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Abstract. We show that tropicalization of linear series on curves gives rise to two-parameter
families of tilings by polymatroids, with one parameter arising from the theory of divisors
on tropical curves and the other from the reduction of linear series of rational functions
in non-Archimedean geometry. In order to do this, we introduce a general framework that
produces tilings of vector spaces and their subsets by polymatroids. We furthermore show
that these tilings are regular and relate them to work by Kapranov and Lafforgue on Chow
quotients of Grassmannians.
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1. Introduction

Understanding degenerations of linear series, that is, line bundles and their spaces of sec-
tions, has been a long-standing open problem in the theory of algebraic curves. The results
of this paper form the combinatorial and polyhedral foundation of a program aimed at ad-
dressing this problem.

To formulate our results, we will use the framework of tropical geometry, that provides a
setting to study degenerations of algebraic varieties and geometric structures over them by
enriching the classical techniques in algebraic geometry with polyhedral geometry. In the case
of curves and line bundles, tropicalization gives rise to a metric graph, also known as tropical
curve, and a linear equivalence class of divisors on it. Over the past fifteen years, tropical
methods have been quite successful in the study of the geometry of curves and their moduli
spaces. We refer to the survey papers [BJ16] and [JP16] and the references therein for an
introduction to the topic and a sample of results.
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In a degenerating family of linear series on curves that tropicalize to a given metric graph,
we encode the combinatorics of the degeneration by a collection of admissible divisors in
the equivalence class of divisors given by the tropicalization of the underlying line bundles.
Furthermore, we associate to each of the admissible divisors a limit space of sections on the
limit stable curve of the family in the Deligne–Mumford compactification of the moduli space
of smooth curves. In this way, we obtain a collection of hybrid pairs consisting each of an
admissible divisor on the tropical curve and a space of sections on the stable curve.

Our main result shows that on the one side, the collection of admissible divisors on the
metric graph gives rise to a tiling of an Euclidean space by polytopes, and on the other side,
the collection of spaces of sections associated to the admissible divisors leads to a tiling of a
simplex by polytopes. Quite remarkably, the two tilings are compatible with each other in
the sense that, given any two positive real numbers as coefficients, the collection of polytopes
obtained by taking the linear combination of the two tiles associated to each admissible divisor
again gives rise to a tiling of an Euclidean space. Furthermore, the polytopes appearing in
this two-parameter family of tilings are all polymatroids. Figures 1 and 2 give two examples
of such tilings.

We identify the polytope associated with an admissible divisor on a metric graph, when
that divisor arises from a degeneration of line bundles, with the semistability polytope asso-
ciated with the limit line bundle on a semistable model of the curve (more precisely, to the
corresponding torsion-free, rank-one sheaf on the stable curve itself). The semistability poly-
tope is the union of the chambers parameterizing the semistability conditions that the limit
sheaf satisfies. Even though the various semistability conditions and moduli spaces associated
to them have been considered by several authors [OS79, Cap94, MRV17, KP19], including the
second named author of the present work [Est01], to our knowledge the semistability poly-
topes have not been studied before, let alone tilings by the semistable polytopes of admissible
divisors, corresponding to different limits of line bundles.

In equal characteristic, the tilings of simplices by polymatroids we consider are related to
the pioneering work by Kapranov [Kap93] on Chow quotients and by Lafforgue [Laf99] on
compactifications of PGLn`1

r

L

PGLr. Making this link precise requires the results we prove on
reduction of spaces of sections in Sections 7 and 8. This will be discussed in Section 9.2, using
more recent work by Giansiracusa and Wu [GW22] that extends both the work by Kapranov
and that by Lafforgue. In our setting, each tile in the simplex is associated to an admissible
divisor, tying up the tiling by semistability polytopes to the tiling by the degenerations of the
space of sections, leading to a hybrid setting that captures both. This way, the tiling of the
simplex acquires geometric meaning for the nodal curve itself.

In order to prove our results, we introduce a combinatorial framework that produces tilings
of real vector spaces and their subsets by polymatroids. We focus here on results that are
directly related to the degeneration problem for linear series. The setup is however quite
general and can be used in the study of other geometric problems, as we show in a sequel.

In our use of this combinatorial framework, we prove results in tropical geometry, both in
the theory of divisors on metric graphs and in the study of reduction of spaces of sections
of line bundles in non-Archimedean geometry, that we hope to be of independent interest in
further applications of tropical techniques in the study of the geometry of curves and their
moduli spaces.

In a sequel [AEG23], using the approach introduced here, we describe limits of canonical
series on smooth proper curves degenerating under general directions to a nodal curve that
is general for its topology, and construct a parameter space for them, generalizing to any
topology pioneering work by Eisenbud–Harris [EH87], Esteves–Medeiros [EM02] and Esteves–
Salehyan [ES07].
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In the remaining of this introduction, we give an overview of our results and expand on
related work.

1.1. Modular pairs and base polytopes. Let V be a finite nonempty set. A function
µ : 2V Ñ R is called supermodular if µp∅q “ 0 and for each pair of subsets I1, I2 Ď V , we have
the inequality

µpI1q ` µpI2q ď µpI1 Y I2q ` µpI1 X I2q.

The adjoint µ˚ of each function µ on 2V is defined by setting µ˚pIq “ µpV q ´ µpIcq, with
Ic “ V ∖ I. If µ is supermodular, the adjoint µ˚ is submodular, meaning that µ˚p∅q “ 0, and
it verifies the set of inequalities

µ˚pI1q ` µ˚pI2q ě µ˚pI1 Y I2q ` µ˚pI1 X I2q

for each I1, I2 Ď V . We refer to pµ, µ˚q as a modular pair.
Denote by H “ RV the real vector space of functions q : V Ñ R. For each q P H and

subset I Ď V , set qpIq “
ř

vPI qpvq. It is easy to see that the pair pq, qq is modular. Other
examples are given by matroids. For each matroidM with V as ground set, the rank function
ρM : 2V Ñ R is submodular. Setting µM :“ ρ˚

M and µ˚
M “ ρM , we get a modular pair pµM , µ

˚
Mq.

To each modular pair pµ, µ˚q, we associate the polytope Pµ “ Ppµ,µ˚q in H defined by

Pµ :“
␣

q P H
ˇ

ˇ µpIq ď qpIq ď µ˚pIq for each I Ď V
(

.

(If qpV q “ µpV q, the inequalities µpIq ď qpIq, I Ď V , are equivalent to qpIq ď µ˚pIq, I Ď V .)
The polytope Pµ is the base polytope of the polymatroid on the ground set V defined by

the submodular function µ˚. Denoting by Hd the set of points q P H with qpV q “ d, it lives
in HµpV q.

In this paper, we introduce and study two families of modular pairs arising from tropical
degeneration of linear series on one-parameter families of curves.

1.2. Divisor theory on metric graphs and admissible divisors. Let G “ pV,Eq be a
finite graph and ℓ : E Ñ p0,`8q be an edge length function associating to each edge e a
positive real ℓe. We denote by Γ the corresponding metric graph, obtained by plugging an
interval r0, ℓes of length ℓe between the two extremities of each edge e. We say pG, ℓq is a
model for Γ.

A divisor D on Γ is an element of the free Abelian group generated by the points on Γ.
Writing pxq for the generator associated to each x P Γ, we can write D “

ř

xPΓDpxqpxq with
integer numbers Dpxq. The support of D, the set of x P Γ for which Dpxq ‰ 0, is finite. The
degree of D is

ř

Dpxq.
We say that a divisor D is G-admissible if each edge e of Γ contains at most one point x of

the interior 8e of e in its support, and then, only if Dpxq “ 1. An example of a G-admissible
divisor is depicted in Figure 3.

To each G-admissible divisor D on Γ, we associate the pair pµD, µ
˚
Dq of functions on 2V

defined as follows. For a subset I Ď V , let ΓI be the subset of Γ consisting of all points x P Γ
that are either in I or on an edge that connects a pair of vertices of I. We set

µDpIq :“
ÿ

xPΓI

Dpxq ´ eDpI, Icq `
epI, Icq

2
and µ˚

DpIq :“
ÿ

xPΓI

Dpvq `
epI, Icq

2

where epI, Icq is the number of edges in G that join a vertex in I to one in Ic, and eDpI, Icq
is the number of those among them that do not have any point of the support of D in their
interior.

We show in Section 4.2 that pµD, µ
˚
Dq is a modular pair. It thus gives rise to the base

polytope PµD
. Moreover, we provide an alternate description of this polytope as follows.
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For each element q P Hd, a G-admissible divisor D is called q-semistable if

(1.1)
ˇ

ˇ

ˇ

ÿ

xPΓI

Dpxq ´ qpIq

ˇ

ˇ

ˇ
ď
epI, Icq

2
for each subset I Ď V.

The semistability polytope of D denoted PD is the polytope in H consisting of all the points
q such that D is q-semistable. It lives in Hd with d the degree of D.

We prove in Section 4.3 that for a G-admissible divisor D on Γ, the base polytope PµD

coincides with the semistability polytope PD.
Denoting by GD the spanning subgraph of G whose edges are those e P E such that the

interior 8e contains no point in the support of D, we show furthermore in Section 4.5 that, if
this subgraph is connected, then PD is congruent to the Voronoi cell in H0 associated to GD.

1.3. Tilings induced by admissible divisors. Recall that a rational function on Γ is a
function f : Γ Ñ R that is continuous and whose restriction on each interval r0, ℓes in Γ, e P E,
is piecewise affine with integral slopes. The divisor of f , denoted divpfq, is defined by

divpfq :“
ÿ

xPΓ

ordxpfqpxq,

where the order of vanishing of f at a point x, denoted ordxpfq, is the sum of the incoming
slopes of f at x. Its degree is zero. Two divisors D1 and D2 on Γ are called linearly equivalent
if their difference is the divisor of a rational function.

Let D be a linear equivalence class of divisors on the metric graph Γ, and denote by AGpDq

the set of all G-admissible divisors in D . More generally, consider an additive subgroup Λ Ď R
containing the edge lengths ℓe, e P E. The smallest is the subgroup generated by the ℓe; the
largest is R itself. A divisor D in D is called Λ-rational if the support of D consists only of
Λ-rational points, that is, points whose distances to vertices of G are all in Λ. We denote by
DΛ the set of Λ-rational divisors in the linear equivalence class D , and denote by AGpDΛq the
set of those which are also G-admissible. (In the context of degenerations of curves, Λ is the
value group of the underlying valuation.)

Our first main result, proved in Section 6, is the following.

Theorem 6.2 (Tilings by semistability polytopes of admissible divisors). Let D be a lin-
ear equivalence class of divisors of degree d on a metric graph Γ with model pG, ℓq and G
connected. For a subgroup Λ Ď R, if DΛ is nonempty and Λ is dense in R, then the set of
semistability polytopes PD for D P AGpDΛq gives a tiling of Hd, that does not depend on the
choice of Λ.

Note that for Λ “ R, the conditions that DΛ ‰ ∅ and Λ is dense in R are automatically
verified. In principle, one might expect to get more tiles for Λ “ R than for a smaller choice.
However, since the smaller choice of Λ tiles Hd as well, the collection of tiles will be the same.
An example of such tiling is depicted in Figure 1. Others are depicted in Figures 4 and 5.

1.4. Tropicalization of linear series. Let K be an algebraically closed complete non-
Archimedean field with a nontrivial valuation. Denote by R its valuation ring, by m the
maximal ideal of R, by k its residue field, and by Λ its value group.

Let X be a smooth connected proper curve over K, and denote by X
an

the Berkovich
analytification of X. Recall that the points on X

an
are in bijection with the closed points on

X and valuations on the function field KpXq that extend the valuation of K. In particular,
each rational function f on X gives rise to an evaluation map evf : X

an
Ñ R Y t˘8u.

Let Γ be a skeleton for X
an
. It is canonically a metric graph. Let pG, ℓq be an underlying

model, V its vertex set, which we suppose to consist of type 2 points of X
an
, and E its edge

set. Denote by τ : X
an

Ñ Γ the retraction map from X
an

to Γ. When X is defined over a
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ℓvw “ 5, ℓuw “ 3, ℓuv “ 2

Gu

u

v

v

w

w

Γ

Figure 1. Tiling arising from admissible divisors in the zero class on a metric
graph Γ. The graph G is a 3-cycle and the edge lengths are depicted in the
picture, on the right. The picture is actually that of the projection of the tiling
in H0 Ă RV to Rtu,vu.

discretely valued field K0, by the stable reduction theorem, there exist semistable models for
X over finite extensions K1 of K0. In this case, G is the dual graph of a semistable reduction
of X, with vertices in bijection with the irreducible components of the semistable curve, and
edges in bijection with the nodes. Also, the length of an edge is the singularity degree of
the corresponding node, normalized by the degree of the field extension K1

L

K0. The metric

graph Γ is the one associated to pG, ℓq; it is independent of the choice of the extension K1

L

K0.
Let D be divisor of degree d on X. Let H be a vector subspace of dimension r ` 1 of the

space of global sections of the line bundle L “ OpDq, which we view in KpXq:

H Ď
␣

f P KpXq
ˇ

ˇ divpfq ` D ě 0
(

.

The pair pL,Hq defines a linear series grd on X.
The tropicalization of pD,Hq gives rise to a space of rational functions on Γ. Let

τpDq “
ÿ

xPXpKq

Dpxqpτpxqq

be the divisor on Γ, the tropicalization of D with respect to the skeleton Γ. For each nonzero
rational function f P KpXq, we denote by troppfq the restriction to Γ of the evaluation map
evf : X

an
Ñ R Y t˘8u. This is a rational function on Γ. Furthermore, by the Specialization

Lemma, see e.g. [AB15, Theorem 4.5], we get

τpDq ` divptroppfqq “ τpD ` divpfqq.

We enrich the tropicalization by a collection of k-vector spaces Uv associated to the vertices
v of G. For each vertex v, the space Uv consists of reductions of functions f P H at v [AB15,
Section 4.4]. It was proved in [AB15, Lemma 4.3] that Uv has dimension r ` 1 over k. We
associate to the linear series pD,Hq the k-vector space

U :“
à

vPV

Uv.

1.5. Subspaces of U associated to admissible divisors and tilings of simplices.
Notation as in the previous section, denote by D the linear equivalence class of τpDq on Γ.
Notice that τpDq is Λ-rational, and Λ is divisible, whence dense in R.

In Section 7, generalizing [AB15, Lemma 4.3], we associate an pr`1q-dimensional subspace
Wh of U to each G-admissible divisor D P DΛ as follows. We write D “ divphq ` τpDq
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for a rational function h, and denote by Mh the space of all functions f P H such that
troppfqpvq ě hpvq for all v P V , that is,

Mh :“
␣

f P H
ˇ

ˇ troppfqpvq ě hpvq @v P V
(

.

As we will show, this is a free R-module of rank r ` 1. There is a natural R-linear map
Mh Ñ U defined by reduction of functions relative to h, we refer to Section 7 for the definition.
We let Wh be its image. We will prove that the kernel of this map is mMh so that we get an
isomorphism Mh

L

mMh Ñ Wh. The proof of this result is based on an important domination
property forG-admissible divisors, proved in Lemma 5.1, which stipulates that the inequalities
troppfqpvq ě hpvq for vertices v imply the inequalities troppfqpxq ě hpxq for all points x on Γ.

Changing h by a constant results in the same subspace of U, so Wh depends only on D
and we can thus denote it by WD. To each G-admissible divisor D in DΛ, we associate the
function ν˚

D : 2V Ñ R defined on each subset I Ď V by ν˚
DpIq :“ dimkpWD,Iq where WD,I is the

projection of WD to ‘vPIUv. We denote by νD its adjoint. We show that pνD, ν
˚
Dq modular

pair, that is, νD is supermodular and ν˚
D is submodular. Denote by QD the base polytope

associated to νD. Notice that QD lives in the standard simplex ∆r`1 Ă RV consisting of all
the points q P RV

ě0 with qpV q “ r ` 1.

The following theorem is proved in Section 8.

Theorem 8.5. The collection of polytopes QD associated to Λ-rational G-admissible divisors
D in the linear equivalence class of the divisor τpDq gives a tiling of the standard simplex
∆r`1.

We refer to Figure 7 for an example of such a tiling. In Section 9.3, we show that for
each vertex v P V , the unique full-dimensional polytope in the tiling that contains the vertex
qv P ∆r`1 with coordinate qvpvq “ r ` 1 (whence qvpuq “ 0 for u P V with u ‰ v) is the
polytope QD associated to the v-reduced divisor D in the tropicalization of H. We refer
to Theorem 9.4 for the precise statement. In this way, we can view other tiles, and their
corresponding G-admissible divisors, interpolating between the reduced divisors with respect
to the vertices of G in the linear equivalence of D given by tropicalization of H.

1.6. Two-parameter families of tilings associated to tropicalization of linear series.
From the proofs of Theorems 6.2 and 8.5, we obtain the following remarkable result, proved
in Section 8.

Theorem 8.7. Let α, β be two positive real numbers and n :“ αd ` βpr ` 1q. For each G-
admissible divisor D in DΛ, let Pα,β,D be the polytope associated to the supermodular function
αµD ` βνD. Then, Pα,β,D “ αPD ` βQD, and the collection of polytopes Pα,β,D gives a tiling
of Hn.

The tilings produced by this theorem play a key role in our approach to address the problem
of constructing a moduli space of limit linear series. A more thorough discussion is beyond
the scope of this paper and is left to our forthcoming work. An example of such a tiling is
given in Figure 2.

1.7. Fundamental collection and finite generation property. The fundamental collec-
tion FCpD,Hq associated to the pair pD,Hq is the collection of spaces WD with full-dimensional
QD:

FCpD,Hq :“
␣

WD

ˇ

ˇ D P AGpDΛq with QD full-dimensional
(

.

Using the domination property, alluded to earlier, we show that for each pair of distinct
G-admissible divisors D and D1 in the linear equivalence class D of τpDq, there are certain
maps ϕD

D1 : WD Ñ WD1 and ϕD1

D : WD1 Ñ WD such that ϕD1

D ˝ ϕD
D1 “ 0 and ϕD

D1 ˝ ϕD1

D “ 0.
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Figure 2. An example of tiling Pα,β,D. The graph G is the 3-cycle dual to a
curve with three components, as in Figure 1. The edge lengths are all equal to
one. Here d “ 6 and r “ 1. And α “ 1 and β “ 4. The tiles PD are hexagons,
similar to the one depicted in Figure 5. The tiling QD of the simplex ∆2 is the
one depicted in Figure 7. As in Figure 1, we depict a projection of the tiling
to R2.

Moreover, we show that there is an abundance of pairs that are exact in the sense that the
sequences

WD Ñ WD1 Ñ WD and WD1 Ñ WD Ñ WD1

are both exact. We give a geometric meaning to the exactness by translating it into a measure
of proximity of the two tiles associated to D and D1. This enables us to move from one tile
to the other, and establish the geometric properties needed to establish the results stated
previously, see Section 1.9.

Using the above maps, we prove in Section 9.4 the following finite generation property,
stipulating that the fundamental collection recovers all the other reduction spaces.

Theorem 9.6 (Finite generation property). Each G-admissible divisor D P AGpDΛq whose
polytope QD is full-dimensional is necessarily effective. Furthermore, the fundamental col-
lection FCpD,Hq of spaces WD with QD full-dimensional generates all the other spaces in the
following sense: For each G-admissible divisor D1 P DΛ, the space WD1 is generated by the
images of the maps WD Ñ WD1 for D P S.

In our forthcoming work [AEG23], we give a geometric description of the fundamental
collections in the case of canonical linear series, assuming the limit nodal curve is general in its
Deligne–Mumford stratum and approached under a general direction. Using this description,
we construct a parameter space for canonical limit linear series.

1.8. Regularity of the tilings and Chow quotients. Recall from [GKZ94] that a tiling by
polytopes of a convex domain Ω in a real vector space H is called regular if there is a convex
function on Ω which has domains of linearity given by the tiles in the tiling. In Section 9.1
we prove that the tilings that arise from degeneration of linear series are all regular.

Theorem 9.1. The tilings in Theorem 6.2, in Theorem 8.5, and in Theorem 8.7 are all
regular.

In equal characteristic, when the valued field K and its residue field k have the same
characteristic, we can assume that the valuation ring R contains a copy of the residue field
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k. In this case, we establish in Section 9.2 a connection between the tilings produced by
Theorem 8.5 and the works [Kap93, Laf99, GW22]. We briefly discuss this here.

Notation as in Section 1.4, recall that H Ă KpXq is a K-vector space of dimension r` 1 of
the space of global sections of the line bundle L “ OpDq. Consider the Grassmannian Gr of

pr`1q-planes in the vector space pkr`1q
V . The torus GV

m acts naturally on the Grassmannian,
each factor acting on the corresponding copy of kr`1.

We show in Section 9.2 that each rational function h on Γ such that D “ divphq ` τpDq is
G-admissible gives rise to a morphism (after appropriate bases of H and the Mh are chosen)

βh : SpecpRq ÝÑ Gr.

The morphism sends the generic point of SpecpRq to a point on the orbit of δpHq Ă HV ,
where δ : H ãÑ HV is the diagonal embedding, and the special point to a point on the orbit
of WD.

Since the action of the diagonal Gm Ñ GV
m on Gr is trivial, we can consider the action

by the quotient T :“ GV
m{Gm. Let Y be the open subscheme of the Grassmannian where

the action of T is free. There is an inclusion Y
L

T ãÑ ChowpGrq of the quotient Y
L

T to
the Chow variety of Gr, taking an orbit to its closure, viewed as a prime cycle of Gr. The
Chow quotient is the closure of Y

L

T in ChowpGrq. The diagonal δpHq gives a K-point on
Gr whose orbit closure corresponds to a subscheme of Gr ˆk K. As shown in [GW22], its
closure Z Ď Gr ˆk SpecpRq has closed fiber Z over k with reduced associated cycle of the
form

ř

i Zi, where each prime cycle Zi is the closure of the T-orbit of a subspace Li Ď pkr`1qV .
Furthermore, the associated polytope QLi

to Li, as defined in Section 8.1, is full-dimensional,
and their collection forms a polyhedral decomposition of ∆r`1.

Let D be the linear equivalence class of τpDq and let DΛ Ď D be the subset of Λ-rational
divisors. We show the following theorem.

Theorem 9.3. Notation as above, the WD for D P AGpDΛq are in the orbit closures of the
Li. Conversely, each Li is in the orbit of WD for some D P AGpDΛq. In particular, the tiling
by the QD in Theorem 8.5 coincides with the tiling by the QLi

and their faces.

