d—2g9+1)=—-1<0.
We set £ :=d —2g+ 1.

Then, for 1 <i< /¢, n;=diand r(D —i(p)) =r—i=d—g—i. For 1 <j <g, we define m; > 1
by n¢t; = £ +mj. Note that / +g=d —g+1=r+1, so ngy = nry1. By the definition of the
D-Weierstrass gap, we have

r(D—=(+mj—1)(p)=r—L—=(G—1), r(D—{C+myp)=r—L—]
Claim 4.4.1. We have m; < 2j for 1 <j <g.

Indeed, if m; < j, then trivially m; < 2j5. If m; > j + 1, then the tropical Riemann-Roch
formula gives

r(K — (D = (¢4+m; —1)(p)))
=r(D—((+m;—1)(p) — (1 - g+deg(D — (£ +m; —1)(p)))
=r—(—(j—-1)—-(1-g+d—(C+m;—1))=m; —j—1>0.
We also have r(D — ({+m; —1)(p)) =r—{¢—(j—1)=(d—g)—(d—29+1)—(j—1)=g—3j > 0.
Thus D — (¢ +m; — 1)(p) is special.
By tropical Clifford’s inequality (see Theorem 2.3), we get

1
r(D — (€4 m; —1)(p) < 5 deg(D — (£ +m; — 1)(p)),
ie,g—j< %(d — (£ 4+ mj — 1)), which implies that m; < 2j. We have shown the claim.
Then
- ! ! 9(g+1)

WtD(p):Z(m’—i)JrZ(Wﬂ'—ﬁ—j)ZZ(mj—j)SZjZ 5

To show that the bound is optimal, let I' be a hyperelliptic curve and let vy be a point in the
paragraph before Proposition 2.4. For an integer d > 2g — 2, we set D = d(vg) € Div(I'). By
Proposition 2.4, we get
d—(L+7) .
) asi<g.

We have np(p) = (1,2,..., 6,0+ 2,0 +4,..., 0 +2g) and wtp(p) = 291 O

r(D—i(w)) =d—g—i(1<i<{),  r(D—(+])(w)) = |
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5. FROM ALGEBRAIC CURVES TO TROPICAL CURVES

In this section, we prove Theorem 1.4 and Corollary 1.5. We begin the proof of Theorem 1.4.

Proof of Theorem 1.4. We follow the notation in Section 2.4. In particular, WP¢(D) is the set
of D-Weierstrass points and W := > cwp,(p) Wip(2)(2) € Div(C) is the D-Weierstrass divisor
of Don C, W :=7(W), and D := 7(D) in Div(I'). Furthermore, given p € I' and v € T,(T),
s§ < --+ < s¥ are all the possible slopes at p along v of tropicalizations trop(F') for a rational
function F' on C with D + div(F') > 0. Since trop(F') satisfies D + div(trop(F')) > 0, by (2.3), we
have

(5.1) si>sg+g (1=0,1,...,7) and sg >sl,u(fp)

Choose a loopless model G = (V, E) of T' such that Supp(W) C V, and such that B = J.cpe
for the subset F' C FE consisting of those edges in E that connect two vertices in V' N B (in other
words, B is the induced subgraph on the vertices V' N B). Without loss of generality, subdividing
the edges of G if necessary, we can assume that the sequence of slopes s§ < --- < s/ is constant
over each edge e € F, when p € e moves from an endpoint of e to the other endpoint, and v is the

moving direction of p on e.
By Equations (2.5) and (2.6), taking the sum over V' N B, we have

Y wip@)= Y W=+ Y D+ Y S k@ ¥ Y Y

z€WPc (D), ueVNB ueVNB ueVNB ueVNBveT,I 7=0
T(z)eB

We have

Z K(u) = Z (val(u) — 2)

uEVNB ueVNB
=2|F|+ [{uw € F|u e B,w ¢ B}| —2|V N B|
(since uw € F' contributes two vertices u,w € V N B)
— 2(g(B) — e(B)) + [{uw € E|u € B,uw ¢ B},

where ¢(B) is the number of connected components of B, the genus g(B) equals |F|—|VNB|+c¢(B),
and we denote an edge e € F with endpoints u,v by uv.

With slight abuse of notation, we denote by uv the tangent direction from u to v on an edge uv.
Since by our assumption, the sequence of (r + 1) slopes along each edge of the model is constant,
for each edge wv in F, we have s7¥ = —s] for each j = 0,...,r. This implies that

T T
uv vu

DSt st =0

§=0 =0
Therefore,

T T
Do D= > s
uweVNBveT,I =0 uweFR ueB,w¢B j=0

For each edge uw, using (5.1), we get

7“(7“4—1).

1
Zsuw > (r+1)si® + M >(r+1) Slu,uw(fu) + 9

2

Hence, we get

Z W(u) < (r+1) ZD )+7r(r+1)(g (B)—c(B))+M|{uweE|ueB,w§éB}|
ueVNnB ueEB
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- (T + 1) Z Slu,uw(fu) - T(T; 1)

uweE ueB,w¢B

=(r+1)> D(u)+r(r+1)(g(B)—c(B)) — (r+1) > Slu o (fu)

u€B uweE ueBw¢B
- (T + 1) MD(B)7
see Equation (1.3). This completes the proof. O

Huw € E|u e B,w ¢ B}

Next, we prove Corollary 1.5.

