TROPICALIZATION OF LINEAR SERIES AND TILINGS BY
POLYMATROIDS
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ABSTRACT. We show that tropicalization of linear series on curves gives rise to two-parameter
families of tilings by polymatroids, with one parameter arising from the theory of divisors
on tropical curves and the other from the reduction of linear series of rational functions
in non-Archimedean geometry. In order to do this, we introduce a general framework that
produces tilings of vector spaces and their subsets by polymatroids. We furthermore show
that these tilings are regular and relate them to work by Kapranov and Lafforgue on Chow
quotients of Grassmannians.
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1. INTRODUCTION

Understanding degenerations of linear series, that is, line bundles and their spaces of sec-
tions, has been a long-standing open problem in the theory of algebraic curves. The results
of this paper form the combinatorial and polyhedral foundation of a program aimed at ad-
dressing this problem.

To formulate our results, we will use the framework of tropical geometry, that provides a
setting to study degenerations of algebraic varieties and geometric structures over them by
enriching the classical techniques in algebraic geometry with polyhedral geometry. In the case
of curves and line bundles, tropicalization gives rise to a metric graph, also known as tropical
curve, and a linear equivalence class of divisors on it. Over the past fifteen years, tropical
methods have been quite successful in the study of the geometry of curves and their moduli
spaces. We refer to the survey papers [BJ16] and [JP16] and the references therein for an
introduction to the topic and a sample of results.
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In a degenerating family of linear series on curves that tropicalize to a given metric graph,
we encode the combinatorics of the degeneration by a collection of admissible divisors in
the equivalence class of divisors given by the tropicalization of the underlying line bundles.
Furthermore, we associate to each of the admissible divisors a limit space of sections on the
limit stable curve of the family in the Deligne-Mumford compactification of the moduli space
of smooth curves. In this way, we obtain a collection of hybrid pairs consisting each of an
admissible divisor on the tropical curve and a space of sections on the stable curve.

Our main result shows that on the one side, the collection of admissible divisors on the
metric graph gives rise to a tiling of an Euclidean space by polytopes, and on the other side,
the collection of spaces of sections associated to the admissible divisors leads to a tiling of a
simplex by polytopes. Quite remarkably, the two tilings are compatible with each other in
the sense that, given any two positive real numbers as coefficients, the collection of polytopes
obtained by taking the linear combination of the two tiles associated to each admissible divisor
again gives rise to a tiling of an Euclidean space. Furthermore, the polytopes appearing in
this two-parameter family of tilings are all polymatroids. Figures 1 and 2 give two examples
of such tilings.

We identify the polytope associated with an admissible divisor on a metric graph, when
that divisor arises from a degeneration of line bundles, with the semistability polytope asso-
ciated with the limit line bundle on a semistable model of the curve (more precisely, to the
corresponding torsion-free, rank-one sheaf on the stable curve itself). The semistability poly-
tope is the union of the chambers parameterizing the semistability conditions that the limit
sheaf satisfies. Even though the various semistability conditions and moduli spaces associated
to them have been considered by several authors [0S79, Cap94, MRV17, KP19], including the
second named author of the present work [Est01], to our knowledge the semistability poly-
topes have not been studied before, let alone tilings by the semistable polytopes of admissible
divisors, corresponding to different limits of line bundles.

In equal characteristic, the tilings of simplices by polymatroids we consider are related to
the pioneering work by Kapranov [Kap93] on Chow quotients and by Lafforgue [Laf99] on
compactifications of PGL? ! / PGL,. Making this link precise requires the results we prove on
reduction of spaces of sections in Sections 7 and 8. This will be discussed in Section 9.2, using
more recent work by Giansiracusa and Wu [GW22] that extends both the work by Kapranov
and that by Lafforgue. In our setting, each tile in the simplex is associated to an admissible
divisor, tying up the tiling by semistability polytopes to the tiling by the degenerations of the
space of sections, leading to a hybrid setting that captures both. This way, the tiling of the
simplex acquires geometric meaning for the nodal curve itself.

In order to prove our results, we introduce a combinatorial framework that produces tilings
of real vector spaces and their subsets by polymatroids. We focus here on results that are
directly related to the degeneration problem for linear series. The setup is however quite
general and can be used in the study of other geometric problems, as we show in a sequel.

In our use of this combinatorial framework, we prove results in tropical geometry, both in
the theory of divisors on metric graphs and in the study of reduction of spaces of sections
of line bundles in non-Archimedean geometry, that we hope to be of independent interest in
further applications of tropical techniques in the study of the geometry of curves and their
moduli spaces.

In a sequel [AEG23], using the approach introduced here, we describe limits of canonical
series on smooth proper curves degenerating under general directions to a nodal curve that
is general for its topology, and construct a parameter space for them, generalizing to any
topology pioneering work by Eisenbud-Harris [EH87], Esteves—Medeiros [EM02] and Esteves—
Salehyan [ES07].
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In the remaining of this introduction, we give an overview of our results and expand on
related work.

1.1. Modular pairs and base polytopes. Let V' be a finite nonempty set. A function
p: 2V — R is called supermodular if (&) = 0 and for each pair of subsets I, I, € V, we have
the inequality

p(lh) + p(l) < p(l v L) + p(l N L),
The adjoint p* of each function p on 2V is defined by setting p*(I) = p(V) — u(I¢), with
Ic =V ~ 1. If p is supermodular, the adjoint p* is submodular, meaning that p* (&) = 0, and
it verifies the set of inequalities

p (L) + pt (1) = (I o ) + (I 0 1)

for each I,,I, € V. We refer to (u, u*) as a modular pair.

Denote by H = RV the real vector space of functions ¢q: V' — R. For each ¢ € H and
subset I < V, set ¢(I) = >, .;q(v). It is easy to see that the pair (¢, ¢) is modular. Other
examples are given by matroids. For each matroid M with V as ground set, the rank function
par: 2V — Ris submodular. Setting uy, := p%, and pi, = par, we get a modular pair (uay, ;).

To each modular pair (u, u*), we associate the polytope P, = P, ,») in H defined by

P,={qeH ’ n(I) < q(I) < p*(I) for each I € V'}.

(If ¢(V') = p(V), the inequalities u(I) < g(I), I < V, are equivalent to ¢(I) < p*(I), I € V.)
The polytope P, is the base polytope of the polymatroid on the ground set V' defined by
the submodular function p*. Denoting by Hy the set of points ¢ € H with ¢(V') = d, it lives
in H,u(V)'
In this paper, we introduce and study two families of modular pairs arising from tropical
degeneration of linear series on one-parameter families of curves.

1.2. Divisor theory on metric graphs and admissible divisors. Let G = (V, E) be a
finite graph and ¢: E — (0,+00) be an edge length function associating to each edge e a
positive real .. We denote by I' the corresponding metric graph, obtained by plugging an
interval [0, /] of length ¢, between the two extremities of each edge e. We say (G,/) is a
model for T'.

A divisor D on T is an element of the free Abelian group generated by the points on I'.
Writing (z) for the generator associated to each x € I', we can write D = ), _ D(x)(x) with
integer numbers D(z). The support of D, the set of x € I' for which D(z) # 0, is finite. The
degree of D is > D(z).

We say that a divisor D is G-admissible if each edge e of I' contains at most one point x of
the interior é of e in its support, and then, only if D(z) = 1. An example of a G-admissible
divisor is depicted in Figure 3.

To each G-admissible divisor D on T', we associate the pair (up, ) of functions on 2V
defined as follows. For a subset I < V| let I7 be the subset of I' consisting of all points x € "
that are either in I or on an edge that connects a pair of vertices of I. We set

e(l,I°
pup(l) = Z D(z) —ep(L,I°) + (é) and wh(I) = Z D(v) +

xel;y xel;y

e(I,I)

where e(I,I¢) is the number of edges in G that join a vertex in I to one in I¢, and ep (I, I°)
is the number of those among them that do not have any point of the support of D in their
interior.

We show in Section 4.2 that (up,p}) is a modular pair. It thus gives rise to the base
polytope P, . Moreover, we provide an alternate description of this polytope as follows.
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For each element ¢ € H;, a G-admissible divisor D is called g-semistable if

(1) | @) (| <

for each subset I < V.
2
xel;

The semistability polytope of D denoted Pp is the polytope in H consisting of all the points
q such that D is g-semistable. It lives in Hy with d the degree of D.

We prove in Section 4.3 that for a G-admissible divisor D on I', the base polytope P,,
coincides with the semistability polytope Pp.

Denoting by Gp the spanning subgraph of G whose edges are those e € E such that the
interior é contains no point in the support of D, we show furthermore in Section 4.5 that, if
this subgraph is connected, then Pp is congruent to the Voronoi cell in Hy associated to Gp.

1.3. Tilings induced by admissible divisors. Recall that a rational function on I' is a
function f: I' — R that is continuous and whose restriction on each interval [0,4.] in T, e € E,
is piecewise affine with integral slopes. The divisor of f, denoted div(f), is defined by

div(f) = ) ordy(f) (=),
zell
where the order of vanishing of f at a point z, denoted ord;(f), is the sum of the incoming
slopes of f at x. Its degree is zero. Two divisors D; and D, on I' are called linearly equivalent
if their difference is the divisor of a rational function.

Let 2 be a linear equivalence class of divisors on the metric graph I', and denote by 2/ (2)
the set of all G-admissible divisors in 2. More generally, consider an additive subgroup A € R
containing the edge lengths /., e € E. The smallest is the subgroup generated by the £.; the
largest is R itself. A divisor D in Z is called A-rational if the support of D consists only of
A-rational points, that is, points whose distances to vertices of G are all in A. We denote by
P the set of A-rational divisors in the linear equivalence class &, and denote by @7;(Z,) the
set of those which are also G-admissible. (In the context of degenerations of curves, A is the
value group of the underlying valuation.)

Our first main result, proved in Section 6, is the following.

Theorem 6.2 (Tilings by semistability polytopes of admissible divisors). Let & be a lin-
ear equivalence class of divisors of degree d on a metric graph I" with model (G,¥¢) and G
connected. For a subgroup A € R, if &, is nonempty and A is dense in R, then the set of
semistability polytopes Pp for D € @7;(Z,) gives a tiling of Hy, that does not depend on the
choice of A.

Note that for A = R, the conditions that &, # & and A is dense in R are automatically
verified. In principle, one might expect to get more tiles for A = R than for a smaller choice.
However, since the smaller choice of A tiles Hy as well, the collection of tiles will be the same.
An example of such tiling is depicted in Figure 1. Others are depicted in Figures 4 and 5.

1.4. Tropicalization of linear series. Let K be an algebraically closed complete non-
Archimedean field with a nontrivial valuation. Denote by R its valuation ring, by m the
maximal ideal of R, by k its residue field, and by A its value group.

Let X be a smooth connected proper curve over K, and denote by X™ the Berkovich
analytification of X. Recall that the points on X™ are in bijection with the closed points on
X and valuations on the function field K(X) that extend the valuation of K. In particular,
each rational function f on X gives rise to an evaluation map evy: X — R U {+o0}.

Let T be a skeleton for X™. It is canonically a metric graph. Let (G, ¢) be an underlying
model, V its vertex set, which we suppose to consist of type 2 points of X", and E its edge
set. Denote by 7: X™ — T the retraction map from X™ to I When X is defined over a
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Ficure 1. Tiling arising from admissible divisors in the zero class on a metric
graph I'. The graph G is a 3-cycle and the edge lengths are depicted in the
picture, on the right. The picture is actually that of the projection of the tiling
in Hy < RY to R},

discretely valued field Kg, by the stable reduction theorem, there exist semistable models for
X over finite extensions K; of Ky. In this case, G is the dual graph of a semistable reduction
of X, with vertices in bijection with the irreducible components of the semistable curve, and
edges in bijection with the nodes. Also, the length of an edge is the singularity degree of
the corresponding node, normalized by the degree of the field extension K, / K,. The metric
graph I is the one associated to (G, {); it is independent of the choice of the extension K; / K.

Let D be divisor of degree d on X. Let H be a vector subspace of dimension r + 1 of the
space of global sections of the line bundle L = O(D), which we view in K(X):

Hc {f e K(X) | div(f) + D > 0}.

The pair (L, H) defines a linear series g; on X.
The tropicalization of (D, H) gives rise to a space of rational functions on I'. Let

7(D) = >, D(x)(r(x))

zeX(K)

be the divisor on I', the tropicalization of D with respect to the skeleton I'. For each nonzero
rational function f € K(X), we denote by trop(f) the restriction to I' of the evaluation map
evi: X" — R U {+oo}. This is a rational function on I'. Furthermore, by the Specialization
Lemma, see e.g. [AB15, Theorem 4.5], we get

7(D) + div(trop(f)) = 7(D + div(f)).

We enrich the tropicalization by a collection of k-vector spaces U, associated to the vertices
v of G. For each vertex v, the space U, consists of reductions of functions f € H at v [AB15,
Section 4.4]. It was proved in [AB15, Lemma 4.3] that U, has dimension r + 1 over k. We
associate to the linear series (D, H) the k-vector space

U= (—DUU.

veV

1.5. Subspaces of U associated to admissible divisors and tilings of simplices.
Notation as in the previous section, denote by Z the linear equivalence class of 7(D) on T
Notice that 7(D) is A-rational, and A is divisible, whence dense in R.

In Section 7, generalizing [AB15, Lemma 4.3], we associate an (r + 1)-dimensional subspace
W, of U to each G-admissible divisor D € %, as follows. We write D = div(h) + 7(D)
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for a rational function h, and denote by M, the space of all functions f € H such that
trop(f)(v) = h(v) for all v € V, that is,

M, = {feH | trop(f)(v) = h(v) YveV}.

As we will show, this is a free R-module of rank r + 1. There is a natural R-linear map
M,, — U defined by reduction of functions relative to h, we refer to Section 7 for the definition.
We let W, be its image. We will prove that the kernel of this map is mM, so that we get an
isomorphism M, / mM, — W,,. The proof of this result is based on an important domination
property for G-admissible divisors, proved in Lemma 5.1, which stipulates that the inequalities
trop(f)(v) = h(v) for vertices v imply the inequalities trop(f)(x) > h(x) for all points z on T'.

Changing h by a constant results in the same subspace of U, so W), depends only on D
and we can thus denote it by Wp. To each G-admissible divisor D in Z,, we associate the
function v} : 2 — R defined on each subset I € V by v} (1) := dimy(Wp ;) where Wp; is the
projection of Wp to @®,erU,. We denote by vp its adjoint. We show that (vp, ;) modular
pair, that is, vp is supermodular and v}, is submodular. Denote by Qp the base polytope
associated to vp. Notice that Qp lives in the standard simplex A, ;1 < RY consisting of all
the points ¢ € RY) with ¢(V) =r + 1.

The following theorem is proved in Section 8.

Theorem 8.5. The collection of polytopes Qp associated to A-rational G-admissible divisors
D in the linear equivalence class of the divisor 7(D) gives a tiling of the standard simplex
JAVIR

We refer to Figure 7 for an example of such a tiling. In Section 9.3, we show that for
each vertex v € V, the unique full-dimensional polytope in the tiling that contains the vertex
Gy € Ary1 with coordinate g,(v) = r + 1 (whence ¢,(u) = 0 for u € V with u # v) is the
polytope Qp associated to the v-reduced divisor D in the tropicalization of H. We refer
to Theorem 9.4 for the precise statement. In this way, we can view other tiles, and their
corresponding G-admissible divisors, interpolating between the reduced divisors with respect
to the vertices of G in the linear equivalence of D given by tropicalization of H.

1.6. Two-parameter families of tilings associated to tropicalization of linear series.
From the proofs of Theorems 6.2 and 8.5, we obtain the following remarkable result, proved
in Section 8.

Theorem 8.7. Let a, 8 be two positive real numbers and n = ad + S(r + 1). For each G-
admissible divisor D in %y, let P, 5 p be the polytope associated to the supermodular function
app + Brvp. Then, P, 3 p = aoPp + fQp, and the collection of polytopes P, 5 p gives a tiling
of H,.

The tilings produced by this theorem play a key role in our approach to address the problem
of constructing a moduli space of limit linear series. A more thorough discussion is beyond
the scope of this paper and is left to our forthcoming work. An example of such a tiling is
given in Figure 2.

1.7. Fundamental collection and finite generation property. The fundamental collec-
tion FCpm) associated to the pair (D, H) is the collection of spaces W, with full-dimensional
Qp:
FCopn = {WD ! D e @(2,) with Qp full—dimensional} .
Using the domination property, alluded to earlier, we show that for each pair of distinct

G-admissible divisors D and D’ in the linear equivalence class Z of 7(D), there are certain
maps ¢b,: Wp — Wy and ¢5: Wp — Wy such that ¢5 o ¢P, = 0 and ¢5, o ¢85 = 0.



TROPICALIZATION OF LINEAR SERIES AND TILINGS BY POLYMATROIDS 7

FIGURE 2. An example of tiling P, 3 p. The graph G is the 3-cycle dual to a
curve with three components, as in Figure 1. The edge lengths are all equal to
one. Here d = 6 and » = 1. And @ = 1 and 8 = 4. The tiles Pp are hexagons,
similar to the one depicted in Figure 5. The tiling Qp of the simplex A, is the
one depicted in Figure 7. As in Figure 1, we depict a projection of the tiling
to R%

Moreover, we show that there is an abundance of pairs that are exact in the sense that the
sequences
Wp - Wp - Wp and Wp — Wp > Wp

are both exact. We give a geometric meaning to the exactness by translating it into a measure
of proximity of the two tiles associated to D and D’. This enables us to move from one tile
to the other, and establish the geometric properties needed to establish the results stated
previously, see Section 1.9.

Using the above maps, we prove in Section 9.4 the following finite generation property,
stipulating that the fundamental collection recovers all the other reduction spaces.

Theorem 9.6 (Finite generation property). Each G-admissible divisor D € @7z (%,) whose
polytope Qp is full-dimensional is necessarily effective. Furthermore, the fundamental col-
lection FCpm) of spaces Wy with Qp full-dimensional generates all the other spaces in the
following sense: For each G-admissible divisor D’ € Z,, the space Wy is generated by the
images of the maps Wp — Wy for D € S.