***

To obtain the above results, we rely on general theorems proved in Section 3 that ensure
certain collections of modular pairs give rise to tilings, and use interesting features of ad-
missible divisors to ensure the properties required in these theorems are verified. We discuss
briefly these results here.

1.9. Tilings induced by families of modular pairs. Let n P Z. Let V be a finite

nonempty set and denote by xMnpV q the set of supermodular functions µ on 2V with µpV q “ n.

Let C Ă xMnpV q be a subfamily. We denote by PC the union of the polytopes Pµ for µ P C
and call it the support of the family C .

An ordered bipartition of V is a pair pI, Jq consisting of disjoint nonempty subsets I and
J of V with V “ I \J . An ordered bipartition π induces a splitting µπ of each supermodular
function µ, defined by

µπpSq :“ µpS Y Iq ´ µpIq ` µpS X Jq for each S Ď V.

The splitting µπ is again supermodular and verifies µπpV q “ µpV q.
We say C is separated if each two distinct elements µ, ν P C admit a nontrivial separation.

This means there exists an ordered bipartition π “ pI, Jq such that µpIq ` νpJq ě n, and
either this inequality is strict, or we have µπ ‰ µ or νπ ‰ ν.

We say C is closed if for each µ P C and each bipartition π of V , we have µπ P C .
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Theorem 3.6 (Tilings induced by separated and closed families). If C Ď xMnpV q is separated
and closed, then the collection of polytopes Pµ for µ P C gives a tiling of PC .

In order to characterize the support of a family, we introduce the following two properties.
Let Ω Ď Hn be a subset. We say C is complete for Ω if for each µ P C and each bipartition

π “ pI, Jq of V such that Pµπ intersects Ω and µπ “ µ, there is µ1 P C distinct from µπ such
that µ1

πc “ µπ, where π
c :“ pJ, Iq.

Given an element µ of xMnpV q, we call the minimum value among all differences µ˚pIq´µpIq

for nonempty proper subsets I Ă V the spread of µ. We say C is positive if the infimum of
the spreads which are positive of all elements in C is positive. In particular, there must exist
elements in C with positive spreads.

Theorem 3.8 (Tilings induced by complete and positive families). Let Ω be a connected open
subset of Hn. Assume PC intersects Ω. If C is complete for Ω and positive, then PC Ě Ω.

1.10. Characterization of admissible divisor classes. Making use of Theorems 3.6 and
3.8, the proofs of Theorems 6.2, 8.5 and 8.7 reduce in each case to proving that the corre-
sponding family of supermodular functions is separated, closed, positive and complete. In
establishing these properties, we rely on an interesting feature of admissible divisors on a met-
ric graph, proved in Section 5 and of independent interest, given by the following description
of G-admissible divisors in linear equivalence classes.

Theorem 5.5. Let D be a divisor on a metric graph Γ. For each function f : V Ñ R, there
exists a unique rational extension f̂ : Γ Ñ R such that D ` divpf̂q is G-admissible.

The theorem thus provides a bijection between real-valued functions on vertices, up to
addition by constants, and G-admissible divisors in a given linear equivalence class.

1.11. Related work.

1.11.1. Degeneration of linear series. The literature on degenerations of line bundles in fam-
ilies of curves is rich. We refer to [D’S79, OS79, AK79, AK80, Cap94, Est01, MRV17, KP19],
to name a few references. That of degenerations of linear series has fewer references. It was
systematized in the pioneering work by Eisenbud and Harris [EH86], but only for limit curves
of compact type. As it led to many results, they posed the problem of extending the study
to more general stable curves in [EH89]. The problem remains unresolved to this day.

Almost twenty years later, Osserman advocated looking at all limits of linear series in
[Oss06] for degenerations to two-component curves of compact type. A few years later, Esteves
and Osserman [EO13] made it precise, by explaining the need to consider all limits of linear
series to account for the limits of their associated divisors. For a more general nodal curve,
Osserman described later in [Oss19b] a certain quiver representation that captures all the
limits of linear series, but did not dwell much on it, preferring to consider only the “extreme”
limits of linear series (in our terminology, they correspond to those WD associated to the v-
reduced divisors in the linear equivalence class), more in line with the approach by Eisenbud
and Harris [EH86]. Those had been considered by Amini and Baker in [AB15]. Osserman
explains the connection in [Oss19a].

Recently, Esteves, Santos and Vital [ESV21a, ESV21b] studied the quiver representation
described by Osserman in [Oss19b], though only for degenerations with regular total space,
which correspond to metric graphs Γ whose edge lengths are all equal to 1. They found many
properties of the representations, illustrating them with a few examples. Our examples,
depicted in Figures 2 and 7, borrow the example of degeneration of linear series worked out
in [ESV21a, Ex. 10.2], and give for it the tiling QD corresponding to the vector spaces and
the mixed tiling Pα,β,D corresponding to the admissible divisors and the vector spaces.
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1.11.2. Tropical point of view. Divisor theory for graphs was developed in the work by Baker
and Norine [BN07], extended to metric graphs by Mikhalkin and Zharkov [MZ08] and Gath-
man and Kerber [GK08], and to the hybrid setting of metrized complexes by Amini and
Baker [AB15]. Tropical methods have been used in the study of the geometry of curves
and their moduli spaces, with notable application in the recent work by Farkas, Jensen and
Payne [FJP20] to prove that the moduli spaces of curves of genera 22 and 23 are of general
type. We refer to Baker and Jensen [BJ16] and Jensen and Payne [JP21] for a survey of these
results.

Semistability conditions for divisors on metric graphs have appeared before from a different
perspective. We direct the reader to the recent works [AP20], [AAPT23] and [MMUV22],
[CPS23], and the references therein. In these references, the focus is on the construction of
tropical counterparts to Caporaso’s compactification of the universal Picard variety over the
moduli of stable curves [Cap94]. There, certain polyhedral decompositions appear from the
stratification of the tropical Jacobians by the combinatorial types of the objects considered.
Compared to the polytopes studied in our paper, those appearing in the above context are
all parallelepiped, they lie in a different space, and capture aspects related to the asymptotic
geometry of Picard varieties.

1.11.3. Matroidal subdivisions. Matroidal subdivisions appear in the work by Kapranov on
Chow quotients [Kap93] and its sequel by Keel and Tevelev [KT06]. Polymatroidal subdivi-
sions of the simplex have been studied in the work by Lafforgue [Laf99]. A recent work by
Giansiracusa and Wu [GW22] provides a link between the work by Lafforgue, Kapranov and
Thaddeus [Tha99]. We will make the connection between our framework and these works
precise in Section 9.2.

Other results on the connection between matroidal subdivisions and the geometry of
Grassmannians can be found in the works by Gelfand, Goresky, MacPherson and Serganova
[GGMS87], Lafforgue [Laf03], and Keel and Tevelev [KT06]. The work by Ardilla and Bil-
ley [AB07] relates matroidal subdivisions of a product of two simplices to the geometry of flag
varieties. A discussion of features related to the geometry of positive Grassmannians can be
found in the survey papers by Postnikov [Pos18] and Williams [Wil22]. Matroidal tilings are
also related to rigidity properties for matroids themselves; see the work by Lafforgue [Laf03]
and a recent work by Baker and Lorscheid [BL23]. A nice introduction to the topic can be
found in the lecture notes by Fink [Fin15].

1.12. Organization of the paper. In the preliminary Section 2, we recall basic results
about polymatroids and discuss their face structure. In Section 3, we prove the tiling Theo-
rems 3.6 and 3.8 associated to families of modular pairs, see Section 1.9.

In Section 4, we study semistability polytopes of admissible divisors and show they are
examples of polymatroids. Section 5 describes the admissible divisors in linear equivalence
classes, Theorem 5.5. Section 6 is devoted to the proof of Theorem 6.2 on tilings induced by
semistability polytopes of G-admissible divisors.

In Section 7, we establish fundamental results about reductions of spaces of sections of line
bundles whose associated divisors are admissible. In Section 8, we prove Theorems 8.5 and 8.7
on tilings induced by reduction of linear series, and tilings obtained by mixing semistability
polytopes and reduction of linear series, see Section 1.6.

Section 9 is devoted to discussing geometric features of the tilings introduced in this paper.
We prove Theorem 9.1 on regularity of these tilings, Theorem 9.3 on the connection between
Theorem 8.5 and Chow quotients, Theorem 9.4, which gives a description of the tiles contain-
ing the vertices of the simplex in terms of reduced divisors in tropical linear series, and the
finite generation property stated in Theorem 9.6.
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Finally, Section 10 discusses complementary related results, in particular, the question of
periodicity of the tilings issued from Theorem 6.2.

Sections 2 through 6 are written to be accessible both to a combinatorial and an algebro-
geometric audience. Sections 7 and 8 require some knowledge of non-Archimedean geometry
and the theory of Berkovich curves, that we briefly recall in Section 7.
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IMPA. We thank Carolina Araujo, Dan Corey, Federico Ardila, Felipe Léon, Lucas Gierczak,
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2. Adjoint modular pairs and their base polytopes

In this section, we define modular pairs and their base polytopes. The material in this
section is essentially known and we refer to [Sch03] for more details.

Let V be a finite nonempty set and denote by H the vector space RV . Elements of H are
maps q : V Ñ R. For each integer n, we denote by Hn the affine subspace of H consisting of
all q with

ř

vPV qpvq “ n.
We denote by 2V the family of subsets of V . For a subset I Ă V , we denote by Ic the

complement of I in V , that is, Ic “ V ∖ I.

2.1. Adjoint modular pairs. We say a function µ : 2V Ñ R is supermodular if µp∅q “ 0
and we have the inequalities

µpI1q ` µpI2q ď µpI1 Y I2q ` µpI1 X I2q for each I1, I2 Ď V.

The quantity µpV q is called the range of µ. Similarly, we say a function η : 2V Ñ R is
submodular if ηp∅q “ 0 and the inequalities above are all reversed, and call ηpV q the range
of η. Functions that are both supermodular and submodular are called modular.

Denote by xMpV q the set of all supermodular functions on 2V and by xMnpV q its subset

consisting of those of range n, for n P R. Similarly, we use the notation |MpV q and |MnpV q

for the set of submodular functions and its subset consisting of those of range n, respectively.
For each µ : 2V Ñ R, let µ˚ : 2V Ñ R be the function adjoint to µ defined by

µ˚pIq :“ µpV q ´ µpV ∖ Iq for each I Ď V.

It is easy to see that µ is supermodular, resp. submodular, if and only if µ˚ is submodular,
resp. supermodular. Furthermore, we have the equality pµ˚q˚ “ µ, and µ and µ˚ are of the
same range. We will refer to µ˚ as the submodular function adjoint to µ and call the ordered
pair pµ, µ˚q an adjoint modular pair for V . Note that in an adjoint modular pair, the first
component is always supermodular, while the second is always submodular.

For µ supermodular, applying the supermodularity inequality to I and Ic “ V ∖ I, and
using that µp∅q “ 0, we get that µpIq ď µ˚pIq for each I Ď V . Moreover, the equality holds
for I “ ∅ and I “ V .

Modular functions on 2V are in bijection with H “ RV : each element q P H can be viewed
as a modular function q : 2V Ñ R by putting qpIq :“

ř

vPI qpvq for each I Ď V , with the
convention that qp∅q :“ 0. Moreover, the pair pq, qq is a modular pair.
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2.2. Base polytope associated to an adjoint modular pair. For each adjoint modular
pair pµ, µ˚q, we define the subset in H

Pµ “ Ppµ,µ˚q :“
␣

q P H
ˇ

ˇ µpIq ď qpIq ď µ˚pIq for each I Ď V
(

.

Clearly, Pµ is a convex polytope if it is nonempty. Also, Pµ Ă Hn, where n :“ µpV q, where,
we recall, Hn :“

␣

q P RV
ˇ

ˇ qpV q “ n
(

.
If q P Hn, then qpIq ď µ˚pIq if and only if µpIcq ď qpIcq for each I Ď V . This means that

one set of inequalities in the definition of Pµ implies the other.
We call Pµ the base polytope associated to µ. The following proposition justifies the termi-

nology.

Proposition 2.1. Let pµ, µ˚q be an adjoint modular pair. The polytope Pµ is the base polytope
of the polymatroid defined by µ˚.

Proof. The polymatroid defined by µ˚ is the set of all points q P H that verify qpIq ď µ˚pIq

for all I Ď V [Sch03, Chapter 44]. The base polytope is the face of the polymatroid consisting
of those q that satisfy qpV q “ µ˚pV q. As we noted in the previous paragraph, the inequalities
µpIq ď qpIq, I Ď V , are implied by the inequalities involving µ˚. This proves the claim. □

2.3. Ordered partitions. An ordered partition of V is an ordered sequence π “ pπ1, . . . , πsq

of pairwise disjoint subsets of V whose union is equal to V . It is called nontrivial if πi ‰ ∅
for every i. If π is nontrivial, we call it a bipartition if s “ 2, a tripartition if s “ 3, and an
s-partition in general. If π is a bipartition, we put πc :“ pπ2, π1q.

The data of an ordered partition π as above is equivalent to the data of a filtration

F‚ :“ pF0, . . . ,Fsq, where ∅ “ F0 Ď F1 Ď F2 Ď ¨ ¨ ¨ Ď Fs “ V,

via the correspondence Fj :“ π1 Y¨ ¨ ¨Yπj for j “ 1, . . . , s, in one direction, and πj :“ Fj∖Fj´1

for j “ 1, . . . , s, in the other direction.

2.4. Restriction, contraction and splitting. For each supermodular function µ P xMpV q

and each pair of subsets J1, J2 Ď V with J1 Ď J2, we define

µJ2{J1pIq :“ µ
`

pI X J2q Y J1

˘

´ µpJ1q for each I Ď V.

Then, we have µJ2{J1 P xMpV q. We say that µJ2{J1 is obtained from µ by restricting to J2 and
contracting J1.

Given a subset J Ď V , we also have the restriction map ¨|J :
xMpV q Ñ xMpJq, that sends

µ to µ|J given by µ|JpIq “ µpIq for each I Ď J . Clearly, µJ{∅|J “ µ|J , and more generally,

µJ2{J1 |J2
“

`

µ|J2

˘

J2{J1
for a pair J1 Ď J2 of subsets of V . Moreover, µJ2{J1 is obtained from

`

µ|J2

˘

J2{J1
by composing with the map 2V Ñ 2J2 that sends I Ď V to I X J2 Ď J2.

For each ordered partition π “ pπ1, . . . , πsq of V with F‚ the corresponding filtration on V ,
we define the function µπ on 2V as the sum:

(2.1) µπ :“
s
ÿ

i“1

µFi{Fi´1
.

Being a sum of supermodular functions, µπ is itself supermodular and so belongs to xMpV q.
Moreover, it has the same range as µ.

We say that µπ is the splitting of µ with respect to the ordered partition π. We call a

supermodular function ν P xMpV q a splitting of µ if it coincides with µπ for some ordered
partition π of V , nontrivial if ν ‰ µ. We denote by µ˚

π the corresponding submodular
function, so that pµπ, µ

˚
πq is an adjoint modular pair.

The following proposition gives basic properties of splittings.



TROPICALIZATION OF LINEAR SERIES AND TILINGS BY POLYMATROIDS 13

Proposition 2.2. Let µ P xMpV q, and π “ pπ1, . . . , πsq be an ordered partition of V . Then,
for each I Ď V , we have:

‚ µπpIq “ µπpI X π1q ` ¨ ¨ ¨ ` µπpI X πsq,
‚ µpIq ď µπpIq ď µ˚

πpIq ď µ˚pIq.

Furthermore, the following statements are equivalent:

(1) µ “ µπ.
(2) µpV q “ µpπ1q ` ¨ ¨ ¨ ` µpπsq.
(3) µpIq “ µpI X π1q ` ¨ ¨ ¨ ` µpI X πsq for each subset I Ď V .
(4) µ “ µπ1 for each reordering π1 of π.

If they hold, we have

Pµ “ Pµ|
π1

ˆ ¨ ¨ ¨ ˆ Pµ|
πs

under the natural identification RV “ Rπ1 ˆ ¨ ¨ ¨ ˆ Rπs.

Proof. Let F‚ be the filtration of V corresponding to π. Consider the first statement. Since
µπpI X πiq “ µFi{Fi´1

pIq for each i and I Ď V , the equality follows directly from (2.1). Then,

µπpIq “
ÿ

µπpI X πiq “
ÿ

`

µppI Y Fi´1q X Fiq ´ µpFi´1q
˘

ě
ÿ

`

µpI Y Fi´1q ` µpFiq ´ µpI Y Fiq ´ µpFi´1q
˘

“ µpIq.

The second inequality µπpIq ď µ˚
πpIq is a property of adjoint modular pairs. The third follows

from the first and adjunction, as, for each I Ď V ,

µπpIcq ` µ˚

πpIq “ µπpV q “ µpV q “ µpIcq ` µ˚pIq.

We now prove the equivalence of (1)-(2)-(3)-(4). By the first part of the proposition, (1)
implies (2). In addition, by supermodularity, for each I Ď V , we have

s
ÿ

i“1

µpI X πiq ď µpIq ď

s
ÿ

i“1

µpI X πiq ` µpV q ´

s
ÿ

i“1

µpπiq.

Thus, (2) implies (3).
Assume (3). To prove (1), it is enough to show that µpIq “ µπpIq for each I Ď πi and each

i “ 1, . . . , s. But then,

µπpIq “ µpI Y Fi´1q ´ µpFi´1q “ µpIq

from the definition and (3).
Finally, (1) and (4) are equivalent because they are both equivalent to (2).
The last statement about base polytopes is clear. □

2.5. Refinements. Given two ordered partitions π “ pπ1, . . . , πsq and π1 “ pπ1
1, . . . , π

1
lq of

V , we say that π1 is a refinement of π and write π ĺ π1 if there is an increasing sequence
ℓ0, . . . , ℓs of integers with ℓ0 “ 0 and ℓs “ l such that

πj “ π1
ℓj´1`1 Y ¨ ¨ ¨ Y π1

ℓj
, j “ 1, . . . , s.

Equivalently, π ĺ π1 if there are ordered partitions pπi,1, . . . , πi,ℓiq of πi, i “ 1, . . . , s, such that

π1 “ pπ1,1, . . . , π1,ℓ1 , π2,1, . . . , π2,ℓ2 , . . . , πs,1, . . . , πs,ℓsq.

Denoting by F‚ and F1
‚ the filtrations corresponding to π and π1, respectively, this is further

equivalent to requiring that each Fi in F‚ appears at least as many times in F1
‚ as in F‚.

At any rate, if π1 is an arbitrary ordered partition as above, it induces a refinement π2 of
π, where

π2 :“ pπ1
1 X π1, . . . , π

1
l X π1, π

1
1 X π2, . . . , π

1
l X π2, . . . , π

1
1 X πs, . . . , π

1
l X πsq.
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The associated filtration to π2 is

F1 X F1
1 Ď ¨ ¨ ¨ Ď F1 X F1

l Ď F1 Y pF2 X F1
1q Ď ¨ ¨ ¨ Ď F1 Y pF2 X F1

lq Ď F2 Y pF3 X F1
1q Ď ¨ ¨ ¨ Ď Fs.

One special case of a refinement of π is the one obtained by adding empty sets in any
ordering. In this case, we say as well that π is obtained from its refinement by removing
(certain) empty sets. If π1 is a refinement of π, then π2 is obtained from π1 by adding empty
sets.

Each ordered partition π is a refinement of the 1-partition consisting of a single part V .
Alternatively, π is obtained from the 1-partition by the succession of refinements induced by
the bipartitions among pFℓ,F

c
ℓq for ℓ “ 1, . . . , s ´ 1, after empty sets are removed. If π1 is

obtained from the 1-partition by a succession of refinements induced by bipartitions, after
empty sets are removed, so is π2 obtained from π by the same succession. These facts will
allow us to reduce certain arguments below.

If π1 is obtained from π by adding empty sets, then µπ “ µπ1 . At any rate, the following
proposition holds.

Proposition 2.3. Let µ P xMpV q. Let π and π1 be ordered partitions of V . Then pµπqπ1 “ µπ2,
where π2 is the refinement of π induced by π1.

Proof. Proceeding by induction, we only need to prove the statement in the case where π1 is
a bipartition of V . Thus, π1 “ pπ1

1, π
1
2q.

Let π “ pπ1, . . . , πsq and consider the filtration F‚ associated to π. The filtration associated
to π2 has an extra term F´

ℓ Ď V satisfying Fℓ´1 Ď F´
ℓ Ď Fℓ for each ℓ “ 1, . . . , s. Put

ϖℓ,1 :“ F´
ℓ ∖ Fℓ´1 and ϖℓ,2 :“ Fℓ ∖ F´

ℓ so that pϖℓ,1, ϖℓ,2q forms a partition of πℓ for each ℓ.
Indeed, ϖℓ,i :“ πℓ X π1

i for each ℓ “ 1, . . . , s and i “ 1, 2.
Now, by supermodularity and Proposition 2.2,

µpV q “ pµπqπ1pV q ě

s
ÿ

ℓ“1

ÿ

i“1,2

pµπqπ1pϖℓ,iq “

s
ÿ

ℓ“1

pµπqπ1pπℓq ě

s
ÿ

ℓ“1

µπpπℓq “ µπpV q “ µpV q,

whence equalities hold. By Proposition 2.2 again, it is enough to show that pµπqπ1pIq “ µπ2pIq

for each subset I Ď ϖℓ,i for each ℓ and i.
Now, for each ℓ “ 1, . . . , s and I Ď πℓ, if I Ď ϖℓ,1, then

pµπqπ1pIq “ µπpIq “ µFℓ{Fℓ´1
pIq “ µF´

ℓ {Fℓ´1
pIq “ µπ2pIq.

On the other hand, if I Ď ϖℓ,2, then, using Proposition 2.2 for the second equality below,

pµπqπ1pIq “ µπpI Y π1
1q ´ µπpπ1

1q “ µπpI Yϖℓ,1q ´ µπpϖℓ,1q “ µpI Y F´

ℓ q ´ µpF´

ℓ q “ µπ2pIq.

The result follows. □

2.6. Capcup lemma. The following key lemma will be quite useful.

Lemma 2.4. Let µ P xMpV q be a supermodular function and I1, I2 Ď V . If there is q P Pµ

such that qpI1q “ µpI1q and qpI2q “ µpI2q, then

(2.2) µpI1q ` µpI2q “ µpI1 Y I2q ` µpI1 X I2q.