Proof of Corollary 1.5. Let f, be an element of Rat(I') such that the divisor D + div(f,) is b-
reduced. By the definition of div(f) (see (2.1)), we have Dy(b) = D — 3>, cr,rslu(fy). By the
definition of pp(B) (see (1.3)), we have

pp({B}) = D)~ 7~ 3 sl(fy) = Du(b) — -

veTT
As we see in the proof of Theorem 1.1, in the gap sequence np(b) = (ni,...,ny41), we have
Nr41 = Db(b) + 1.
For 1 < j <r, we have n; > j. Thus
r+1
wtp(b) =Y (nj = j) = npy1 — (r+ 1) = Dy(b) —r = pup({b}),

j=1

as desired. The second assertion follows from the first assertion and Theorem 1.4. ]

We illustrate Theorem 1.4 with two examples. Note that, in the case of D = K, Theorem 1.4
implies that >, cwp, (ko) r(@)eB WD (%) < g P (B).

Example 5.1. Suppose that I' is a dipole graph of genus 3, consisting of two vertices v and v’
joined by 4 edges eq, €1, ea, e3, possibly of different lengths (see Example 4.3). We identify e; with
the closed interval [0, ¢;] with v = 0 and v = ¢; for 0 < i < 3.

We assume that the length of eg is 1, so eg is identified with the closed interval [0, 1]. Here we
consider the case where D = K. The Weierstrass gap sequences on I' are as in Table 1. Note that
I has no points with gap sequence (1,2,5).

r(k(p))for 1<k<5|1 2 3 4 5 ng(p) wtx (p)
pe o,é)u(g,lJ 00012 (1,23 0
pe b3~ {3} 001 1 2 (1,24 1

=1 01122 (1,35 3
TABLE 1. Weierstrass gap sequences on Bj

The connected component of the Weierstrass locus of I on ey is equal to the closed interval
[—1/3,1/3].

Let k be an algebraically closed, complete non-Archimedean valued field, and C a Mumford curve
of genus 3 over k with dual metric graph I'. Let 7: C(k) — T' be the specialization map.

Case I: the curve is hyperelliptic.  The case where C is hyperelliptic is clean. There are exactly
4(g — 1) = 8 Weierstrass points on C, and each such point x has the Weierstrass gap sequence
(1,3,5) and wte(z) = L1 — 3,
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By Baker’s specialization lemma (see Theorem 2.7), 7(x) must be the middle point of each edge
of I'. So there are exactly 2 Weierstrass points z1,22 on C that land to the Weierstrass locus
A =1[1/3,2/3] C e, and we have 7(z1) = 7(22) = 5 € [0, 1] = eo.

Case II: the curve is non-hyperelliptic.  Now we assume that C is non-hyperelliptic.

Let z1,...,z, € C be the Weierstrass points on C that land to A = [1/3,2/3] C eyp. By (2.4), we
compute pug(A) = 2. By [AGR23] (see Theorem 2.6), we have wte(z1)+- - -+wte(x,) = g-pur(A) =
3-2=16. We arrange x1,...,x, so that 7(z1) < 7(x2) < -+ < 7(zp).

We take B = [1/3,1/2 —¢] for small £ > 0. By (1.3), we compute pux(B) = 1. Theorem 1.4 tells
us that there are at most 3 points x1, 2, 3 that land to [1/3,1/2).

For example, if we assume that there is no x; with 7(z;) = 1/2. If ng_ (z;) = (1,2,5), then
Proposition 1.7 implies that ny (7(7;)) > ng,(z;) and since there is no point on I' with Weierstrass
gap sequence (1,2,5), we have ng(7(z;)) = (1,3,5) and 7(z;) = 1/2, which contradicts with our
assumption. Thus ng,(7;) = (1,2,4) for all 1 <4 < r, and we get r = 6. By above, we see that
x1, 2,23 land to [1/3,1/2) and x4, x5, z¢ land to (1/2,2/3]. o

Example 5.2. Let I' be a hyperelliptic curve of genus 3 comprising of three circles v, v, v”, where
the two vertices v' and v” are antipodal with respect to the middle circle.

Vo () ()

FIGURE 2. Chain of three circles.

Let e be a segment connecting v and v’. We assume that the length of e is one, and we identify
e with the closed segment [0, 1] with v =0 and v’ = 1.

Let C a Mumford curve of genus 3 with dual metric graph I'. Let 7: C(k) — I be the specialization
map.

Since every point in I' is a Weierstrass point (cf. Section 6.4), we have WL(K) =T, so the result
of [AGR23] does not tell us the image of Weierstrass points under 7.

For small ¢ > 0, we set B = {5,%—5}. By (1.3), we compute pux(B) = —2+ 3 = 1. Thus
g - px(B) = 3. Since any point p € B has ng(p) = (1,2,4), if x € WL¢(Ke) lands to B, then
ny(z) = (1,2,4) by Baker’s specialization lemma. Then by Theorem 1.4, there are at most 3 points
x1,x9,x3 € WLe(Ke) that land to (0,1/2) and each of them has ng(x;) = (1,2,4). o

6. PROOF OF THEOREM 1.8

Let ' be a tropical curve of genus g > 2. An edge e € E(I") is a bridge if the deletion of (the
inner points of) e from I'" makes I' disconnected. Throughout this section, we assume that I' is
bridgeless, i.e., I' has no bridges. Let (G = (V,E),¢) be the minimal model of T obtained by
setting V := {v € I | val(v) > 3}, and defining the set of edges E in bijection with the connected
components of ' \ V. Let £: E(I') — R( denote the corresponding length function with ¢(e) the
length of the connected component corresponding to e.