In our forthcoming work [AEG23], we give a geometric description of the fundamental
collections in the case of canonical linear series, assuming the limit nodal curve is general in its
Deligne-Mumford stratum and approached under a general direction. Using this description,
we construct a parameter space for canonical limit linear series.

1.8. Regularity of the tilings and Chow quotients. Recall from [GKZ94] that a tiling by
polytopes of a convex domain 2 in a real vector space H is called regular if there is a convex
function on €2 which has domains of linearity given by the tiles in the tiling. In Section 9.1
we prove that the tilings that arise from degeneration of linear series are all regular.

Theorem 9.1. The tilings in Theorem 6.2, in Theorem 8.5, and in Theorem 8.7 are all
regular.

In equal characteristic, when the valued field K and its residue field k have the same
characteristic, we can assume that the valuation ring R contains a copy of the residue field
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k. In this case, we establish in Section 9.2 a connection between the tilings produced by
Theorem 8.5 and the works [Kap93, Laf99, GW22]. We briefly discuss this here.

Notation as in Section 1.4, recall that H ¢ K(X) is a K-vector space of dimension 7 + 1 of
the space of global sections of the line bundle L = O(D). Consider the Grassmannian Gr of
(r+1)-planes in the vector space (kT“)V. The torus G}, acts naturally on the Grassmannian,
each factor acting on the corresponding copy of k’*!.

We show in Section 9.2 that each rational function h on I' such that D = div(h) + 7(D) is
G-admissible gives rise to a morphism (after appropriate bases of H and the M, are chosen)

Bh: Spec(R) — Gr.

The morphism sends the generic point of Spec(R) to a point on the orbit of §(H) < HY,
where §: H — HV is the diagonal embedding, and the special point to a point on the orbit
of Wp.

Since the action of the diagonal G,, — G, on Gr is trivial, we can consider the action
by the quotient T := G) /G,,. Let Y be the open subscheme of the Grassmannian where
the action of T is free. There is an inclusion Y /T < Chow(Gr) of the quotient Y /T to
the Chow variety of Gr, taking an orbit to its closure, viewed as a prime cycle of Gr. The
Chow quotient is the closure of Y /T in Chow(Gr). The diagonal §(H) gives a K-point on
Gr whose orbit closure corresponds to a subscheme of Gr xx K. As shown in [GW22], its
closure Z € Gr xy Spec(R) has closed fiber Z over k with reduced associated cycle of the
form Y, Z;, where each prime cycle Z; is the closure of the T-orbit of a subspace L; < (k"*!)V.
Furthermore, the associated polytope Q, to L;, as defined in Section 8.1, is full-dimensional,
and their collection forms a polyhedral decomposition of A, .

Let 2 be the linear equivalence class of 7(D) and let 2y € 2 be the subset of A-rational
divisors. We show the following theorem.

Theorem 9.3. Notation as above, the Wp, for D € @/;(Z,) are in the orbit closures of the
L;. Conversely, each L; is in the orbit of Wp, for some D € @7;(%,). In particular, the tiling
by the Qp in Theorem 8.5 coincides with the tiling by the Q;, and their faces.

kkk

To obtain the above results, we rely on general theorems proved in Section 3 that ensure
certain collections of modular pairs give rise to tilings, and use interesting features of ad-
missible divisors to ensure the properties required in these theorems are verified. We discuss
briefly these results here.

1.9. Tilings induced by families of modular pairs. Let n € Z. Let V be a finite
nonempty set and denote by M\n(V) the set of supermodular functions p on 2" with (V) = n.
Let ¥ M\n(V) be a subfamily. We denote by P, the union of the polytopes P, for € ¢
and call it the support of the family %.

An ordered bipartition of V' is a pair (I, J) consisting of disjoint nonempty subsets I and
Jof V with V = 1w J. An ordered bipartition 7 induces a splitting . of each supermodular
function u, defined by

pa(S) i =p(Sul)—pl)+p(SnJ) foreach ScV.

The splitting p, is again supermodular and verifies u, (V) = u(V).

We say € is separated if each two distinct elements u, v € € admit a nontrivial separation.
This means there exists an ordered bipartition 7 = (I, J) such that u(I) + v(J) = n, and
either this inequality is strict, or we have p, # p or v, # v.

We say € is closed if for each p € ¢ and each bipartition 7 of V', we have u, € €.
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Theorem 3.6 (Tilings induced by separated and closed families). If ¢ < M\n(V) is separated
and closed, then the collection of polytopes P, for ;1 € € gives a tiling of Py.

In order to characterize the support of a family, we introduce the following two properties.

Let Q) € H,, be a subset. We say € is complete for € if for each pu € € and each bipartition
7 = (I,J) of V such that P, intersects Q and p, = u, there is ' € ¢ distinct from p, such
that u!. = p., where 7° = (J, I).

Given an element p of M\n(V), we call the minimum value among all differences p*(I)—pu(I)
for nonempty proper subsets I < V the spread of u. We say € is positive if the infimum of
the spreads which are positive of all elements in % is positive. In particular, there must exist
elements in ¥ with positive spreads.

Theorem 3.8 (Tilings induced by complete and positive families). Let 2 be a connected open
subset of H,. Assume Py intersects . If ¥ is complete for Q2 and positive, then P, 2 €.

1.10. Characterization of admissible divisor classes. Making use of Theorems 3.6 and
3.8, the proofs of Theorems 6.2, 8.5 and 8.7 reduce in each case to proving that the corre-
sponding family of supermodular functions is separated, closed, positive and complete. In
establishing these properties, we rely on an interesting feature of admissible divisors on a met-
ric graph, proved in Section 5 and of independent interest, given by the following description
of G-admissible divisors in linear equivalence classes.

Theorem 5.5. Let D be a divisor on a metric graph I'. For each function f: V — R, there
exists a unique rational extension f: I' — R such that D + div(f) is G-admissible.

The theorem thus provides a bijection between real-valued functions on vertices, up to
addition by constants, and G-admissible divisors in a given linear equivalence class.

1.11. Related work.

1.11.1. Degeneration of linear series. The literature on degenerations of line bundles in fam-
ilies of curves is rich. We refer to [D’S79, OS79, AK79, AK80, Cap94, Est01, MRV17, KP19],
to name a few references. That of degenerations of linear series has fewer references. It was
systematized in the pioneering work by Eisenbud and Harris [EH86], but only for limit curves
of compact type. As it led to many results, they posed the problem of extending the study
to more general stable curves in [EH89]. The problem remains unresolved to this day.

Almost twenty years later, Osserman advocated looking at all limits of linear series in
[Oss06] for degenerations to two-component curves of compact type. A few years later, Esteves
and Osserman [EO13] made it precise, by explaining the need to consider all limits of linear
series to account for the limits of their associated divisors. For a more general nodal curve,
Osserman described later in [Oss19b] a certain quiver representation that captures all the
limits of linear series, but did not dwell much on it, preferring to consider only the “extreme”
limits of linear series (in our terminology, they correspond to those Wp associated to the v-
reduced divisors in the linear equivalence class), more in line with the approach by Eisenbud
and Harris [EH86]. Those had been considered by Amini and Baker in [AB15]. Osserman
explains the connection in [Oss19a].

Recently, Esteves, Santos and Vital [ESV2la, ESV21b] studied the quiver representation
described by Osserman in [Oss19b], though only for degenerations with regular total space,
which correspond to metric graphs I' whose edge lengths are all equal to 1. They found many
properties of the representations, illustrating them with a few examples. Our examples,
depicted in Figures 2 and 7, borrow the example of degeneration of linear series worked out
in [ESV2la, Ex. 10.2], and give for it the tiling Qp corresponding to the vector spaces and
the mixed tiling P, 5 p corresponding to the admissible divisors and the vector spaces.
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1.11.2. Tropical point of view. Divisor theory for graphs was developed in the work by Baker
and Norine [BNO7], extended to metric graphs by Mikhalkin and Zharkov [MZ08] and Gath-
man and Kerber [GKO08], and to the hybrid setting of metrized complexes by Amini and
Baker [AB15]. Tropical methods have been used in the study of the geometry of curves
and their moduli spaces, with notable application in the recent work by Farkas, Jensen and
Payne [FJP20] to prove that the moduli spaces of curves of genera 22 and 23 are of general
type. We refer to Baker and Jensen [BJ16] and Jensen and Payne [JP21] for a survey of these
results.

Semistability conditions for divisors on metric graphs have appeared before from a different
perspective. We direct the reader to the recent works [AP20], [AAPT23] and [MMUV22],
[CPS23], and the references therein. In these references, the focus is on the construction of
tropical counterparts to Caporaso’s compactification of the universal Picard variety over the
moduli of stable curves [Cap94]. There, certain polyhedral decompositions appear from the
stratification of the tropical Jacobians by the combinatorial types of the objects considered.
Compared to the polytopes studied in our paper, those appearing in the above context are
all parallelepiped, they lie in a different space, and capture aspects related to the asymptotic
geometry of Picard varieties.

1.11.3. Matroidal subdivisions. Matroidal subdivisions appear in the work by Kapranov on
Chow quotients [Kap93] and its sequel by Keel and Tevelev [KT06]. Polymatroidal subdivi-
sions of the simplex have been studied in the work by Lafforgue [Laf99]. A recent work by
Giansiracusa and Wu [GW22] provides a link between the work by Lafforgue, Kapranov and
Thaddeus [Tha99]. We will make the connection between our framework and these works
precise in Section 9.2.

Other results on the connection between matroidal subdivisions and the geometry of
Grassmannians can be found in the works by Gelfand, Goresky, MacPherson and Serganova
[GGMSS8T7], Lafforgue [Laf03], and Keel and Tevelev [KT06]. The work by Ardilla and Bil-
ley [ABO7] relates matroidal subdivisions of a product of two simplices to the geometry of flag
varieties. A discussion of features related to the geometry of positive Grassmannians can be
found in the survey papers by Postnikov [Pos18] and Williams [Wil22]. Matroidal tilings are
also related to rigidity properties for matroids themselves; see the work by Lafforgue [Laf03]
and a recent work by Baker and Lorscheid [BL23]. A nice introduction to the topic can be
found in the lecture notes by Fink [Finl5].

1.12. Organization of the paper. In the preliminary Section 2, we recall basic results
about polymatroids and discuss their face structure. In Section 3, we prove the tiling Theo-
rems 3.6 and 3.8 associated to families of modular pairs, see Section 1.9.

In Section 4, we study semistability polytopes of admissible divisors and show they are
examples of polymatroids. Section 5 describes the admissible divisors in linear equivalence
classes, Theorem 5.5. Section 6 is devoted to the proof of Theorem 6.2 on tilings induced by
semistability polytopes of G-admissible divisors.

In Section 7, we establish fundamental results about reductions of spaces of sections of line
bundles whose associated divisors are admissible. In Section 8, we prove Theorems 8.5 and 8.7
on tilings induced by reduction of linear series, and tilings obtained by mixing semistability
polytopes and reduction of linear series, see Section 1.6.

Section 9 is devoted to discussing geometric features of the tilings introduced in this paper.
We prove Theorem 9.1 on regularity of these tilings, Theorem 9.3 on the connection between
Theorem 8.5 and Chow quotients, Theorem 9.4, which gives a description of the tiles contain-
ing the vertices of the simplex in terms of reduced divisors in tropical linear series, and the
finite generation property stated in Theorem 9.6.
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Finally, Section 10 discusses complementary related results, in particular, the question of
periodicity of the tilings issued from Theorem 6.2.

Sections 2 through 6 are written to be accessible both to a combinatorial and an algebro-
geometric audience. Sections 7 and 8 require some knowledge of non-Archimedean geometry
and the theory of Berkovich curves, that we briefly recall in Section 7.
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2. ADJOINT MODULAR PAIRS AND THEIR BASE POLYTOPES

In this section, we define modular pairs and their base polytopes. The material in this
section is essentially known and we refer to [Sch03] for more details.

Let V be a finite nonempty set and denote by H the vector space RV. Elements of H are
maps ¢q: V — R. For each integer n, we denote by H,, the affine subspace of H consisting of
all ¢ with Y}, .y, q(v) = n.

We denote by 2V the family of subsets of V. For a subset I < V, we denote by I° the
complement of I in V, that is, I° =V ~\ [I.

2.1. Adjoint modular pairs. We say a function u: 2V — R is supermodular if u(@) = 0
and we have the inequalities

w(l) + p(l) < p(l v L) + p(l, n 1) for each I, I, < V.

The quantity u(V) is called the range of p. Similarly, we say a function n: 2V — R is
submodular if n(@) = 0 and the inequalities above are all reversed, and call n(V') the range
of n. Functions/\that are both supermodular and submodular are called mo@lar.

Denote by M(V) the set of all supermodular functions on 2" and by M, (V) its subset

consisting of those of range n, for n € R. Similarly, we use the notation M (V) and M/n(V)
for the set of submodular functions and its subset consisting of those of range n, respectively.
For each p: 2V — R, let u*: 2V — R be the function adjoint to u defined by

p () =pu(V)—w(V~I) foreach I < V.

It is easy to see that u is supermodular, resp. submodular, if and only if u* is submodular,
resp. supermodular. Furthermore, we have the equality (u*)* = p, and p and p* are of the
same range. We will refer to u* as the submodular function adjoint to p and call the ordered
pair (u, p*) an adjoint modular pair for V. Note that in an adjoint modular pair, the first
component is always supermodular, while the second is always submodular.

For p supermodular, applying the supermodularity inequality to I and I = V ~ I, and
using that p(2) = 0, we get that u(I) < p*(I) for each I < V. Moreover, the equality holds
forI=and I =V.

Modular functions on 2" are in bijection with H = R": each element ¢ € H can be viewed
as a modular function ¢: 2V — R by putting ¢(I) := >, ., ¢(v) for each I < V, with the
convention that ¢(@) := 0. Moreover, the pair (g, q) is a modular pair.
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2.2. Base polytope associated to an adjoint modular pair. For each adjoint modular
pair (u, u*), we define the subset in H

P, =P, ={qeH | p)<q(I)<pI)foreach I = V}.

Clearly, P, is a convex polytope if it is nonempty. Also, P, < H,,, where n := u(V'), where,
we recall, H, := {qe R |¢(V) = n}.

If g € Hy, then ¢(I) < p*(I) if and only if p(I¢) < g(I¢) for each I < V. This means that
one set of inequalities in the definition of P, implies the other.

We call P, the base polytope associated to p. The following proposition justifies the termi-
nology.

Proposition 2.1. Let (u, u*) be an adjoint modular pair. The polytope P, is the base polytope
of the polymatroid defined by u*.

Proof. The polymatroid defined by p* is the set of all points g € H that verify ¢(I) < p*(I)
for all I < V [Sch03, Chapter 44]. The base polytope is the face of the polymatroid consisting
of those ¢ that satisfy ¢(V)) = u*(V'). As we noted in the previous paragraph, the inequalities
u(I) < q(I), I €V, are implied by the inequalities involving p*. This proves the claim. [

2.3. Ordered partitions. An ordered partition of V is an ordered sequence m = (7, ..., 7,)
of pairwise disjoint subsets of V' whose union is equal to V. It is called nontrivial if m; # @
for every ¢. If 7 is nontrivial, we call it a bipartition if s = 2, a tripartition if s = 3, and an
s-partition in general. If 7 is a bipartition, we put 7¢ = (7, 7).

The data of an ordered partition 7 as above is equivalent to the data of a filtration

F. = (F07...,F5), Where®=F0§F1§F2§~-§FS=V,

via the correspondence F; := myu---um; for j = 1,...,s, in one direction, and 7; := F;\F;_,
for j =1,...,s, in the other direction.

2.4. Restriction, contraction and splitting. For each supermodular function u € M (V)
and each pair of subsets .J;, J, € V with J; € J,, we define

tayn (I) = p((I n Jo) U Jy) — p(Jy) for each I < V.

Then, we have p,,/;, € /(/l\(V) We say that i,/ is obtained from p by restricting to J, and
contracting J;.

Given a subset J < V, we also have the restriction map | : M(V) — M(J), that sends
v to |, given by | (I) = u(I) for each I < J. Clearly, j1,5|, = p|,, and more generally,
s/, = (,u|(]2)h/J1 for a pair J; < J, of subsets of V. Moreover, ,,,,, is obtained from
(u|J2)J2/J1 by composing with the map 2" — 2% that sends I € V to I n J, € J,.

For each ordered partition m = (71, ...,ms) of V with F, the corresponding filtration on V,
we define the function u, on 2V as the sum:

s
(21) M = Z Hr /Py -
=1

Being a sum of supermodular functions, u, is itself supermodular and so belongs to M (V).
Moreover, it has the same range as p.

We say that p, is the spl/iztmg of w with respect to the ordered partition w. We call a
supermodular function v € M(V) a splitting of u if it coincides with pu, for some ordered
partition 7 of V, nontrivial if v # p. We denote by p? the corresponding submodular
function, so that (p., p*) is an adjoint modular pair.

The following proposition gives basic properties of splittings.
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) be an ordered partition of V.. Then,

coy T

Proposition 2.2. Let e M(V), and 7 = (m,
for each I <V, we have:

* NW(I) :NW(Imﬂ-l) + -
o u(I) < pa(I) < pz(I) < p*(1).

Furthermore, the following statements are equivalent

(1) p= pir-
(2) p(V) = p(my) + -+ + p(ms).
+ p(I N wy) for each subset I < V.

(3) pI) = p(I Amy) + -+
(4) p = py for each reordering @' of .

A+ p (I nmy),

If they hold, we have
PH =Pﬂ| Xoeee XP#‘

under the natural identification RV = R™ x ... x R™,
Proof. Let F, be the filtration of V' corresponding to m. Consider the first statement. Since
e, e, (I) for each i and I < V, the equality follows directly from (2.1). Then,

— 2##(1 N ) — M(Fi—l))
p(I O F;) —p

:U’W(I N 7Ti) =
=Y (T UFi) N Fy)

>3 (uT UFi) + p(F) —
w*(I) is a property of adjoint modular pairs. The third follows

(Fia)) = n(D).