Conversely, if the above equality holds, then, for each x P Pµ, the following statements are
equivalent:

(1) xpI1q “ µpI1q and xpI2q “ µpI2q.
(2) xpI1q ` xpI2q “ µpI1q ` µpI2q.
(3) xpI1 Y I2q ` xpI1 X I2q “ µpI1 Y I2q ` µpI1 X I2q.
(4) xpI1 Y I2q “ µpI1 Y I2q and xpI1 X I2q “ µpI1 X I2q.
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Proof. For each x P Pµ,

xpI1q ` xpI2q “ xpI1 Y I2q ` xpI1 X I2q.

Assume there is q P Pµ such that qpI1q “ µpI1q and qpI2q “ µpI2q. Then,

qpI1 Y I2q ` qpI1 X I2q ď µpI1 Y I2q ` µpI1 X I2q.

Also, qpI1 X I2q ě µpI1 X I2q and qpI1 Y I2q ě µpI1 Y I2q. Thus, equalities hold everywhere.
Let x P Pµ. If (2.2) holds, then (2) and (3) are equivalent. Clearly, (1) implies (2), and (4)

implies (3). But xpJq ě µpJq for each J Ď V . Therefore, (2) implies (1), and (3) implies (4).
The lemma follows. □

2.7. Face structure. In this section, we give a characterization of the face structure of Pµ.

Proposition 2.5. Let µ P xMpV q be a supermodular function and π “ pπ1, . . . , πsq an ordered
partition of V . Let F‚ be the corresponding filtration. Then, we have

Pµπ “ Pµ X
␣

q P RV
ˇ

ˇ qpFjq “ µpFjq for j “ 1, . . . , s´ 1
(

.

Proof. Proceeding by induction, using Proposition 2.3, we may assume π “ pπ1, π2q. For each
I Ď V , we have

(2.3) µπpIq “ µπ1{∅pIq ` µV {π1
pIq “ µpI X π1q ` µpI Y π1q ´ µpπ1q.

It follows from Proposition 2.2 that µπpπ1q “ µ˚
πpπ1q, whence

Pµπ Ď Pµ X
␣

q
ˇ

ˇ qpπ1q “ µpπ1q
(

.

So we only need to prove the reverse inclusion. Let thus q P Pµ be such that qpπ1q “ µpπ1q.
For each I Ď V , since q P Pµ, it follows from (2.3) that

qpIq ` qpπ1q “ qpI X π1q ` qpI Y π1q ě µpI X π1q ` µpI Y π1q “ µπpIq ` µpπ1q,

and so qpIq ě µπpIq. We conclude that q P Pµπ . □

Definition 2.6 (Codimension of a supermodular function). Let µ P xMpV q. Denote by cdµ

the largest integer s for which there is an s-partition π of V such that µ “ µπ. We call cdµ

the codimension of µ. ˛

The following proposition justifies the name given to cdµ.

Proposition 2.7. Let µ P xMpV q be a supermodular function. Then, the base polytope Pµ is
nonempty and we can recover µ (and µ˚) from Pµ as follows:

(2.4) µpIq “ min
␣

qpIq
ˇ

ˇ q P Pµ

(

and µ˚pIq “ max
␣

qpIq
ˇ

ˇ q P Pµ

(

for each I Ď V.

In particular, we have Pµ1
“ Pµ2

if and only if µ1 “ µ2. In addition, the base polytopes Pµπ

for ordered partitions π of V are all the faces of Pµ. Finally, we have dimPµ ` cdµ “ |V |.

Proof. That Pµ ‰ ∅ follows from Proposition 2.5. In fact, the latter states that Pµπ Ď Pµ

for each ordered partition π of V . And, by Proposition 2.2, Pµπ is a point in the case π is
maximal among nontrivial partitions.

Furthermore, Proposition 2.5 yields the inequality qpIq ě µpIq for each I Ď V and q P Pµ,
with equality if q P PµpI,Icq

. Since PµpI,Icq
‰ ∅, we conclude that µpIq “ min

␣

qpIq
ˇ

ˇ q P Pµ

(

for
each I Ď V . The fact that µ˚pIq is the maximum of qpIq for q P Pµ follows from the equality
µpIcq ` µ˚pIq “ µpV q.

The statement that each Pµπ is a face of Pµ follows from Proposition 2.5, as Pµπ ‰ ∅ and
qpFjq ě µpFjq for each j and q P Pµ. Conversely, let F be a face of Pµ. Let π “ pπ1, . . . , πsq be
a maximal nontrivial ordered partition for the property that F Ď Pµπ . We claim the equality
holds. Indeed, if not, then there is a nonempty proper subset I Ă V which is not a (partial)
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union of πj such that qpIq “ µpIq for each q P F. Let F‚ be the filtration associated to π.
Let i P N be the smallest integer for which I X Fi is not a partial union of the πj. Then,
I X πi is neither ∅ nor πi. Thus Fi´1 Ĺ Fi´1 Y pI X Fiq Ĺ Fi. Since by Proposition 2.4,
qpFi´1 Y pI X Fiqq “ µpFi´1 Y pI X Fiqq for each q P F, we get a nontrivial refinement of π
satisfying the same property as π. This contradiction proves the equality F “ Pµπ .

Finally, assume F “ Pµ. Let π be a cdµ-partition of V such that µ “ µπ. Then, π is maximal
for the property that Pµπ “ Pµ. Let dµ :“ dimPµ. We have dµ ď |V | ´ cdµ, or cdµ ď |V | ´ dµ.
We claim the equality dµ “ |V | ´ cdµ holds. Indeed, if not, there would be a (nonempty
proper) subset I Ă V which is not a partial union of the πj such that qpIq “ µpIq for each
q P F. As before, this contradicts the maximality of π. We conclude that cdµ “ |V | ´ dµ. □

2.8. Base polytope of a positive combination of modular pairs. Given two modular
pairs pµ, µ˚q and pν, ν˚q, and two positive real numbers α and β, the pair pαµ`βν, αµ˚ `βν˚q

is easily seen to be modular.

Proposition 2.8. The base polytope Pαµ`βν coincides with αPµ ` βPν.

Proof. The inclusion αPµ ` βPν Ď Pαµ`βν is obvious.
For the reverse inclusion, we will proceed by induction on the dimension of Pαµ`βν . If that

dimension is zero, then clearly the inclusion αPµ ` βPν Ď Pαµ`βν must be an equality.
Suppose the dimension is nonzero. Since αPµ ` βPν is convex, and Pαµ`βν is the convex

hull of its proper faces, it is enough to show that

Pαµπ`βνπ Ď αPµ ` βPν

for each ordered partition π of V such that αµ ` βν is not π-split. This follows from the
induction hypothesis, which yields

Pαµπ`βνπ “ αPµπ ` βPνπ Ď αPµ ` βPν . □

3. Families of modular pairs and their tilings

In this section, we introduce a general framework that produces tilings induced by collec-
tions of modular pairs.

For a polytope P in the real vector space H “ RV , we denote by P̊ the relative interior of
P defined as the set of all points q P P that do not belong to any proper face of P.

3.1. Simple supermodular functions.

Definition 3.1 (Simple supermodular function). An element µ P xMpV q is called simple if
there is no nontrivial ordered partition π of V for which µ “ µπ. ˛

Notice that the function µ is simple if and only if µpIq ` µpJq ă µpV q for each bipartition
pI, Jq of V , or equivalently by Proposition 2.2, µpIq ă µ˚pIq for each nonempty proper subset
I of V , or equivalently by Proposition 2.7, Pµ has (maximum) dimension |V | ´ 1.

Definition 3.2 (Spread). For µ P xMpV q, the minimum of µ˚pIq ´µpIq for nonempty proper
subsets I of V is called the spread of µ. By convention, the spread is zero if V consists of a
single element. ˛

Note that the spread is positive if and only if µ is simple.
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3.2. Separation. Let µ, ν P xMnpV q be two supermodular functions of range n, and let
π “ pI, Jq be a bipartition of V .

Definition 3.3. We say that the bipartition π is a separation for the ordered pair pµ, νq if
µpIq ` νpJq ě n. We say that the separation is strict if the inequality is strict. We say that
the separation is nontrivial provided that it is either strict, or we have µπ ‰ µ or νπ ‰ ν. ˛

Alternatively, π is a separation for pµ, νq if and only if µpIq ě ν˚pIq, or equivalently,
νpJq ě µ˚pJq. It follows that π is a separation for pµ, νq if and only if q1pIq ě q2pIq,
equivalently, q2pJq ě q1pJq, for each q1 P Pµ and q2 P Pν . Furthermore, the separation is strict
if and only if these inequalities are strict for each q1 P Pµ and q2 P Pν , and it is nontrivial if
and only if the inequalities are strict for certain q1 P Pµ and q2 P Pν .

Note that π “ pI, Jq is a (strict, resp. nontrivial) separation for pµ, νq if and only if
πc “ pJ, Iq is a (strict, resp. nontrivial) separation for pν, µq. Therefore, the existence of a

(strict, resp. nontrivial) separation for a pair of elements in xMnpV q does not depend on the
order of the pair.

Given two simple elements µ, ν P xMnpV q, we say that Pµ and Pν intersect in codimension
at most 1 if there are faces F1 and F2 of Pµ and Pν respectively of codimension at most 1

such that F̊1 X F̊2 ‰ ∅.

Proposition 3.4. Let µ, ν P xMnpV q be two supermodular functions of range n.

(I) For each bipartition π “ pI, Jq of V the following statements hold:
(1) If π is a separation for pµ, νq, then

(3.1) Pµ X Pν “ Pµπ X Pνπc .

(2) If Pµπ X Pνπc ‰ ∅, then π is a nonstrict separation for µ and ν.

(3) If π is a nontrivial separation for µ and ν, then P̊µ X P̊ν “ ∅.
(II) Finally, if µ and ν are simple, then Pµ and Pν intersect in codimension at most 1 only

if there is at most one separation for µ and ν.

Proof. As argued before, if π is a separation for µ and ν, then q1pIq ě µpIq ě ν˚pIq ě q2pIq for
each q1 P Pµ and q2 P Pν , whence (3.1) holds and (1) follows. On the other hand, if Pµπ X Pνπc

is nonempty, then for each q in the intersection, we have µpIq “ qpIq “ ν˚pIq. Therefore, π
is a nonstrict separation for µ and ν and (2) follows. To prove (3), if π is a strict separation
for µ and ν, then it follows from (2) that Pµ X Pν “ ∅. In the remaining case, since π is a
nontrivial separation for µ and ν, we have either µπ ‰ µ or νπ ‰ ν. Hence, (3.1) implies that

P̊µ XPν “ ∅ or Pµ X P̊ν “ ∅, and thus P̊µ X P̊ν “ ∅. This proves Part (I) of the proposition.
Assume now that µ and ν are simple. Then, every separation for µ and ν is nontrivial.

Assume that Pµ and Pν intersect in codimension at most 1. Since µ and ν are simple, if either

P̊µ X Pν ‰ ∅ or Pµ X P̊ν ‰ ∅, then P̊µ X P̊ν ‰ ∅. In this case there is no separation for µ
and ν by Part (I).

Assume P̊µ X P̊ν “ ∅. Then, there are facets F1 and F2 of Pµ and Pν respectively such

that F̊1 X F̊2 ‰ ∅. There is a bipartition π of V such that F1 “ Pµπ . Since P̊µ X P̊ν “ ∅, we
must have that F2 “ Pνπc , and hence π is a nonstrict separation for µ and ν by Part (I).

Let λ :“ pI 1, J 1q be a separation for µ and ν. Then, Pµ X Pν “ Pµλ
X Pνλc , and hence

P̊µπ X P̊νπc Ď Pµλ
. Then, the span of Pµπ is contained in the subspace of RV given by

qpI 1q “ µpI 1q and qpJ 1q “ µ˚pJ 1q. As the span has codimension 2, the two subspaces are the
same. If follows that I “ I 1 or I “ J 1. But I “ J 1 yields µpIq “ µ˚pIq, contradicting the
assumption that µ is simple. Thus, I “ I 1 and hence λ “ π, as required. □

3.3. Families. Let C Ă xMnpV q be a family of supermodular functions of range n. We say
that:
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‚ C is separated if any two distinct elements µ, ν P C admit a nontrivial separation,
‚ C is closed if each splitting of each element of C is in C ,
‚ C is simple if each element of C is a splitting of a simple element of C ,
‚ C is complete if for each µ P C and each bipartition π of V , there is µ1 P C distinct
from µπ such that µ1

πc “ µπ,
‚ C is positive if the infimum of the spreads of its simple elements is positive.

We denote by PC the union of the polytopes Pµ for µ P C and call it the support of the
collection C .

Here is a relative variant. Let Ω Ď Hn be a subset. We say that:

‚ C is simple for Ω if each element µ P C such that Pµ intersects Ω is a splitting of a
simple element of C ,

‚ C is complete for Ω if for each µ P C and each bipartition π of V such that Pµπ

intersects Ω, there is µ1 P C distinct from µπ such that µ1
πc “ µπ.

We keep the other definitions unchanged in the relative setting.
Clearly, C is simple (resp. complete) if and only if C is simple (resp. complete) for Hn.

Also, if C is closed, then C is complete for Ω if for each µ P C and each bipartition π of
V such that µ “ µπ and Pµ intersects Ω, there is µ1 P C distinct from µ such that µ1

π “ µ.
Finally, notice that C can only be positive if it contains simple elements.

Proposition 3.5. Let Ω Ď Hn be a subset. If C is complete for Ω, then C is simple for Ω.

Proof. Let µ P C such that Pµ intersects Ω. Assume µ is not simple. Then, there is a
bipartition π of V such that µ “ µπ. If C is complete for Ω, there is µ1 P C distinct from µπ

such that µ1
πc “ µ. Since µ1 ‰ µ, we have that µ is a nontrivial splitting of µ1.

If µ1 is simple, we stop. If not, since Pµ1 intersects Ω, we may repeat the above process for
µ1 instead of µ. We will eventually end up with a simple ν P C of which µ is a splitting. □

Notice that the converse does not hold: the collection of splittings of a simple supermodular
function is closed, simple and positive but is not complete.

3.4. Tilings. Let C Ă xMnpV q be a family of supermodular functions of range n.

Theorem 3.6 (Tilings induced by separated and closed families). If C Ď xMnpV q is separated
and closed, then the collection of polytopes Pµ for µ P C gives a tiling of PC .

Proof. We need to prove that for each pair µ, ν P C , the base polytopes Pµ and Pν are either
disjoint, or they intersect in a common face. We can suppose the intersection is nonempty.
Let q be a point in the intersection of Pµ and Pν . Let F and F1 be the faces of Pµ and Pν ,
respectively, which contain q in their relative interiors. Denote by π and π1 the two ordered
partitions of V such that F “ Pµπ and F1 “ Pνπ1 . Since C is closed, both µπ and νπ1 belong to
C . Since C is separated, we should have µπ “ νπ1 , otherwise, the relative interiors of F and
F1 would be disjoint by Proposition 3.4. We infer that F “ F1.

We have shown that the two polytopes Pµ and Pν intersect in the union of their common
faces. Since their intersection is convex, this implies that they intersect in a common face. □

We need the following lemma for our next result.

Lemma 3.7. Let Ω be a connected open subset of Hn. Let P be a nonempty collection of
full-dimensional polytopes in Hn whose union intersects Ω. Assume that P is locally finite,
that is, each ball of Hn contains finitely many polytopes of P. Also, assume that each facet
intersecting Ω of a polytope in P is shared with another polytope in P. Then, the support of
P contains Ω.
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Proof. Let Θ be the union of the polytopes P in P, and q P Ω. By hypothesis, Θ X Ω ‰ ∅.
Let γ be a piecewise linear path in Ω that connects a point of Θ X Ω to q. Let P 1 Ď P be
the collection of polytopes that intersect γ, and denote by Θ1 the union of polytopes in P 1.
Clearly, Θ1 ‰ ∅. Also, since P is locally finite, P 1 is finite. Furthermore, since Ω is open,
modifying γ if necessary, we may assume that it intersects the boundary of P away from its
faces of codimension 2 for each P P P 1. Since P 1 is finite, there is a point q1 P Θ1 X γ closest
to q along γ. Suppose by contradiction that q1 ‰ q. Then, q1 is on a facet of some P P P 1. By
hypothesis, there is P1 P P sharing that facet with P. Since q1 P γ, also P1 P P 1. But then
there is an open ball of q1 in Hn contained in Θ1. This contradicts the choice of q1 as closest
point to q. □

Theorem 3.8 (Tilings induced by complete and positive families). Let Ω be a connected open
subset of Hn. Assume PC intersects Ω. If C is complete for Ω and positive, then PC Ě Ω.

Proof. Let P be the collection of polytopes Pµ for simple µ P C intersecting Ω. Since C is
complete for Ω, then C is simple for Ω by Proposition 3.5. Since PC X Ω ‰ ∅, it follows that
P is nonempty and the union of its polytopes intersect Ω.

Since C is positive, the minimum of the volumes of the (full-dimensional) polytopes P P P
is positive. This implies that P is locally finite.

Finally, let µ P C such that Pµ P P. Consider a facet of Pµ intersecting Ω. It coincides with
Pµπ for a bipartition π of V . Since C is complete for Ω, there is µ1 P C distinct from µπ such
that µπ “ µ1

πc . Thus, Pµπ is a face of Pµ1 . Now, Pµπ ‰ Pµ1 , because µ1 ‰ µπ. Then, Pµπ is a
proper face of Pµ1 . Therefore, Pµ1 is full dimensional, and Pµπ is a facet of Pµ1 . In particular,
Pµ1 P P. The theorem follows now by applying Lemma 3.7. □

4. Admissible divisors on metric graphs and their semistability polytopes

We refer to the survey paper [BJ16] for basic results on algebraic geometry of graphs and
metric graphs, and their link to tropical and non-Archimedean geometry.

4.1. Admissible divisors. Let G “ pV,Eq be a finite graph and ℓ : E Ñ p0,`8q be an edge
length function. We denote by ℓe the real number ℓpeq. We denote by Γ the metric graph
obtained by the metric realization of the pair pG, ℓq: this is obtained by plugging an interval
of length ℓe between the two extremities of the edge e. Endowing Γ with the path metric
gives the metric space Γ. The pair pG, ℓq is called a model for Γ.

The group of divisors on Γ, denoted DivpΓq, is by definition the free Abelian group generated
by the points on Γ. Writing pxq for the generator associated to the point x P Γ,

DivpΓq :“
!

ÿ

xPAĂΓ

nxpxq
ˇ

ˇ nx P Z and A a finite set
)

.

For a divisor D P DivpΓq and x P Γ, the coefficient of pxq in D is denoted Dpxq. Its support,
SupppDq, is the set of points x with Dpxq ‰ 0. And its degree, degpDq, is defined as

degpDq :“
ÿ

xPΓ

Dpxq.

The subset of DivpΓq consisting of divisors of degree d is denoted by DivdpΓq.
If I is a subset of V , we denote by ErIs the set of edges of G with both extremities in I.

The cardinality of ErIs will be denoted by erIs. We call the subgraph GrIs :“ pI, ErIsq the
induced subgraph on I. We denote by ΓI the metric graph with model pGrIs, ℓ|ErIs

q. For a

divisor D on Γ, and a subset I Ă V , we denote by DI the divisor on ΓI defined by

DI :“
ÿ

xPΓI

Dpxqpxq.
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Definition 4.1 (G-admissible divisor). A divisor D on Γ is called G-admissible if for each
edge e of G, the coefficient of D at any point in the interior of e is 0 with at most one possible
exception x for which Dpxq “ 1. ˛

An example of a G-admissible divisor is depicted in Figure 3. The v-reduced divisors are
also examples of G-admissible divisors; see Proposition 5.11.

Definition 4.2 (Spanning subgraphs of G associated to G-admissible divisors). Given a G-
admissible divisor D on Γ, we denote by GD the spanning subgraph of G whose edge set ED

consists of all the edges e P E whose interiors contain no point on the support of D. ˛

Given subsets I, J Ď V , we denote by EDpI, Jq the set of edges in GD with one extremity
in I and the other in J . The cardinality of EDpI, Jq will be denoted eDpI, Jq. For D “ 0, we
remove the subscript D. Thus, EpI, Jq will be the set of edges between I and J in G, and
epI, Jq will be the number of these edges. Then, we put

δDpI, Jq :“ epI, Jq ´ eDpI, Jq,

which is the number of edges of G between I and J that contain points on the support of D
in their interiors.

For each e P EDpI, Icq, let ve be its extremity in I. Denote by DI the divisor on ΓI given
by

DI :“ DI ´
ÿ

ePEDpI,Icq

pveq.

Since D is G-admissible, we get the following equalities:

(4.1) degpDq “ degpDIq ` degpDIcq ` δDpI, Icq “ degpDIq ` degpDIcq ` epI, Icq.

4.2. Adjoint modular pair associated to a G-admissible divisor. Let G “ pV,Eq be a
finite graph, ℓ : E Ñ p0,`8q an edge length function, and Γ the corresponding metric graph.
Let D be a G-admissible divisor on Γ of degree d. We associate to D the pair pµD, µ

˚
Dq of

integral valued functions on 2V defined as follows. For each I Ď V , we set

µDpIq :“ degpDIq `
epI, Icq

2
and µ˚

DpIq :“ degpDIq `
epI, Icq

2
.

Proposition 4.3. Let D be a G-admissible divisor on Γ. The pair pµD, µ
˚
Dq is an adjoint

modular pair.

Proof. Let GD be the spanning subgraph of G whose edge set is ED. We write

µ˚

DpIq “ degpDIq `
δDpI, Icq

2
`
eDpI, Icq

2

and obtain the decomposition µ˚
D “ qD ` ηD for the functions

qD : 2V Ñ Z, qDpIq :“ degpDIq `
δDpI, Icq

2
and

ηD : 2I Ñ Z, ηDpIq :“
eDpI, Icq

2
@ I Ď V.

By Proposition 4.4 below applied to the graph GD, the function ηD is submodular. Moreover,
by Proposition 4.5 below, qD is modular. From these, µ˚

D is submodular.
To finish the proof, note that (4.1) yields

µDpIq ` µ˚

DpIcq “ degpDIq ` degpDIcq ` epI, Icq “ degpDq “ d

for each I Ď V . Also, µDp∅q “ 0, µ˚
DpV q “ d. So, pµD, µ

˚
Dq is an adjoint modular pair. □

Proposition 4.4. Let G “ pV,Eq be a finite graph.
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(1) The function ζ “ ζG : 2
V Ñ Z defined by

ζpIq :“ epI, Icq, @ I Ď V

is submodular.
(2) The function χ “ χG : 2

V Ñ Z defined by

χpIq :“ erIs `
epI, Icq

2
, @ I Ď V

is modular.