Recall from the introduction that a cut vertex v € V(I') is such that the deletion of v from I’
makes I' disconnected.

We assume that ¢g(I') = 3 in Sections 6.1-6.4, and g(I') = 2 in Section 6.5. We give a proof of
Theorem 1.8.

We emphasize that within a fixed topological type, the Weierstrass locus WL(K) of a tropical
curve I" varies in general. For example, there exists a tropical curve I'y (resp. ', resp. I's) whose
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topological type is the complete graph K4 of genus 3 such that WL(Kp, ) consists of 4 points (resp.
WL(KT,) consists of 8 points, resp. WL(KT,) consists of 6 points and one segment). However,

Theorem 1.8 says that Zp: maximal Weierstrass point WtKFi (p> =8foralli= 17 27 3.

6.1. Non-hyperelliptic curve of genus 3 without cut vertices. Let I' be a non-hyperelliptic
curve of genus 3 without cut vertices. Then I is one of the three tropical curves in Figure 3. (Here,

F1GURE 3. Non-hyperelliptic curves of genus 3 without cut vertices.

for the rightmost tropical curve, the lengths of the two vertical edges are not equal to each other.)
We are going to show that Zp: maximal Weierstrass point WtKI‘i (p) =8.

Let p € I be a Weierstrass point, i.e., r(3(p)) > 1. By the tropical Riemann—Roch theorem (see
Theorem 2.1), we have r(K — 3(p)) = r(3(p)) — 1 > 0, so there exists ¢ € I' with K ~ 3(p) + (¢).
Since I' has no bridges, ¢ is uniquely determined by p.

Note that there is no p € I with ng(p) = (1, 3,5), because I' is non-hyperelliptic. For p € T', we
see that ny(p) = (1,2,3) if and only if r(K — 3(p)) = —1, and

ng(p) =(1,2,4) <= there exists a unique q € I' with K ~ 3(p) + (¢) with ¢ # p,
ng(p) = (1,2,5) <= K ~A4(p).

Let A be a connected component of the Weierstrass locus of I'. We assume that A is not a
singleton.

Lemma 6.1. There is an edge e € E(I') such that A C e.

Proof. Let py € JA. Since A is not a singleton, there is a tangent direction v € T},;)I" and an
edge e € E(I') with py € e such that e is identified with the closed interval [0, ¢(e)] of length ¢(e)
with the direction 0 to ¢(e) agreeing with v and that pg + ¢ € A for any small positive €, where we
identify po with its coordinate in [0, £(e)].

We fix a small positive ¢, and write p, = pg + x for 0 < z < e. Since p, € A, there exists a
unique ¢, € I' with K ~ 3(pg) + (¢z)-

Claim 6.1.1. ng(po) = (1,2,4).

Indeed, since A is closed (see Theorem 3.7) and pg € A, we have ny(po) = (1,2,4) or (1,2,5). To
derive a contradiction, assume that ng(po) = (1,2,5). Then K ~ 4(pg). Suppose that py € V(T').
Then val(pg) > 3. We denote the edges with endpoints py by e, e1,...,ex (with N := val(pg) — 1 >
2). Since I' \ {pp} is connected by our assumption that I" has no cut vertices, for small z > 0,
for each 1 < i < N there is a path ~; that connects p, (x > 0) and a point on e; without passing
through pg. Since N > 2, it follows that K £ 3(p,) + (g,) for small z > 0 by e.g. Luo’s algorithm
[Luoll], a contradiction. Next, suppose that pg € V(I'). Then py is an inner point of e. We see that
there is a small positive ¢’ such that for any —&’ < x < &/, we have K ~ 4(pg) ~ 3(po+2x)+ (po—3x).
It follows that there is an neighborhood Uy of pg such that every point p € Uy is a Weierstrass
point. This contradicts with pg € 0A. Thus we get ny(po) = (1,2,4), and we have shown the
claim.
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We replace € by a smaller number if necessary, we may assume that val(p,) = 2 and val(g,) = 2
for any 0 < x < e. Forany 0 < 21 < 2 < ¢, since 3(py) + (¢z) is (pz)-reduced, we see that py
moves continuously from p,, to p;, and g, moves continuously from ¢,, to g, by, for example,
Luo’s algorithm [Luoll]. Shrinking e if necessary, we may assume that the moving path from p,,
to pg, and that from g, to g, are disjoint. We identify the moving path from p,, to p,, with the
interval [z1,x2] and that from ¢, to g, with the interval [y, y2].

It follows that there exists f12 € Rat(T") such that 3(pz,) + (¢z,) + div(f12) = 3(Pay) + (¢u,) With
fi2(x) = 3(x—x1) for x € [x1,x2], f12(y) = (y—y1) and fi2 is locally constant on I'\ [z1, z2]U[y1, y2].
In the right tropical curve in the above figure, since p;, is a Weierstrass point, we see that p,, does
not lie on the inner points of the vertical edges. It follows from the above figures, if g,, is not
on e, then I' \ [x1,22] U [y1,y2] is connected, and there does not exists such an fi2, because
fr2(21) # fra(z2).