The second inequality p,(I) <
from the first and adjunction, as, for each I < V'
pa (1) + pr(I) = pe(V) = (V) = p(I°) + p*(I).
We now prove the equivalence of (1)-(2)-(3)-(4). By the first part of the proposition, (1)

implies (2). In addition, by supermodularity, for each I < V', we have
S S

S
Sl am) < D) < Y I am) + pV) = ) i),
i=1 i=1 i=1
Thus, (2) implies (3).

Assume (3). To prove (1), it is enough to show that () = . (I) for each I < m; and each

1 =1,...,s. But then,
pr(I) = p(I O Fioy) — p(Fimy) = p(I)

from the definition and (3).
Finally, (1) and (4) are equivalent because they are both equivalent to (2)
The last statement about base polytopes is clear O
(71'1,..., m,) and ' = (7,...,7) of

2.5. Refinements. Given two ordered partitions = =
V, we say that 7’ is a refinement of m and write m < « if there is an increasing sequence

Lo, ..., 0 of integers with ¢y = 0 and /5 = [ such that
7Tj:7r2j71+1u---u7r2j, j=1,...,s.
i) of M, i =1,...,s, such that

Equivalently, 7 < 7’ if there are ordered partitions (m; ;,
71'5,17 e 77T57[S).

/
mw = (7'('1’1,...,71'1151,7'('2,1,. . .,7T21g2,...,

Denoting by F, and F/, the filtrations corresponding to m and =, respectively, this is further

equivalent to requiring that each F; in F, appears at least as many times in F/, as in F
At any rate, if 7’ is an arbitrary ordered partition as above, it induces a refinement 7" of

m, where
"o, / / / / / /
= (T N Ty ey T OV, T O Ty e oy T O Ty ooy T O Ty ey Ty O ).
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The associated filtration to 7" is

One special case of a refinement of 7 is the one obtained by adding empty sets in any
ordering. In this case, we say as well that m is obtained from its refinement by removing
(certain) empty sets. If 7’ is a refinement of 7, then 7" is obtained from 7’ by adding empty
sets.

Each ordered partition 7 is a refinement of the 1-partition consisting of a single part V.
Alternatively, m is obtained from the 1-partition by the succession of refinements induced by
the bipartitions among (F,, F9) for £ = 1,...,s — 1, after empty sets are removed. If 7’ is
obtained from the 1-partition by a succession of refinements induced by bipartitions, after
empty sets are removed, so is " obtained from 7 by the same succession. These facts will
allow us to reduce certain arguments below.

If 7’ is obtained from 7 by adding empty sets, then p, = . At any rate, the following
proposition holds.

Proposition 2.3. Let € M\(V) Let m and @' be ordered partitions of V. Then (i) = pinr,
where 7" is the refinement of m induced by 7.

Proof. Proceeding by induction, we only need to prove the statement in the case where 7’ is
a bipartition of V. Thus, 7’ = («], 7).

Let m = (my,...,7,) and consider the filtration F, associated to 7. The filtration associated
to 7 has an extra term F, < V satisfying F, , € F, < F, for each ¢ = 1,...,s. Put
wey = F; NF,; and @y, = F, " F; so that (w1, w2) forms a partition of 7, for each ¢.
Indeed, wy; =1, N7, foreach £ =1,...,s and i = 1, 2.

Now, by supermodularity and Proposition 2.2,

S S S
1(V) = (1) (V) 2 30 ()w@e) = S (1) = 3 pialm) = 1a(V) = V),
(=1

=1i=1,2 0=1

whence equalities hold. By Proposition 2.2 again, it is enough to show that (1, ). (1) = (1)
for each subset I < w,; for each ¢ and <.
Now, for each £ =1,...,sand I < 7, if I < w,,, then

(Mﬂ)ﬂ’ (I) = IUW(I) = HF/Fey (I) = NF;/Fg,l(I) = IUW”(I)'
On the other hand, if I < w,,, then, using Proposition 2.2 for the second equality below,
(te)wr (1) = pa (T O ) = (1) = pa(T U @) = pa(@e1) = (I U Fy) — pu(Fy) = por (1).
The result follows. O

2.6. Capcup lemma. The following key lemma will be quite useful.

Lemma 2.4. Let p € M\(V) be a supermodular function and I,,I, < V. If there is ¢ € P,
such that q(I,) = p(Iy) and q(Iy) = p(ly), then

(2.2) p(ly) + p(lz) = p(ly v Iz) + p(h 0 D).

Conversely, if the above equality holds, then, for each x € P,, the following statements are
equivalent:

(1) z(Lr) = p(
(2) x(L1) + a(
(3) o(1, U I)
(4) x(Iy v 1)

~

1) and x(1y) = p(ly).

) = p(lh) + p(l2).

(L n L) =p(l, L)+ p(ly N ).
w(ly U L) and (I, N Iy) = u(l; N I,).

I+ S
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Proof. For each x € P,
(L) +x(l) =x(, ) +z(l; n ).
Assume there is g € P, such that ¢(I;) = p(I;) and ¢(I) = p(Iz). Then,
gLy u L) +q(lin L) < p(lyuly) + p(l N y).

Also, (I, n L) = p(I; n 1) and q(I, v I) = p(l; U I). Thus, equalities hold everywhere.
Let z € P,. If (2.2) holds, then (2) and (3) are equivalent. Clearly, (1) implies (2), and (4)

implies (3). But x(J) = u(J) for each J < V. Therefore, (2) implies (1), and (3) implies (4).

The lemma follows. U

2.7. Face structure. In this section, we give a characterization of the face structure of P,.

Proposition 2.5. Let p € M\(V) be a supermodular function and ™ = (my,...,ms) an ordered
partition of V. Let F, be the corresponding filtration. Then, we have

P, =P, n{qeR" | q(F;) = pF;)for j=1,...,s —1}.

[

Proof. Proceeding by induction, using Proposition 2.3, we may assume 7 = (7, 7). For each
IV, we have

(2.3) pr () = pimyjo(I) + prv/m (1) = p(L nm) + p(I o ) — p(m).
It follows from Proposition 2.2 that p,(m) = p*(m), whence

P, <P, n{q| qlm)=pm)}.

So we only need to prove the reverse inclusion. Let thus ¢ € P, be such that ¢(m) = p(m).
For each I < V, since ¢q € P,, it follows from (2.3) that

q(I) +q(m) = ¢ nm) +q(I vm) = p(l nm) + p(l v m) = pa(1) + p(m),
and so ¢(I) = p.(I). We conclude that g€ P, . O

Definition 2.6 (Codimension of a supermodular function). Let u € M (V). Denote by cd,
the largest integer s for which there is an s-partition 7 of V' such that p = pu,. We call cd,
the codimension of p. o

The following proposition justifies the name given to cd,.

Proposition 2.7. Let p € M\(V) be a supermodular function. Then, the base polytope P, is
nonempty and we can recover p (and p*) from P, as follows:

(24)  p() =min{q(I) | ¢eP,} and p*(I)=max{q(I)| qeP,} foreach I<V.

In particular, we have P, = P,, if and only if 1y = po. In addition, the base polytopes P,
for ordered partitions m of V' are all the faces of P,. Finally, we have dimP, + c¢d, = |V].

Proof. That P, # @ follows from Proposition 2.5. In fact, the latter states that P, < P,
for each ordered partition m of V. And, by Proposition 2.2, P,_is a point in the case 7 is
maximal among nontrivial partitions.

Furthermore, Proposition 2.5 yields the inequality ¢(I) > p(I) for each I € V and g € P,
with equality if g € B, .. Since P, , . # @, we conclude that p(I) = min {q(I) | g€ P,} for

each I < V. The fact that p*(I) is the maximum of ¢(I) for g € P, follows from the equality
u(I) + pr(I) = p(V).

The statement that each P, is a face of P, follows from Proposition 2.5, as P, # @ and
q(F;) = p(F;) for each j and g € P,. Conversely, let F be a face of P,. Let m = (my,...,7) be
a maximal nontrivial ordered partition for the property that F < P, . We claim the equality
holds. Indeed, if not, then there is a nonempty proper subset I < V which is not a (partial)
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union of 7; such that ¢(I) = u(I) for each ¢ € F. Let F, be the filtration associated to 7.
Let 7 € N be the smallest integer for which I n F; is not a partial union of the 7;. Then,
I n m; is neither @ nor m;. Thus F, ; € F,;, u (I nF;) € F,. Since by Proposition 2.4,
qF, oI nF)) =plF 0 nF,)) for each g € F, we get a nontrivial refinement of 7
satisfying the same property as w. This contradiction proves the equality F = P, .

Finally, assume F = P,. Let m be a cd,-partition of V such that p = p. Then, 7 is maximal
for the property that P, = P,. Let d, := dimP,. We have d, < |V|—cd,, or c¢d, < |V|— d,..
We claim the equality d, = |V| — cd, holds. Indeed, if not, there would be a (nonempty
proper) subset I < V which is not a partial union of the m; such that ¢(I) = p(I) for each
q € F. As before, this contradicts the maximality of 7. We conclude that cd, = |V|—d,. O

2.8. Base polytope of a positive combination of modular pairs. Given two modular
pairs (u, u*) and (v, v*), and two positive real numbers « and 3, the pair (au + By, ap* + fr*)
is easily seen to be modular.

Proposition 2.8. The base polytope P,,, 5, coincides with oP, + BP,.

Proof. The inclusion oP, + 8P, < P, 3, is obvious.
For the reverse inclusion, we will proceed by induction on the dimension of P, s,. If that
dimension is zero, then clearly the inclusion aP, + P, < P, .3, must be an equality.
Suppose the dimension is nonzero. Since aP, + SP, is convex, and P,,, 4, is the convex
hull of its proper faces, it is enough to show that

P.. s, < aP,+ 5P,

for each ordered partition 7w of V such that au + Bv is not m-split. This follows from the
induction hypothesis, which yields

P... s, =aP, + 8P, < aP, + [P,. O

3. FAMILIES OF MODULAR PAIRS AND THEIR TILINGS

In this section, we introduce a general framework that produces tilings induced by collec-
tions of modular pairs.

For a polytope P in the real vector space H = RY, we denote by P the relative interior of
P defined as the set of all points ¢ € P that do not belong to any proper face of P.

3.1. Simple supermodular functions.

Definition 3.1 (Simple supermodular function). An element p € M\(V) is called simple if
there is no nontrivial ordered partition 7 of V for which u = .. o

Notice that the function u is simple if and only if u(I) + p(J) < p(V') for each bipartition
(I,J) of V, or equivalently by Proposition 2.2, u(I) < p*(I) for each nonempty proper subset
I of V, or equivalently by Proposition 2.7, P, has (maximum) dimension |V| — 1.

Definition 3.2 (Spread). For p e M\(V), the minimum of p*(I) — p(I) for nonempty proper
subsets I of V is called the spread of u. By convention, the spread is zero if V' consists of a
single element. o

Note that the spread is positive if and only if p is simple.
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3.2. Separation. Let u,v € /(/l\n(V) be two supermodular functions of range n, and let
m = (I,J) be a bipartition of V.

Definition 3.3. We say that the bipartition 7 is a separation for the ordered pair (u,v) if
pu(I) + v(J) = n. We say that the separation is strict if the inequality is strict. We say that
the separation is nontrivial provided that it is either strict, or we have u, # p or v, #v. <

Alternatively, 7 is a separation for (u,v) if and only if u(I) > v*(I), or equivalently,
v(J) = p*(J). Tt follows that 7 is a separation for (u,v) if and only if ¢,(I) > ¢ (1),
equivalently, ¢2(J) = ¢:(J), for each ¢; € P, and ¢, € P,. Furthermore, the separation is strict
if and only if these inequalities are strict for each ¢, € P, and ¢, € P,, and it is nontrivial if
and only if the inequalities are strict for certain ¢, € P, and ¢, € P,.

Note that # = (I,J) is a (strict, resp. nontrivial) separation for (u,v) if and only if
¢ = (J,I) is a (strict, resp. nontrivial) separation for (v, u). Therefore, the existence of a
(strict, resp. nontrivial) separation for a pair of elements in M\n(V) does not depend on the
order of the pair. .

Given two simple elements u, v € My, (V), we say that P, and P, intersect in codimension
at most 1 if there are faces F; and F, of P, and P, respectively of codimension at most 1
such that P1 N ]?‘2 #* .

Proposition 3.4. Let u,v e M\n(V) be two supermodular functions of range n.

(1) For each bipartition m = (I,J) of V the following statements hold:
(1) If ™ is a separation for (u,v), then

(3.1) PP, =P, nP,..

(2) If P, nP,. # @, then 7 is a nonstrict sepamtzon for I and v.
(3) If T is a nontrwzal separation for p and v, then P N P = .

(II) Finally, if p and v are simple, then P, and P, intersect in codimension at most 1 only
if there is at most one separation for woand v.

Proof. As argued before, if 7 is a separation for p and v, then ¢, (1) = p(I) = v*(I) = ¢u(I) for
each ¢; € P, and ¢, € P,, whence (3.1) holds and (1) follows. On the other hand, if P, NP, .
is nonempty, then for each ¢ in the intersection, we have u(I) = q(I) = v*(I). Therefore, ™
is a nonstrict separation for p and v and (2) follows. To prove (3), if 7 is a strict separation
for p and v, then it follows from (2) that P, n P, = @. In the remaining case, since 7 is a
nontrivial separation for u and v, we have either u, # p or v, # v. Hence, (3.1) implies that
PH NnP,=aorP,n Pl, = ¢, and thus P“ N P,, = @. This proves Part (I) of the proposition.

Assume now that g and v are simple. Then, every separation for p and v is nontrivial.
Assume that P, and P, intersect in codimension at most 1. Since p and v are simple, if either
P NP, #3orP,n P,, # &, then f)u N P,, # . In this case there is no separation for p
and v by Part (I).

Assume P N P = @&. Then, there are facets F; and F, of P, u and P, respectively such
that F1 N FQ # . There is a bipartition 7 of V such that F, = P, . Since f)u N Pl, = J, we
must have that Fy = P, ., and hence 7 is a nonstrict separation for ;4 and v by Part (I).

Let A := (I’,J’) be a separation for ;4 and v. Then, P, n P, = P, n P,,., and hence
P,hr N P,,,rc c P,,. Then, the span of P, is contained in the subspace of RV given by
q(I") = p(I’) and q(J') = p*(J’). As the span has codimension 2, the two subspaces are the
same. If follows that I = I’ or I = J'. But I = J' yields u(I) = p*(I), contradicting the
assumption that p is simple. Thus, I = I’ and hence \ = 7, as required. ]

3.3. Families. Let € c M\H(V) be a family of supermodular functions of range n. We say
that:
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e % is separated if any two distinct elements u, v € ¥ admit a nontrivial separation,

e % is closed if each splitting of each element of % is in %,

e % is simple if each element of ¥ is a splitting of a simple element of &,

e ¢ is complete if for each p € € and each bipartition 7 of V', there is ' € € distinct
from p, such that pl. = u,,

e % is positive if the infimum of the spreads of its simple elements is positive.

We denote by P, the union of the polytopes P, for ;€ € and call it the support of the
collection €.

Here is a relative variant. Let 2 € H,, be a subset. We say that:

o ¢ is simple for Q if each element p € € such that P, intersects € is a splitting of a
simple element of &,

e ¢ is complete for Q if for each p € € and each bipartition 7 of V' such that P,
intersects 2, there is y/ € € distinct from pu, such that p!. = p,.

We keep the other definitions unchanged in the relative setting.

Clearly, ¢ is simple (resp. complete) if and only if € is simple (resp. complete) for H,.
Also, if € is closed, then % is complete for Q if for each y € ¥ and each bipartition 7 of
V such that u = p, and P, intersects €, there is y/ € ¢ distinct from p such that u! = p.
Finally, notice that € can only be positive if it contains simple elements.

Proposition 3.5. Let Q € H,, be a subset. If € is complete for 2, then € is simple for §Q.

Proof. Let pn € € such that P, intersects 2. Assume p is not simple. Then, there is a
bipartition 7 of V' such that u = p,. If € is complete for Q, there is p/ € C' distinct from i,
such that p/. = p. Since p' # u, we have that p is a nontrivial splitting of p'.

If 1/ is simple, we stop. If not, since P, intersects (2, we may repeat the above process for
u' instead of p. We will eventually end up with a simple v € ¢ of which p is a splitting. [

Notice that the converse does not hold: the collection of splittings of a simple supermodular
function is closed, simple and positive but is not complete.

3.4. Tilings. Let € M\n(V) be a family of supermodular functions of range n.

Theorem 3.6 (Tilings induced by separated and closed families). If ¢ < M\n(V) is separated
and closed, then the collection of polytopes P, for € € gives a tiling of Py.

Proof. We need to prove that for each pair p, v € €, the base polytopes P, and P, are either
disjoint, or they intersect in a common face. We can suppose the intersection is nonempty.
Let ¢ be a point in the intersection of P, and P,. Let F and F’ be the faces of P, and P,,
respectively, which contain ¢ in their relative interiors. Denote by m and 7’ the two ordered
partitions of V' such that F = P, and F' = P, ,. Since ¢ is closed, both i, and v, belong to
%. Since € is separated, we should have u, = v, otherwise, the relative interiors of F and
F’ would be disjoint by Proposition 3.4. We infer that F = F’.

We have shown that the two polytopes P, and P, intersect in the union of their common

faces. Since their intersection is convex, this implies that they intersect in a common face. [
We need the following lemma for our next result.