Proof. Both statements are well-known. For the sake of completeness, we include a short
proof. Notice that for two spanning subgraphs G1 “ pV,E1q and G2 “ pV,E2q with disjoint
edge sets and E1 \ E2 “ E, we have ζG1

` ζG2
“ ζG and χG1

` χG2
“ χG. We may thus

reduce the proofs of both statements to the case where the graph G has only one edge tu, vu,
u, v P V .

In this case, χp∅q “ 0 and χpV q “ 1, whereas χptuuq “ χptvuq “ 1{2, whence χ is modular.
Also, ζp∅q “ ζpV q “ 0, whereas ζptuuq “ ζptvuq “ 1. Given subsets I, J of V ,

ζpI Y Jq ` ζpI X Jq “ ζpIq ` ζpJq

holds trivially if I or J is ∅ or V , or if I “ J . In the only remaining case, the left-hand side
is 0, whereas the right-hand side is 2, whence ζ is submodular. □

Proposition 4.5. Let G “ pV,Eq, ℓ : E Ñ p0,`8q an edge length function, and Γ the
corresponding metric graph. Let D be a G-admissible divisor of degree d on Γ. Then, the
function qD : 2V Ñ Z defined by

qDpIq :“ degpDIq `
δDpI, Icq

2
@ I Ď V(4.2)

is modular. Furthermore, qD belongs to Hd.

Proof. Denote by Gc
D the spanning subgraph of G with edge set E ∖ ED. We write for each

subset I Ď V ,

qDpIq “ degpDIq `
δDpI, Icq

2
“ DpIq ` eGc

D
rIs `

eGc
D
pI, Icq

2
“ DpIq ` χGc

D
pIq.

Here, DpIq “
ř

vPI Dpvq, and χGc
D
is the function defined in Proposition 4.4 for the graph

Gc
D. The result now follows by modularity of both functions I ÞÑ DpIq and χGc

D
. The last

statement is trivial. □

4.3. Semistability polytope of a G-admissible divisor. Let G “ pV,Eq be a finite graph,
ℓ : E Ñ p0,`8q an edge length function, and Γ the corresponding metric graph.

Let H “ RV . Let d be an integer. A degree-d polarization is a modular function on 2V

given by an element q P Hd, that is, an element q P RV with
ř

vPV qpvq “ d.

For a polarization q P Hd, a G-admissible divisor D P DivpΓq is called q-semistable if it has
degree d and we have the inequalities

(4.3)
ˇ

ˇ degpDIq ´ qpIq
ˇ

ˇ ď
epI, Icq

2
for each proper nonempty subset ∅ Ĺ I Ĺ V.

The G-admissible divisor D is called q-stable if all these inequalities are strict.

Definition 4.6 (Semistability polytope). Notation as above, for a G-admissible divisor D of
degree d on Γ, the semistability polytope of D is the polytope PD in Hd defined as

PD :“
␣

q P Hd

ˇ

ˇ D is q-semistable
(

.
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In other words, PD is the set of all q P Hd that verify

@ proper nonempty subset ∅ Ĺ I Ĺ V,
ˇ

ˇ

ˇ
degpDIq ´ qpIq

ˇ

ˇ

ˇ
ď
epI, Icq

2
. ˛

Remark 4.7. Notice that PD does not depend on the location of the points in the supprt of
D in the interiors of edges. It depends only on the values of D at vertices of G and on the
spanning subgraph GD of D. ˛

Let qD be the element of Hd defined in Proposition 4.5, that is,

qDpIq :“ degpDIq `
δDpI, Icq

2
, @ I Ď V.

Theorem 4.8. Let D be a G-admissible divisor of degree d on Γ.

(1) The semistability polytope PD Ă Hd is the set of points q P Hd that verify the inequal-
ities

|qpIq ´ qDpIq| ď
eDpI, Icq

2
for each subset I Ď V .

(2) Let pµD, µ
˚
Dq be the adjoint modular pair associated to D in Section 4.2. The semista-

bility polytope PD coincides with the base polytope PµD
.

Proof. We start by proving (1). Since q and qD are both modular, and qpV q “ qDpV q “ d,
the set of inequalities in (1) is equivalent to the set of inequalities

qpIq ´ qDpIq ď
eDpI, Icq

2
@ I Ď V.

Indeed, the inequalities qDpIq ´ qpIq ď
eDpI,Icq

2 are derived from those above applied to Ic.
Using the definition of qD, these inequalities are in turn equivalent to the set of inequalities

qpIq ´ degpDIq ď
eDpI, Icq ` δDpI, Icq

2
“
epI, Icq

2
@ I Ď V.

To conclude, we note that the other set of inequalities, degpDIq ´ qpIq ď
epI,Icq

2 for I Ď V ,
follows from the inequalities

qDpIq ´ qpIq ď
eDpI, Icq

2
,

which imply that

degpDIq ´ qpIq ď
eDpI, Icq ´ δDpI, Icq

2
ď
epI, Icq

2
.

We now prove (2). The base polytope PµD
is the set of all q P Hd which verify qpIq ď µ˚

DpIq,
I Ă V , as the other set of inequalities, µDpIq ď qpIq for I Ă V , is implied. As explained
above, the set of inequalities is equivalent to the ones in (1), that define the semistability
polytope. □

4.4. A criterion for simpleness. Let G “ pV,Eq be a finite graph, ℓ : E Ñ p0,`8q an
edge length function and Γ the corresponding metric graph. Let d P Z.

Let D be an element of PicdpΓq and consider AGpDq, the set of all the G-admissible divisors
on Γ which are in D . For each ordered partition π “ pπ1, . . . , πsq of V , we denote by Eπ the
set of all edges with extremities in two different parts of the partition.

Proposition 4.9. Let D be a G-admissible divisor and π be an ordered partition of V . Then,
µD is π-split if and only if GD does not contain any edge of Eπ.

Proof. This follows immediately from the definition of µD and Proposition 2.2. □

We deduce the following result.
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Proposition 4.10. For each G-admissible divisor D of degree d, the polytope PD is full-
dimensional in Hd if and only if GD is connected.

Proof. Equivalently, from Proposition 2.7, µD is simple if and only if GD is connected, which
is a consequence of the previous proposition. □

The v-reduced divisors are examples of G-admissible divisors whose associated base poly-
topes are full-dimensional; see Proposition 5.11

4.5. Congruence of semistability and Voronoi polytopes. Let G “ pV,Eq be a finite
connected graph. In the following, E “ EpGq is the set of oriented edges of G. For each e P E,
let te and he denote its tail and its head. When we write e “ uv, we mean only that te “ u
and he “ v. For each e P E and f P RV , write

Bfpeq :“ fpteq ´ fpheq.

The Laplacian

∆: RV Ñ H0

is the linear map defined by

∆pfqpvq :“
ÿ

ePE
te“v

Bfpeq @ v P V.

Since G is connected, ∆ is surjective. We denote by Λ the full rank lattice of H0 given by

Λ :“ ∆pZV q.

For each h P H0, define

}h}2 :“
1

2

ÿ

ePE
Bfpeq2

for each element f P RV with ∆pfq “ h. It is independent of the choice of f made.
We denote by VorG the Voronoi cell of the origin in pH0, } ¨ }q with respect to the lattice

Λ, that is,

VorG :“
!

h P H0

ˇ

ˇ }h}2 ď }h´ λ}2 @λ P Λ
)

.

Theorem 4.11. Let D be a G-admissible divisor and PD the corresponding semistability
polytope. Assume GD is connected. Then, PD is a translation of VorGD

. More precisely, we
have

PD “ VorGD
` qD.

Proof. We work with the spanning subgraph GD and denote by ∆ the Laplacian of GD and
Λ the corresponding lattice.

Let

x¨ , ¨y : H0 ˆH0 Ñ R
be the scalar product associated to the quadratic form } ¨ }2. It is given by

xq1, q2y “
ÿ

vPV

q1pvqf2pvq “
ÿ

vPV

f1pvqq2pvq “
1

2

ÿ

ePE
Bf1peqBf2peq,

with fi P RV verifying ∆pfiq “ qi for i “ 1, 2.
The Voronoi cell is equivalently given as the set of those h P H0 that verify the set of

inequalities

xh, λy ď
}λ}2

2
@λ P Λ.(4.4)
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The translation VorGD
` qD is the set of all q P Hd which verify the inequalities

xq ´ qD, λy ď
}λ}2

2
@λ P Λ,

equivalently,
ˇ

ˇxq ´ qD, λy
ˇ

ˇ ď
}λ}2

2
@λ P Λ.

Let 1I be the characteristic function of the subset I Ă V . For λ “ ∆p1Iq, a direct verification
shows that }λ}2 “ eDpI, Icq, and xq ´ qD, λy “ qpIq ´ qDpIq. The above inequality applied to
λ “ ∆p1Iq thus gives

ˇ

ˇqpIq ´ qDpIq
ˇ

ˇ ď
eDpI, Icq

2
.

Applying Theorem 4.8, we infer that VorGD
` qD Ď PD.

To prove the equality in the above inclusion, it will be enough to show that for h P H0, the
set of inequalities

xh, λy ď
}λ}2

2
for λ “ ∆p1Iq for all I Ď V implies all the inequalities in (4.4).

Let λ P Λ. Let f P C0pG,Zq such that λ “ ∆pfq. Denote by n1 ă n2 ă ¨ ¨ ¨ ă nr all
the values taken by f . Since ∆pfq “ ∆pf ` 1V q, we may assume that n1 ě 0. For each
i “ 1, . . . , r, define the subset Ii Ď V by

Ii :“
␣

v P V
ˇ

ˇ fpvq ě ni

(

.

We have
I1 Ą I2 Ą ¨ ¨ ¨ Ą Ir.

Setting n0 :“ 0, we can write f “
řr

j“1pnj ´ nj´1q1Ij . This gives

λ “ ∆pfq “

r
ÿ

j“1

pnj ´ nj´1q∆p1Ijq.

Note that we have

x∆p1Ijq,∆p1Ikqy “

ˇ

ˇ

ˇ
EDpIj, I

c
j q X EDpIk, I

c
kq

ˇ

ˇ

ˇ
ě 0

for each j, k P rrs. This implies that

}λ}2 ě

r
ÿ

j“1

pnj ´ nj´1q
2}∆p1Ijq}2 ě

r
ÿ

j“1

pnj ´ nj´1q}∆p1Ijq}2.

We infer that the inequality xh, λy ď
}λ}2

2 for λ “ ∆pfq is implied by the r inequalities

xh,∆p1Ijqy ď
}∆p1Ijq}2

2
j “ 1, . . . , r,

and the theorem follows. □

Remark 4.12. If GD is not connected, then PD is not a translate of a Voronoi cell in H0, as
PD does not have maximum dimension by Proposition 4.10. On the other hand, let µ :“ µD,
and let π “ pπ1, . . . , πsq be an ordered s-partition such that µ “ µπ, for s :“ cdµ. By
Proposition 2.2, Pµ decomposes as the product of the Pµ|

πi

inside Rπi . Now, each µ|πi
is a

simple supermodular function on πi because s “ cdµ, whence Pµ|
πi

has maximum dimension

by Proposition 2.7. Also, µ|πi
“ µDπi

, and therefore, GDπi
is a connected spanning subgraph

of Grπis for each i by Proposition 4.10. Applying Theorem 4.11 to each Dπi
, we conclude that

PD is the translation by qD of the product of the Voronoi cells of the GDπi
. ˛
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5. Characterization of admissible divisor classes

In this section we prove Theorem 5.8, which gives a characterization of all G-admissible
divisors that lie in a given linear equivalence of divisors on a metric graph.

Let G “ pV,Eq be a finite graph. Recall that E “ EpGq is the set of oriented edges of G,
that for each e P E, we let te and he denote its tail and its head, and that we write e “ uv
to simply mean that te “ u and he “ v. In Γ, we may identify each e P E with the interval
r0, ℓes, where 0 corresponds to te and ℓe to he. For each r P r0, ℓes, we denote by xer the point
at distance r from u on the edge e. Note that with this notation we have xer “ xēℓe´r, where
ē is e with the opposite direction. We call the set of points xer with 0 ă r ă ℓe the interior
of e, denoted 8e. Finally, for each I, J Ď V , let EpI, Jq be the subset of e P E with te P I and
he P J .

5.1. Linear equivalence of divisors. Let ℓ : E Ñ p0,`8q be an edge length function, and
Γ the corresponding metric graph. A rational function on Γ is a continuous function f : Γ Ñ R
whose restriction to each edge of Γ is piecewise affine with integral slopes. Denote by RatpΓq

the set of rational functions on Γ.
The order of vanishing, ordxpfq, of a rational function f on Γ at x P Γ is the sum of the

incoming slopes of f at x. The divisor divpfq associated to f P RatpΓq is then defined by

divpfq :“
ÿ

xPΓ

ordxpfqpxq.

Elements of this form belong to Div0pΓq and are called principal. They form a subgroup of
Div0pΓq that we denote by PrinpΓq. A divisor D1 is called linearly equivalent to a divisor D2,
and we write D1 „ D2, if the difference D1 ´D2 is principal.

Let PicpΓq be group of divisors in Γ modulo linear equivalence, that is,

PicpΓq :“ DivpΓq
L

„ .

For each d P Z, let PicdpΓq Ď PicpΓq be the collection of classes of divisors in DivdpXq. Then,
Pic0pΓq Ď PicpΓq is a subgroup and the PicdpΓq are its cosets.

In the following, we use calligraphic letters such as D to denote elements of PicpΓq. We
write D P D to say that D is a divisor on Γ whose class in PicpΓq is D . Let AGpDq denote
the set of all G-admissible divisors D P D .

5.2. Domination property of G-admissible divisors. Before we proceed, we formulate
a key property of G-admissible divisors. This lemma will be of fundamental importance both
in this section and later.

Lemma 5.1 (Domination property). Let D be a divisor on Γ and let h P RatpΓq so that
divphq ` D is G-admissible. Let h1 P RatpΓq be a rational function with the property that
divph1q `D is effective outside the set of vertices of G. The following are equivalent:

(1) h1pvq ě hpvq for all v P V .
(2) h1pxq ě hpxq for all x P Γ.

Moreover, the inequalities in (1) are all strict if and only if so are the inequalities in (2).

Proof. Implication (2) ñ (1) is obvious. As for the converse, put D1 :“ divphq ` D. By
hypothesis, D1 is G-admissible. Also, divph1 ´ hq ` D1 is effective outside the set of vertices.
We may thus assume h “ 0 and D is G-admissible. For the sake of a contradiction, assume
h1pxq ă 0 for a point x P Γ. By assumption, x R V . Let e “ uv be the edge of G that
contains x in its interior. Let S be the closed subset of e where h1

|e takes its minimum. Since
h1puq, h1pvq ě 0, and h1pxq ă 0, we get S Ă 8e. For each point y on the boundary BS of S in 8e,
we get divph1qpyq ď ´1. Moreover, if S “ tyu then divph1qpyq ď ´2. Since D is G-admissible,
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its support contains at most one point on 8e and the coefficient of D at this point is one. We
infer that D ` divph1q has a negative coefficient in 8e, a contradiction.

The same proof applies to the last statement in the lemma. □

5.3. Twister function τD associated to a divisor. To each divisor D P DivpΓq, we asso-
ciate its twister function

τD : E Ñ R
which on any oriented edge e of G takes the value

τDpeq :“
ÿ

tPp0,ℓeq

pℓe ´ tqDpxet q.

Note that the above sum concerns only finitely many points, those in the support of D which
lie in the interior of e. This means that τDpeq is well-defined.

Proposition 5.2. For each oriented edge e of G, we have

τDpeq ` τDpeq “ ℓe
ÿ

tPp0,ℓeq

Dpxet q.

Proof. This is clear from the identity xet “ xeℓe´t. □

5.4. Twisted integer slopes. Let τ : E Ñ Z be an integer valued function.

Definition 5.3. For each real valued function f : V Ñ R and e P E, define

B
τ

ℓ
fpeq :“

Yfpteq ´ fpheq ` τpeq

ℓe

]

,

that we call the (incoming) twisted integer slope of f at te along the edge e. ˛

The name given to B
τ

ℓ
fpeq will be justified in Theorem 5.5. Note that if the edge lengths

are all equal to one, and the twist function is 0, then we have B
0

1
fpeq “ Bfpeq, so the notation

is consistent with the one in Section 4.
The following statement follows directly from Proposition 5.2.

Proposition 5.4. For a divisor D on Γ and τ “ τD, we have the equality for each e P E:

B
τ

ℓ
fpeq ` B

τ

ℓ
fpeq “ ϵ`

ÿ

tPp0,ℓeq

Dpxet q,

with ϵ equal to 0 or ´1 depending on whether fpteq´fpheq`τpeq

ℓe
is an integer or not, respectively.

5.5. Admissible extensions of functions with respect to a divisor. Let D be a divisor
on Γ. For each real valued function f : V Ñ R, we seek a rational extension f̂ : Γ Ñ R
for which D ` divpf̂q is G-admissible. The following theorem guarantees the existence and
uniqueness of such an extension.

We will abuse the notion of Euclidean division by saying that y ´ ty{xux is the remainder
of the Euclidean division of any real number y by any positive real number x.

Theorem 5.5 (Admissible extension of a function with respect to a divisor). Notation as

above, there is a unique rational extension f̂ : Γ Ñ R such that D ` divpf̂q is G-admissible.

Moreover, letting τ “ τD, the twister function associated to D, the function f̂ is characterized
by the following properties:

(1) The incoming slope of f̂ at each u P V along an oriented edge e with te “ u is B
τ

ℓ
fpeq.

(2) For each oriented edge e of G and t P p0, ℓeq, the divisor D ` divpf̂q takes value 0 at
xet , unless ℓe ´ t is the remainder of the Euclidean division of fpteq ´ fpheq ` τpeq by
ℓe, in which case it takes value 1.
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u v

w x y

G “ pV,Eq

ℓuv “ 3, ℓuw “ ℓux “ ℓvx “ 2

u1 v1

w
1

x

2

p
0q 1 y

0

Γ
D “ 5puq ` ppq

f : V Ñ Z
fpuq “ ´3, fpvq “ fpwq “ fpxq “ fpyq “ 0

Figure 3. A graph G “ pV,Eq and an edge length function ℓ are described on
the left; ℓ assigns length 1 to the three edges wx, xy and vy. The corresponding
metric graph Γ is depicted on the right. The divisorD has coefficient 5 at u and
coefficient 1 at the point p in the middle of the edge ux. The function f : V Ñ R
described in the bottom gives the G-admissible divisor D1 “ D ` divℓpf ;Dq

on Γ depicted in red, with coefficient 1 at u, v, w, coefficient 1 at the point q
in the middle of uw, and coefficient 2 at x.

Proof. We first prove the uniqueness. Let f̂ , f̂ 1 : Γ Ñ R be two rational functions extending
f such that both D ` divpf̂q and D ` divpf̂ 1q are G-admissible. We apply Lemma 5.1 to the

divisor D and rational functions f̂ , f̂ 1, and deduce that f̂ 1 ě f̂ and f̂ ě f̂ 1, hence f̂ “ f̂ 1, as
required.

We now prove the existence. Identify each oriented edge e “ uv with the interval r0, ℓes,
and enumerate the points in SupppDq lying in 8e by 0 ă t1 ă t2 ă ¨ ¨ ¨ ă tm ă ℓe. Also, let
re P p0, ℓes be so that ℓe ´ re is the remainder of the Euclidean division of fpuq ´ fpvq ` τpeq
by ℓe, so that

fpuq ´ fpvq ` τpeq “ B
τ

ℓ
fpeqℓe ` pℓe ´ req.

Consider the function ge : r0, ℓes Ñ R defined by

geptq :“ fpuq ´ B
τ

ℓ
fpeqt`

˜

m
ÿ

i“1

Dpxetiqmaxp0, t´ tiq

¸

´ maxp0, t´ req @ t P r0, ℓes.

Note that we have gep0q “ fpuq by definition. Also, gepℓeq “ fpvq, since

gepℓeq “ fpuq ´ B
τ

ℓ
fpeqℓe `

˜

m
ÿ

i“1

Dpxetiqpℓe ´ tiq

¸

´ pℓe ´ req

“ fpuq ´ fpvq ` τpeq ´ B
τ

ℓ
fpeqℓe ´ pℓe ´ req ` fpvq “ fpvq.

This means that there exists a rational function f̂ : Γ Ñ R which on each oriented edge e
of G coincides with ge. By the definition of the functions ge, Properties (1) and (2) in the

statement of the theorem are satisfied. This means that D ` divpf̂q is G-admissible. □

Definition 5.6. Let D be a divisor on Γ and f : V Ñ R a real-valued function on the vertices
of G. The function f̂ given by the above theorem will be called the G-admissible extension
of f with respect to D. The principal divisor divpf̂q will be denoted divℓpf ;Dq. ˛

Proposition 5.7. Let D P DivpΓq and f P RV . Set τ :“ τD and D1 :“ D ` divℓpf ;Dq. Let
z P Γ. Then:
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(1) If z is a vertex of G, then

D1pzq “ Dpzq `
ÿ

ePE
te“z

B
τ

ℓ
fpeq.

(2) If z “ xer, where e “ uv is an oriented edge, and r is the remainder of the Euclidean
division of fpuq ´ fpvq ` τpeq by ℓe, such that r is nonzero, then D1pxerq “ 1.

(3) In any other case, we have D1pzq “ 0.

Proof. This is a reformulation of Properties (1) and (2) in Theorem 5.5. □

5.6. Characterization of G-admissible divisors. The following is our theorem on char-
acterization of G-admissible divisors in AGpDq, for a class D P PicpΓq.

Theorem 5.8. Let D be a divisor on Γ.

piq For each f : V Ñ R, the divisor D ` divℓpf ;Dq is G-admissible.
piiq Each G-admissible divisor D1 on Γ that is linearly equivalent to D is of the form

D ` divℓpf ;Dq for some f : V Ñ R.