We conclude that ¢,, € e. Moving z1 to 0, we see that pg,qo € e. Since p, € A, we get
0 <po <qo<{e).

Case 1: Suppose that pg = 0. Then 0 < go < £(e). We have A = [0, L] C e.

Case 2: Suppose that 0 < pg < %ée). Since py € 0A, we have qo = l(e). We get A =

[poapo + @} Ce.
20(e)

Case 3: Suppose that < po < {(e). Since py € OA, we have qo = ¢(e). We get A =
3

[p07£(€)] Ce.
In all cases, we have A C e. t

Lemma 6.2. On A, there exists a unique point p with ng(p) = (1,2,5).

Proof. In Case 1 in the proof of Lemma 6.1, p = %qo is a unique point on A with ng(p) =
2,5).
(]

(1,2,5). Similarly, in Cases 2 and 3, p = %po + %E(e) is a unique point on A with ng(p) = (1,

Lemma 6.3. ux(A) =2.

Proof. Consider Case 1 in the proof of Lemma 6.1. We take fy € Rat(I') with K + div(fy) =
3(po) + (qo), where pg = 0. We denote the edges with endpoints py by e, eq,...,en (with N :=
val(pp) —1 > 2). Let v,v1, ..., vy be tangent directions emanating from pg = O on e, eq,...,en. We
write sly, »(fo) = so and slp, ., (fo) = séi). Since the coefficient of K at pgis (N +1) —2=N —1,
we see that so + sél) +- S[()N) = —div(fo)(po) = -3+ (N—-1)=N —4.

Set

2 T € [0, %qo] ,
g(IL’) =y—2TT+q xEc [%q()v q0]7
0 elsewhere.

Then K + div(fo) + div(g) = 3 (%a0) + (0).
Let v (the same notation) be the tangent direction at %qo from 0 to £(e). We get Slu,%qo (fo+g) =
So — 1.
It follows from (2.4) that
uic(A) = (val(po) = 2) + (9(A) = 1)(g = 1) = (s + -+ s§")) = I, 1, (fo + 9)

=(N-1)-2—P+ 4™ —(so-1) =2
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Consider Case 2. We take fo € Rat(I') with K + div(fy) = 3(po) + (qo), where gy = £(e). Let
v be the tangent direction from 0 to ¢(e) on e, and v/ be the opposite direction of v. We write
slpo,v (fo) = so and sl ,/(fo) = s(. Then sg+ s; = —3. Since the support of K is included in V(T"),
fo has constant slope on [po, £(e)].

Set
—z + po x € [0, po),
o(z) = 2(x — po) T € {poypo;r @} ;
—z+po+Le) x€[po+ 2 ),
Do rzel e

Then K + div(fy) + div(g) =3 (po + @) +(0).

Let v (the same notation) be the tangent direction at pg+ @ from 0 to £(e), and v/ the opposite
direction. We get Slu,poﬂ%)(fo +g) =s0— 1.

It follows that

n(A) = (9(A) = 1)(g = 1) = sy, (fo) — Slpo+@y,,(f0 +9)=-2-5y—(s0—1) =2

Case 3 is similar to Case 1. O

Proof of Theorem 1.8 (1):  Let Ajp,..., A be the set of Weierstrass locus of I' such that
Ay, ..., A are singletons, and Agi1,..., A, are not singletons for some 0 < k < m. We put
p; =A; for 1 <i<k Fork+1<i<m,by Lemma 6.2, let p; be the unique point on A; with
n(p;) = (1,2,5). Then {p1,...pk,Pk+1;s---,Pm} is the set of maximal Weierstrass points of I. For
k+1<1i<m, Lemma 6.3 tells us that yu(A4;) = 2 = wtr(p;). Then Theorem 2.6 implies that

> whg(pi) = iu(Ai) =g¢°—1=8.
=1

pi: maximal Weierstrass point

Since p(A;) is either 1 or 2, we see that 4 < m < 8. O

6.2. Hyperelliptic curve of genus 3 without cut vertices. Let I' be a hyperelliptic curve of
genus 3 without cut vertices. Then I' is one of the tropical curves in Figure 4.

=

FI1GURE 4. Hyperelliptic curve of genus 3 without cut vertices.

(Here, for the right tropical curve, the lengths of the two vertical edges are equal to each other.)

Proof of Theorem 1.8 (2):  For the left tropical curve T', let {ej,...,eq} be the set of edges.
Let p; be the middle point of each e;. The computation in Example 5.1 show that {p1,...,ps} is
the set of maximal Weierstrass points of I and wtp(p;) = 9(97271) = 3. It follows that

5 wik ) = (g+ 2D

p; : maximal Weierstrass point

=12.
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For the right tropical curve T', let {ej,...,eq} be the set of horizontal edges, and let p; be the

middle point of each e;. Then similar to the computation in Example 5.1, we see that {p1,...,ps}
is the set of maximal Weierstrass points of I', and the sum of the total weight of these points is
equal to 12. I

6.3. Non-hyperelliptic curve of genus 3 with cut vertices. Let I' be a non-hyperelliptic curve
of genus 3 with cut vertices. Then I' is one of the tropical curves in Figure 5.