Lemma 3.7. Let Q) be a connected open subset of H,. Let P be a nonempty collection of
full-dimensional polytopes in H, whose union intersects Q). Assume that P is locally finite,
that is, each ball of H, contains finitely many polytopes of P. Also, assume that each facet
intersecting Q) of a polytope in P is shared with another polytope in P. Then, the support of
P contains S2.
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Proof. Let © be the union of the polytopes P in P, and g € 2. By hypothesis, © n Q # &.
Let v be a piecewise linear path in  that connects a point of © N Q to q. Let P’ < P be
the collection of polytopes that intersect v, and denote by ©" the union of polytopes in P’.
Clearly, ©" # @. Also, since P is locally finite, P’ is finite. Furthermore, since Q is open,
modifying v if necessary, we may assume that it intersects the boundary of P away from its
faces of codimension 2 for each P € P’. Since P’ is finite, there is a point ¢’ € ©’ n ~ closest
to ¢ along . Suppose by contradiction that ¢’ # ¢. Then, ¢’ is on a facet of some P € P’. By
hypothesis, there is P’ € P sharing that facet with P. Since ¢’ € v, also P’ € P’. But then
there is an open ball of ¢ in H,, contained in ©’. This contradicts the choice of ¢’ as closest
point to q. ]

Theorem 3.8 (Tilings induced by complete and positive families). Let £ be a connected open
subset of H,. Assume Py intersects Q). If € is complete for Q and positive, then Py 2 ).

Proof. Let P be the collection of polytopes P, for simple pu € ¢ intersecting 2. Since ¥ is
complete for €2, then % is simple for 2 by Proposition 3.5. Since Py n Q) # &, it follows that
P is nonempty and the union of its polytopes intersect ().

Since € is positive, the minimum of the volumes of the (full-dimensional) polytopes P € P
is positive. This implies that P is locally finite.

Finally, let ;x € € such that P, € P. Consider a facet of P, intersecting €. It coincides with
P, for a bipartition m of V. Since ¥ is complete for €2, there is y/ € € distinct from pu, such
that p, = pl.. Thus, P,_is a face of P,. Now, P, # P,, because p # u,. Then, P, is a
proper face of P,,. Therefore, P, is full dimensional, and P, is a facet of P,. In particular,
P, € P. The theorem follows now by applying Lemma 3.7. O

4. ADMISSIBLE DIVISORS ON METRIC GRAPHS AND THEIR SEMISTABILITY POLYTOPES

We refer to the survey paper [BJ16] for basic results on algebraic geometry of graphs and
metric graphs, and their link to tropical and non-Archimedean geometry.

4.1. Admissible divisors. Let G = (V| F) be a finite graph and ¢: E — (0,400) be an edge
length function. We denote by /. the real number ¢(e). We denote by I' the metric graph
obtained by the metric realization of the pair (G, ¥): this is obtained by plugging an interval
of length /. between the two extremities of the edge e. Endowing I' with the path metric
gives the metric space I'. The pair (G, /) is called a model for T".

The group of divisors on I', denoted Div(I"), is by definition the free Abelian group generated
by the points on I'. Writing (x) for the generator associated to the point z € T,

Div(T) := { Z ng(z) | ny€Z and A a finite set}.
zeAcT
For a divisor D € Div(T") and x € T', the coefficient of (x) in D is denoted D(x). Its support,
Supp(D), is the set of points z with D(x) # 0. And its degree, deg(D), is defined as

deg(D) := Z D(x).

zel’

The subset of Div(T") consisting of divisors of degree d is denoted by Dive(I).

If I is a subset of V| we denote by E[I] the set of edges of G with both extremities in I.
The cardinality of E[I] will be denoted by e[I]. We call the subgraph G[I] := (I, E[I]) the
induced subgraph on I. We denote by I} the metric graph with model (G[I], /| E[I])' For a
divisor D on I', and a subset I < V, we denote by D; the divisor on I} defined by

D, = Z D(z)(x).

xel;y
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Definition 4.1 (G-admissible divisor). A divisor D on I' is called G-admissible if for each
edge e of G, the coefficient of D at any point in the interior of e is 0 with at most one possible
exception x for which D(z) = 1. o

An example of a G-admissible divisor is depicted in Figure 3. The v-reduced divisors are
also examples of G-admissible divisors; see Proposition 5.11.

Definition 4.2 (Spanning subgraphs of G associated to G-admissible divisors). Given a G-
admissible divisor D on I', we denote by Gp the spanning subgraph of G whose edge set Ep
consists of all the edges e € £ whose interiors contain no point on the support of D. o

Given subsets I, J < V, we denote by Ep(I,J) the set of edges in Gp with one extremity
in I and the other in J. The cardinality of Ep(I,J) will be denoted ep(I,.J). For D = 0, we
remove the subscript D. Thus, E(I,J) will be the set of edges between I and J in G, and
e(I,J) will be the number of these edges. Then, we put

op(I,J)=¢e(I,J)—ep(l,J),

which is the number of edges of G between I and J that contain points on the support of D
in their interiors.

For each e € Ep(I,I°), let v, be its extremity in I. Denote by D! the divisor on I} given
by

D':= D, — Z (ve).

eGED(I,IC)
Since D is G-admissible, we get the following equalities:
(4.1) deg(D) = deg(D;) + deg(Dy.) + 6p(I,1°) = deg(D;) + deg(D") + e(I,I°).

4.2. Adjoint modular pair associated to a G-admissible divisor. Let G = (V, E) be a
finite graph, ¢: E' — (0, +o0) an edge length function, and I" the corresponding metric graph.
Let D be a G-admissible divisor on I' of degree d. We associate to D the pair (up, u}) of
integral valued functions on 2" defined as follows. For each I € V', we set
e(l,1I°¢ . e(l,I¢
pp(I) == deg(D") + (2) and wh(I) == deg(D;) + (2)

Proposition 4.3. Let D be a G-admissible divisor on T'. The pair (up, pus) is an adjoint
modular pair.

Proof. Let Gp be the spanning subgraph of G whose edge set is . We write

25 (1) = deg(Dy) + 221D enll T

2 2
and obtain the decomposition i, = qp + np for the functions
op(L,I°
qp: 2" — 7, qp(I):=deg(D;) + 1)(2) and
I,I¢
T]D:QI—)Z, nD(I) ::eD(27) vIicV.

By Proposition 4.4 below applied to the graph Gp, the function 7p is submodular. Moreover,
by Proposition 4.5 below, gp is modular. From these, u}, is submodular.
To finish the proof, note that (4.1) yields

po(I) + pp(I°) = deg(D') + deg(Dr-) + (I, I°) = deg(D) = d
for each I € V. Also, up(@) =0, 15 (V) =d. So, (up, 1) is an adjoint modular pair. O
Proposition 4.4. Let G = (V, E) be a finite graph.



TROPICALIZATION OF LINEAR SERIES AND TILINGS BY POLYMATROIDS 21

(1) The function ¢ = (g: 2" — Z defined by
C(I) =e(I, I, VIicV
s submodular.

(2) The function x = xg: 2" — 7Z defined by

x(1) = efr) + <L)

vVIicVv
2 -

1s modular.

Proof. Both statements are well-known. For the sake of completeness, we include a short
proof. Notice that for two spanning subgraphs G, = (V, E;) and G, = (V, E,) with disjoint
edge sets and F, u Ey = E, we have (g, + (5, = (¢ and xg, + X, = Xe- We may thus
reduce the proofs of both statements to the case where the graph G has only one edge {u, v},
u,veV.

In this case, x(@) = 0 and x (V) = 1, whereas x({u}) = x({v}) = 1/2, whence x is modular.
Also, ¢(@) = ¢(V) =0, whereas (({u}) = (({v}) = 1. Given subsets I, J of V,

(U )+ I nJ) =) +¢(J)

holds trivially if I or J is @ or V, or if I = J. In the only remaining case, the left-hand side
is 0, whereas the right-hand side is 2, whence ( is submodular. ([l

Proposition 4.5. Let G = (V,E), {: E — (0,4o) an edge length function, and T the
corresponding metric graph. Let D be a G-admissible divisor of degree d on I'. Then, the
function qp: 2V — 7Z defined by

(5D(Iv IC)

(4.2) qp(I) := deg(Dy) + 5

VIcV

is modular. Furthermore, qp belongs to Hy.

Proof. Denote by GY, the spanning subgraph of G with edge set E \ Ep. We write for each
subset I € V,

€GFD (I, Ic)

gp(I) = deg(D;) + (SD(IQI) = D(I) + e [I] + —y = D(I) + xes, (1).

Here, D(I) = Y} ; D(v), and xg: is the function defined in Proposition 4.4 for the graph
GY. The result now follows by modularity of both functions I — D(I) and x¢. The last
statement is trivial. O

4.3. Semistability polytope of a G-admissible divisor. Let G = (V, E) be a finite graph,
¢: E — (0,+00) an edge length function, and T' the corresponding metric graph.

Let H = RY. Let d be an integer. A degree-d polarization is a modular function on 2"
given by an element g € Hy, that is, an element ¢ € RV with Y, _ ¢(v) = d.

For a polarization q € Hy, a G-admissible divisor D € Div(T") is called g-semistable if it has
degree d and we have the inequalities
e(l,I)

2
The G-admissible divisor D is called g-stable if all these inequalities are strict.

(43)  |deg(Dy) - q(D)] <

for each proper nonempty subset @ < I < V.

Definition 4.6 (Semistability polytope). Notation as above, for a G-admissible divisor D of
degree d on I', the semistability polytope of D is the polytope Pp in H; defined as

Py = {q € Hy | D is q—semistable} .
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In other words, Pp is the set of all ¢ € Hy that verify
e(I,I
5

Remark 4.7. Notice that Pp does not depend on the location of the points in the supprt of
D in the interiors of edges. It depends only on the values of D at vertices of G and on the

V proper nonempty subset @ < I <V, deg(D;) — q(I)] <

(o

spanning subgraph Gp of D. o
Let gp be the element of H; defined in Proposition 4.5, that is,
op(1,I¢
qD(I) = deg(D1)~|—D(2), vIcV.

Theorem 4.8. Let D be a G-admissible divisor of degree d on I.
(1) The semistability polytope Pp < Hy is the set of points g € Hy that verify the inequal-
1ties (1.1
ep(d, ¢
(1) = an(D] < =5
for each subset I < V.
(2) Let (up, p3) be the adjoint modular pair associated to D in Section 4.2. The semista-

bility polytope Pp coincides with the base polytope P, .

Proof. We start by proving (1). Since ¢ and ¢p are both modular, and ¢(V) = ¢p(V) = d,
the set of inequalities in (1) is equivalent to the set of inequalities

I, I
o(I) — qo(I) < %(2) VICV.
Indeed, the inequalities gp(I) — q(I) < % are derived from those above applied to I°.

Using the definition of ¢p, these inequalities are in turn equivalent to the set of inequalities

I, I I, I 1,1
To conclude, we note that the other set of inequalities, deg(D;) — q(I) < # for I <V,

follows from the inequalities

ep(I,I°¢
an(1) —a(1) < 1),
which imply that
I,I°) —o0p(1,I) - e(l,1I°)
2 S22

We now prove (2). The base polytope P,, is the set of all ¢ € Hyq which verify ¢(I) < 3, (1),
I c V, as the other set of inequalities, up(I) < ¢q(I) for I < V, is implied. As explained
above, the set of inequalities is equivalent to the ones in (1), that define the semistability
polytope. ]

deg(Dy) — (1) <

4.4. A criterion for simpleness. Let G = (V| E) be a finite graph, ¢: E — (0, +00) an
edge length function and I' the corresponding metric graph. Let d € Z.

Let 2 be an element of Pic?(T") and consider «7;(2), the set of all the G-admissible divisors
on I which are in 2. For each ordered partition m = (my,...,m,) of V, we denote by E, the
set of all edges with extremities in two different parts of the partition.

Proposition 4.9. Let D be a G-admissible divisor and m be an ordered partition of V.. Then,
wp s w-split if and only if Gp does not contain any edge of E,.

Proof. This follows immediately from the definition of up and Proposition 2.2. ([l
We deduce the following result.
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Proposition 4.10. For each G-admissible divisor D of degree d, the polytope Pp is full-
dimensional in Hy if and only if Gp is connected.

Proof. Equivalently, from Proposition 2.7, up is simple if and only if Gp is connected, which
is a consequence of the previous proposition. ]

The v-reduced divisors are examples of G-admissible divisors whose associated base poly-
topes are full-dimensional; see Proposition 5.11

4.5. Congruence of semistability and Voronoi polytopes. Let G = (V, E) be a finite
connected graph. In the following, E = E(G) is the set of oriented edges of G. For each e € E,
let t. and h, denote its tail and its head. When we write e = uv, we mean only that t. = u
and h, = v. For each e € E and f € RY, write

af(e) = f(te) - f(he)'
The Laplacian
A RV i HO
is the linear map defined by
A(f) ()= > 0f(e)  VveV.

ecE
te=v

Since G is connected, A is surjective. We denote by A the full rank lattice of Hy given by
A= AZY).
For each h € Hy, define
1
A = 5 3 2f(e)?
eck
for each element f € RV with A(f) = h. It is independent of the choice of f made.

We denote by Vorg the Voronoi cell of the origin in (Hy, | - ||) with respect to the lattice
A, that is,

Vorg = {heﬂo | IR < b= A V)\GA}.

Theorem 4.11. Let D be a G-admissible divisor and Pp the corresponding semistability
polytope. Assume Gp is connected. Then, Pp is a translation of Vorg,. More precisely, we
have

Pp = Vorg, + qp.

Proof. We work with the spanning subgraph Gp and denote by A the Laplacian of Gp and
A the corresponding lattice.
Let

<',->:HOXHO—>R

be the scalar product associated to the quadratic form | - |2. Tt is given by

1
(0,40 = ) 6 @)f(v) = Y] L)) = 5 ) 0fi(e)af(e),
veV veV eckE

with f; € RV verifying A(f;) = ¢; for i = 1, 2.

The Voronoi cell is equivalently given as the set of those h € Hy that verify the set of
inequalities
(4.4) <h)\><M VYie A

. 9 < 2 .
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The translation Vorg, + qp is the set of all ¢ € H; which verify the inequalities

)\2
@—ao ¥y < I ” VA€ A,

equivalently,
A= H2

g — gp, M| < Ve A.

Let 1; be the characteristic function of the subset I c V. For A = A(1;), a direct verification
shows that |\|? = ep(I,1°), and {q — qp, Ay = q(I) — qp(I). The above inequality applied to
A = A(1;) thus gives
ep(I,I¢
(1) — ap(n)] < 2L,
Applying Theorem 4.8, we infer that Vorg, + qp < Pp.
To prove the equality in the above inclusion, it will be enough to show that for h € Hy, the

set of inequalities
xy < P
2

for A = A(1;) for all I < V implies all the inequalities in (4.4).

Let A € A. Let f € C%G,Z) such that A\ = A(f). Denote by ny < ny < -+ < n, all
the values taken by f. Since A(f) = A(f + 1y), we may assume that n, > 0. For each
i =1,...,r, define the subset I; = V by

L={veV | f(v)=n}.
We have
L o,o---21,.
Setting ng := 0, we can write f = >%_;(n; —n;-1)1;,. This gives

r

A=A(f) = Y (n;—n )AL,
j=1
Note that we have

(A1), A(1y,)) = ‘ED (I, I9) A ED(Ik,I,j)‘ >0

Jr7g

for each j, k € [r]. This implies that

s T

IAI? = Z ny = n;-1)*[AL)[* = Z ny = ny-n) [A(L)]7

We infer that the inequality (h, \) < /\T for A = A(f) is implied by the r inequalities

AL,
ChyA(1y)) < 5

and the theorem follows. O

jg=1...,7

Remark 4.12. If G is not connected, then Py is not a translate of a Voronoi cell in Hy, as
Pp does not have maximum dimension by Proposition 4.10. On the other hand, let p := up,
and let 7 = (my,...,7) be an ordered s-partition such that u = p,, for s := cd,. By
Proposition 2.2, P, decomposes as the product of the P| inside R™. Now, each ,u] is a
simple supermodular function on m; because s = cd,,, whence P . has maximum dlmension

by Proposition 2.7. Also, u| = up, , and therefore, Gp, is a connected spanning subgraph

of G[m;] for each i by Proposition 4.10. Applying Theorem 4.11 to each D,,, we conclude that
Pp is the translation by ¢p of the product of the Voronoi cells of the G Dr, - o
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5. CHARACTERIZATION OF ADMISSIBLE DIVISOR CLASSES

In this section we prove Theorem 5.8, which gives a characterization of all G-admissible
divisors that lie in a given linear equivalence of divisors on a metric graph.

Let G = (V, E) be a finite graph. Recall that E = E(G) is the set of oriented edges of G,
that for each e € E, we let t, and h. denote its tail and its head, and that we write e = uv
to simply mean that t. = v and h, = v. In I', we may identify each e € E with the interval
[0, 4], where 0 corresponds to t. and £ to h.. For each r € [0, £.], we denote by x¢ the point
at distance r from u on the edge e. Note that with this notation we have z¢ = xi—w where
€ is e with the opposite direction. We call the set of points z¢ with 0 < r < /. the interior
of e, denoted é. Finally, for each I,J < V, let E(I,J) be the subset of e € E with t. € I and
h. € J.

5.1. Linear equivalence of divisors. Let ¢: E — (0, +00) be an edge length function, and
I" the corresponding metric graph. A rational function on I' is a continuous function f: ' -> R
whose restriction to each edge of I' is piecewise affine with integral slopes. Denote by Rat(T")
the set of rational functions on I'.

The order of vanishing, ord,(f), of a rational function f on I" at « € ' is the sum of the
incoming slopes of f at x. The divisor div(f) associated to f € Rat(I") is then defined by

div(f) = > orde(f) ().

zel’

Elements of this form belong to DiVO(F) and are called principal. They form a subgroup of
Div?(T") that we denote by Prin(T'). A divisor Dy is called linearly equivalent to a divisor Dy,
and we write D1 ~ Ds, if the difference D1 — D» is principal.

Let Pic(T") be group of divisors in I' modulo linear equivalence, that is,

Pic(T) := Div(T)/ ~ .

For each d € Z, let Pic!(T") < Pic(T') be the collection of classes of divisors in Div?(X). Then,
Pic’(T") < Pic(T) is a subgroup and the Pic?(I') are its cosets.