Proof. By Proposition 5.7, each divisor of the form D`divℓpf ;Dq is G-admissible, whence the
first statement. Conversely, to prove the second statement, writeD1 “ D`divphq for a rational
function h : Γ Ñ R, and denote by f : V Ñ R the restriction of h to the vertices of G. Then,
h is an extension of f such that D`divphq is G-admissible. It follows from Theorem 5.5 that

h is the G-admissible extension f̂ of f with respect to D, and thus D1 “ D ` divℓpf ;Dq. □

5.7. A consequence. We state the following consequence of Theorem 5.5.

Proposition 5.9. Let D be a divisor on Γ and f1, f2 : V Ñ R. Let f :“ f1 ` f2. Denote
by f̂ and f̂1 the G-admissible extensions of f and f1 with respect to D. Denote by f̂2 the
G-admissible extension of f2 with respect to the divisor D1 :“ D ` divℓpf1;Dq. Then,

f̂1 ` f̂2 “ f̂ .

In particular,
divℓpf ;Dq “ divℓpf1;Dq ` divℓpf2;D1q.

Proof. Note that

D ` divpf̂1 ` f̂2q “ D ` divpf̂1q ` divpf̂2q “ D1 ` divpf̂2q.

It follows that D`divpf̂1 ` f̂2q is G-admissible. Since f̂1 ` f̂2 restricts to f1 `f2 on the vertices

of G, it follows from Theorem 5.5 that f̂1 ` f̂2 “ f̂ . The last statement is immediate. □

5.8. Λ-Rationality. Let Λ Ď R be an additive subgroup containing ℓe for each e P E. We
say that a divisor D on Γ is Λ-rational if for each edge e “ uv P E, each point x of the support
of D on e is of the form xet for t P Λ. The Λ-rational divisors form a subgroup of DivpΓq. A
rational function h : Γ Ñ R is called Λ-rational if divphq is Λ-rational.

For each D P PicpΓq, we denote by DΛ Ď D the subset of Λ-rational divisors, and by
AGpDΛq Ď AGpDq the subset of G-admissible, Λ-rational divisors.

Proposition 5.10. Let D be a Λ-rational divisor on Γ. Let f : V Ñ R be a real-valued
function and f̂ the G-admissible extension of f with respect to D. Then, f̂ is Λ-rational if
and only if fpuq ´ fpvq P Λ for each e “ uv P E.

Proof. Put τ :“ τD. Since D is Λ-rational, τpeq P Λ for every e P E. Then, fpuq´fpvq P Λ for
each e “ uv P E if and only if the remainder of the Euclidean division of fpuq ´ fpvq ` τpeq

by ℓe is in Λ for each e “ uv P E, if and only if D ` divpf̂q is Λ-rational, by Theorem 5.5, if

and only if f̂ is Λ-rational. □
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5.9. Reduced divisors, I. Recall that a divisor D P DivpΓq is v-reduced for a vertex v P V
if Dpxq ě 0 for all x ‰ v in Γ, and there is no closed subset S Ă Γ∖tvu that can chip-fire and
respects the effectiveness of D outside v. In each linear equivalence class D P PicpΓq, there is
a unique v-reduced divisor for each v P V .

Proposition 5.11. Let v P V and D P DivpΓq be a v-reduced divisor of degree d. Then,
D is G-admissible, GD is connected and PD is full-dimensional in Hd. Furthermore, if D is
linearly equivalent to a Λ-rational divisor, then D is Λ-rational.

Proof. Indeed, the chip-firing property of D yields that D has at most degree one in the
interior of each edge of G, or equivalently, that D is G-admissible.

Furthermore, the subgraph GD is connected as otherwise, we can find a closed subset of
Γ∖ tvu that can chip-fire for D keeping effectivity outside v. This implies that the polytope
PD associated to D is full-dimensional in Hd.

Let D be the class of D and D0 P D a Λ-rational divisor. Let h be an element of RatpΓq

such that D “ D0 ` divphq. Now, D0 is Λ-rational, and the edge lengths are all in Λ, whence
hpuq´hpvq P Λ for each e “ uv in GD. Since GD is connected, this means that hpuq´hpvq P Λ
for each u, v P V . Since D is G-admissible, Proposition 5.10 yields that h is Λ-rational, and
thus D is Λ-rational. □

6. Tilings by semistability polytopes of admissible divisors

Let G “ pV,Eq be a graph, ℓ : E Ñ p0,`8q an edge length function and Γ the correspond-
ing metric graph. Let Λ Ď R be an additive subgroup containing ℓe for each e P E. Recall
that for each class D in PicdpΓq, we denote by AGpDΛq the set of all G-admissible, Λ-rational

divisors D P D . Let CGpDΛq Ă xMdpV q be the collection of all supermodular functions µD for
D P AGpDΛq. Define

PD :“ PCGpDΛq “
ď

DPAGpDΛq

PD.

Here is the main theorem of this section.

Theorem 6.1. If G is connected, DΛ is nonempty and Λ is dense in R, then the collection
CGpDΛq is separated, closed, complete and positive in the sense of Section 3.

As a consequence, we deduce the following theorem.

Theorem 6.2 (Tilings by semistability polytopes of admissible divisors). Let D be a linear
equivalence class of divisors of degree d on a metric graph Γ with model pG, ℓq and G connected.
For a subgroup Λ Ď R, if DΛ is nonempty and Λ is dense in R, then the set of semistability
polytopes PD for D P AGpDΛq gives a tiling of Hd, that does not depend on the choice of Λ.

Figures 1, 4, and 5 are three examples of such tilings of H0 Ď R3 for the triangle graph G.
Notice that, while each PD does not depend on the location of points of the support of D in
the interiors of the edges, and in particular, on the lengths of the edges, in general, the tiling
given by all of the PD for D P AGpDΛq does. The aforementioned figures hint at that, as the
class D is that of zero in all examples, but the tilings are very different. The first and the
last are periodic but the second is periodic only in one direction. We will discuss periodicity
in Section 10.1.

In the rest of this section we will prove the properties of CGpDΛq asserted in Theorem 6.1,
assuming only what is necessary for each property, as stated in each proposition below, and
then combine the results to prove the above two theorems.
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vu Γ

w

w

Gu v

ℓuv “ 4, ℓuw “ 2π, ℓvw “ 11

Figure 4. Tiling arising from admissible divisors in the zero class on a metric
graph Γ. The graph G is a 3-cycle and the edge lengths are depicted in
the picture, on the right. Note that the ratios of edge lengths are not all
rational. The middle figure shows periodicity of the tiling in one direction. As
in Figure 1, we depict a projection of the tiling to Rtu,vu.

6.1. CGpDΛq is separated.

Proposition 6.3. The collection CGpDΛq is separated.

Proof. Let D1 and D2 be distinct Λ-rational G-admissible divisors in D , and put µ1 :“ µD1

and µ2 :“ µD2
. Then, D2 “ D1 ` divpf̂q for a function f : V Ñ R, with f̂ the G-admissible

extension of f with respect to D1. Let ϵ1, . . . , ϵr be the increasing sequence of values of f ,
taken on subsets π1, . . . , πr of V , respectively. By Proposition 5.10, we may assume the ϵj are
in Λ. Since D1 ‰ D2, we have r ą 1.

Let I :“ π1 and J :“ Ic. Put ϖ :“ pI, Jq. We claim that ϖ is a separation for µ1 and µ2.
We need to show that

µ1pIq ` µ2pJq ě d,

that is,

degpD1,Iq ´ eD1
pI, Jq `

epI, Jq

2
` degpD2,Jq ´ eD2

pJ, Iq `
epJ, Iq

2
ě d.

This is equivalent to

degpD1,Iq ` δD1
pI, Jq ` degpD2,Jq ´ eD2

pI, Jq ě d,

whence to

degpD2,Jq ´ degpD1,Jq ´ eD2
pI, Jq ě 0.

Using Proposition 5.7, the left-hand side in the above sum is
ÿ

ePEpJ,Iq

`

´ B
τ

ℓ
fpeq ´ ϵD2

peq
˘

,

where τ :“ τD1 , and ϵD2
peq :“ 1 if e P EpGD2

qpI, Jq, else ϵD2
peq :“ 0.

Consider e P EpI, Jq. Notice that B
τ

ℓ
fpeq ď 0 from our choice of ϖ. Thus, the contribution

of e to the above sum is non-negative unless e P EpGD2
qpI, Jq. Suppose e P EpGD2

qpI, Jq.
By Proposition 5.7 again, fpteq ´ fpheq ` τpeq is divisible by ℓe. Since fpteq ă fpheq from
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ℓuv “ ℓuw “ ℓvw

w

u

v

w

u

G

Γ

v

Figure 5. Tiling arising from admissible divisors in the zero class on a metric
graph Γ. The graph G is a 3-cycle and the edge lengths are all equal. As in
Figure 1, we depict a projection of the tiling to Rtu,vu.

our choice of ϖ and τpeq ě 0, we must have B
τ

ℓ
fpeq ě 1. Therefore, also in this case, the

contribution of e to the above sum is non-negative, finishing the proof of our claim.
If the separation is trivial, then µ1 and µ2 are ϖ-split, and the inequalities above are

equalities. The first assertion yields ED1
pI, Jq “ ED2

pI, Jq “ ∅. This and the second assertion
yield B

τ

ℓ
fpeq “ 0, or equivalently, fpteq ´ fpheq ` τpeq ă ℓe for each e P EpJ, Iq. Now, put

f1 :“ ϵ21J `ϵ11I and D
1 :“ D1 `divpf̂1q, with f̂1 the G-admissible extension of f1 with respect

to D1. Then, D1 P DΛ by Proposition 5.10. Since ϵ2 ´ ϵ1 ` τpeq ă ℓe for each e P EpJ, Iq, by

Proposition 5.7 again, µD1 “ µ1. On the other hand, Proposition 5.9 yields D2 “ D1 `divpf̂2q,

with f̂2 the G-admissible extension of f2 with respect to D1, for f2 :“ f ´ f1.
Notice that f2 takes only r ´ 1 values. If r “ 2 then D2 “ D1, hence µ2 “ µD1 “ µ1. Thus,

if µ1 ‰ µ2, either r ą 2, or r “ 2 and the separation ϖ is nontrivial. Argue now by induction
on r. If µ1 ‰ µ2 and ϖ is trivial, then µ2 ‰ µD1 , and thus by induction there is a nontrivial
separation for µD1 and µ2. Since µD1 “ µ1, we conclude. □

6.2. Admissible chip-firing. For each G-admissible divisor D and each subset I Ă V , let
X :“ XDpIq be the closed subset of Γ that consists of the union of all the edges that join a
pair of vertices of I, and all the edge segments that join a vertex of I to a point of the support
of D on the interior of an edge e P EpI, Icq ´EDpI, Icq. On each edge of EpI, Icq, we thus get
an entire segment consisting of the points that are not included in X. Assume EpI, Icq ‰ ∅.

Definition 6.4. Notation as above, we denote by mlDpIq the minimum length of the segments
of the form e∖XDpIq for e P EpI, Icq. ˛

In Figure 6, I is a subset of four vertices which form a complete graph in G, and X “ XDpIq

is depicted on the left. Here, EDpI, Icq “ ∅, and the segments e ∖ XDpIq, e P EpI, Icq, are
colored in red or blue. The length of the blue segment gives mlDpIq.

Proposition 6.5. We have mlDpIq ą 0. If D is Λ-rational, then mlDpIq belongs to Λ.

Proof. This is straightforward. □

Let ϵ P r0,mlDpIqs be a real number and f :“ f I
ϵ : V Ñ R be the function taking value 0

on I and value ϵ on Ic. In this case, the divisor D ` divpf ;Dq coincides with the chip-firing
move of D by distance ϵ from the cut X of Γ. We call this divisor the G-admissible chip-firing
move of D by distance ϵ induced by I. If ϵ is smaller than mlDpIq, we say the move is small ;
otherwise, when ϵ “ mlDpIq, we call it flipping. We refer to Figure 6 for an example.

6.3. CGpDΛq is closed.

Proposition 6.6. If Λ is dense in R, then the collection CGpDΛq is closed.
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Γ

X

Γ

G

Figure 6. The set X in the metric graph Γ depicted in the figure is a cut set.
The three dotted points are in the support of a G-admissible divisor. When
X fires at distance ϵ ą 0, the chip placed on each dotted point moves to the
point at distance ϵ on each of the three outgoing branches from X. Here the
move is small.

Proof. Let µ “ µD be an element of CGpDΛq for a G-admissible Λ-rational divisorD P AGpDΛq.
Let π “ pF c, F q be an ordered bipartition of V and Eπ “ EpF c, F q. By Proposition 2.3, it is
enough to show that µπ belongs to CGpDΛq.

If Eπ “ ∅, then µπ “ µ, and thus µπ P CGpDΛq. Assume Eπ ‰ ∅. Choose a positive
real number ϵ P Λ small enough so that the function f on V that takes value 0 on F c and
value ϵ on F yields a small G-admissible chip-firing move D1 “ D ` divpf ;Dq of D. Clearly,
D1 P AGpDΛq. Since ϵ is small and nonzero, GD1 does not contain any edge of Eπ. From
Proposition 4.9 we deduce that µD1 is π-split. It remains to show that µD1 “ µπ.

Since µD1 and µπ are π-split, it is enough to show that

µD1pIq “

#

µpIq if I Ď F c

µpI Y F cq ´ µpF cq if I Ď F.

Now,

degppD1qIq “

#

degpDIq if I Ď F c,

degppDqIq ` eDpI, F cq if I Ď F.

Thus, if I Ď F c, then µD1pIq “ µpIq. On the other hand, assume I Ď F . By definition,

µpI Y F cq ´ µpF cq “ degpDIYF c

q `
1

2
epI Y F c, Ic X F q ´ degpDF c

q ´
1

2
epF c, F q.

Since I Ď F , we have

eD2pI Y F c, Ic X F q ´ eD2pF c, F q “ eD2pI, Icq ´ 2eD2pI, F cq

for each G-admissible divisor D2, in particular, for D2 “ 0 and D2 “ D. We infer that

degpDIYF c

q ´ degpDF c

q “ degpDIYF cq ´ degpDF cq ´ eDpI Y F c, Ic X F q ` eDpF c, F q

“ degpDIq ` δDpI, F cq ´ eDpI, Icq ` 2eDpI, F cq

“ degpDIq ` epI, F cq ` eDpI, F cq.

Therefore,

µpI Y F cq ´ µpF cq “ degpDIq `
1

2
epI, Icq ` eDpI, F cq “ degppD1qIq `

1

2
epI, Icq “ µD1pIq,

finishing the proof. □
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6.4. CGpDΛq is complete and positive.

Proposition 6.7. If G is connected, then the collection CGpDΛq is simple. If in addition Λ
is dense in R, then the collection CGpDΛq is complete.

Proof. Let µ :“ µD for D P AGpDΛq, and let π “ pF, F cq be a bipartition of V such that
µπ “ µ. To show the first statement, it is enough to show the existence of D1 P AGpDΛq such
that µ1 :“ µD1 satisfies µ1 ‰ µ and µ1

π “ µ.
Since G is connected, EpF, F cq ‰ ∅. We use the notation introduced in Section 6.2. Let D1

be the (flipping) G-admissible chip-firing move of D by distance mlDpF cq induced by F c, and
put µ1 :“ µD1 . Since D is Λ-rational, mlDpF cq P Λ, and thus D1 is Λ-rational and µ1 P CGpDΛq.
Also, ED1pF, F cq ‰ ∅, and thus µ1 is not π-split. In addition, D is a small G-admissible chip-
firing move of D1 by mlDpF cq induced by F , and thus, as seen in the proof of Proposition 6.6,
we have µ “ µ1

π. Finally, µ
1 ‰ µ because µ is π-split and µ1 is not.

As for the second statement, if Λ is dense in R, then CGpDΛq is closed by Proposition 6.6,
and hence the same argument shows that the collection CGpDΛq is complete. □

Remark 6.8. The proofs of Proposition 6.6 and 6.7 yield that, for each D P AGpDq and
bipartition π “ pF c, F q of V such that µD is equal to its π-splitting, the quantity mlDpF cq

is the largest positive real number such that µDt “ µD for each t P r0,mlDpF cqq where
Dt :“ D ` divpt1F ;Dq. ˛

Proposition 6.9. If G is connected and DΛ is nonempty, then the collection CGpDΛq is
positive.

Proof. Since CGpDΛq is simple by Proposition 6.7, and DΛ ‰ ∅, it follows that CGpDΛq contains
simple elements. Now, for each G-admissible divisor D such that µD is simple, the spread of
µD is at least 1{2. □

6.5. Proof of Theorem 6.1. It follows from Propositions 6.3, 6.6, 6.7, and 6.9 that CGpDΛq

is separated, closed, complete and positive. □

6.6. Proof of Theorem 6.2. We combine Theorem 6.1 with Theorems 3.6, 3.8 and 4.8, and
deduce that the semistability polytopes associated to the G-admissible divisors in AGpDΛq

form a tiling of the full space Hd. □

7. Admissible divisors and reduction of linear series

Let K be an algebraically closed field with a nontrivial non-Archimedean valuation v. We
assume that K is complete with respect to v and we denote by k the residue field of K,
which is also algebraically closed. Let R be the valuation ring of pK, vq, and denote by m
the maximal ideal of R. We denote by Λ the value group of K. Notice that Λ is a nontrivial
additive divisible subgroup of R, whence dense in R.

Let X be a smooth proper connected curve over K and denote by X
an

the Berkovich
analytification of X. We assume familiarity with the theory of Berkovich analytic curves, and
refer to [AB15, Section 4], [BPR13, Section 5] and [Duc], which contain what we need here.

A semistable vertex set for X
an
is a finite set V of type 2 points on X

an
whose complement

X
an ∖ V is a disjoint union of finitely many open annuli and infinitely many open disks. A

semistable model for X is an integral proper relative curve X over R with generic fiber Xη “ X
and special fiber X0 which is reduced, connected and has nodal singularities. Any irreducible
component of the special fiber X0 of a semistable model X gives a valuation on KpXq and
defines a point of type 2 in X

an
. The set V of points in X

an
associated to the irreducible

components of X0 gives a semistable vertex set for X
an
. Moreover, this process provides a

bijection between semistable vertex sets of X
an

and semistable models of X, see [BPR13,
Thm. 5.38]
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A semistable vertex set V gives rise to a skeleton Γ for X
an
, defined as the union in X

an
of V

and the skeletons of the open annuli in X
an ∖ V . Using the canonical metric on the skeletons

of the open annuli, we can view the skeleton as a metric graph canonically embedded in X
an
.

The underlying graph G “ pV,Eq is connected, and has vertex set V and edge set E in
bijection with the set of open annuli in X

an ∖ V . There is an edge between vertices u, v P V
for each open annulus in X

an ∖ V whose closure in X
an

contains u and v. The edge length
function ℓ : E Ñ p0,`8q associates to each edge the modulus of the corresponding annulus.
In particular, all the edge lengths are in Λ. The graph G is the dual graph of the special fiber
X0 of the semistable model X that corresponds to the semistable vertex set V , with vertices in
bijection with the irreducible components of X0 and with edges in bijection with the nodes of
X0. There is an edge e “ uv in G for each node that lies on both of the irreducible components
associated to u and v. Via this correspondence, the edge length function associates to each
edge the singularity degree in X of the corresponding node.

Let Γ be a metric graph skeleton of X
an
with underlying graph G “ pV,Eq and edge length

function ℓ : E Ñ Λ.
For each v P V , let kpvq be the residue field of v seen as a point of type 2 in X

an
. The field

kpvq is of transcendental degree one over k and we denote by Cv the corresponding smooth
proper curve over k. In the semistable model that corresponds to V , the curve Cv is the
normalization of the irreducible component in X0 associated to v, so kpvq is the function field
of this component.

For each point x of X
an
, denote by vx the corresponding valuation on KpXq, extending v.

If x P X
an ∖XpKq, then vx is a map from KpXq to RYt`8u. Otherwise, that is, if x P XpKq,

we view vx as a map from KpXq to RY t˘8u which takes value vxpfq “ vpfpxqq if f is defined
at x, and ´8 otherwise. If x is a type 2 point, in particular, if x is a vertex of G, the image
of vx coincides with the value group Λ of v : K Ñ R Y t`8u.

For each f P KpXq, we denote by evf : X
an

Ñ R Y t˘8u the evaluation map that sends
each point x P X

an
to vxpfq.

Let τ : X
an

Ñ Γ be the canonical retraction map fromX
an
to Γ. We call τ the tropicalization

map. The restriction of τ to XpKq is compatible with the specialization map from the generic
fiber Xη to X0. Extending by linearity, we get a tropicalization map τ : DivpXq Ñ DivpΓq

that sends a divisor D “
ř

xPXpKq Dpxqpxq on X to the divisor τpDq “
ř

xPXpKq Dpxqpτpxqq.

Since τpxq is Λ-rational for each x P XpKq, we have that τpDq is Λ-rational.

7.1. Tropicalization and reduction of linear series. For each nonzero rational function
f P KpXq, we denote by troppfq the tropicalization of f , defined as the restriction to Γ of the
evaluation map evf : X

an
Ñ R Y t˘8u. This gives an element of RatpΓq.

Let D be divisor of degree d on X and let τpDq “
ř

xPXpKq Dpxqpτpxqq be the Λ-rational

divisor on Γ obtained by the tropicalization of D. Denote by D the class of τpDq in PicdpΓq,
and notice that DΛ is nonempty.

Let H be a vector subspace of dimension r ` 1 of the space of global sections of the line
bundle L “ OpDq, which we view in KpXq:

H Ď
␣

f P KpXq
ˇ

ˇ divpfq ` D ě 0
(

.

The pair pD,Hq defines a linear series on X. By the Specialization Lemma [AB15, Thm. 4.5],

τpDq ` divptroppfqq “ τpD ` divpfqq.

Convention 7.1. In the following, we will choose a section of the valuation v : K∖ t0u Ñ Λ.
In other words, for each λ P Λ, we fix aλ P K with vpaλq “ λ in such a way that the map
λ ÞÑ aλ induces a homomorphism of groups Λ Ñ K∖ t0u. (Since Λ is divisible, such a section
exists.) ˛
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For each nonzero f P KpXq, putting av :“ avvpfq P K, the element a´1
v f has valuation

vvpa
´1
v fq “ 0, and reduction in the residue field kpvq that we denote by fv, for each v P V .

We call fv the relative reduction of f at v.
Note that fv is nonzero. Choosing another section of v would yield a nonzero k-multiple

of fv. If vvpfq “ 0 then av “ 1 and fv is the usual (nonrelative) reduction of f in kpvq. We
will generalize relative reduction in Definition 7.7. Under this generalization, fv will be the
reduction of f at v relative to troppfq.