S F O

F1GURE 5. Non-hyperelliptic curve of genus 3 with cut vertices

(Here, for the left tropical curve, the two vertices are not antipodal with respect to the middle
circle. For the middle tropical curve, the vertex w on the circle is not the middle point of the edge
es.) For these graphs, it is easy to compute the Weierstrass gap sequences.

We write the left, middle, and right tropical curves for I';,I's, and I's. Black, thick gray, and
blue points are respectively points with Weierstrass gap sequence (1,2,3), (1,2,4) and (1,2,5).

e For I'y, the computation of Weierstrass gap sequences is easy, and we have the following

figure.
»\ °
Q.
(L
We get

> wtr(p) =8 +4 = 12.

p: maximal Weierstrass point of I'y

e For I'y, we argue as in Section 6.1. Let v, v’, w be the vertices as in the above figure, and let
€1, €2, e3 be the edges connecting v and v'. We identify es with the closed interval [0, ¢(e)]
with v, v corresponding to 0, £(e3), respectively. Let a (0 < a < £(e3)) be the coordinate of
w. We may and do assume that a < £(e3)/2.

Let A be a connected component of the Weierstrass locus of I's. Since K = 2(w) + (v) +

(v"), if w € A, we see that A = [%a, a+ %6(63)}. We also have p(A) = 2 and there exists a
unique point ¢ = 2a 4+ $/(e3) € A with np,(q) = (1,2,5).

If A is not a singleton and w ¢ A, then the proofs of Lemmas 6.1 to 6.3 show that A C e;
or A C ey, and that u(A) =2 and g € A with nr,(¢q) = (1,2,5).

By Theorem 2.6 and arguing as in Section 6.1, there are in total m maximal Weierstrass
points on I'y for some 4 < m < 8, and we have

Z wtr(p) = 8.

p: maximal Weierstrass point of I'y
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e For I'3, we can argue as for I'y, but here we will compute Weierstrass gap sequences directly.
Let v,v’" be the vertices as in the above figure, and let eq, e2, e3 be the edges connecting v
and v'. We identify e; with the closed interval [0, ¢(e;)] with v, v’ corresponding to 0, £(e;),
respectively. Without loss of generality, we may assume that £(e;) < £(e2) < ¢(e3). Then
we get the following.

(= O O&=

6(61) < f(eg) < 6(63) 6(61) = 6(62) < 5(63) [(61) = 6(62) = 5(63)

(In the middle figure, the coordinates of the blue points on e3 are 1¢(e3) and 2£(eg)++¢(ey).
With some lengths of e;, it is possible that every point on e3 is a blue point.) In any case,
we have

> wtr(p) = 10.

p: maximal Weierstrass point of I's

6.4. Hyperelliptic curve of genus 3 with cut vertices. Let I' be a hyperelliptic curve of genus
3 with cut vertices. Then I' is one of the tropical curves in Figure 6.

000 = %

F1GURE 6. Hyperelliptic curve of genus 3 with cut vertices

(Here, for the left tropical curve, the two vertices are antipodal with respect to the middle circle.
For the right tropical curve, the vertex on the circle is the middle point of the edge.) For these
graphs, it is easy to compute the Weierstrass gap sequences.

Black, thick gray, blue, and green-star points are respectively points with Weierstrass gap se-
quence (1,2,3), (1,2,4), (1,2,5) and (1,3,5). Then we have the following.

° o ° e T 7%
x x x * é*% b
° ° ° Eod o0
® ° w

Lol

We write the left, middle, and right tropical curves for I'y,'s, and I'g. Then we get

> wir(p) =24, > wipy(p) =16, > wipg(p) = 24,
p p p

where the p run through all the maximal Weierstrass points of T'; (i = 4,5, 6).
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FIGURE 7. Genus 2 tropical curves

6.5. Genus 2 tropical curves. Let I' be a tropical curve of genus 2 without bridges. Then I' is
one of the tropical curves in Figure 7.

The right graph is a dipole graph Bj of genus 2 (see Example 4.3). Let g1, g2, g3 be the middle
points of three edges of By. Then we see that ng(p) = (1,2) if p # ¢; and ng(g;) = (1,3) for
1 <4 < 3. For the left graph, we compute similarly. We get

Z wtr(p) = 6.

p: maximal Weierstrass point

For a related question, see Question 8.1.

7. PROOF OF THEOREM 1.9
Recall from the introduction (see (1.6)) that
Sg)={n=mn1,...,ng) €Z9 |1 <n; <---<ng <2g—1}.

Recall also that G(g) is the subset of S(g) consisting of those n that are achieved by some point
of some tropical curve of genus g, and that N (g) is the subset of S(g) containing those with the
complement n¢ in Zqg forming a numerical semigroup.

To exclude some sequences in S(g) that do not belong to G(g), we use the following lemma.

Lemma 7.1. Let T be a tropical curve of genus g > 2, and let p € T'. Suppose that ny(p) =
(1,n2,n3,...ng) with 3 < no. Then I' is hyperelliptic, and ny(p) = (1,3,5,...,2¢9 — 1).