In the following, we use calligraphic letters such as 2 to denote elements of Pic(T"). We
write D € 2 to say that D is a divisor on I whose class in Pic(T") is 2. Let @;(2) denote
the set of all G-admissible divisors D € Z.

5.2. Domination property of G-admissible divisors. Before we proceed, we formulate
a key property of G-admissible divisors. This lemma will be of fundamental importance both
in this section and later.

Lemma 5.1 (Domination property). Let D be a divisor on I' and let h € Rat(I') so that
div(h) + D is G-admissible. Let h' € Rat(T") be a rational function with the property that
div(R') + D is effective outside the set of vertices of G. The following are equivalent:

(1) h'(v) = h(v) for allve V.

(2) W' (z) = h(zx) for allx € T.

Moreover, the inequalities in (1) are all strict if and only if so are the inequalities in (2).

Proof. Implication (2) = (1) is obvious. As for the converse, put D’ := div(h) + D. By
hypothesis, D’ is G-admissible. Also, div(h' — h) 4+ D’ is effective outside the set of vertices.
We may thus assume h = 0 and D is G-admissible. For the sake of a contradiction, assume
RW(x) < 0 for a point z € I'. By assumption, = ¢ V. Let e = uv be the edge of G that
contains z in its interior. Let S be the closed subset of e where h’/ |, takes its minimum. Since
B (u),h'(v) =0, and h'(x) < 0, we get S < é. For each point y on the boundary 05 of S in é,
we get div(h')(y) < —1. Moreover, if S = {y} then div(h')(y) < —2. Since D is G-admissible,
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its support contains at most one point on é and the coefficient of D at this point is one. We
infer that D + div(h’) has a negative coefficient in é, a contradiction.
The same proof applies to the last statement in the lemma. O

5.3. Twister function 7° associated to a divisor. To each divisor D € Div(T"), we asso-
ciate its twister function

™. E—-R
which on any oriented edge e of G takes the value
P(e):== ). (L —t)D(f).
te(0,4e)

Note that the above sum concerns only finitely many points, those in the support of D which
lie in the interior of e. This means that 77(e) is well-defined.

Proposition 5.2. For each oriented edge e of G, we have

() +7P(@) =L Y. D(xf).
te(0,4e)

Proof. This is clear from the identity zf = 2§ _,. O
5.4. Twisted integer slopes. Let 7: E — Z be an integer valued function.

Definition 5.3. For each real valued function f: V — R and e € E, define

o . f(te> B f(he) + 7‘(6)
e = | . |
that we call the (incoming) twisted integer slope of f at te along the edge e. o

The name given to @Tf (e) will be justified in Theorem 5.5. Note that if the edge lengths

are all equal to one, and the twist function is 0, then we have 610 f(e) = df(e), so the notation
is consistent with the one in Section 4.
The following statement follows directly from Proposition 5.2.

D

Proposition 5.4. For a divisor D on I' and 7 = 77, we have the equality for each e € K:

Ife)+qf@ =e+ Y, D),

te(0,Lc)

with € equal to 0 or —1 depending on whether %‘W s an integer or not, respectively.

5.5. Admissible extensions of functions with respect to a divisor. Let D be a divisor
on I'. For each real valued function f: V — R, we seek a rational extension f: I — R
for which D + div( f) is G-admissible. The following theorem guarantees the existence and
uniqueness of such an extension.

We will abuse the notion of Euclidean division by saying that y — |y/x|x is the remainder

of the Euclidean division of any real number y by any positive real number z.

Theorem 5.5 (Admissible extension of a function with respect to a divisor). Notation as
above, there is a unique rational extension f: I' - R such that D + div(f) is G-admissible.
Moreover, letting T = 70, the twister function associated to D, the function f is characterized
by the following properties:

(1) The incoming slope of f at each w eV along an oriented edge e with t, = u is @Tf(e).

(2) For each oriented edge e of G and t € (0,4.), the divisor D + div(f) takes value 0 at
x$, unless L, —t is the remainder of the Euclidean division of f(te) — f(he) + 7(e) by
L., in which case it takes value 1.
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G=(V,E) r

buw = 3, buw = buz = oz = 2 D =5(u) + (p)
U v
w x Yy

V-7
fu) ==3,f(v) = f(w) = f(z) = f(y) =0

FIGURE 3. A graph G = (V, E') and an edge length function ¢ are described on
the left; £ assigns length 1 to the three edges wx, xy and vy. The corresponding
metric graph I' is depicted on the right. The divisor D has coefficient 5 at u and
coeflicient 1 at the point p in the middle of the edge ux. The function f: V— R
described in the bottom gives the G-admissible divisor D' = D + div,(f; D)
on I' depicted in red, with coefficient 1 at u,v,w, coefficient 1 at the point ¢
in the middle of uw, and coefficient 2 at x.

Proof. We first prove the uniqueness. Let f , f’ : I' > R be two rational functions extending
f such that both D + div(f) and D + div(f’) are G-admissible. We apply Lemma 5.1 to the
divisor D and rational functions f , f’ , and deduce that f’ > f and f > f ', hence f = f’ , as
required.

We now prove the existence. Identify each oriented edge e = wv with the interval [0, £.],
and enumerate the points in Supp(D) lying in é by 0 < t; < tg < -+ < tp, < L. Also, let
re € (0, 4] be so that ¢, — r. is the remainder of the Euclidean division of f(u) — f(v) + 7(e)
by £, so that

flu) — f(v) +7(e) = @Tf(e)ée + (be — 1e).
Consider the function g.: [0, %] — R defined by

ge(t) = f(u) — @Tf(e)t + (Z D(xf,) max(0,t — t,)) —max(0,t —7¢) Vitel0,l].
i=1
Note that we have ¢.(0) = f(u) by definition. Also, ge(%) = f(v), since

ge(ge) = f(u) - 6;f(e)ee + (Z D(xi-)(ge - tz)) - (Ee - re)
=1
= f(u) - f(U) + 7'(6) - a;f(e)ée - (Ee - re) + f(v) = f(v)

This means that there exists a rational function f : ' — R which on each oriented edge e
of G coincides with g.. By the definition of the functions g., Properties (1) and (2) in the
statement of the theorem are satisfied. This means that D + div(f) is G-admissible. O

Definition 5.6. Let D be a divisor on I' and f: V — R a real-valued function on the vertices
of G. The function f given by the above theorem will be called the G-admissible extension

of f with respect to D. The principal divisor div(f) will be denoted div,(f; D). o

Proposition 5.7. Let D € Div(T') and f € RY. Set 7 := 72 and D' := D + div(f; D). Let
zel'. Then:
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(1) If z is a vertex of G, then
D'(z) = D(2) + > df(e).

ecE
te=2

(2) If z = 2%, where e = uv is an oriented edge, and r is the remainder of the Euclidean
diwvision of f(u) — f(v) + 7(e) by Le, such that r is nonzero, then D'(x%) = 1.
(3) In any other case, we have D'(z) = 0.

Proof. This is a reformulation of Properties (1) and (2) in Theorem 5.5. O

5.6. Characterization of G-admissible divisors. The following is our theorem on char-
acterization of G-admissible divisors in @7;(2), for a class & € Pic(I").

Theorem 5.8. Let D be a divisor on T'.
(1) For each f:V — R, the divisor D + dive(f; D) is G-admissible.

(i) Each G-admissible divisor D' on T that is linearly equivalent to D is of the form
D + divy(f; D) for some f: V — R.

Proof. By Proposition 5.7, each divisor of the form D+div(f; D) is G-admissible, whence the
first statement. Conversely, to prove the second statement, write D’ = D+div(h) for a rational
function h: I' —» R, and denote by f: V' — R the restriction of h to the vertices of G. Then,
h is an extension of f such that D +div(h) is G-admissible. It follows from Theorem 5.5 that
h is the G-admissible extension f of f with respect to D, and thus D' = D + divy(f; D). O

5.7. A consequence. We state the following consequence of Theorem 5.5.

Proposition 5.9. Let D be a divisor on I' and fi, fo: V — R. Let f == fi + fo. Denote
by f and f1 the G-admissible extensions of f and f; with respect to D. Denote by fz the
G-admissible extension of fo with respect to the divisor Dy := D + divy(fi; D). Then,
fit+fa=1.
In particular,
dive(f; D) = dive(f1; D) + dive(fo; D).

Proof. Note that
D +div(fi + fo) = D + div(fy) + div(f) = Dy + div(fs).

It follows that D +div(f 1+ f ») is G-admissible. Since f1 + fz restricts to f; + f, on the vertices
of G, it follows from Theorem 5.5 that f; + f, = f. The last statement is immediate. O

5.8. A-Rationality. Let A € R be an additive subgroup containing ¢, for each e € E. We
say that a divisor D on I' is A-rational if for each edge e = uv € K, each point z of the support
of D on e is of the form z{ for t € A. The A-rational divisors form a subgroup of Div(I"). A
rational function h: I' — R is called A-rational if div(h) is A-rational.

For each 2 € Pic(T"), we denote by %, < Z the subset of A-rational divisors, and by
(D) S Y(Z) the subset of G-admissible, A-rational divisors.

Proposition 5.10. Let D be a A-rational divisor on I'. Let f: V. — R be a real-valued
function and f the G-admissible extension of f with respect to D. Then, f is A-rational if
and only if f(u) — f(v) € A for each e = uv € E.

Proof. Put 7 := 7P. Since D is A-rational, 7(e) € A for every e € E. Then, f(u)— f(v) € A for
each e = uv € E if and only if the remainder of the Euclidean division of f(u) — f(v) + 7(e)

by £, is in A for each e = wv € E, if and only if D + div(f) is A-rational, by Theorem 5.5, if
and only if f is A-rational. U
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5.9. Reduced divisors, I. Recall that a divisor D € Div(I") is v-reduced for a vertex v e V
if D(z) = 0 for all z # v in I', and there is no closed subset S < I' \ {v} that can chip-fire and
respects the effectiveness of D outside v. In each linear equivalence class Z € Pic(I"), there is
a unique v-reduced divisor for each v e V.

Proposition 5.11. Let v € V and D € Div(T") be a v-reduced divisor of degree d. Then,
D is G-admissible, Gp is connected and Pp is full-dimensional in Hy. Furthermore, if D is
linearly equivalent to a A-rational divisor, then D is A-rational.

Proof. Indeed, the chip-firing property of D yields that D has at most degree one in the
interior of each edge of G, or equivalently, that D is G-admissible.

Furthermore, the subgraph Gp is connected as otherwise, we can find a closed subset of
I’ \ {v} that can chip-fire for D keeping effectivity outside v. This implies that the polytope
Pp associated to D is full-dimensional in Hy.

Let 2 be the class of D and D, € Z a A-rational divisor. Let h be an element of Rat(I")
such that D = Dy + div(h). Now, Dy is A-rational, and the edge lengths are all in A, whence
h(u) —h(v) € A for each e = uv in Gp. Since G is connected, this means that h(u)—h(v) € A
for each u,v € V. Since D is G-admissible, Proposition 5.10 yields that h is A-rational, and
thus D is A-rational. O

6. TILINGS BY SEMISTABILITY POLYTOPES OF ADMISSIBLE DIVISORS

Let G = (V, E) be a graph, ¢: E — (0, +00) an edge length function and I" the correspond-
ing metric graph. Let A € R be an additive subgroup containing ¢, for each e € E. Recall
that for each class 2 in Pic?(T"), we denote by %;(Z,) the set of all G-admissible, A-rational

divisors D € 9. Let 65(Zx) < Ma(V') be the collection of all supermodular functions pp, for
D € 4;(2y). Define

Py =Py 9, = U Po.
Dedt(Dn)

Here is the main theorem of this section.

Theorem 6.1. If G is connected, D is nonempty and A is dense in R, then the collection
6c(2)) is separated, closed, complete and positive in the sense of Section 3.

As a consequence, we deduce the following theorem.

Theorem 6.2 (Tilings by semistability polytopes of admissible divisors). Let 2 be a linear
equivalence class of divisors of degree d on a metric graph T' with model (G, {) and G connected.
For a subgroup A € R, if Dy is nonempty and A is dense in R, then the set of semistability
polytopes Py for D € (D)) gives a tiling of Hy, that does not depend on the choice of A.

Figures 1, 4, and 5 are three examples of such tilings of Hy < R? for the triangle graph G.
Notice that, while each Pp does not depend on the location of points of the support of D in
the interiors of the edges, and in particular, on the lengths of the edges, in general, the tiling
given by all of the Pp for D € /(%)) does. The aforementioned figures hint at that, as the
class Z is that of zero in all examples, but the tilings are very different. The first and the
last are periodic but the second is periodic only in one direction. We will discuss periodicity
in Section 10.1.

In the rest of this section we will prove the properties of 6;(%,) asserted in Theorem 6.1,
assuming only what is necessary for each property, as stated in each proposition below, and
then combine the results to prove the above two theorems.
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lup = 4, Ly = 27, Ly = 11

FI1GURE 4. Tiling arising from admissible divisors in the zero class on a metric
graph I'. The graph G is a 3-cycle and the edge lengths are depicted in
the picture, on the right. Note that the ratios of edge lengths are not all
rational. The middle figure shows periodicity of the tiling in one direction. As
in Figure 1, we depict a projection of the tiling to R{“*},

6.1. 65(2,) is separated.
Proposition 6.3. The collection €5(2y) is separated.

Proof. Let Dy and D, be distinct A-rational G-admissible divisors in &, and put u; = up,
and pp == pp,. Then, Dy = D, + div(f) for a function f: V — R, with f the G-admissible
extension of f with respect to D;. Let €,...,¢€, be the increasing sequence of values of f,
taken on subsets 7, ..., of V, respectively. By Proposition 5.10, we may assume the ¢; are
in A. Since D, # D,, we have r > 1.

Let I :==m and J = I°. Put w = (I,J). We claim that w is a separation for u; and p,.

We need to show that
pi(l) + pa(J) = d,
that is,
e(I,J) e(J, 1)
2

deg(Dyr) —ep,(I,J) + + deg(Ds.y) —ep,(J,I) + > d.

This is equivalent to
deg(DM) + 5[)1 (I, J) + deg(ngJ) — €p, (I, J) = d,
whence to
deg(D, ;) — deg(D, ;) —ep,(I,J) = 0.
Using Proposition 5.7, the left-hand side in the above sum is
Z ( - a;f(e) — €D, (6)),
ecE(J,1)

where 7 := 7P and €p,(e) =1 if e € E(Gp,)(I, J), else ep,(e) := 0.

Consider e € E(I, J). Notice that ¢ f(e) < 0 from our choice of . Thus, the contribution
of e to the above sum is non-negative unless e € E(Gp,)(I,J). Suppose e € E(Gp,)(I,J).
By Proposition 5.7 again, f(te) — f(he) + 7(e) is divisible by f.. Since f(t.) < f(h.) from
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bur = b = o

FiGure 5. Tiling arising from admissible divisors in the zero class on a metric
graph I'. The graph G is a 3-cycle and the edge lengths are all equal. As in
Figure 1, we depict a projection of the tiling to R{**}.

our choice of w and 7(e) > 0, we must have @Tf (e) = 1. Therefore, also in this case, the
contribution of e to the above sum is non-negative, finishing the proof of our claim.

If the separation is trivial, then p; and p, are w-split, and the inequalities above are
equalities. The first assertion yields Ep, (I, J) = Ep,(I,J) = &. This and the second assertion
yield ¢'f(e) = 0, or equivalently, f(te) — f(he) + 7(e) < Lo for each e € E(J,I). Now, put
fi=6&l;+el1l;and D' = D, +div(f1), with fl the G-admissible extension of f; with respect
to D;. Then, D’ € 9, by Proposition 5.10. Since €; — €, + 7(e) < £, for each e € E(J, I), by
Proposition 5.7 again, up = p;. On the other hand, Proposition 5.9 yields D, = D'+ div(fg),
with fz the G-admissible extension of f, with respect to D', for f5 :== f — fi.

Notice that f, takes only » — 1 values. If r = 2 then D, = D’, hence puy = pup = p;. Thus,
if gy # po, either r > 2, or r = 2 and the separation w is nontrivial. Argue now by induction
on r. If yy # po and w is trivial, then py # pp, and thus by induction there is a nontrivial
separation for up and p,. Since pup = py, we conclude. ([l

6.2. Admissible chip-firing. For each G-admissible divisor D and each subset I < V, let
X := Xp(I) be the closed subset of I' that consists of the union of all the edges that join a
pair of vertices of I, and all the edge segments that join a vertex of I to a point of the support
of D on the interior of an edge e € E(I,1¢) — Ep(I,I¢). On each edge of E(I,I¢), we thus get
an entire segment consisting of the points that are not included in X. Assume E(I,I¢) # &.

Definition 6.4. Notation as above, we denote by mlp([) the minimum length of the segments
of the form e \ Xp(I) for e e E(I,I°). o

In Figure 6, I is a subset of four vertices which form a complete graph in G, and X = X (1)
is depicted on the left. Here, Ep(I,1¢) = @, and the segments e \ Xp(I), e € E(I,I°), are
colored in red or blue. The length of the blue segment gives mlp (7).

Proposition 6.5. We have mlp(I) > 0. If D is A-rational, then mlp(I) belongs to A.
Proof. This is straightforward. 0

Let € € [0,mlp ()] be a real number and f := f/: V — R be the function taking value 0
on I and value € on I°. In this case, the divisor D + div(f; D) coincides with the chip-firing
move of D by distance € from the cut X of I'. We call this divisor the G-admissible chip-firing
move of D by distance € induced by I. If € is smaller than mly(I), we say the move is small;
otherwise, when € = mlp (1), we call it flipping. We refer to Figure 6 for an example.

6.3. 65(Z,) is closed.
Proposition 6.6. If A is dense in R, then the collection €5(Z,) is closed.
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FIGURE 6. The set X in the metric graph I' depicted in the figure is a cut set.
The three dotted points are in the support of a G-admissible divisor. When
X fires at distance € > 0, the chip placed on each dotted point moves to the
point at distance € on each of the three outgoing branches from X. Here the
move is small.