Denote by Uv the k-vector space Uv of kpvq spanned by the relative reductions fv at v of
nonzero functions f P H [AB15, Section 4.4]. The space is independent of the choice of the
section of v. We have the following result [AB15, Lemma 4.3]:

Lemma 7.2. Notation as above, for each vertex v of G, the k-vector subspace Uv Ă kpvq has
dimension r ` 1.

Definition 7.3. We associate to the linear series pD,Hq the k-vector space

U :“
à

vPV

Uv,

defined by the reductions of H at the vertices v in G. ˛

Definition 7.4. Let kV :“
ś

vPV k. For each element φ P kV , we denote by φv the element
in k given by the v-component of φ, for each v P V . Each φ P kV corresponds to an
endomorphism of U that by an abuse of notation we will also denote by φ. ˛

The following is straightforward.

Proposition 7.5. For each φ P kV , the endomorphism φ : U Ñ U is an automorphism if an
only if φv ‰ 0 for every v.

7.2. Subspace of U associated to a G-admissible divisor in AGpDq. We generalize
Lemma 7.2 by associating an pr` 1q-dimensional subspace of U to each G-admissible divisor
in D .

We need the following definition (we will be interested in the Λ-rational divisor τpDq).

Definition 7.6 (G-admissible rational functions). For each divisor divisor D on Γ, we will
denote by FGpDq the set of all rational functions h P RatpΓq such that divphq ` D is G-
admissible. We call them G-admissible rational functions associated to D. If D is Λ-rational,
we denote by FGpD; Λq the subset of h P FGpDq such that h is Λ-rational. ˛

Notice that, by Proposition 5.10, since G is connected, if D is Λ-rational, then a rational
function h P FGpDq is in FGpD; Λq if and only if hpuq ´ hpvq P Λ for each u, v P V .

Let h P FGpτpDq; Λq. Denote by Mh the set of all functions f P H with troppfqpvq ě hpvq

for every v P V . By Lemma 5.1, this is equivalent to troppfq ě h pointwise on Γ, that is,

Mh :“
␣

f P H
ˇ

ˇ troppfqpvq ě hpvq @v P V
(

“
␣

f P H
ˇ

ˇ troppfq ě h
(

.

Notice that vvpa
´1
hpvq

fq ě 0 for each h P FGpτpDq; Λq and f P Mh.

Definition 7.7 (Relative reduction map redh). The reduction map relative to h is the map

redh : Mh Ñ U

defined as follows: For each f P Mh, let redhpfq be the element of U whose component
predhpfqqv is the reduction of a´1

hpvq
f to kpvq for each v P V . In particular, if troppfqpvq ą hpvq,

then predhpfqqv “ 0. ˛

Each nonzero f in H is in Mh for h :“ troppfq. In this case, the relative reduction fv of f
at v we have defined earlier coincides with the reduction predhpfqqv of f relative to troppfq.



36 OMID AMINI AND EDUARDO ESTEVES

Definition 7.8 (Reduction of H relative to h). We define the reduction of H relative to h
as the subset Wh Ă U consisting of the reductions of f P Mh relative to h, that is,

Wh :“
␣

redhpfq
ˇ

ˇ f P Mh

(

. ˛

Different choices of the section λ ÞÑ aλ, λ P Λ, will produce different subspaces Wh, but
all the outcomes Wh, obtained via this reduction process, lie on the same orbit of U by the
natural action of

ś

vPV kˆ defined in Definition 7.4.
Note that for each constant c in the value group Λ, the space Wh`c coincides with Wh.

This implies that Wh depends only on D “ τpDq ` divphq. We can thus set WD :“ Wh. We
use both notations, WD and Wh, according to the context.

The function h induces a modified norm on rational functions at points on X
an
. More

precisely, we define the h-norm

| ¨ |h : KpXq ˆ X
an

Ñ R Y t8u

pf , xq ÞÑ |fpxq|h :“ ehpτpxqq|fpxq|.

Here, |fpxq| is the norm of f induced by the point x P X
an
, given by |fpxq| “ exp p´vxpfqq.

With this notation,

Mh “
␣

f P H
ˇ

ˇ |fpxq|h ď 1 @x P Γ Ă X
an(

.

Notice that Mh is an R-submodule of H, whence torsion-free. Also, K ¨Mh “ H, as for each
f P H, taking a P K with |a| very small, we have af P Mh. Finally, since K is complete and
H has finite dimension over K, we get that H is complete, whence Mh is complete as well.

We have the following generalization of Lemma 7.2 (see Proposition 7.10).

Lemma 7.9 (Reduction Lemma). Notation as above, Mh is a free R-module of rank r`1 and
the reduction map redh factors through an isomorphism of k-vector spaces Mh

L

mMh » Wh.
As a consequence, the subspace Wh is a k-vector subspace of U of dimension r ` 1.

Proof. We give U the structure of an R-module via the quotient map R Ñ k. To prove that
Wh is a k-vector subspace of U and that redh factors through a surjection Mh

L

mMh Ñ Wh,
we only need to prove that redh : Mh Ñ U is a homomorphism of R-modules. This is indeed
the case, as

predhpaf ` bgqqv “ ãpredhpfqqv ` b̃predhpgqqv

for each f ,g P Mh and a, b P R, where ã and b̃ are the reductions of a and b, respectively.
To show the map induced by redh is an isomorphism, it will be enough to prove that

the kernel of redh is mMh. Consider an element f P Mh which is sent to 0 in U. This
means troppfqpvq ą hpvq for all vertices v P V . But then, since Λ contains sufficiently small
elements, there is a P m such that troppa´1fqpvq ą hpvq for each v P V . This implies that
f P aMh Ď mMh, as required.

Finally, we show that Mh is a free R-module of rank r` 1, from which we deduce that Wh

is of dimension r ` 1. This will finish the proof of the lemma.
We claim first that dimkpWhq ď r ` 1. Indeed, let f1, . . . , fp be k-linearly independent

elements of Wh, and lift them to f1, . . . , fp in Mh. Since K ¨ Mh “ H, it is enough to prove
that f1, . . . , fp are K-linearly independent.

But, if there existed an equation a1f1 ` ¨ ¨ ¨ ` apfp “ 0 for aj P K not all zero, we could
assume without loss of generality that minjpvpajqq “ 0, and get

ã1f1 ` ¨ ¨ ¨ ` ãpfp “ ã1redhpf1q ` ¨ ¨ ¨ ` ãpredhpfpq “ 0,

with ãj, the reductions of the aj, not all zero. This would be not possible, the elements
f1, . . . , fp being independent.
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Let p “ dimkpWhq. Choose a basis f1, . . . , fp of Wh and lift it to f1, . . . , fp in Mh. We claim
now that Mh “ Rf1 ‘ ¨ ¨ ¨ ‘Rfp. Once this has been proved, the equality K ¨Mh “ H implies
that p “ r ` 1, as required.

To prove the claim, we only need to show that f1, . . . , fp generate Mh as an R-module. Let
N be the R-module generated by f1, . . . , fp, so that we have Mh “ N ` mMh. Proceeding
by induction, this yields Mh “ N`mnMh for each n P N. Since Mh is complete, this proves
that Mh “ N, as required. □

7.3. Reduced divisors, II. Notice that Lemma 7.2 was not used in the proof of Lemma 7.9.
Actually, we show now that the former can be recovered from the latter.

Proposition 7.10. Let D be the class of τpDq for a divisor D on X. Let v be a vertex of V
and D be the v-reduced divisor in D . Then, D P AGpDΛq and the projection map WD Ñ Uv

is an isomorphism.

Proof. Since τpDq is Λ-rational, it follows from Proposition 5.11 that D P AGpDΛq. Let h be
an element of RatpΓq such that D “ τpDq ` divphq and hpvq “ 0. Then, h is Λ-rational, and
moreover, h|V takes values in Λ.

We first show that WD Ñ Uv is injective. Let f be an element of Mh with predhpfqqv “ 0,
that is, troppfqpvq ą hpvq. Let I be the set of vertices u in V such that troppfqpuq ą hpuq.
We have v P I. We will show that I “ V , which implies that redhpfq “ 0.

Let ϵ :“ minuPIptroppfqpuq ´ hpuqq. We have ϵ P Λ. Let h1 P RatpΓq be so that h1 ´ h
is the G-admissible extension of ϵ1I with respect to D. Then, troppfqpuq ě h1puq for each
u P V , and hence troppfq ě h1 by Lemma 5.1. Assume for the sake of a contradiction that
I ‰ V . Then, D1 :“ τpDq ` divph1q is the G-admissible chip-firing move of D by ϵ induced
by V ∖ I. Since v P I and D is v-reduced, D1 cannot be effective outside v. Therefore,
since D1 is G-admissible, and D is effective outside v, we should have D1pwq ă 0 for some
w P V ∖ I. Now, using troppfqpwq “ hpwq “ h1pwq and troppfq ě h1, we deduce that
divptroppfqqpwq ď divph1qpwq. We infer that

0 ď divptroppfqqpwq ` τpDqpwq ď D1pwq ă 0.

This contradiction proves the claim.
We now show that WD Ñ Uv is surjective. Let f be an element of H with troppfqpvq “

hpvq “ 0. Then, we have troppfq ě h; see [Ami13, Lemma 20]. It follows that f P Mh

and predhpfqqv coincides with the relative reduction of f at v. Since Uv is generated by the
relative reduction at v of f P H with troppfqpvq “ 0, and the map WD Ñ Uv is k-linear, the
surjectivity follows. □

8. Tilings induced by tropicalization of linear series

We introduce in this section a second class of tilings that arise from degenerations of linear
series on curves.

Let V be a finite nonempty set. Let k be a field. For each v P V , let Uv be a finite-
dimensional vector space over k. The example of interest to us is the ones arising from the
reduction of linear series discussed in Section 7. Define

U :“
à

vPV

Uv.

For each subset I Ď V , let

UI :“
à

vPI

Uv

and denote by

ιI : UI Ñ U and θI : U Ñ UI
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the corresponding insertion and projection maps, respectively. Clearly, the composition θI ˝ ιI
is the identity. By convention, we set

U∅ :“ p0q.

We have a natural exact sequence,

(8.1) 0 Ñ UI Ñ U Ñ UIc Ñ 0,

where the second map is ιI and the third is θ
Ic
.

As in Definition 7.4, we view each element φ of kV as an endomorphism of U that by an
abuse of notation we will also denote by φ. This endomorphism is an automorphism if and
only if φv ‰ 0 for every v.

8.1. Adjoint modular pairs arising from subspaces. Notation as above, let W Ď U be
a vector subspace.

For each I Ď V , we put WI :“ ιI ˝ θI pWq, and denote by ν˚
WpIq its dimension, that is,

WI :“ ιI ˝ θI pW q Ď U and ν˚

WpIq :“ dimkpWIq.

Similarly, we denote by WI the intersection of W with ιIpUIq, and by νWpIq its dimension,
that is,

WI :“ W X ιIpUIq Ď U and νWpIq :“ dimkpWIq.

We have a short exact sequence

(8.2) 0 Ñ WIc Ñ W Ñ WI Ñ 0,

where the second map is the inclusion and the third map is ιI ˝ θI .
The construction is functorial: given φ P kV and subspaces W1,W2 Ď U with φW1 Ď W2,

we have φWI
1 Ď WI

2 and φW1,I Ď W2,I for each I Ď V .
Note that with these notations, for W “ U, we have UI “ UI , and the exact sequence

(8.2) is identical to (8.1).

Proposition 8.1. Notation as above, let W Ď U be a vector subspace of dimension r ` 1.
Then, pνW, ν

˚
Wq is an adjoint modular pair of range r ` 1.

Proof. From the short exact sequence (8.2), we get WI » W
L

WIc . We deduce the equation

νWpIcq ` ν˚

WpIq “ r ` 1.

It will be thus enough to show that νW is supermodular, that is, for I, J Ă V , we have

dimkW
I ` dimkW

J ď dimkW
IYJ ` dimkW

IXJ .

This follows from the fact that WI and WJ are subspaces of WIYJ with intersection WIXJ . □

Definition 8.2 (Base polytope associated to a subspace W Ă U). We denote by QW the
base polytope associated to the pair pνW, ν

˚
Wq. Thus,

QW “
␣

q P RV
ˇ

ˇ νWpIq ď qpIq ď ν˚

WpIq for each I Ď V
(

. ˛

Note that the values taken by any point q P QW at any v P V are all non-negative. Also, the
sum

ř

vPV qpvq coincides with the range of νW, which is r ` 1. Denote by ∆r`1 the standard
simplex in Hr`1 given by

∆r`1 :“
␣

q P RV
ˇ

ˇ qpvq ě 0 for all v P V, and qpV q “ r ` 1
(

.

We infer the following.

Proposition 8.3. The base polytope QW is a subset of the standard simplex ∆r`1 in Hr`1.

Note as well that QφW “ QW for each φ P kV with φv ‰ 0 for every v.
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8.2. Families of modular pairs coming from reductions of linear series. Notation
as in Section 7, let τ : X

an
Ñ Γ be the retraction map from X

an
to Γ, and let τpDq be the

tropicalization of D. Let D be its class in PicdpΓq and DΛ Ď D the subset of Λ-rational
divisors. Denote by AGpDΛq the set of G-admissible divisors D in DΛ. Each divisor D in
AGpDΛq is of the form divphq ` τpDq for some element h P FGpτpDq; Λq. Moreover, since G
is connected, h is unique up to translation by a constant in Λ. By Reduction Lemma 7.9, we
can associate to the G-admissible Λ-rational divisor D a subspace of U of dimension r ` 1
that we denote by WD :“ Wh. We denote by pνD, ν

˚
Dq the adjoint modular pair corresponding

to WD, defined in the preceding section, and denote by QD the corresponding base polytope.
Let CpX,GqpD,Hq be the collection of supermodular functions νD for D a G-admissible

divisor in DΛ, that is, Λ-rational and linearly equivalent to τpDq.
We have the following result.

Theorem 8.4. The collection CpX,GqpD,Uq is separated, closed, positive and complete for the
interior of the simplex ∆r`1, in the sense of Section 3.

From the above theorem, we deduce the following result.

Theorem 8.5. The collection of polytopes QD associated to Λ-rational G-admissible divisors
D in the linear equivalence class of the divisor τpDq gives a tiling of the standard simplex
∆r`1.

An example of such a tiling is depicted in Figure 7.

From the proof of Theorem 8.4 and that of Theorem 6.1 we get the following result.

Theorem 8.6. Let α, β be two positive real numbers. Then, the collection of supermodular
functions αµD ` βνD, for G-admissible divisors D P DΛ, is separated, closed, positive and
complete.

As a corollary, we deduce the following theorem.

Theorem 8.7. Let α, β be two positive real numbers and n :“ αd ` βpr ` 1q. For each G-
admissible divisor D in DΛ, let Pα,β,D be the polytope associated to the supermodular function
αµD ` βνD. Then, Pα,β,D “ αPD ` βQD, and the collection of polytopes Pα,β,D gives a tiling
of Hn.

An example of a tiling given by this theorem is depicted in Figure 2. Note that the first
assertion in Theorem 8.7 follows directly from Proposition 2.8: the polytope associated to
αµD ` βνD coincides with αPD ` βQD.

The rest of this section is devoted to the proof of these theorems.

8.3. Induced maps for the Wh. Let h1, h2 be two elements of FGpτpDq; Λq. Let

λ2 :“ min
vPV

ph2pvq ´ h1pvqq “ min
xPΓ

ph2pxq ´ h1pxqq,

where the last equality comes from the domination property. So we have

h2pvq ´ λ2 ě h1pvq

for every v P V , with equality on at least one vertex v P V .
Recall Convention 7.1, with which we fix a section λ ÞÑ aλ of the valuation v : Kˆ Ñ Λ,

and use it to define the relative reduction maps redh. Then, a
´1
λ2
Mh2

Ď Mh1
, and this induces

a map

ϕh2

h1
: Wh2

Ñ Wh1

redh2pfq ÞÑ redh1pa´1
λ2
fq @ f P Mh2

.
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G “ pV,Eq

ℓ ” 1

4

1 1

1

4 1

1

1 4

2

2 2

6

0 0

0

6 0

0

0 6

0

3 3

3

0 3

3

3 0

1 1

4

1

14

1

1 4

5

2
´1

5

´1 2

2

5
´1

2

´1 5

´1

5 2

´1

2 5

Figure 7. Example of a tiling in Theorem 8.5. The graph G is the dual graph
of a curve with three components. The edge lengths are all equal to one. The
divisor D on the curve X has degree 6 and its tropicalization has support in
the vertices. The G-admissible divisor corresponding to each stratum in the
tiling is given with the same color. As in Figure 1, we actually depict the
projection of the tiling to R2.

More precisely, this map is the restriction of the endomorphism of U given by φ P kV with

φv :“ red
`

a´1
h1pvq

a´1
λ2
ah2pvq

˘

“

#

1 if v P I2

0 otherwise

where I2 Ă V is the set of all v P V where h2 ´ h1 takes its minimum, i.e.,

I2 :“ argminph2 ´ h1q X V “
␣

v P V
ˇ

ˇ h2pvq ´ h1pvq “ λ2

(

.

Then, we have

ϕh2

h1
“ ιI2 ˝ θI2 |Wh2

: Wh2
ÝÑ Wh1

.

By symmetry, we get a map

ϕh1

h2
: Wh1

Ñ Wh2
,

induced by the element aλ1
P K, where

λ1 :“ min
vPV

ph1pvq ´ h2pvqq “ min
xPΓ

ph1pxq ´ h2pxqq.

Putting

I1 :“ argminph1 ´ h1q X V “
␣

v P V
ˇ

ˇ h1pvq ´ h2pvq “ λ1

(

,

we have that

ϕh1

h2
“ ιI1 ˝ θI1 |Wh1

: Wh1
ÝÑ Wh2

.
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If we were to change the section of v, all the Wh would change in tandem to other subspaces
of U in the same orbit of the original Wh by the action of

ś

vPV kˆ, in such a way that ϕh2

h1

would be the restriction of the same endomorphism of U for each h1, h2 P FGpτpDq; Λq.

Proposition 8.8. Notation as above, kerpϕh2

h1
q “ WIc

2

h2
and impϕh2

h1
q Ď WI2

h1
. Also, if h2 ´ h1 is

not constant, then ϕh1

h2
˝ ϕh2

h1
“ 0.

Proof. Both assertions in the first statement follow from the fact, observed above, that ϕh2

h1
is

induced by an element φ P kV whose value is zero at v P V if and only if v P Ic2.
As for the second statement, since h2 ´ h1 is not constant, we have I2 X I1 “ ∅, and so

I2 Ď Ic1. By symmetry, kerpϕh1

h2
q “ WIc

1

h1
. Therefore,

impϕh2

h1
q Ď WI2

h1
Ď WIc

1

h1
“ kerpϕh1

h2
q,

and so ϕh1

h2
˝ ϕh2

h1
“ 0. □

Let D1 “ τpDq ` divph1q and D2 “ τpDq ` divph2q.

Proposition 8.9. Notation as above, assume h2 ´ h1 is not constant. Then, the pair pI2, I
c
2q

is a separation for νD1
and νD2

, which is strict if and only if WI2
h1

‰ impϕh2

h1
q. Similarly, the

pair pI1, I
c
1q is a separation for νD2

and νD1
, which is strict if and only if WI1

h2
‰ impϕh1

h2
q.

Proof. Applying the previous proposition, we infer that

νD2
pIc2q ` νD1

pI2q “ dimk

´

WIc
2

h2

¯

` dimk

`

WI2
h1

˘

ě dimk

`

ker
`

ϕh2

h1

˘˘

` dimk

`

im
`

ϕh2

h1

˘˘

“ dimkpWh2
q “ r ` 1.

This proves the first claim. The second follows by symmetry. □

Proposition 8.10. Let h1, h2, h3 P FGpτpDq; Λq. If ϕh2

h3
˝ ϕh1

h2
‰ 0, then ϕh2

h3
˝ ϕh1

h2
“ ϕh1

h3
.

Proof. Let
λi,j :“ min

vPV
phipvq ´ hjpvqq and Ii,j :“ argminphi ´ hjq

for i, j P t1, 2, 3u. Then, λ1,3 ě λ1,2 ` λ2,3, with equality if and only if I1,2 X I2,3 ‰ ∅, in which
case I1,2 X I2,3 “ I1,3. Now, if I1,2 X I2,3 “ ∅, then ϕh2

h3
˝ ϕh1

h2
“ 0. Otherwise, I1,2 X I2,3 “ I1,3,

and hence ϕh2

h3
˝ ϕh1

h2
“ ϕh1

h3
. □

8.4. CpX,GqpD,Hq is separated.

Proposition 8.11. The collection CX,GpD,Hq is separated.

Proof. Let h1, h2 P FGpτpDq; Λq and put Di :“ τpDq ` divphiq and νi :“ νD1
for i “ 1, 2. We

have D2 “ D1 ` divph2 ´ h1q. Let ϵ1 ă ϵ2 ă ¨ ¨ ¨ ă ϵr be the increasing sequence of values of
h2 ´ h1 on V taken on subsets π1, . . . , πr, respectively, so that π “ pπ1, . . . , πrq is a nontrivial
ordered partition of V . Assume D1 ‰ D2, so r ą 1.

Let I “ π1 and J “ πc
1, and consider the ordered bipartition ϖ “ pI, Jq. Applying

Proposition 8.9, we deduce that ϖ is a separation for ν1 and ν2.
If this separation is trivial, then we must have, using Proposition 8.9 again, that

‚ ν1 and ν2 are ϖ-split, and
‚ impϕh2

h1
q “ WI

h1
.

The first property is equivalent to ιI ˝ θI inducing isomorphisms WI
hi

Ñ Whi,I for i “ 1, 2,
which lead to decompositions:

Wh1
“ WI

h1
‘ WJ

h1
and Wh2

“ WI
h2

‘ WJ
h2
.