Proof. If ng(p) = (1,n2,n3,...ny) with 3 < ng, then r(2(p)) = 1. It follows that I' is hyperel-
liptic, and we have r(k(p)) = |k/2| for k =0,1,...,2¢9g — 1. Then ng(p) =(1,3,5,...,2g—1). O

When T is hyperelliptic, we let v9 € ' denote a point invariant under a hyperelliptic involution
(after contracting leaf edges) as in Section 2.2. We also use the following lemma.

Lemma 7.2. Let I" be a hyperelliptic graph of genus g > 4, and let D € Div(I") be a divisor such
that 2 <r(D) < g — 2 and r(D) = 1 deg(D). Then D ~ 2r(D)(v).

Proof. Since r(D) > 2, we may assume that D is effective. We use Proposition 2.4. With the
notation there, we claim that deg(D) — pr(D) < g. Indeed, if deg(D) — pr(D) > g + 1, then, by
Proposition 2.4, r(D) = deg(D) — g = 2r(D) — g. It follows that r(D) = ¢, which contradicts with
r(D) < g — 2, and the claim follows.

Then, by Proposition 2.4, r(D) = pp(D). By definition of pr(D), we have |D — 2r(D)(vo)| # 0.
Since deg(D) = 2r(D) by assumption, we have D ~ 2r(D)(vg). O

We begin the proof of Theorem 1.9.

Genus 2 case. We have
S(2) =N(2) ={(1,2),(1,3)}.
Let By be the dipole graph of genus 2, where all the edges are assigned length one (see Exam-
ple 4.3). By Section 6.5, there exist p,q € By with ng(p) = (1,2) and ngx(q) = (1,3). We obtain
Theorem 1.9 (1).
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Genus 3 case. We have
S3)=1(1,2,3),(1,2,4),(1,2,5),(1,3,4),(1,3,5),(1,4,5) } ,
N(@33)={(1,2,3),(1,2,4),(1,2,5),(1,3,5)}.

By Lemma 7.1, neither (1, 3,4) nor (1,4, 5) is of the form ng(p) for a point p on a tropical curve
T of genus 3. Thus G(3) C N (3). We are going to show that each element of N'(3) belongs to G(3)
by constructing explicit examples.

Let Bs be the dipole graph of genus 3, where all the edges are assigned length one (see Exam-
ple 4.3). By Example 5.1, there exist p,q,r € B3 with ng(p) = (1,2,3), ng(q) = (1,2,4) and
ng(r) =(1,3,5).

It remains to see that (1,2,5) € G(3).

Let K4 be the complete graph (this is the same as the wheel graph of genus 3 in Example 4.4),
where all the edges are assigned length one. Let v € K, be a trivalent point. Since K4 is non-
hyperelliptic, we have r(2(v)) = 0. Since K ~ 4(v), the tropical Riemann-Roch formula gives
r(4(v)) =2+ r(K —4(v)) = 2. Then r(3(v)) = 1. It follows that ng(v) = (1,2,5).

We conclude that G(3) = N(3), and we obtain Theorem 1.9 (2).

Genus 4 case. We define §(4)’ to be the subset of S(4) that excludes (1,n2,ng, ng) with 3 < ng <
ns < ng <7 and (ng,ns,ng) # (3,5,7). Then by Lemma 7.1, we have G(4) C §(4)". Explicitly, we
have

S4) =1{(1,2,3,4),(1,2,3,5),(1,2,3,6), (1,2,3,7),(1,2,4,5), (1,2,4,6),
(1,2,4,7),(1,2,5,6),(1,2,5,7),(1,2,6,7),(1,3,5,7)}.
Comparing with Theorem 1.9 (3), we have to show that
(7.1) (1,2,5,7), (1,2,6,7)

are not of the form ny (p) for a point p on a tropical curve I" of genus 4, and then the other elements
of §(4)" are of the form ng(p) for a point p on a tropical curve I of genus 4.

Exclusion of (1,2,5,7) and (1,2,6,7). To derive a contradiction, suppose that (1,2,5,7) (resp.
(1,2,6,7)) were of the form ng(p) for a point p. It follows that r((p)) =0, r(2(p)) =0, r(3(p)) = 1,
r(4(p)) = 2, x(5(p)) = 2 (resp. x(3(p)) = 3), x(6(p)) = 3, and r(7(p)) = 3.

In either case, since r(4(p)) = 2, the tropical Riemann-Roch formula gives 2 = r(4(p)) =1—-4+
44 r(K —4(p)), so r(K —4(p)) = 1. Thus 4(p) is a special divisor. By Clifford’s Theorem 2.3, we
would then get that I' is a hyperelliptic curve, and by Lemma 7.2, 4(p) would be linearly equivalent
to 4(vp). Since r(2(p)) = 0, we have 2(p) # 2(vg), thus 6(p) = 2(p) + 4(p) # 2(vo) + 4(vo) = 6(vp).
Then with the notation in Proposition 2.4, we have pr(6(p)) = 2 and deg(6(p)) —pr(6(p)) =4 =g.
Then Proposition 2.4 implies that r(6(p)) = 2, which contradicts with r(6(p)) = 3. We conclude
that (1,2,5,7) and (1,2,6,7) do not belong to G(4).

Using the dipole graph By. Let By be the dipole graph of genus 4 with two vertices v, v’ joined by
5 edges, where all the edges are assigned length one (see Example 4.3). Let ep be an edge of By,
which we identify with the closed interval [0,1]. Then we have the following.