Proof. Let p = pup be an element of 64 (%, ) for a G-admissible A-rational divisor D € @75 (Z,).
Let m = (F°, F') be an ordered bipartition of V' and E, = E(F*, F'). By Proposition 2.3, it is
enough to show that p, belongs to €5(Z,).

If E, = @, then u, = p, and thus p, € 65(Z,). Assume E, # @&. Choose a positive
real number € € A small enough so that the function f on V that takes value 0 on F° and
value € on F' yields a small G-admissible chip-firing move D' = D + div(f; D) of D. Clearly,
D' € #;(9,). Since e is small and nonzero, Gp does not contain any edge of E,. From
Proposition 4.9 we deduce that up is w-split. It remains to show that up = .

Since pp and p, are w-split, it is enough to show that

(D if I < F°
por (1) = {M(IUFc) —u(Fe) #ICF

Now,
deg(D") if I < F°,

deg((D,)[) = {deg((D)1)+€D(I’FC) if I € F.

Thus, if I € F°, then pup(I) = p(I). On the other hand, assume I € F. By definition,
. 1 . 1
(I U F°) — u(F°) = deg(D™") + 58([ U Fe I° A F) — deg(D™) — ie(Fc,F).
Since I € F, we have
ep(IUFI°NF)—ep(FF)=ep(I,I°)—2ep: (I, F°)
for each G-admissible divisor D", in particular, for D” = 0 and D” = D. We infer that

deg(D"*") — deg(D™) = deg(D; p-) — deg(Dp:) — ep(I U F¢,I° N F) + ep(F°, F)
= deg(Dy) + dp(I, F°) —ep(I,I°) + 2ep(I, F°)
= deg(D") + e(I, F°) + ep(I, F°).

Therefore,
1 1
pI O F9) = u(F) = deg(D') + Le(1,1%) + ep(I, ) = deg((D)!) + Le(1,1%) = (D),

finishing the proof. U
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6.4. 65(2,) is complete and positive.

Proposition 6.7. If G is connected, then the collection €5(Zy) is simple. If in addition A
is dense in R, then the collection €5(Z,) is complete.

Proof. Let p :== up for D € o5(Zy), and let m# = (F, F°) be a bipartition of V' such that
px = p. To show the first statement, it is enough to show the existence of D’ € @7;(Z,) such
that ¢/ == pp satisfies p/ # p and pl. = p.

Since G is connected, E(F, F°) # &. We use the notation introduced in Section 6.2. Let D’
be the (flipping) G-admissible chip-firing move of D by distance mlp(F*) induced by F*, and
put ¢/ == pp. Since D is A-rational, mlp(F¢) € A, and thus D’ is A-rational and u' € €5 (2)).
Also, Ep/(F, F°) # @, and thus g’ is not m-split. In addition, D is a small G-admissible chip-
firing move of D’ by mlp(F*) induced by F, and thus, as seen in the proof of Proposition 6.6,
we have p = p!. Finally, i/ # p because u is m-split and 4 is not.

As for the second statement, if A is dense in R, then %z (%)) is closed by Proposition 6.6,
and hence the same argument shows that the collection 65 (Z,) is complete. U

Remark 6.8. The proofs of Proposition 6.6 and 6.7 yield that, for each D € @;(%) and
bipartition 7 = (F*, F') of V such that up is equal to its 7-splitting, the quantity mly(F°)
is the largest positive real number such that pup, = pp for each ¢ € [0,mlp(F°)) where
D, =D +div(tlp; D). o

Proposition 6.9. If G is connected and 2, is nonempty, then the collection €c(Dy) is
positive.

Proof. Since 65(2,) is simple by Proposition 6.7, and 2, # @, it follows that (%, ) contains
simple elements. Now, for each G-admissible divisor D such that up is simple, the spread of

wp is at least 1/2. O
6.5. Proof of Theorem 6.1. It follows from Propositions 6.3, 6.6, 6.7, and 6.9 that 65 (Zx)
is separated, closed, complete and positive. O

6.6. Proof of Theorem 6.2. We combine Theorem 6.1 with Theorems 3.6, 3.8 and 4.8, and
deduce that the semistability polytopes associated to the G-admissible divisors in </ (Zy)
form a tiling of the full space Hy. O

7. ADMISSIBLE DIVISORS AND REDUCTION OF LINEAR SERIES

Let K be an algebraically closed field with a nontrivial non-Archimedean valuation v. We
assume that K is complete with respect to v and we denote by k the residue field of K,
which is also algebraically closed. Let R be the valuation ring of (K, v), and denote by m
the maximal ideal of R. We denote by A the value group of K. Notice that A is a nontrivial
additive divisible subgroup of R, whence dense in R.

Let X be a smooth proper connected curve over K and denote by X" the Berkovich
analytification of X. We assume familiarity with the theory of Berkovich analytic curves, and
refer to [AB15, Section 4], [BPR13, Section 5] and [Duc], which contain what we need here.

A semistable vertex set for X™ is a finite set V of type 2 points on X™ whose complement
X™ \ V is a disjoint union of finitely many open annuli and infinitely many open disks. A
semistable model for X is an integral proper relative curve X over R with generic fiber X, = X
and special fiber X, which is reduced, connected and has nodal singularities. Any irreducible
component of the special fiber X, of a semistable model X gives a valuation on K(X) and
defines a point of type 2 in X™. The set V of points in X" associated to the irreducible
components of X, gives a semistable vertex set for X™. Moreover, this process provides a
bijection between semistable vertex sets of X" and semistable models of X, see [BPR13,
Thm. 5.38]
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A semistable vertex set V gives rise to a skeleton I' for X™, defined as the union in X™ of V'
and the skeletons of the open annuli in X™ \ V. Using the canonical metric on the skeletons
of the open annuli, we can view the skeleton as a metric graph canonically embedded in X™.
The underlying graph G = (V| E) is connected, and has vertex set V and edge set F in
bijection with the set of open annuli in X™ \ V. There is an edge between vertices u,v € V
for each open annulus in X™ \ V whose closure in X" contains v and v. The edge length
function ¢: E — (0,+00) associates to each edge the modulus of the corresponding annulus.
In particular, all the edge lengths are in A. The graph G is the dual graph of the special fiber
X, of the semistable model X that corresponds to the semistable vertex set V', with vertices in
bijection with the irreducible components of X, and with edges in bijection with the nodes of
Xo. There is an edge e = uv in G for each node that lies on both of the irreducible components
associated to u and v. Via this correspondence, the edge length function associates to each
edge the singularity degree in X of the corresponding node.

Let I" be a metric graph skeleton of X™ with underlying graph G' = (V, E) and edge length
function £: £ — A.

For each v € V, let k(v) be the residue field of v seen as a point of type 2 in X™. The field
k(v) is of transcendental degree one over k and we denote by C, the corresponding smooth
proper curve over k. In the semistable model that corresponds to V', the curve C, is the
normalization of the irreducible component in X, associated to v, so k(v) is the function field
of this component.

For each point z of X™, denote by b, the corresponding valuation on K(X), extending b.
If v € X" \X(K), then v, is a map from K(X) to Ru{+0o0}. Otherwise, that is, if z € X(K),
we view v, as a map from K(X) to Ru {00} which takes value v,(f) = v(f(x)) if f is defined
at x, and —oo otherwise. If z is a type 2 point, in particular, if x is a vertex of GG, the image
of v, coincides with the value group A of v: K — R U {+0}.

For each f € K(X), we denote by eve: X — R U {£o0} the evaluation map that sends
each point z € X™ to v,(f).

Let 7: X™ — T be the canonical retraction map from X" to I'. We call T the tropicalization
map. The restriction of 7 to X(K) is compatible with the specialization map from the generic
fiber X, to X,. Extending by linearity, we get a tropicalization map 7: Div(X) — Div(I")
that sends a divisor D = >} x k) D(z)(z) on X to the divisor 7(D) = >, cx k) D(z)(7(2)).
Since 7(x) is A-rational for each x € X(K), we have that (D) is A-rational.

7.1. Tropicalization and reduction of linear series. For each nonzero rational function
f € K(X), we denote by trop(f) the tropicalization of f, defined as the restriction to I" of the
evaluation map eve: X — R U {£oo}. This gives an element of Rat(T).

Let D be divisor of degree d on X and let 7(D) = >} .x k) D(2)(7(x)) be the A-rational

divisor on I" obtained by the tropicalization of D. Denote by Z the class of 7(D) in Pic?(T),
and notice that 2, is nonempty.

Let H be a vector subspace of dimension r + 1 of the space of global sections of the line
bundle L = O(D), which we view in K(X):

Hc {f e K(X) | div(f) + D > 0}.
The pair (D, H) defines a linear series on X. By the Specialization Lemma [AB15, Thm. 4.5],
7(D) + div(trop(f)) = 7(D + div(f)).

Convention 7.1. In the following, we will choose a section of the valuation v: K~ {0} — A.
In other words, for each A\ € A, we fix ay € K with v(a,) = A in such a way that the map
A — ay induces a homomorphism of groups A — K~ {0}. (Since A is divisible, such a section
exists.) o
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For each nonzero f € K(X), putting a, := a,,s) € K, the element a,'f has valuation
v,(a;f) = 0, and reduction in the residue field k(v) that we denote by f,, for each v € V.
We call £, the relative reduction of £ at v.

Note that f, is nonzero. Choosing another section of v would yield a nonzero k-multiple
of £,. If v,(f) = 0 then a, = 1 and £, is the usual (nonrelative) reduction of f in k(v). We
will generalize relative reduction in Definition 7.7. Under this generalization, f, will be the
reduction of f at v relative to trop(f).

Denote by U, the k-vector space U, of k(v) spanned by the relative reductions f, at v of
nonzero functions f € H [AB15, Section 4.4]. The space is independent of the choice of the
section of v. We have the following result [AB15, Lemma 4.3]:

Lemma 7.2. Notation as above, for each vertex v of G, the k-vector subspace U, < k(v) has
dimension r + 1.

Definition 7.3. We associate to the linear series (D, H) the k-vector space
U = @ U,,
veV
defined by the reductions of H at the vertices v in G. o

Definition 7.4. Let k" := [ ., k. For each element ¢ € k", we denote by ¢, the element
in k given by the v-component of ¢, for each v € V. Each ¢ € k" corresponds to an
endomorphism of U that by an abuse of notation we will also denote by . o

The following is straightforward.

Proposition 7.5. For each ¢ € KV, the endomorphism ¢: U — U is an automorphism if an
only if p, # 0 for every v.

7.2. Subspace of U associated to a G-admissible divisor in ;(2). We generalize
Lemma 7.2 by associating an (r + 1)-dimensional subspace of U to each G-admissible divisor
in 9.

We need the following definition (we will be interested in the A-rational divisor 7(D)).

Definition 7.6 (G-admissible rational functions). For each divisor divisor D on T', we will
denote by .Z#;(D) the set of all rational functions h € Rat(I') such that div(h) + D is G-
admissible. We call them G-admissible rational functions associated to D. If D is A-rational,
we denote by F¢(D; A) the subset of h € #¢(D) such that h is A-rational. o

Notice that, by Proposition 5.10, since G is connected, if D is A-rational, then a rational
function h € Z¢(D) is in F¢(D; A) if and only if h(u) — h(v) € A for each u,v e V.
Let h € Z¢(r(D);A). Denote by My, the set of all functions f € H with trop(f)(v) = h(v)
for every v € V. By Lemma 5.1, this is equivalent to trop(f) > h pointwise on I, that is,
M, == {f e H | trop(f)(v) = h(v) YveV} = {feH | trop(f) > h}.
Notice that v,(a,,f) = 0 for each h € Fo(7(D); A) and f € M.

Definition 7.7 (Relative reduction map red,). The reduction map relative to h is the map
red,: M, - U
defined as follows: For each f € M,, let red,(f) be the element of U whose component

(redy(f)), is the reduction of a;,f to k(v) for each v € V. In particular, if trop(f)(v) > h(v),
then (red,(f)), = 0. o

Each nonzero f in H is in M, for h := trop(f). In this case, the relative reduction f, of f
at v we have defined earlier coincides with the reduction (red,(f)), of f relative to trop(f).
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Definition 7.8 (Reduction of H relative to h). We define the reduction of H relative to h
as the subset W, < U counsisting of the reductions of f € M, relative to h, that is,

Wy, == {red,(f) | £ M, }. o

Different choices of the section A — ay, A € A, will produce different subspaces W,,, but
all the outcomes W, obtained via this reduction process, lie on the same orbit of U by the
natural action of [ [, ., k* defined in Definition 7.4.

Note that for each constant c¢ in the value group A, the space W,,. coincides with W,.
This implies that W), depends only on D = 7(D) + div(h). We can thus set Wy, :== W,. We
use both notations, Wp and W,,, according to the context.

The function h induces a modified norm on rational functions at points on X™. More
precisely, we define the h-norm

an

|- K(X) x X7 — R u {oo}
(F,2) = [f(x)]n = " T f ().

Here, |f(z)| is the norm of f induced by the point x € X", given by |f(z)| = exp (—v,(f)).
With this notation,

M, ={feH | [f(z)[,<1 VzelcX"}.

Notice that M, is an R-submodule of H, whence torsion-free. Also, K-M, = H, as for each
f € H, taking a € K with |a| very small, we have af € M,,. Finally, since K is complete and
H has finite dimension over K, we get that H is complete, whence M, is complete as well.

We have the following generalization of Lemma 7.2 (see Proposition 7.10).

Lemma 7.9 (Reduction Lemma). Notation as above, M, is a free R-module of rank r+1 and
the reduction map red,, factors through an isomorphism of k-vector spaces Mh/ml\/.[h ~ W,.
As a consequence, the subspace Wy, is a k-vector subspace of U of dimension r + 1.

Proof. We give U the structure of an R-module via the quotient map R — k. To prove that
W, is a k-vector subspace of U and that red,;, factors through a surjection M,, / mM, - W,,
we only need to prove that red,: M; — U is a homomorphism of R-modules. This is indeed
the case, as

(redy(af + bg)), = a(red,(f)), + I;(redh(g))v

for each f,g € M, and a,b € R, where @ and b are the reductions of a and b, respectively.

To show the map induced by red, is an isomorphism, it will be enough to prove that
the kernel of red, is mM,. Consider an element f € M, which is sent to 0 in U. This
means trop(f)(v) > h(v) for all vertices v € V. But then, since A contains sufficiently small
elements, there is @ € m such that trop(a='f)(v) > h(v) for each v € V. This implies that
f € aM, € mM,,, as required.

Finally, we show that M}, is a free R-module of rank r + 1, from which we deduce that W,
is of dimension r + 1. This will finish the proof of the lemma.

We claim first that dimy(W,) < r + 1. Indeed, let fi,..., f, be k-linearly independent
elements of W,,, and lift them to fi,...,f, in M,. Since K- M, = H, it is enough to prove
that f1,...,f, are K-linearly independent.

But, if there existed an equation a,f; + --- + a,f, = 0 for a; € K not all zero, we could
assume without loss of generality that min;(v(a;)) = 0, and get

aifi+---+apf, = aredp(fr) + - - - + a,red,(fy) = 0,

with a;, the reductions of the a;, not all zero. This would be not possible, the elements
fi,..., f, being independent.
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Let p = dimk(W),,). Choose a basis fi, ..., f, of W, and lift it to fi, ..., f, in M,. We claim
now that M, = Rf; ®@---@Rf,. Once this has been proved, the equality K-M, = H implies
that p = r + 1, as required.

To prove the claim, we only need to show that fi,...,f, generate M), as an R-module. Let
N be the R-module generated by fi,...,f,, so that we have M), = N + mM,. Proceeding
by induction, this yields M, = N + m"M,, for each n € N. Since M}, is complete, this proves
that M, = N, as required. ]

7.3. Reduced divisors, II. Notice that Lemma 7.2 was not used in the proof of Lemma 7.9.
Actually, we show now that the former can be recovered from the latter.

Proposition 7.10. Let & be the class of T(D) for a divisor D on X. Let v be a vertez of V
and D be the v-reduced divisor in 9. Then, D € </g(Zs) and the projection map Wp — U,
is an isomorphism.

Proof. Since 7(D) is A-rational, it follows from Proposition 5.11 that D € o/;(Z,). Let h be
an element of Rat(I") such that D = 7(D) + div(h) and h(v) = 0. Then, h is A-rational, and
moreover, h| takes values in A.

We first show that Wp — U, is injective. Let f be an element of M, with (redy(f)), = 0,
that is, trop(f)(v) > h(v). Let I be the set of vertices w in V' such that trop(f)(u) > h(u).
We have v € I. We will show that I = V, which implies that red;(f) = 0.

Let € := minyer(trop(f)(u) — h(u)). We have e € A. Let h' € Rat(I') be so that b’ — h
is the G-admissible extension of €1; with respect to D. Then, trop(f)(u) = h'(u) for each
u € V, and hence trop(f) = h' by Lemma 5.1. Assume for the sake of a contradiction that
I # V. Then, D' := 7(D) + div(R’) is the G-admissible chip-firing move of D by e induced
by V ~I. Since v € I and D is v-reduced, D’ cannot be effective outside v. Therefore,
since D" is G-admissible, and D is effective outside v, we should have D'(w) < 0 for some
w e V N I. Now, using trop(f)(w) = h(w) = h'(w) and trop(f) > h’, we deduce that
div(trop(f))(w) < div(h')(w). We infer that

0 < div(trop(f))(w) + 7(D)(w) < D'(w) < 0.
This contradiction proves the claim.

We now show that Wp — U, is surjective. Let f be an element of H with trop(f)(v) =
h(v) = 0. Then, we have trop(f) = h; see [Amil3, Lemma 20]. It follows that f € M,
and (redp(f)), coincides with the relative reduction of f at v. Since U, is generated by the

relative reduction at v of f € H with trop(f)(v) = 0, and the map Wp — U, is k-linear, the
surjectivity follows. O

8. TILINGS INDUCED BY TROPICALIZATION OF LINEAR SERIES

We introduce in this section a second class of tilings that arise from degenerations of linear
series on curves.