As for the second, since kerpϕh2

h1
q “ WJ

h2
and WI

h1
“ Wh1,I , it is equivalent to ϕ

h2

h1
inducing an

isomorphism from Wh2,I to Wh1,I , or equivalently, an isomorphism WI
h2

Ñ WI
h1
.
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Let f̂ P RatpΓq be the G-admissible extension of f :“ ϵ21J ` ϵ11I with respect to D1, and

put D1 :“ D1 ` divpf̂q. We have D1 “ τpDq ` divph1q where h1 :“ h1 ` f̂ . Since the ϵj are
in Λ, we get that also h1 P FGpτpDq; Λq. Notice that the set of vertices of V where h1 ´ h1

(resp. h2 ´ h1) takes minimum value is π1 (resp. π1 Y π2).
It follows that the maps ϕh2

h1 and ϕh1

h1
induce injections WI

h2
Ñ WI

h1 and WI
h1 Ñ WI

h1
. Also,

by Proposition 8.10, the composition of these injections is the map WI
h2

Ñ WI
h1

induced

by ϕh2

h1
, which is an isomorphism. We infer that both injections are isomorphisms. Now,

since WI
h1

“ Wh1,I , the map ϕh1

h1
induces as well an isomorphism Wh1,I Ñ Wh1,I , and we have

WI
h1 “ Wh1,I . But then the spaces WJ

h1 and WJ
h1

have the same dimension, and since ϕh1

h1

induces an injection WJ
h1

Ñ WJ
h1 , that injection is an isomorphism too. We conclude that

Wh1 “ WI
h1 ‘ WJ

h1 “ WI
h1

‘ WJ
h1
.

It follows from this equality that νD1 “ ν1.
On the other hand, h2 ´ h1 takes only r ´ 1 values. If r “ 2, then D2 “ D1, whence

ν2 “ νD1 “ ν1. Thus, if ν1 ‰ ν2 and r “ 2, the separation ϖ is nontrivial. Arguing now by
induction on r, if r ą 2 and ν1 ‰ ν2, then we have ν2 ‰ νD1 , and thus by induction there is a
nontrivial separation for νD1 and ν2. Since νD1 “ ν1, we conclude. □

8.5. Exact pairs. Consider two functions h1, h2 P FGpτpDq; Λq. In this section we prove
Proposition 8.13, which roughly speaking shows that if h1 and h2 are distinct but close to
each other, then the two spaces Wh1

and Wh2
are in close relation.

More precisely, we say that Wh1
and Wh2

form an exact pair if we have

kerpϕh2

h1
q “ impϕh1

h2
q and kerpϕh1

h2
q “ impϕh2

h1
q,

that is, if the sequence
Wh1

Ñ Wh2
Ñ Wh1

Ñ Wh2

induced by the maps ϕh1

h2
and ϕh2

h1
is exact. In this case, we say pWh1

,Wh2
q is exact.

Proposition 8.12. A pair pWh1
,Wh2

q is exact if and only if kerpϕh2

h1
q “ impϕh1

h2
q.

Proof. One direction is trivial. Assume kerpϕh2

h1
q “ impϕh1

h2
q. In any case, Proposition 8.8

yields impϕh2

h1
q Ď kerpϕh1

h2
q. But now

dim
`

impϕh2

h1
qq
˘

“ r ` 1 ´ dim
`

kerpϕh2

h1
q
˘

“ r ` 1 ´ dim
`

impϕh1

h2
q
˘

“ dim
`

kerpϕh1

h2
q
˘

,

from which the proposition follows. □

Notice that if pWh1
,Wh2

q is exact, then h1 ´ h2 is not constant. Moreover, denoting by
I1 (resp. I2) the subset of V where h1 ´ h2 (resp. h2 ´ h1) takes minimum value, it fol-
lows from Proposition 8.8 that ϕh1

h2
(resp. ϕh2

h1
) factors through an isomorphism Wh1,I1 – WI1

h2

(resp. Wh2,I2 – WI2
h1
). Clearly, I1 X I2 “ ∅.

The following proposition gives sufficient conditions for exactness.

Proposition 8.13. Let h1, h2 P FGpτpDq; Λq. Assume that the difference h2´h1 takes exactly
two values on V . Let d be the positive difference between these two values, and let F Ď V be
the subset where h2 ´ h1 takes the maximum value. Then, if d is small enough, we have

Wh2
“ WF

h2
‘ WF c

h2
and the pair pWh1

,Wh2
q is exact.

The proof gives an explicit description in terms of a constant c ą 0, defined in terms of h1

and the reduction map redh1 , on how small d should be in the proposition.
We introduce the following notation before going through the proof. Given an element

h P FGpτpDq; Λq and a subset F Ď V , we define

MF
h :“

␣

f P Mh

ˇ

ˇ troppfqpvq ą hpvq for all v P F c
(

.
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This is an R-submodule of Mh. Obviously, we have mMh Ď MF
h . Moreover, MF

h

L

mMh is
naturally isomorphic to WF

h .

Proof. Applying Proposition 8.8, we see that ϕh1

h2
factors through an injection Wh1,F Ñ WF

h2
,

and ϕh2

h1
factors through an injection Wh2,F c Ñ WF c

h1
. By Proposition 8.12, the former is an

isomorphism if and only if the latter is. Also, the composition of the two maps

WF c

h2
ãÑ Wh2,F c Ñ WF c

h1

is the map WF c

h2
Ñ WF c

h1
induced by ϕh2

h1
. It is thus enough to show that this induced map is

an isomorphism, provided that d is small enough.
As observed before the proof, the reduction map redh1 takes MF c

h1
onto WF c

h1
. Choose ele-

ments f1, . . . , fp P MF c

h1
whose reductions redh1pfjq generate WF c

h1
. Consider the R-submodule

N of Mh1
generated by f1, . . . , fp.

Define

(8.3) c :“ min
jPrps

ˆ

min
vPF

´

troppfjqpvq ´ h1pvq

¯

˙

.

Then, c is positive and belongs to the value group Λ. Also, each f P N can be written as
f “ a1f1 ` ¨ ¨ ¨ ` apfp for certain aj P R, whence the ultrametric triangle inequality yields
troppfqpvq ´ h1pvq ě c for every v P F .

After summing a constant, if necessary, we may assume the difference h1 ´ h2 takes maxi-
mum value zero. Then, for each f P Mh2

, we have troppfq ě h1, and so Mh2
Ď Mh1

. Moreover,
troppfqpvq ě h2pvq ą h1pvq for all v P F . That is, Mh2

Ď MF c

h1
.

Assume d ă c. Then N Ď MF c

h2
. Since h1 and h2 agree on F , we have redh1pfjq “ redh2pfjq

for each j P rps. Since WF c

h1
is generated by the reductions redh1pfjq and WF c

h2
contains the

redh2pfjq, we have that ϕh2

h1
induces an isomorphism WF c

h2
Ñ WF c

h1
, as required. □

8.6. CpX,GqpD,Hq is closed.

Proposition 8.14. The collection CpX,GqpD,Hq is closed.

Proof. Consider a G-admissible function h P FGpτpDq; Λq, and let D :“ τpDq ` divphq. Let
ν “ νD. Let π “ pF c, F q be an ordered bipartition of V . By Proposition 2.3, it is enough to
show that νπ belongs to CpX,GqpD,Hq.

Let f̂ P RatpΓq be the G-admissible extension of f :“ ϵ1F with respect to D, and put

D1 :“ D ` divpf̂q. Then, D1 “ τpDq ` divph1q for h1 :“ h` f̂ . Since ϵ P Λ, we have that also
h1 P FGpτpDq; Λq. Let ν 1 :“ νD1 . We claim that νπ “ ν 1.

Indeed, by Proposition 8.13, we know that ν 1 is π-split. In addition, and because of that,
ϕhh1 and ϕh1

h induce isomorphisms Wh,F Ñ Wh1,F and WF c

h1 Ñ WF c

h . It follows from the second
isomorphism that ν 1pIq “ νpIq for each I Ď F c, and from the first that pν 1q˚pIq “ ν˚pIq for
each I Ď F . By adjunction, this latter property is equivalent to ν 1pJq “ νpJq for each J Ď V
with F c Ď J . We infer that

νπpIq “ νpI Y F cq ` νpI X F cq ´ νpF cq “ ν 1pI Y F cq ` ν 1pI X F cq ´ ν 1pF cq “ ν 1
πpIq “ ν 1pIq

for each I Ď V , and the proposition follows. □

8.7. Threshold of π-splitting. Let ν :“ νD be an element of CpX,GqpD,Hq such that QD

intersects 8∆r`1. Let π “ pI, Jq be a bipartition of V such that νπ “ ν. For each t P Λ, let
Dt :“ D ` divpt1J , Dq.

In this section we prove the following result.

Proposition 8.15. There exists a largest positive real c P p0,`8q such that νDt “ ν for each
t P r0, cq X Λ. Moreover, c P Λ.
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Notice that, for t small, Dt is the G-admissible chip-firing induced by I. In analogy with
Definition 6.4, we define the following quantity associated toD and π “ pI, Jq; see Remark 6.8.

Definition 8.16. Notation as above, we denote the element of Λ obtained from Proposi-
tion 8.15 by tsDpIq and call it the threshold of π-splitting of νD. ˛

The rest of this section is devoted to the proof of Proposition 8.15. Let h P FGpτpDq; Λq

be such that D “ τpDq ` divphq. For each positive real number t in the value group Λ, let f̂t
be the G-admissible extension of t1J with respect to D. Let ht :“ h` f̂t. Note that we have
ht P FGpτpDq; Λq and Dt “ τpDq ` divphtq.

Lemma 8.17. Let S Ă Λ Ă R be the subset consisting of all real numbers t P Λ such that
νDt “ ν. There exists an open subset U of R such that S “ U X Λ.

Proof. Since ν is π-split, we have

Wh “ WI
h ‘ WJ

h .

Since QD intersects 8∆r`1, we must have Wh,I ‰ 0.
We apply Proposition 8.13 to the pair of elements h and ht in FGpτpDq; Λq. It yields c P R

such that for each t P p0, cq X Λ, we have

Wht “ WI
ht

‘ WJ
ht

“ Wh,I ‘ Wht,J “ WI
h ‘ WJ

h “ Wh.

Thus, νDt “ ν for every t P r0, cq X Λ. Applying the same argument to ν and the bipartition
πc “ pJ, Iq instead of π yields a negative number c1 P R such νDt “ ν for every t P pc1, 0s X Λ.

Notice that, since νDt “ ν, we have that νDt is π-split and QDt intersects 8∆r`1 for each
t P S. The above reasoning can be thus applied to each point of S, showing the existence of
an open U Ă R such that S “ U X Λ. □

We will need the following lemma.

Lemma 8.18. Let π “ pI, Jq be a bipartition of V . Let D P AGpDΛq and Dt :“ D`divpt1J ;Dq

for each t P Λ. Then, WDt,I “ 0 for large enough t.

Proof. Let h P FGpτpDq; Λq such thatD “ τpDq`divphq. For each t P Λ, let ht P FGpτpDq; Λq

such that ht ´ h is the G-admissible extension of t1J with respect to D. By definition,
WDt “ Wht is the reduction of Mht . We claim that, if t is large enough, for every f P Mht , we
have predhtpfqqv “ 0 for all v P I.

By definition, Mht consists of those f P H that verify troppfq ě ht. By the definition of the
reduction map redht , we need to prove that troppfqpvq ą htpvq “ hpvq for every f P Mht and
v P I, provided that t is large enough.

Let f P H. Using the equality τpDq ` divptroppfqq “ τpD ` divpfqq, we get

divptroppfqq ` τpDq ě 0.

By [GK08, Lemma 1.8], this implies that the slopes taken by troppfq are all bounded in
absolute value. Using connectivity and compactness of Γ, this implies that there exists a
constant C ą 0 such that troppfqpuq ´ troppfqpvq ă C for each u, v P V . Choose t larger than
C`hpvq´hpuq for every v P I and u P J . Then, for each f P H and v P I, if troppfqpvq “ hpvq,
we get

troppfqpuq ă troppfqpvq ` C “ hpvq ` C ă t` hpuq “ htpuq

for each u P J , that is, f R Mht . This proves the claim and the lemma follows. □

Proof of Proposition 8.15. We start by proving the existence part of the proposition. Since
QD X 8∆r`1 ‰ ∅, we have WD,I ‰ 0, and thus also WDt,I ‰ 0 for each t P S, as νDt “ ν.
We apply now Lemma 8.18 and infer that S does not contain the full set r0,`8q X Λ. In
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particular, there exists a largest c P p0,`8q such that for each t P r0, cq XΛ, we have νDt “ ν.
This proves that tsDpIq exists.

We show now that tsDpIq belongs to Λ. Consider the set troppHq consisting of the tropi-
calizations of all functions in H, i.e.,

troppHq –
␣

troppfq
ˇ

ˇ f P H
(

.

The set troppHq is closed in the sense that any pointwise limit f : Γ Ñ R of functions f1, f2, . . .
in troppHq belongs to troppHq, see [AG22, Theorem 8.3].

Consider a sequence ptnqnPN of positive real numbers in Λ converging to tsDpIq from below.
We have tn P S by the definition of tsDpIq. Applying Proposition 8.13, there is cn P Rą0 such
that rtn, tn ` cnq X Λ Ă S for each n P N (see Lemma 8.17). In particular, tn ` cn ď tsDpIq.
Moreover, as the proof of Proposition 8.13 shows, we may choose cn such that Equation (8.3)
holds. In particular, there is a rational function fn P MI

htn
verifying troppfnq|I “ htn |I such

that
cn :“ min

vPJ

`

troppfnqpvq ´ htnpvq
˘

“ min
vPJ

`

troppfnqpvq ´ hpvq ´ tn
˘

.

Since troppfnq coincides with h on I, and the slopes of troppfnq are bounded (see proof of
Lemma 8.18), we infer, by applying Arzelà–Ascoli Theorem, that passing to a subsequence
if necessary, the sequence

`

troppfnq
˘

nPN converges uniformly. Since troppHq is closed, the
sequence converges to troppfq for some element f P H. To conclude, note that

tsDpIq “ lim
nÑ8

tn “ lim
nÑ8

ptn ` cnq “ lim
nÑ8

ˆ

min
vPJ

`

troppfnqpvq ´ hpvq
˘

˙

“ min
vPJ

`

troppfqpvq ´ hpvq
˘

P Λ. □

8.8. CpX,GqpD,Hq is relatively complete.

Proposition 8.19. The collection CpX,GqpD,Hq is complete relative to 8∆r`1, the interior of
∆r`1.

Proof. Since CpX,GqpD,Hq is closed by Proposition 8.14, we only need to consider an element
ν :“ νD of CpX,GqpD,Hq and a bipartition π “ pF, F cq of V such that νπ “ ν and QD intersects
8∆r`1, and to show the existence of ν 1 in CpX,GqpD,Hq satisfying ν 1 ‰ ν with π-splitting ν 1

π “ ν.
Let h P FGpτpDq; Λq be such that D “ τpDq ` divphq. For each positive real number t in

the value group Λ, let f̂t be the G-admissible extension of ft :“ t1F with respect to D. Let
ht :“ h` f̂t and Dt :“ τpDq ` divphtq.

We apply Proposition 8.15 to ν “ νD and πc “ pF c, F q. Let b – tsDpF cq be the threshold
of πc-splitting of ν. We have b P Λ. Let h1 :“ hb and ν

1 :“ νDb
. Then, we must have ν 1 ‰ ν,

as otherwise, by Lemma 8.17, there would exist an ϵ ą 0 such that for every t P rb, b` ϵs XΛ,
we would get νDt “ νDb

“ ν, contradicting the definition of tsDpF cq.
Apply now Proposition 8.13 to the pair of elements h1, hb´t for a small enough positive

number t P Λ. Since t is small, Whb´t
“ Wh. By that proposition,

Wh “ Wh,F ‘ WF c

h “ WF
h1 ‘ Wh1,F c ,

whence ν 1
π “ ν. We have proved the existence of ν 1 ‰ ν with ν 1

π “ ν, as required. □

8.9. Proof of Theorems 8.4 and 8.5. We have verified that the collection C “ CpX,GqpD,Hq

is separated, closed, and complete for 8∆r`1, our Propositions 8.11, 8.14 and 8.19. Since the
supermodular functions in CpX,GqpD,Hq take integer values, the spread of the simple ones is
at least 1. This proves that CpX,GqpD,Hq is positive, finishing the proof of Theorem 8.4. We
thus infer from Theorems 3.6 and 3.8 that the corresponding polytopes provide a tiling of PC

containing the interior of ∆r`1. Since PC is closed and contained in ∆r`1, we conclude. □
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8.10. Proof of Theorems 8.6 and 8.7. Consider the collection Cα,β given by the super-

modular functions αµD ` βνD for D P AGpDΛq, where D is the class of τpDq in PicdpΓq.
To show that Cα,β is separated, let D1 and D2 be distinct divisors in AGpDΛq. Put µi :“ µDi

and νi :“ νDi
, as well as ρi :“ αµi `βνi for i “ 1, 2. Observe that the proofs of Proposition 6.3

and Proposition 8.11 follow the same argument. They start by producing a bipartition ϖ of
V that is a separation both for µ1 and µ2, and for ν1 and ν2, whence for ρ1 and ρ2. If the last
separation is trivial, so are the first two, and both proofs show that a particular D1 P AGpDΛq

satisfies µD1 “ µ1 and νD1 “ ν1, and hence ρ1 “ ρ1 where ρ1 :“ αµD1 ` βνD1 . The proof
concludes now as in the propositions, by observing that if ρ1 ‰ ρ2, then either ρ1 ‰ ρ1, and
hence ϖ is a nontrivial separation for ρ1 and ρ2, or ρ

1 “ ρ1, whence ρ
1 ‰ ρ2, but D

1 is closer
to D2 than D1, and hence there is by induction a nontrivial separation for ρ1 and ρ2, and thus
for ρ1 and ρ2.

To show that the collection Cα,β is closed, let h P FGpτpDq; Λq, and let π “ pF c, F q be a
bipartition of V . Let D :“ τpDq ` divphq, and µ :“ µD and ν :“ νD. Then, the proofs of
Proposition 6.6 and Proposition 8.14 show that for a small positive number ϵ in the value
group Λ, we have that h1 P FGpτpDq; Λq, where h1 :“ h` f̂ , for f̂ the G-admissible extension
of f :“ ϵ1F with respect to D, and that µπ “ µD1 and νπ “ νD1 , where D1 :“ τpDq ` divph1q.
Thus,

pαµ` βνqπ “ αµπ ` βνπ “ αµD1 ` βνD1

To show that Cα,β is complete, let h P FGpτpDq; Λq and D :“ τpDq ` divphq. Put µ :“ µD

and ν :“ νD, and let ρ :“ αµ ` βν. Let π “ pF, F cq be a bipartition of V such that ρπ “ ρ.

Then, µπ “ µ and νπ “ ν. For each positive real number t in the value group Λ, let f̂t be the G-
admissible extension of ft :“ t1F with respect to D. Put ht :“ h` f̂t and Dt :“ τpDq`divphtq.
Then, ht P FGpτpDq; Λq. For each t, let µt :“ µDt , νt :“ νDt , and ρt :“ αµt ` βµt.

Let b :“ min
`

mlDpF cq, tsDpF cq
˘

, with mlDpF cq and tsDpF cq introduced in Definitions 6.4
and 8.16, respectively. Since D is Λ-rational, Propositions 6.5 and 8.15 yield that b P Λ. By
definition of these numbers, we have µt “ µ and νt “ ν for each t P r0, bq XΛ, and that either
µb or νb is not π-split. In any case, the results show as well that µb,π “ µ and νb,π “ ν. Thus,
ρb,π “ ρ, and ρb is not π-split. We infer that ρb ‰ ρ and the claim follows.

Finally, the collection Cα,β is obviously positive. This proves Theorem 8.6. As before,
Theorem 8.7 follows from Theorems 3.6 and 3.8. □

9. Geometric features of the tilings

In this section we discuss geometric properties of the tilings in Theorems 6.2, 8.5, and 8.7.

9.1. Regularity of the tilings. Our first result in this section is the following.

Theorem 9.1. The tilings in Theorem 6.2, in Theorem 8.5, and in Theorem 8.7 are all
regular.

Proof. In each case, we let A
˝

GpDΛq Ă AGpDΛq be the collection of G-admissible Λ-rational
divisors D whose associated polytope, be it PD, QD or Pα,β,D, is full-dimensional. To simplify
the presentation, we let ρD be the supermodular function and P1

D the polytope associated to
D in each case. Also, let H Ă RV be the hyperplane of RV containing all the P1

D.
Each function f : V Ñ R gives rise to an R-linear function on RV , denoted pf, ¨q, that sends

q to

pf, qq :“
ÿ

vPV

fpvqqpvq.

Fix D0 P A
˝

GpDΛq, as well as f0 P RV and λ0 P R. We claim that there are fD P RV and
λD P R, for each D P A ˝

GpDΛq, such that the following four properties hold:

(1) fD0
“ f0 and λD0

“ λ0.
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(2) D “ D0 ` divpfD ´ fD0
;D0q for each D P A

˝

GpDΛq.
(3) The restrictions of the affine functions pfD, ¨q ´ λD to P1

D for D P A
˝

GpDΛq glue to a
global function Φ defined on the union of all the P1

D in H.
(4) The function Φ is convex with domains of linearity given by the P1

D, D P A
˝

GpDΛq.

To prove the claim, put fD0
:“ f0 and λD0

:“ λ0. For each D P A
˝

GpDΛq, we choose a
sequence D0, D1, . . . , Dp “ D in A

˝

GpDΛq such that, for each i “ 1, . . . , p, the polytopes P1
Di´1

and P1
Di

intersect in a common facet. The proofs of Propositions 6.6 and 6.7 in one case,
and those of Propositions 8.14 and 8.19 in another, and finally that of Theorem 8.6 in the
remaining “mixed” case, show that for each i “ 1, . . . , p, there exist a bipartition πi “ pF c

i , Fiq

of V and a bi P Λ X Rą0 satisfying the following three properties:

(a) Di “ Di´1 ` divpbi1Fi
;Di´1q.

(b) The base polytope of pρDi´1
qπi

is a facet of P1
Di´1

.
(c) The πi-splitting of ρDi´1

is the πci -splitting of ρDi
, that is, pρDi´1

qπi
“ pρDi

qπc
i
.

Property (b) implies the uniqueness of πi for each i. Also, bi “ mlDi´1
pF c

i q, or tsDi´1
pF c

i q, or

min
`

mlDi´1
pF c

i q, tsDi´1
pF c

i q
˘

, depending on whether we consider PD, QD or Pα,β,D, respectively.

It follows from (c) above that the common facet of P1
Di´1

and P1
Di

coincides with the base
polytope of pρDi´1

qπi
“ pρDi

qπc
i
.

We define

fD :“ fD0
`

p
ÿ

i“1

bi1Fi
and λD :“ λD0

`

p
ÿ

i“1

bi ρDi
pFiq.(9.1)

It is clear from Property (a) above, and Proposition 5.9, that Property (2) holds for every i.
We will prove below that, though fD and λD might be different for a different choice of the

sequence Di, the restriction of pfD, ¨q ´λD to the hyperplane H Ă RV does not depend on the
choice. Assuming this for the moment, we show (3) and (4).