Proposition 7.3. On the tropical curve By, Weierstrass gap sequences at p € [0,1] = ey are given
as in Table 2.

Proof. By symmetry, we may assume that p € [0,1/2]. Let v =0,¢g =1/2 and v' = 1.

By the tropical Riemann-Roch formula, we have r(7(p)) = deg(7(p)) — g = 3.

Step 1. If p € [0,1/4), then 4(p) ~ 3(0) + (4p). Since 3(0) + (4p) is v-reduced, we have
r(4(p)) = 0. Then r(k(p)) = 0 for 1 < k < 3. Since r(7(p)) = 3, we have r(5(p)) = 1 and
(6(p)) = 2. Thus n(p) = (1,2,3,4).
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r(k(p)) for1<k<T7|1 2 3 5 6 7 ng(p) wt(p)
pE_O,%)U(%,lJ 0000123 (1,234 0
pelbh)u(3d] Jooo 1123 (1235 1
pelL2)u(d3] Joo 11123 (1,245 2
pe 2~ {3} 0011223 (1,246 3
p=73 0112233 (1,357 6

TABLE 2. Weierstrass gap sequences on By

Step 2. Suppose that p € [1/4,1/3). Then 3(p) ~ 2(v) + (3p), and since 2(v) + (3p) is v-
reduced, we have r(3(p)) = 0. On the other hand, we have 4(p) ~ 2(¢) + (v) + (4p — 1) and
5(p) ~ 2(q) + 2(v) + (5bp — 1), so Proposition 2.4 implies that r(4(p)) = r(5(p)) = 1. Since
r(7(p)) = 3, we have r(6(p)) = 2. Thus ng(p) = (1,2,3,5).

Step 3. Suppose that p € [1/3,2/5). We have r((p)) = r(2(p)) = 0. Since 3(p) ~ 2(q) +
(3p — 1), Proposition 2.4 implies that r(3(p)) = 1. Further, we have 5(p) ~ ( )+ (v) + (5p - %),
Proposition 2.4 implies that r(5(p)) = 1. Then r(4(p)) = 1. Since r(7(p)) = 3, we have r(6 2
We conclude that ng(p) = (1,2,4,5).

Step 4. Suppose that p € [2/5,1/2). For k < 5, we have k(p) ~ (k —1)(¢) + (% — k(3 —p))
and § — k(3 —p) > 0. Proposition 2.4 implies that r(k(p)) = | %52 | for k < 5. We have 6(p) ~
4(q) + (v) + (6p — 2) and % < 6p — 2 < 1. Proposition 2.4 implies that r(6(p)) = 2. Thus we get
ni(p) = (1,2,4,6).

Step 5. Suppose that p = 1/2. Then Proposition 2.4 implies that r(k(p)) = [£]. It follows
that ng(p) = (1,3,5,7). O

By Proposition 7.3 there exist p,q,r,s,t € By with ng(p) = (1,2,3,4), ng(q) = (1,2,3,5),
ng(r) = (1,2,4,5), ng(s) = (1,2,4,6), and ng(t) = (1,3,5,7).

Using the wheel graph. Let I' be the wheel graph of genus 4, where all the edges are assigned length
one (see Example 4.4 and Figure 8). We write w for the central vertex (the center of the wheel),
and vy,...,v4 for the other vertices. We identify the edge vjw with the closed interval [0, 1] with
vy =0 and w = 1. Let ¢ € vyw be the point with coordinate ¢ = 1/5.

FiGURE 8. The wheel graph of genus 4 and its canonical divisor.

I3

Lemma 7.4. (1)

(w) =1(1,2,3,7).
(2) mic() = (1,2,3,6

Y )'

w
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Proof. We have K = 2(w)+(v1)+(v2)+(v3)+(v4), and we see that K ~ 6(w) ~ 4(vy)+(w)+(vs3).

(1) Since 3(w) is vi-reduced, we have r(3(w)) = 0. By the tropical Riemann—-Roch formula, we
have r(6(w)) =1 —-4+6+r (K 6(w)) = 3. Then we have r(4(w)) = 1 and r(5(w)) = 2. We
obtain ng(w) = (1,2,3,7).

(2) Identifying the edge vivy (resp. vivg) with [0, 1], let p1 (resp. p2) be the point with coordinate
2/5. Then we see that 3(¢) ~ (p1) + (p2) + (w). Since (p1) + (p2) + (w) is vs-reduced, we have
r(3(¢)) = 0. Since 5(q) ~ 4(v1) + (w), by the tropical Riemann—Roch formula, we have r(5(q)) =
1—44+5+r(K —-5() =2+r((vs)) = 2. It follows that r(4(q))) = 1. Further, r(6(q)) =
1-446+r(K —6(q) =3+r(—(q) + (v3)) = 2. We obtain ng(w) = (1,2,3,6). O

By Lemma 7.4, there exist a tropical curve of T' of genus 4 and p,q € T' such that ng(p) =
(1,2,3,6) and ng(q) = (1,2,3,7).
It remains to show that
(1,2,4,7),(1,2,5,6)

appear as a Weierstrass gap sequence of a point on a tropical curve.

Construction for (1,2,4,7). We consider the tropical curve I' of genus 4 with the set of vertices

{v1,...,v6} as in Figure 9, where all the edges are assigned length one.
Vs Vs 2 1
Vg
U3
V1 V2 1 1

F1GURE 9. The tropical curve I' and its canonical divisor.