Let V be a finite nonempty set. Let k be a field. For each v € V, let U, be a finite-
dimensional vector space over k. The example of interest to us is the ones arising from the
reduction of linear series discussed in Section 7. Define

U= @Uv.

veV

UI = @Uv

vel

For each subset I < V, let

and denote by
t;: Uy —-U and 6:U -1,
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the corresponding insertion and projection maps, respectively. Clearly, the composition 6, o¢;
is the identity. By convention, we set

We have a natural exact sequence,
(81) 0—>U]—>U—>U]c—>o,

where the second map is ¢; and the third is 6.

As in Definition 7.4, we view each element ¢ of kV as an endomorphism of U that by an
abuse of notation we will also denote by ¢. This endomorphism is an automorphism if and
only if ¢, # 0 for every v.

8.1. Adjoint modular pairs arising from subspaces. Notation as above, let W < U be
a vector subspace.
For each I € V, we put Wy := ¢; 06,(W), and denote by v (I) its dimension, that is,

W, :=1,06(W)c U and var (I) == dimy (W;).

Similarly, we denote by W’ the intersection of W with ¢;(Uj), and by vw(I) its dimension,
that is,
W =W ny(U)cSU and  y(I) = dim(W').

We have a short exact sequence
(8.2) 0—->W'—>W-—W; -0,

where the second map is the inclusion and the third map is ¢; 0 6.

The construction is functorial: given ¢ € k¥ and subspaces W, W, € U with ¢W, € W,
we have oW! € Wi and oW, ; € W, for each I = V.

Note that with these notations, for W = U, we have U! = Uj;, and the exact sequence
(8.2) is identical to (8.1).

Proposition 8.1. Notation as above, let W < U be a vector subspace of dimension r + 1.
Then, (rw,3) is an adjoint modular pair of range r + 1.

Proof. From the short exact sequence (8.2), we get Wy ~ W / WL, We deduce the equation
vw(I) + vy (l) =7+ 1.
It will be thus enough to show that vy is supermodular, that is, for I, J < V', we have
dimi W' + dimg W’ < dimg W' + dimy W7,
This follows from the fact that W/ and W/ are subspaces of W7 with intersection W/~7/. [

Definition 8.2 (Base polytope associated to a subspace W < U). We denote by Qw the
base polytope associated to the pair (v, 15). Thus,

Qw ={qeR" | vw(I) < q(I) < viy(I) for each I = V'}. ©

Note that the values taken by any point ¢ € Qw at any v € V are all non-negative. Also, the
sum Y, .y, ¢(v) coincides with the range of vy, which is r + 1. Denote by A,;; the standard
simplex in H,,1 given by

A= {qeRV | q(v) =0 for all v e V, and q(V) =7‘+1}.
We infer the following.
Proposition 8.3. The base polytope Qw is a subset of the standard simpler Apy1 in Hpyq.
Note as well that Q,w = Qw for each ¢ € k¥ with ¢, # 0 for every v.
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8.2. Families of modular pairs coming from reductions of linear series. Notation
as in Section 7, let 7: X — I be the retraction map from X" to I', and let 7(D) be the
tropicalization of D. Let 2 be its class in Pic*(I") and 2, < 2 the subset of A-rational
divisors. Denote by /(%)) the set of G-admissible divisors D in %,. Each divisor D in
95 (2,) is of the form div(h) 4+ 7(D) for some element h € F5(7(D); A). Moreover, since G
is connected, h is unique up to translation by a constant in A. By Reduction Lemma 7.9, we
can associate to the G-admissible A-rational divisor D a subspace of U of dimension r + 1
that we denote by Wp := W,. We denote by (vp, v}) the adjoint modular pair corresponding
to Wp, defined in the preceding section, and denote by Qp the corresponding base polytope.

Let €x,c)(D,H) be the collection of supermodular functions vp for D a G-admissible
divisor in %, that is, A-rational and linearly equivalent to 7(D).

We have the following result.

Theorem 8.4. The collection € x ¢)(D, U) is separated, closed, positive and complete for the
interior of the simplex A1, in the sense of Section 3.

From the above theorem, we deduce the following result.

Theorem 8.5. The collection of polytopes Qp associated to A-rational G-admissible divisors
D in the linear equivalence class of the divisor (D) gives a tiling of the standard simplex
JAVIR

An example of such a tiling is depicted in Figure 7.

From the proof of Theorem 8.4 and that of Theorem 6.1 we get the following result.
Theorem 8.6. Let «, 8 be two positive real numbers. Then, the collection of supermodular

functions aup + Bvp, for G-admissible divisors D € Dy, is separated, closed, positive and
complete.

As a corollary, we deduce the following theorem.

Theorem 8.7. Let a, 5 be two positive real numbers and n = ad + S(r + 1). For each G-
admissible divisor D in 9y, let P, 5 p be the polytope associated to the supermodular function
apup + Pvp. Then, P, 5p = aPp + BQp, and the collection of polytopes P, 5 p gives a tiling
of H,.

An example of a tiling given by this theorem is depicted in Figure 2. Note that the first
assertion in Theorem 8.7 follows directly from Proposition 2.8: the polytope associated to
aup + Prp coincides with aPp + SQp.

The rest of this section is devoted to the proof of these theorems.
8.3. Induced maps for the W,. Let hy, hy, be two elements of Z¢(7(D);A). Let
Ao := min(hy(v) — hy(v)) = min(hy(x) — hy(2)),
veV zel
where the last equality comes from the domination property. So we have
hQ(’U) — )\2 = hl(’U)

for every v € V, with equality on at least one vertex v € V.

Recall Convention 7.1, with which we fix a section A — a) of the valuation v: K* — A,
and use it to define the relative reduction maps red,. Then, a;'M,;, € M,,, and this induces
a map

Zi: th g Whl
redp, (f) — redp, (a;}lf) vV feM,,.
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0 —1 —1 0
6 5&2 2&3 2&5 ()bﬁ

FIGURE 7. Example of a tiling in Theorem 8.5. The graph G is the dual graph
of a curve with three components. The edge lengths are all equal to one. The
divisor D on the curve X has degree 6 and its tropicalization has support in
the vertices. The G-admissible divisor corresponding to each stratum in the
tiling is given with the same color. As in Figure 1, we actually depict the
projection of the tiling to R%.

More precisely, this map is the restriction of the endomorphism of U given by ¢ € k¥ with

1 if’l}eIQ

=red(a, ' alan,w) =
Po ( ha(v) FAe Pha( )) {0 otherwise

where I, — V is the set of all v € V where hy, — h; takes its minimum, i.e.,
I == argmin(hy — b)) NV = {v eV | hy(v) — hi(v) = Ao} .
Then, we have
$r =t 00 |y, * Wiy — Wi,
By symmetry, we get a map
(Z)Z; Whl - th
induced by the element a,, € K, where
A i=min(h;(v) — hy(v)) = min(h(x) — ho(z)).
veV zel’
Putting
I == argmin(h, — b)) "V = {v eV | hy(v) — hy(v) = A1},

we have that
hi __ .
Qe = L1y Oeh’vvhl‘ Wy, — W,,.
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If we were to change the section of v, all the W, would change in tandem to other subspaces
of U in the same orbit of the original W, by the action of [ [ ., k*, in such a way that qbfj
would be the restriction of the same endomorphism of U for each hy, hy € Z5(7(D); A).

Proposition 8.8. Notation as above, ker(¢}?) = W,2 and im(¢}?) € Wy2. Also, if hy — hy is
not constant, then <Z>Z; o gbZi =0.

Proof. Both assertions in the first statement follow from the fact, observed above, that gbe is
induced by an element ¢ € kY whose value is zero at v € V' if and only if v € I%.

As for the second statement, since hy — hy is not constant, we have I, n [, = @, and so
I, < If. By symmetry, ker( Z;) = Wz'l Therefore,

im(¢;2) € Wi © Wy, = ker(6}),

and so d)Z; o qSZf =0. g

Let D1 = T(D) + le(hl) and D2 = T(D) + le(hg)
Proposition 8.9. Notation as above, assume hy — hy is not constant. Then, the pair (I, I5)
s a separation for vp, and vp,, which is strict if and only if W}Ifl # im( Zi) Similarly, the
pair (11, If) is a separation for vp, and vp,, which is strict if and only if VV{;2 # 1m(¢23)

Proof. Applying the previous proposition, we infer that
v, (1) + vp, (L) = dimy (W,{i) + dimy (W)

h1
> dimg (ker (aﬁZf)) + dimy (im (gbe)) = dimy (W;,) = r + 1.
This proves the first claim. The second follows by symmetry. O
Proposition 8.10. Let hy, ha, hy € Zo(1(D); A). If ¢)2 o ¢yl # 0, then ¢} o @)t = ¢

Proof. Let
Aij = mi‘gl(h,-(v) —h;(v)) and I; := argmin(h; — h;)
ve

for i,5 € {1,2,3}. Then, \;3 = A5+ o3, with equality if and only if I, 5 N I3 # &, in which
case 1172 M _[273 = 11,3. 1\IOVV7 if I1:2 M 1273 = @, then d)Zi O (ZSZ; = 0. OtherWiSG, 11»2 M 1273 = _[173,
and hence ¢Z; e ¢Z§ = qbZ; O

8.4. €x)(D,H) is separated.
Proposition 8.11. The collection €¢x (D, H) is separated.

Proof. Let hy, hy € Fo(7(D); A) and put D; := 7(D) + div(h;) and v; := vp, for i = 1,2. We
have Dy = Dy + div(hy — hy). Let €, < €5 < --- < ¢, be the increasing sequence of values of
hy — hy on V taken on subsets 7y, ..., m,, respectively, so that m = (my,...,7,) is a nontrivial
ordered partition of V. Assume D, # D,, so r > 1.
Let I = m and J = x¢, and consider the ordered bipartition w = (I,J). Applying
Proposition 8.9, we deduce that w is a separation for v, and vs.
If this separation is trivial, then we must have, using Proposition 8.9 again, that
e v, and v, are w-split, and
o im() = Wj,.
The first property is equivalent to ¢; o 6, inducing isomorphisms W{L — W, fori = 1,2,
which lead to decompositions:

W, =W, ®W; and W,, =W, ®W; .

As for the second, since ker( Zf) =W and W; =W, ;, it is equivalent to gZ)Zf inducing an
isomorphism from W, ; to W, ;, or equivalently, an isomorphism W,{Q — an.
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Let f € Rat(I") be the G-admissible extension of f := e;1; + €1; with respect to D;, and
put D' := D, + div(f). We have D' = 7(D) + div(R’) where i’ := hy + f. Since the ¢, are
in A, we get that also b’ € Z;(7(D);A). Notice that the set of vertices of V' where h' — h,
(resp. hy — k') takes minimum value is m; (resp. m U ).

It follows that the maps ¢;? and ¢} induce injections Wi — W, and W/, - W! . Also,
by Proposition 8.10, the composition of these injections is the map W; — W} induced
by (b}ﬁ, which is an isomorphism. We infer that both injections are isomorphisms. Now,
since W = W,, ;, the map ¢ induces as well an isomorphism Wy ; — W, ;, and we have
W!, = W, ;. But then the spaces W}, and Wj have the same dimension, and since ¢}}
induces an injection W — W, that injection is an isomorphism too. We conclude that

Wh’ = WIIL/ (‘BWJ/ = WI (‘BWZI

hl

It follows from this equality that vp = v;.

On the other hand, hy, — A’ takes only r — 1 values. If r = 2, then D, = D’, whence
vy = vp = v;. Thus, if v # vy and r = 2, the separation w is nontrivial. Arguing now by
induction on 7, if » > 2 and v; # s, then we have v, # vp/, and thus by induction there is a
nontrivial separation for vp and v,. Since vp = vy, we conclude. ]

8.5. Exact pairs. Consider two functions hy, hy, € F¢(7(D);A). In this section we prove
Proposition 8.13, which roughly speaking shows that if h; and h, are distinct but close to
each other, then the two spaces W;,, and W,, are in close relation.
More precisely, we say that W;, and W, form an exact pair if we have
ker(¢)2) = im(¢p,) and  ker(¢}) = im(¢}?),
that is, if the sequence
Wh1 - WhQ - Whl - th
induced by the maps qbZ; and d)Zf is exact. In this case, we say (W, , W,,) is exact.

Proposition 8.12. A pair (Wy,, Wy,) is ezact if and only if ker(¢,?) = im(¢}").

Proof. One direction is trivial. Assume ker(¢)?) = im(¢}!). In any case, Proposition 8.8
yields im(¢,?) < ker(¢}!). But now
dim (im(¢}?))) = r + 1 — dim (ker(¢}?)) = r + 1 — dim (im(¢}!)) = dim (ker(¢}!)),

from which the proposition follows. U

Notice that if (W), W,,) is exact, then h; — h, is not constant. Moreover, denoting by
I, (resp. I,) the subset of V' where hy — hy (resp. hy — hy) takes minimum value, it fol-
lows from Proposition 8.8 that ¢} (resp. ¢,2) factors through an isomorphism W, ;, = W;!
(resp. Wy, 1, = Wffl) Clearly, I} n I» = @.

The following proposition gives sufficient conditions for exactness.
Proposition 8.13. Let hy, hy € Fo(T(D); A). Assume that the difference ho—h; takes exactly

two values on V. Let d be the positive difference between these two values, and let FF <V be
the subset where hy — h, takes the maximum value. Then, if d is small enough, we have

W, =W, ®@W,  and the pair (Wy,, Wy,) is ezact.
The proof gives an explicit description in terms of a constant ¢ > 0, defined in terms of h;
and the reduction map redy,, on how small d should be in the proposition.

We introduce the following notation before going through the proof. Given an element
he Zq(1(D); A) and a subset F' < V', we define

M} = {f € M, | trop(f)(v) > h(v) for all v e F°}.
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This is an R-submodule of M,. Obviously, we have mM,, € M}. Moreover, M /mM,, is
naturally isomorphic to Wy

Proof. Applying Proposition 8.8, we see that ¢Z; factors through an injection Wy, p — Wy,
and ¢}* factors through an injection Wy, po — W/ . By Proposition 8.12, the former is an
isomorphism if and only if the latter is. Also, the composition of the two maps

F¢ Fe
WE > Wy, e — W

ha

is the map W), — W;" induced by ¢Zf It is thus enough to show that this induced map is
an isomorphism, provided that d is small enough.
As observed before the proof, the reduction map redy, takes M} onto W;~ . Choose ele-

ments fi,...,f, € M} whose reductions redy, (f;) generate W} . Consider the R-submodule
N of M), generated by fi,...,f,.
Define
(8.3) ¢ = min (min (trop(fj)(’u) - hl(v)>> .
jelp] \veF

Then, c¢ is positive and belongs to the value group A. Also, each f € N can be written as
f = aify + -+ + a,f, for certain a; € R, whence the ultrametric triangle inequality yields
trop(f)(v) — hy(v) = ¢ for every v e F.

After summing a constant, if necessary, we may assume the difference h; — h, takes maxi-
mum value zero. Then, for each f € M,,,, we have trop(f) = h;, and so M, € M,,,. Moreover,
trop(f)(v) = ho(v) > hy(v) for all v € F. That is, M,,, € M}".

Assume d < ¢. Then N € M. Since hy and h, agree on F', we have redy, (f;) = redy, (f;)
for each j € [p]. Since W} is generated by the reductions redy, (f;) and W} contains the
redy, (f;), we have that ¢}> induces an isomorphism Wi — W/, as required. O

8.6. ¢x,c)(D,H) is closed.
Proposition 8.14. The collection € x ) (D, H) is closed.

Proof. Consider a G-admissible function h € #¢(7(D);A), and let D := 7(D) + div(h). Let
v =vp. Let m = (F°, F) be an ordered bipartition of V. By Proposition 2.3, it is enough to
show that v, belongs to €x,¢ (D, H).

Let f € Rat(T") be the G-admissible extension of f := elp with respect to D, and put
D' := D +div(f). Then, D' = 7(D) + div(h') for b/ := h + f. Since € € A, we have that also
h'e Zo(t(D);A). Let v/ == vp. We claim that v, = /.

Indeed, by Proposition 8.13, we know that v/ is w-split. In addition, and because of that,
qbZ, and ¢} induce isomorphisms W, ; — W, and WE™ — W, Tt follows from the second
isomorphism that v/(I) = v(I) for each I € F*¢, and from the first that (v/)*(I) = v*(I) for
each I € F. By adjunction, this latter property is equivalent to v/(J) = v(J) for each J € V
with F° < J. We infer that

ve(I) =v(IUF)+v(InF)—v(F) =V (I UF)+ V(I nF)=V(F)=v.(I) =1V ()
for each I < V, and the proposition follows. O

8.7. Threshold of 7-splitting. Let v := vp be an element of €x (D, H) such that Qp

intersects Ar-{-l- Let m = (I,J) be a bipartition of V' such that v, = v. For each t € A, let
D, := D +div(t1,, D).
In this section we prove the following result.

Proposition 8.15. There exists a largest positive real ¢ € (0, +00) such that vp, = v for each
te[0,¢) nA. Moreover, c € A.
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Notice that, for ¢ small, D, is the G-admissible chip-firing induced by I. In analogy with
Definition 6.4, we define the following quantity associated to D and m = (I, J); see Remark 6.8.

Definition 8.16. Notation as above, we denote the element of A obtained from Proposi-
tion 8.15 by tsp(I) and call it the threshold of mw-splitting of vp. o

The rest of this section is devoted to the proof of Proposition 8.15. Let h € F¢(7(D); A)
be such that D = 7(D) + div (k). For each positive real number ¢ in the value group A, let f;
be the G-admissible extension of ¢1; with respect to D. Let h, :== h + ft Note that we have
hi € Z(T7(D); A) and D; = 7(D) + div(hy).

Lemma 8.17. Let S < A < R be the subset consisting of all real numbers t € A such that
vp, = v. There exists an open subset U of R such that S = U n A.