To prove (3), consider D,D1 P A
˝

GpDΛq such that P1
D and P1

D1 share a facet. We may assume
the sequence D0, . . . , Dp´1, Dp “ D chosen for D satisfies D1 “ Dp´1. In this case, for every
point q in the intersection of P1

D1 and P1
D, we have

pfD ´ fD1 , qq “ bpqpFpq “ bpρDpFpq “ λD ´ λD1 .

We infer that the restrictions of pfD, ¨q ´ λD and pfD1 , ¨q ´ λD1 to the intersection P1
D X P1

D1

coincide. This implies that the restrictions of the pfD, ¨q´λD to P1
D glue together to a function

Φ on the union of the P1
D. So (3) follows.

We now prove (4). Obviously, by definition, Φ|P1
D

is the restriction of an affine function.

Since the union of the P1
D for D P A

˝

GpDΛq is a convex domain in the hyperplane H Ă RV ,
it will be enough to show that the function Φ is strictly convex around PD X P1

D for each
D,D1 P A

˝

GpDΛq whose associated polytopes share a common facet. Here, strict convexity
is understood in the polyhedral geometric context, in the sense that there exists an affine
function ϕ on RV which coincides with Φ on the intersection P1

D XP1
D1 , but

`

Φ´ϕ
˘

|P1
D∖P1

D1

ą 0

and
`

Φ ´ ϕ
˘

|P1
D1∖P1

D

ą 0.

As in the proof of (3), we may assume the sequence D0, . . . , Dp´1, Dp “ D chosen for D
satisfies D1 “ Dp´1. Then, the base polytope of pρD1qπp is the intersection P1

D X P1
D1 , and

fD ´ fD1 “ bp1Fp and λD ´ λD1 “ bpρDpFpq. We claim

ϕ –
1

2

`

pfD, ¨q ´ λD ` pfD1 , ¨q ´ λD1

˘

works as desired. Indeed,

ϕ|P1
DXP1

D1

“ Φ|P1
DXP1

D1

,
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given that pfD, ¨q ´ λD and pfD1 , ¨q ´ λD1 coincide on the facet. In addition,

`

Φ ´ ϕ
˘

|P1
D∖P1

D1

“
1

2

`

pfD, ¨q ´ pfD1 , ¨q ´ λD ` λD1

˘

|P1
D∖P1

D1

“
1

2

`

pbp1Fp , ¨q ´ bpρDpFpq
˘

|P1
D∖P1

D1

,

which is positive because qpFpq ą ρDpFpq for each q P P1
D∖P1

D1 . An analogous argument shows
that

`

Φ ´ ϕ
˘

|P1
D1∖P1

D

ą 0 as well.

It remains only to prove that the restriction of pfD, ¨q ´λD to the hyperplane H Ă RV does
not depend on the choice of the sequence Di. Given two sequences of divisors D0, . . . , Dr “ D
and Dr`q “ D0, Dr`q´1, . . . , Dr`1, Dr “ D from D0 to D, we merge them together to get a
sequence D0, . . . , Dr “ D,Dr`1, . . . , Dr`q “ D0. This way, it will be enough to prove that
along any cycle D0, D1, . . . , Dp “ D0 with consecutive associated polytopes sharing a facet,
if we pursue as in Definition (9.1), we get that pfD0

, ¨q ´ λD0
coincides with pfDp , ¨q ´ λDp on

H. Note that this cycle represents an actual cycle in the dual graph of the tiling. This dual
graph has vertices in bijection with the P1

D for D P A
˝

GpDΛq, with an edge connecting a pair
of vertices if the corresponding tiles share a facet.

Cutting the cycle into smaller cycles in the dual graph, we can reduce to the case of a cycle
D0, . . . , Dp´1, Dp “ D0 as above where the intersection of all the polytopes P1

Di
, i “ 0, . . . , p,

is nonempty. Choose a point q P
Şp

i“0P
1
Di
. We show that pfD0

, ¨q ´ λD0
coincides with

pfDp , ¨q ´ λDp on H.
Since Dp “ D0 and Dp “ D0 ` divpfDp ´ fD0

;D0q, we have that fDp “ fD0
` c1V for some

constant c P R. Thus, fDp ´ fD0
is constant on H. Since q P P1

Di
for every i, that constant

can be determined as

pfDp ´ fD0
, qq “

p
ÿ

i“1

bip1Fi
, qq “

p
ÿ

i“1

bi qpFiq “

p
ÿ

i“1

biρDi
pFiq “ λDp ´ λD0

.

We infer that pfDp , ¨q ´ λp coincides with pfD0
, ¨q ´ λD0

on H. The proof of the theorem is
complete. □

Remark 9.2. We note that in equal characteristic, the regularity of the tilings in Theo-
rem 8.5 follows as well from Theorem 9.3, proved in the next section, and the regularity of
the tilings associated to Chow quotients, proved by Lafforgue in [Laf99]. The above given
proof handles all the tilings at the same time, and is needed as well for treating those coming
from Theorem 8.7. ˛

9.2. Chow quotients. We formulate a connection between the tiling appearing in Section 8
and the works by Kapranov [Kap93], Lafforgue [Laf99] and Giansiracusa and Wu [GW22].

We assume in this section that the valuation ring R contains a copy of the residue field k,
so k and the valued field K have the same characteristic.

Recall that H is a K-vector space of dimension r ` 1 of the space of global sections of
the line bundle L “ OpDq, that we view in KpXq. For each G-admissible rational function
h P FGpτpDq; Λq Ă RatpΓq, we have an associated R-submodule Mh Ď H, which is the
collection of functions f P H such that troppfqpvq ě hpvq for each v P V . The inclusion
Mh ãÑ H induces a natural isomorphism Mh bR K Ñ H.

Let as before t ÞÑ at be a section of the valuation map v : K ∖ t0u Ñ Λ. For each
h1, h2 P FGpτpDq; Λq, put

λ “ λh1

h2
:“ min

vPV
ph1pvq ´ h2pvqq.

We have an inclusion a´1
λ Mh1

Ď Mh2
, and the multiplication by a´1

λ induces a K-linear
automorphism of H that restricts to an R-module homomorphism ψh1

h2
: Mh1

Ñ Mh2
. Also,

it induces the k-linear map ϕh1

h2
: Wh1

Ñ Wh2
considered in Section 8. Since ϵ ÞÑ aϵ is a group
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homomorphism, ϕh1

h2
is given by multiplication by φ P kV with φv equal to 1 if h1pvq´h2pvq “

λ, and to 0 otherwise.
Recall that for each v P V , there is hv P RatpΓq such that the divisor τpDq ` divphvq

is v-reduced. Furthermore, hv P FGpτpDq; Λq by Proposition 5.11, and the projection map
Whv Ñ Uv is an isomorphism by Proposition 7.10. Now, the projection to Uv is compatible
with ϕh

hv
for each h P FGpτpDq; Λq, that is, θvϕ

h
hv

“ θv for each v P V . The ϕh
hv

for v P V
induce an injection

Wh ÝÑ
à

vPV

Whv .

This injection is induced by tensoring by k the R-module homomorphisms ψh
hv
. Hence, the

ψh
hv

induce an injection

Mh ÝÑ
à

vPV

Mhv

with R-flat cokernel. Tensoring by K, and using the natural isomorphisms Mh bR K Ñ H
and Mhv bR K Ñ H, we obtain an embedding H Ñ ‘vPV H whose image is in the orbit of
the diagonal by the action of the torus GV

m.
Assume R contains a copy of the field k. Choosing an ordered basis for Mhv for each v P V ,

we obtain a morphism

βh : SpecpRq ÝÑ Gr, where Gr :“ Grass
`

r ` 1,kr`1 ‘ ¨ ¨ ¨ ‘ kr`1
looooooooomooooooooon

|V | copies

˘

,

the Grassmannian parametrizing subspaces of kpr`1q|V | of dimension r`1. The torus GV
m acts

on the Grassmannian, each factor acting on the corresponding copy of kr`1. The action is a
restriction of the action by the (maximum) torus of dimension pr ` 1q|V |. The morphism βh
sends the generic point to a point on the orbit of the diagonal subspace, the image under the
diagonal map δ : H ãÑ H ‘ ¨ ¨ ¨ ‘ H.

Kapranov [Kap93] considered only the action by the maximum torus on the Grassmannian
in his seminal work. Lafforgue [Laf99] studied exactly the case of interest to us, however, we
find it more natural to formulate the connection using the more recent work by Giansiracusa
and Wu [GW22]. This work extends Kapranov’s study [Kap93] to actions by subtori, and as in
loc. cit., describes the Chow quotient of the action. It covers as well Lafforgue’s work [Laf99].

The action of the diagonal Gm Ñ GV
m on the Grassmannian is trivial, so we may consider

the action by the quotient T :“ GV
m{Gm. The diagonal δpHq is parameterized by a K-point

on the open subscheme Y of the Grassmannian where the action is free, and there is an
inclusion Y

L

T ãÑ ChowpGrq of the quotient Y
L

T to the Chow variety of Gr, taking an orbit
to its closure, viewed as a prime cycle of Gr. The Chow quotient is simply the closure of
Y
L

T in ChowpGrq. It parameterizes algebraic cycles, that Giansiracusa and Wu claim to be
reduced in [GW22, Prop. 2.2].

Moreover, they show that a cycle
ř

imiZi is parameterized by the Chow quotient only if
mi “ 1 for every i, and the prime cycles Zi are closures of T-orbits of pr ` 1q-dimensional
subspaces Li Ď kpr`1q|V | whose associated polytopes QLi

(see Section 8.1) are full-dimensional
and form a polyhedral decomposition of ∆r`1.

In our case, the diagonal δpHq gives a K-point of Gr whose orbit closure corresponds to
a subscheme of Gr ˆk K. Its closure Z Ď Gr ˆk SpecpRq has closed fiber Z over k whose
associated cycle is of the form

ř

i Zi as described above.

Let D be the class of τpDq in PicdpΓq and DΛ Ď D the subset of Λ-rational divisors. Denote
by AGpDΛq the set of G-admissible divisors D in DΛ.
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Theorem 9.3. Notation as above, the WD for D P AGpDΛq are in the orbit closures of the
Li. Inversely, each Li is in the orbit of WD for some D P AGpDΛq. In particular, the tiling
by the QD in Theorem 8.5 coincides with the tiling by the QLi

and their faces.

Proof. Each map βh sends its generic point to a K-point on the orbit of the diagonal, whence
βh factors through Z. It follows that each WD for D P AGpDΛq lies in the orbit closure of
some Li. This proves the first statement.

Now, for the second statement, Theorem 8.5 implies that for each i, there is D P AGpDΛq

such that QD is full-dimensional and its interior intersects the interior of QLi
. On the other

hand, as pointed out, WD is in the orbit closure of Lj for some j. Since QD is full-dimensional,
WD must be in the orbit of Lj . But then QD “ QLj

. Since QD and QLi
have an interior

point in common, we must have j “ i. Thus, Li is in the orbit of WD.
The last statement follows. □

9.3. Reduced divisors in the tropicalization of linear series. Notation as in Sec-
tions 7 and 8, let M be the tropicalization of H, that is the set of functions troppfq, f P H.
Endowed with the operation of pointwise minimum and addition by constants, M is a sub-
semimodule of RatpΓq.

For each vertex v P V , define

fM
v :“ inf

hPM
hpvq“0

h.

Since M is closed in RatpΓq for the topology of pointwise convergence, we have fM
v “ troppfvq

for an element fv in H. Consider the restriction fM
v |V and denote by hM

v its G-admissible

extension with respect to τpDq. Finally, set DM
v :“ divphM

v q ` τpDq, the corresponding G-
admissible divisor. Since fM

v “ troppfvq, we have that DM
v P AGpDΛq.

For each v P V , let qv be the vertex of ∆r`1 with qvpvq “ r ` 1, and hence qvpuq “ 0 for
each u P V distinct from v. Let Qv :“ QDM

v
.

Theorem 9.4. Notation as above, the supermodular function νDM
v

is simple. The polytope
Qv is the unique full-dimensional polytope in the tiling of the simplex ∆r`1 that contains the
vertex qv.

Proof. Every function f P H with troppfqpvq “ 0 verifies troppfq ě hM
v . This implies that the

projection

WhM
v

Ñ Uv

is an isomorphism. Thus, WhM
v

» WhM
v ,I , and so WIc

hV
“ 0, or equivalently, νDM

v
pIcq “ 0 and

ν˚

DM
v

pIq “ r ` 1 for each subset I Ď V containing v.

We first show that Qv contains qv. We need to show the inequalities

νDM
v

pIq ď qvpIq ď ν˚

DM
v

pIq @I Ď V.

But, if I contains v, then qvpIq “ r ` 1 “ ν˚

DM
v

pIq. And if I does not contain v, then

qvpIq “ 0 “ νDM
v

pIq. In any case, the inequalities hold. This proves qv P Qv.
We show that Qv is full-dimensional. We need to prove that νDM

v
is simple. Assume for the

sake of a contradiction that pνDM
v

qπ “ νDM
v
for a bipartition π “ pI, Jq of V . Without loss of

generality, assume that v P I. Then,

ν˚

DM
v

pJq “ r ` 1 ´ νDM
v

pIq “ νDM
v

pJq “ 0,

that is, WhM
v ,J “ p0q. On the other hand, since hM

v |V “ troppfvq|V , the reduction of fv at a
vertex u of J gives a nonzero element of Uu, leading to a contradiction. □
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Remark 9.5. Note that the divisor divpfM
v q ` τpDq is v-reduced with respect to M in the

terminology of [AG22], which defines reduced divisors with respect to semimodules. (This is
a relative notion of reducedness, and in general differs from that given in Section 5.9.) We do
not know whether the equality hM

v “ fM
v holds in general. ˛

9.4. Fundamental collection, effectivity and finite generation property. Consider
the setup of Sections 7 and 8. The fundamental collection associated to the pair pD,Hq is
the collection FCpD,Hq of spaces WD for D P AGpDΛq with full-dimensional QD, equivalently,
with νD simple:

FCpD,Hq :“
␣

WD

ˇ

ˇ D P AGpDΛq with QD full-dimensional
(

.

Let D be the linear equivalence class of τpDq, and D P AGpDΛq be a G-admissible Λ-
rational divisor such that QD is full-dimensional, or equivalently, νD is simple. We can
write D “ divphq ` τpDq for h P FGpτpDq; Λq. Since QD is full-dimensional, ν˚

Dpvq ‰ 0
for all vertices v of G. This means that there exists for each v P V an element fv P Mh

with troppfvqpvq “ hpvq. Taking a generic linear combination of the fv gives an element
f P Mh with troppfqpvq “ hpvq for all v. The Specialization Lemma [AB15, Thm. 4.5] yields
that divptroppfqq ` τpDq is effective. The domination property for G-admissible divisors,
Lemma 5.1, implies that troppfq ě h. From this inequality, since troppfq|V “ h|V , we deduce
that divptroppfqqpvq ď divphqpvq for each v P V , leading to inequalities

Dpvq ě divptroppfqqpvq ` τpDqpvq ě 0

for v P V . Since D is G-admissible, we deduce that it is effective.

Theorem 9.6 (Finite generation property). Each G-admissible divisor D P AGpDΛq whose
polytope QD is full-dimensional is necessarily effective. Furthermore, the fundamental col-
lection FCpD,Hq of spaces WD with QD full-dimensional generates all the other spaces in the
following sense: For each G-admissible divisor D1 P DΛ, the space WD1 is generated by the
images of the maps WD Ñ WD1 for D P S.

Proof. Let f be a nonzero element of WD. It will be enough to show that f is generated by
the images of the maps WD1 Ñ WD, for G-admissible divisors D1 P DΛ with νD1 simple. We
prove this statement proceeding by induction on the codimension of the polytope QD.

If the codimension is zero, then the polytope QD is full-dimensional, that is, νD is simple.
We take D1 “ D, and there is nothing to prove.

Assume the codimension is positive. Then, WD is π-split for some bipartition π “ pI, Jq,
and we can write f “ f1 ` f2 with f1 P WI

D and WJ
D. It will be enough to treat the case

where f P WI
D. By Proposition 8.19, the function νD is the π-splitting of ν 1 “ νD1 for a G-

admissible divisor D1 P DΛ such that νD1 ‰ νD. Moreover, using the notation of Section 8.8,
we have D1 “ Db for b “ tsDpIq the π-splitting threshold of νD, as in Definition 8.16. By
Proposition 8.13, the pair pWD,WD1q is exact. We infer that WD1 Ñ WD factors through an
isomorphism WD1,I Ñ WI

D. Then, there is f 1 P WD1 whose image in WD is f . The polytope
QD1 has codimension strictly smaller than QD, and so by the induction hypothesis, f 1 is
generated by the images of the maps WD2 Ñ WD1 , for G-admissible divisors D2 P DΛ with
νD2 simple. Then, f is generated by the images of the compositions WD2 Ñ WD1 Ñ WD.
The compositions which are zero may be discarded. Those which are nonzero are multiples
of the maps WD2 Ñ WD by Proposition 8.10. We infer that f is generated by the images
of the maps WD2 Ñ WD, for G-admissible divisors D2 P DΛ with νD2 simple. The theorem
follows. □

10. Complementary results

We discuss a few complementary results related to the content of the paper.
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10.1. Admissible sum and periodicity of the tiling by semistability polytopes. Let
G be a connected graph, ℓ : E Ñ R` an edge length function, and Γ the corresponding metric
graph. Let Λ Ď R be an additive subgroup containing the ℓe.

Given two G-admissible divisorsD1 andD2 on Γ, we define their G-admissible sum, denoted
D1 `ℓ D2, by

D1 `ℓ D2 :“ D1 `D2 ` divℓp0;D1 `D2q.

Then, D1 `ℓ D2 is a G-admissible divisor linearly equivalent to D1 ` D2. If D1 and D2 are
Λ-rational, then so is D1 `ℓ D2.

We have the following theorem.

Theorem 10.1. The following statements hold:

(1) The G-admissible sum gives the set of G-admissible Λ-rational divisors on Γ an
Abelian group structure.

(2) The G-admissible Λ-rational divisors on Γ linearly equivalent to 0 form a subgroup.
(3) For each class D P PicdpXq such that DΛ ‰ ∅, the set AGpDΛq is a coset for that

subgroup.

Proof. The statements follow by direct verification using Proposition 5.7 and Theorem 5.8.
We omit the details. □

Note that if D1 is G-admissible and D2 has support on the set of vertices of G, then D1`D2

is G-admissible and we have divℓp0, D1 `D2q “ 0. This implies that

D1 `ℓ D2 “ D1 `D2.

Using the above theorem, we obtain the following periodicity result for the tilings given by
Theorem 6.2.

Let L be the set of all G-admissible divisors linearly equivalent to the zero divisor which
are supported on the set of vertices of G. It is in fact a group whose elements are of the

form divℓpf ; 0q for f : V Ñ R that has the property that for each e “ uv P E, fpuq´fpvq

ℓe
is an

integer. Also, notice that PD Ă H0 for each D P L, and that the centers qD of PD for D P L
form a lattice in H0. Moreover, the assignment D ÞÑ qD is a group isomorphism, giving an
embedding of L in H0.

Theorem 10.2. Let D P PicdpΓq be a divisor class of degree d with DΛ ‰ ∅. Then, the tiling
by PD for D P AGpDΛq is L-periodic, i.e., it is invariant under addition of the center qD of
PD for each D P L.

In particular, if the ratios of edge lengths are all rational, then the tiling by PD is periodic.

Proof. By the discussion preceding the theorem, for each divisor D P AGpDΛq and D1 P L, we
have D `D1 P AGpDΛq. Also, GD`D1 “ GD and qD`D1 “ qD ` qD1 .

By Theorem 4.11, each PD for D P AGpDΛq is the translation by qD of the Voronoi cell of
the graph GD associated to D, if GD is connected, or of a product of Voronoi cells if not; see
Remark 4.12. We infer that the tiling by PD for D P AGpDΛq, is invariant under addition by
the qD for D P L. This proves the first claim.

If the ratios of edge lengths are all rational, then the lattice formed by the qD for D P L
has full rank in H0, and we conclude that the tiling is periodic. □

There is much more to say about periodicity properties of the tilings produced by Theo-
rem 6.2. For example, by keeping track as well of the frequency of appearance of each edge
in the spanning subgraphs GD of G associated to the divisors D, we can recover the metric
graph Γ from the tiling. A more thorough discussion of this topic, important for the sequel
work, is beyond the scope of this paper and is postponed to a future work.
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10.2. Bricks and polymatroids. Our Theorems 4.8 and 4.11 give a description of the
polytopes PD associated to G-admissible divisors D in a given linear equivalence class.

Figure 2 depicts an example of tiling issued from Theorem 8.7. It would be interesting to
have a combinatorial description of the polytopes that show up in Theorems 8.5 and 8.7.

Question 10.3. Describe the combinatorics of the polytopes QD, for G-admissible Λ-rational
divisors D linearly equivalent to τpDq.

Here is a partial result in this direction, which turns out to be important in our forthcoming
work [AEG23]. For each element β P ∆r`1, define the polytope Bβ as the set of all points
q P Hr`1 that verify the inequalities

tβpIqu ď qpIq ď rβpIqs @ I Ď V.

We refer to Bβ as the brick associated to β. We have the following theorem.

Theorem 10.4. The collection of bricks Bβ for β P ∆r`1 gives a tiling of ∆r`1. Furthermore,
the base polytope Q of a polymatroid with integral vertices in ∆r`1 is tiled by the set of bricks
included in Q. In particular, the tilings in Theorem 8.5 are coarsenings of the tiling by bricks.

Proof. Each point β P ∆r`1 obviously belongs to Bβ. Furthermore, since the supermodular
function ν defining a base polytope Q is integer-valued, if β P Q, then Bβ is entirely in Q.
This proves that the union of Bβ for β P ∆r`1 is the full simplex, and the union for those
β P Q isQ. Finally, for β, β1 P ∆r`1, if nonempty, the intersection BβXBβ1 is the set of q P Bβ

satisfying the additional condition tβ1pIqu ď qpIq ď rβ1pIqs for each I Ď V . Depending on β1,
each such condition amounts to no additional condition, to qpIq “ rβpIqs, or to qpIq “ tβpIqu.
In any case, Bβ X Bβ1 is a face of Bβ. The theorem follows. □
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