Let p be the vertex vs. Since I' is neither a tree nor a hyperelliptic graph, we have r((p)) =
r(2(p)) = 0. Since 3(p) ~ 3(v4) ~ (v1) + (v2) + (v3) and 3(p) ~ (p) + 2[vs], we have r(3(p)) = 1.
Note that K = (v1) + (v2) + (v3) + 2(v4) + (v5) ~ 6(p). For k = 4, 5,6, the tropical Riemann-Roch
formula implies r(k(p)) = (k—3) +r((6 —k)(p)). Then r(4(p)) =1, r(5(p)) = 2, and rr, (6(p)) = 3.
It follows that ng(p) = (1,2,4,7).

Construction for (1,2,5,6). Let B3 be the dipole graph of genus 3 (edge lengths can be arbitrary),
and let By be the circle (of an arbitrary length); see Example 4.3. Take p, r as antipodal points on
By, and let g be the middle point of an edge connecting p and r on B;. Let ¢’ be the middle point
of an edge of Bs. We write for Bi-Bs for the tropical hyperelliptic curve joining B; and Bs by a
bridge (of an arbitrary length) with end points ¢,q’. Let s be the antipodal point of ¢ in By. We
consider the tropical curve I' = B1-Bs, which has genus 4; see Figure 10.

FiGUurE 10. The tropical curve B;-Bs joining By and Bj
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Let us compute r(k(p)) for 1 < k < 6. We have r((p)) = 0,r(2(p)) = 0. For k = 3,4,5,6, we
have
3(p) ~2(q) +(r), 4(p) ~4(q), 5(p) ~4(q) + (), 6(p) ~5(q) + (s)-
since 2(q) + (r),4(q),4(q) + (p), 5(q) + (s) are all g-reduced, Proposition 2.4 gives
(3( (

r(3(p)) =1, r(4(p)) =2, r(5(p) =2, r(6(p) =2
We obtain ng(p) = (1,2,5,6).
This completes the proof of Theorem 1.9 (3). O

Remark 7.5. We have used By to construct a point p with n(p) = (1,2,4,6), for which the
complement in Zg is not a numerical subgroup.

This can be generalized for any genus g > 4. Indeed, let B, be the dipole graph of genus g,
where all the edges are assigned length one (see Example 4.3). With the notation there, we identify
the edge ey with the closed interval [0,1] with v = 0 and v" = 1. Let ¢ = 1/2 be the middle point
of eg. We take 0 < e < m and put p; =1/2 — ¢ € ep.

By Proposition 2.4, we have pp, (k(p1)) = L%J for 1 < k < 2g — 3. Since deg(k(p1)) —
B = EL] <g—1(< g) for 1 <k < 2g — 3, we have r(k(p1)) = pp,(k(p1)). Further, since
(29 — 2)(p1) ~ (29 — 4)(¢) + (v) + (2p1), Proposition 2.4 implies that r((2g — 2)(p1)) = g — 2.
Thus ng(p1) = (1,2,4,6,...,29 — 2). Since g > 4, we have 6 € ng(p1), and 3 & ng(p1). Thus
Z~o ~ ng(p1) is not a numerical semigroup. o

8. (QUESTIONS

We end the paper by posing several questions. Let I' be a tropical curve of genus g > 2. Let D
be a divisor on I' of degree d and nonnegative rank r, and let B, ..., B,, be the set of all maximal
D-Weierstrass loci of I' (for the definition, see the discussion after Proposition 1.7 in Section 1).
We set wtp(B;) := wtp(p;) for any p; € B;, which does not depend on the choice of p;.

Question 8.1. Suppose that D is the canonical divisor K. Can one give a lower and an upper
bound of the total sum

Z WtK(Bi)?
=1

The computations in Section 6 show that, when g = 2, one has Y i~ wtx (B;) = 6 and that when
g = 3, one has 8 < Y7, wtx(B;) < 24, which are the best possible lower and upper bounds. By
Proposition 1.3 and Remark 3.8, we know that there is a constant ¢(g) depending only on g such
that S, wixc(By) < c(g).

Question 8.2. Let A be a D-Weierstrass locus, and let By,..., By be the set of maximal D-
Weierstrass loci that are included in A. Can one compare Y5 up(B;) and up(A)? Can one
compare pp(B;) and wtp(B;)?

We show in Corollary 1.5 that for any b (not necessarily contained in a maximal D-Weierstrass
locus), we have up({b}) < wtp(b).

Question 8.3. Assume that ' is bridgeless. Can one give an example of I' such that a mazimal
Weierstrass locus B (for the canonical divisor K ) is not a singleton?

For n = 2,3, the computations in Section 6 show that any maximal Weierstrass locus is a
singleton.

Question 8.4. For n € S(r,d), let B be a connected component of WL, (D). Can one define a
refined weight fip(B) and improve the inequality in Theorem 1.4
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Question 8.5. Put

Then MG(g)

n = ng(p) for some tropical curve I' of genus g}

and a maximal Weierstrass point p € T’

n = ng,(z) for some smooth projective curve C of genus g 0’067’}

an algebraically closed field k and a Weierstrass point x € C(k)
G(g). Can one compare G(g), MG(g), and G(g) in a way that contributes to

studying MG(g) or G(g)?
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