Proof. Since v is w-split, we have
W, =W, @ W;.
Since Qp intersects Ar+1> we must have W, ; # 0.

We apply Proposition 8.13 to the pair of elements h and h; in Z(7(D); A). It yields c € R
such that for each ¢ € (0,¢) n A, we have

W, = W{Lt @W,‘{t =W, ®&@W,, ;= Wi G—)W}{ =W,.

Thus, vp, = v for every t € [0,¢) n A. Applying the same argument to v and the bipartition
7¢ = (J,I) instead of 7 yields a negative number ¢’ € R such vp, = v for every ¢ € (¢,0] n A.

Notice that, since vp, = v, we have that vp, is w-split and Qp, intersects Ar+1 for each
t € S. The above reasoning can be thus applied to each point of S, showing the existence of
an open U < R such that S = U n A. ([l

We will need the following lemma.

Lemma 8.18. Letm = (I, J) be a bipartition of V.. Let D € /() and Dy := D+div(t1,; D)
for each t € A. Then, Wp, ; = 0 for large enough t.

Proof. Let h € Z#¢(1(D); A) such that D = 7(D)+div(h). Foreacht € A, let h, € Z¢(7(D); A)
such that h; — h is the G-admissible extension of t1; with respect to D. By definition,
Wp, = W, is the reduction of M,,. We claim that, if ¢ is large enough, for every f € M,,,, we
have (redp,(f)), =0 for all v e I.

By definition, M}, consists of those f € H that verify trop(f) > h
reduction map redy,, we need to prove that trop(f)(v) > hi(v) = h
v € I, provided that ¢ is large enough.

Let f € H. Using the equality 7(D) + div(trop(f)) = 7(D + div(f)), we get

div(trop(f)) + 7(D) > 0.

By [GKO08, Lemma 1.8], this implies that the slopes taken by trop(f) are all bounded in
absolute value. Using connectivity and compactness of I', this implies that there exists a
constant C' > 0 such that trop(f)(u) — trop(f)(v) < C for each u,v € V. Choose t larger than
C'+h(v)—h(u) for every v € I and w € J. Then, for each f € H and v € I, if trop(f)(v) = h(v),
we get

+. By the definition of the
(v) for every f € M, and

trop(f)(u) < trop(f)(v) + C = h(v) + C <t + h(u) = hi(u)
for each u € J, that is, f ¢ M,,. This proves the claim and the lemma follows. ]
Proof of Proposition 8.15. We start by proving the existence part of the proposition. Since

Qp N Ay # @, we have Wp; # 0, and thus also Wp,; # 0 for each ¢t € S, as vp, = v.
We apply now Lemma 8.18 and infer that S does not contain the full set [0, +00) n A. In
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particular, there exists a largest ¢ € (0, +o0) such that for each ¢t € [0,¢) N A, we have vp, = v.
This proves that tsp () exists.

We show now that tsp(I) belongs to A. Consider the set trop(H) consisting of the tropi-
calizations of all functions in H, i.e.,

trop(H) := {trop(f) | f € H}.

The set trop(H) is closed in the sense that any pointwise limit f: I' — R of functions fi, fs, ...
in trop(H) belongs to trop(H), see [AG22, Theorem 8.3].

Consider a sequence (t,)nen of positive real numbers in A converging to tsp (/) from below.
We have t,, € S by the definition of tsp(I). Applying Proposition 8.13, there is ¢, € R., such
that [t,,t, +¢,) " A < S for each n € N (see Lemma 8.17). In particular, ¢, + ¢, < tsp(]).
Moreover, as the proof of Proposition 8.13 shows, we may choose ¢, such that Equation (8.3)
holds. In particular, there is a rational function f, € M{Ltn verifying trop(fy)|, = hs,|, such
that

i
¢, := min(trop(f,)(v) — hy, (v)) = min(trop(£,)(v) — h(v) — t,).
veJ veJ
Since trop(f,,) coincides with h on I, and the slopes of trop(f,,) are bounded (see proof of
Lemma 8.18), we infer, by applying Arzela—Ascoli Theorem, that passing to a subsequence
if necessary, the sequence (trop(fn))neN converges uniformly. Since trop(H) is closed, the
sequence converges to trop(f) for some element f € H. To conclude, note that

tsp(I) = lim ¢, = lim (¢, + ¢,) = lim (min(trop(fn)(v) - h(v)))

n—o0 n—0o0 n—o0 veJ

= mi?(trop(f)(v) — h(v)) € A. O
ve
8.8. ¢x.c)(D,H) is relatively complete.

Proposition 8.19. The collection €x.q)(D,H) is complete relative to Ar+1; the interior of
A1'+1-

Proof. Since €x,)(D,H) is closed by Proposition 8.14, we only need to consider an element
v = vp of €x.¢)(D,H) and a bipartition 7 = (F, F) of V such that v, = v and Qp intersects
A, 41, and to show the existence of ¢/ in % x,c)(D, H) satisfying v/ # v with 7-splitting v/ = v.

Let h € Z¢(7(D); A) be such that D = 7(D) + div(h). For each positive real number ¢ in
the value group A, let ft be the G-admissible extension of f; := t1p with respect to D. Let
he == h+ f, and D, := 7(D) + div(h,).

We apply Proposition 8.15 to v = vp and 7¢ = (F°, F'). Let b := tsp(F*) be the threshold
of me-splitting of v. We have b € A. Let h’ := h;, and v/ := vp,. Then, we must have v/ # v,
as otherwise, by Lemma 8.17, there would exist an € > 0 such that for every ¢ € [b,b+¢] n A,
we would get vp, = vp, = v, contradicting the definition of tsp(F*).

Apply now Proposition 8.13 to the pair of elements h’, h,_, for a small enough positive
number ¢ € A. Since ¢ is small, W,, , = W,,. By that proposition,

W, =W, r ®@W; =W, ® W, s,
whence v/ = v. We have proved the existence of 1/ # v with v/ = v, as required. ]

8.9. Proof of Theorems 8.4 and 8.5. We have verified that the collection ¢ = €(x (D, H)

is separated, closed, and complete for A,«H, our Propositions 8.11, 8.14 and 8.19. Since the
supermodular functions in €x ) (D, H) take integer values, the spread of the simple ones is
at least 1. This proves that €(x ¢ (D, H) is positive, finishing the proof of Theorem 8.4. We
thus infer from Theorems 3.6 and 3.8 that the corresponding polytopes provide a tiling of Py,
containing the interior of A,;1. Since Py is closed and contained in A, .1, we conclude. [



46 OMID AMINI AND EDUARDO ESTEVES

8.10. Proof of Theorems 8.6 and 8.7. Consider the collection %, s given by the super-
modular functions aup + Bvp for D € o5(2,), where 9 is the class of 7(D) in Pic(T).

To show that €, s is separated, let D, and D, be distinct divisors in @;(%,). Put p; :== up,
and v; := vp,, as well as p; = au,; + By; for i« = 1,2. Observe that the proofs of Proposition 6.3
and Proposition 8.11 follow the same argument. They start by producing a bipartition w of
V' that is a separation both for p; and us, and for 14 and vy, whence for p; and p,. If the last
separation is trivial, so are the first two, and both proofs show that a particular D’ € o/ (%,)
satisfies upr = p; and vp = vy, and hence p' = p, where p' = aup + Bvp. The proof
concludes now as in the propositions, by observing that if p; # p,, then either p’ # p;, and
hence w is a nontrivial separation for p; and p,, or p' = p;, whence p’ # p,, but D’ is closer
to D, than D;, and hence there is by induction a nontrivial separation for p’ and p,, and thus
for p; and ps.

To show that the collection €, g is closed, let h € Z¢(r(D);A), and let 7 = (F°, F) be a
bipartition of V. Let D := 7(D) + div(h), and p := pp and v := vp. Then, the proofs of
Proposition 6.6 and Proposition 8.14 show that for a small positive number € in the value
group A, we have that h’' € Z5(7(D);A), where b/ := h + f, for f the G-admissible extension
of f := elp with respect to D, and that p, = up and v, = vp, where D' := 7(D) + div(h').
Thus,

(alu‘ + 61/)7‘, = Qg + /81/7\' = Qpp + IBVD’

To show that €, g is complete, let h € F;(7(D);A) and D = 7(D) + div(h). Put p == pp
and v = vp, and let p = au + fv. Let 7 = (F, F°) be a bipartition of V' such that p, = p.
Then, u, = p and v, = v. For each positive real number ¢ in the value group A, let ft be the G-
admissible extension of f; := t1; with respect to D. Put h, == h—i—ft and D, := 7(D)+div(h,).
Then, h; € Z¢(7(D);A). For each t, let u; := up,, v, == vp,, and p; == au; + L.

Let b := min(mlp(F°), tsp(F°)), with mlp(F°) and tsp(F°) introduced in Definitions 6.4
and 8.16, respectively. Since D is A-rational, Propositions 6.5 and 8.15 yield that b € A. By
definition of these numbers, we have u, = p and v, = v for each t € [0,b) N A, and that either
iy Or vy, is not m-split. In any case, the results show as well that u;,, = ¢ and v, = v. Thus,
Por = p, and p, is not w-split. We infer that p, # p and the claim follows.

Finally, the collection %, g is obviously positive. This proves Theorem 8.6. As before,
Theorem 8.7 follows from Theorems 3.6 and 3.8. g

9. GEOMETRIC FEATURES OF THE TILINGS
In this section we discuss geometric properties of the tilings in Theorems 6.2, 8.5, and 8.7.
9.1. Regularity of the tilings. Our first result in this section is the following.

Theorem 9.1. The tilings in Theorem 6.2, in Theorem 8.5, and in Theorem 8.7 are all
regular.

Proof. In each case, we let @, (%\) < @z(Z) be the collection of G-admissible A-rational
divisors D whose associated polytope, be it Pp, Qp or P, g p, is full-dimensional. To simplify
the presentation, we let pp be the supermodular function and P}, the polytope associated to
D in each case. Also, let H € RY be the hyperplane of RV containing all the P},.

Each function f: V — R gives rise to an R-linear function on RY, denoted (f, -), that sends
q to

(f,q) =, f(v)q(v).
veV

Fix Dy € (D), as well as f; € R and Ay € R. We claim that there are f, € R and
Ap € R, for each D € <75 (Z,), such that the following four properties hold:

(1) fDU = fo and )‘Do = Ao-



TROPICALIZATION OF LINEAR SERIES AND TILINGS BY POLYMATROIDS 47

(2) D = Dy + div(fp — fp,; Do) for each D € ().

(3) The restrictions of the affine functions (fp, ) — Ap to P}, for D € «,(2,) glue to a
global function ® defined on the union of all the P}, in H.

(4) The function @ is convex with domains of linearity given by the P},, D € <7, (Zh).

To prove the claim, put fp, = fo and Ap, == A¢. For each D € @/,(%,), we choose a
sequence Dy, Dy, ..., D, = D in 4/;(Z,) such that, for each i = 1,...,p, the polytopes P/, |
and P}, intersect in a common facet. The proofs of Propositions 6.6 and 6.7 in one case,
and those of Propositions 8.14 and 8.19 in another, and finally that of Theorem 8.6 in the
remaining “mixed” case, show that for each ¢ = 1,...,p, there exist a bipartition m; = (FF, F})
of V and a b; € A n R, satisfying the following three properties:

(a) D; = D; 1 +div(bjlg; D; ).
(b) The base polytope of (pp,_,)r, is a facet of P}, .
(c) The m;-splitting of pp,_, is the 7§-splitting of pp,, that is, (pp,_,)x, = (PD,)me-

Property (b) implies the uniqueness of 7; for each i. Also, b; = mlp,_, (F¥), or tsp,_, (FYF), or
min (mlp, , (FY), tsp, , (F¥)), depending on whether we consider Pp, Qp or P, s p, respectively.

It follows from (c) above that the common facet of P;,  and P}, coincides with the base

polytope of (pp,_,)x, = (P, )xe-
We define

p P
(9.1) foi=fp, + D bl and  Ap:=Ap, + > b pp,(F).
i=1 i=1
It is clear from Property (a) above, and Proposition 5.9, that Property (2) holds for every i.
We will prove below that, though fp and Ap might be different for a different choice of the
sequence D;, the restriction of (fp,-) — Ap to the hyperplane H < RY does not depend on the
choice. Assuming this for the moment, we show (3) and (4).
To prove (3), consider D, D’ € <7,(Z,) such that P}, and P}, share a facet. We may assume
the sequence Dy, ..., D, 1,D, = D chosen for D satisfies D’ = D, ;. In this case, for every
point ¢ in the intersection of P/, and P}, we have

(fD - fD’7Q) = pr(Fp) = prD(Fp) =Ap — Ap.

We infer that the restrictions of (fp,-) — Ap and (fp/,-) — Ap to the intersection P/ n P},
coincide. This implies that the restrictions of the (fp,)—Ap to P/, glue together to a function
® on the union of the P},. So (3) follows.

We now prove (4). Obviously, by definition, <I>|PL,7 is the restriction of an affine function.

Since the union of the P}, for D € &/,(%,) is a convex domain in the hyperplane H < RY,
it will be enough to show that the function @ is strictly convex around Pp n P}, for each
D, D’ € @,(2,) whose associated polytopes share a common facet. Here, strict convexity
is understood in the polyhedral geometric context, in the sense that there exists an affine

function ¢ on RY which coincides with ® on the intersection P}, n P/, but (@ — <Z>) lpr pr >0
and (® — ¢)|,, , > 0.
As in the proof of (3), we may assume the sequence Dy,...,D, ;,D, = D chosen for D

satisfies D’ = D,_;. Then, the base polytope of (pp)., is the intersection P/, n P/, and
fo— for =by1g, and A\p — A\pr = bppp(F,). We claim

6= 5((o:) =20+ () = W)

works as desired. Indeed,

¢’P,§mP[’), = (I)‘P,gmng,’
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given that (fp,:) — Ap and (fp/,-) — Ap coincide on the facet. In addition,

1
((I) - ¢) ’P,;\Pl;/ 25((fD7 )= (foy:) = Ap+ )‘D') ’P,;\P];,
1
=3 ((bple ) = bppD(Fp)) ’P,g\P[g,’
which is positive because ¢(F,) > pp(F,) for each ¢ € P, ~P/,. An analogous argument shows
that ((ID — gf)) > () as well.

P/ <P},

It remains only to prove that the restriction of (fp,-) — Ap to the hyperplane H < RY does
not depend on the choice of the sequence D;. Given two sequences of divisors Dy, ..., D, = D
and D,., = Dy, D, 41,...,D,11,D, = D from D, to D, we merge them together to get a
sequence Dy,...,D, = D,D,,...,D,,, = D,. This way, it will be enough to prove that
along any cycle Dy, Dy, ...,D, = D, with consecutive associated polytopes sharing a facet,
if we pursue as in Definition (9.1), we get that (fp,, ) — Ap, coincides with (fp,,:) — Ap, on
H. Note that this cycle represents an actual cycle in the dual graph of the tiling. This dual
graph has vertices in bijection with the P}, for D € «7;(%,), with an edge connecting a pair
of vertices if the corresponding tiles share a facet.

Cutting the cycle into smaller cycles in the dual graph, we can reduce to the case of a cycle
Dy,...,D, 1,D, = Dy as above where the intersection of all the polytopes P,Si, 1=0,...,p,
is nonempty. Choose a point ¢ € (\,_ P/, . We show that (fp,, ) — Ap, coincides with
(po, ) — )\Dp on H.

Since D, = Dy and D, = Dy + div(fp, — fp,; Do), we have that fp, = fp, + cly for some
constant ¢ € R. Thus, fp, — fp, is constant on H. Since q € P}, for every i, that constant
can be determined as

p p
(po_fDo7Q):Z (1r,9) Z prD ) = Ap, — Ap,
i=1 iz

=1

We infer that (fp,,:) — A, coincides with (fp,,-) — Ap, on H. The proof of the theorem is
complete. ]

Remark 9.2. We note that in equal characteristic, the regularity of the tilings in Theo-
rem 8.5 follows as well from Theorem 9.3, proved in the next section, and the regularity of
the tilings associated to Chow quotients, proved by Lafforgue in [Laf99]. The above given
proof handles all the tilings at the same time, and is needed as well for treating those coming
from Theorem 8.7. o

9.2. Chow quotients. We formulate a connection between the tiling appearing in Section 8
and the works by Kapranov [Kap93], Lafforgue [Laf99] and Giansiracusa and Wu [GW22].

We assume in this section that the valuation ring R contains a copy of the residue field k,
so k and the valued field K have the same characteristic.

Recall that H is a K-vector space of dimension r + 1 of the space of global sections of
the line bundle L = O(D), that we view in K(X). For each G-admissible rational function
h € Zq(t(D);A) < Rat(I'), we have an associated R-submodule M, € H, which is the
collection of functions f € H such that trop(f)(v) = h(v) for each v € V. The inclusion
M,, — H induces a natural isomorphism M, ®r K — H.

Let as before t — a; be a section of the valuation map v: K ~ {0} — A. For each
hi,hy € Z6(7(D); A), put

A=A = Héi‘l/q(hl (v) — hy(v)).
v

We have an inclusion a;'M;,, < M,,, and the multiplication by a,' induces a K-linear
automorphism of H that restricts to an R-module homomorphism zphl' M,, — M,,. Also,
it induces the k-linear map cb,m. W, — W,, considered in Section 8. Since € — a, is a group
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homomorphism, gZ)Z; is given by multiplication by ¢ € k" with ¢, equal to 1 if hy(v) —ha(v) =
A, and to 0 otherwise.

Recall that for each v € V, there is h, € Rat(T") such that the divisor 7(D) + div(h,)
is v-reduced. Furthermore, h, € Z¢(7(D);A) by Proposition 5.11, and the projection map
W, — U, is an isomorphism by Proposition 7.10. Now, the projection to U, is compatible
with ¢ for each h € F(r(D);A), that is, 6,¢) = 6, for each v € V. The ¢} for v eV
induce an injection

Wh — @ Wh“.
veV

This injection is induced by tensoring by k the R-module homomorphisms wﬁv. Hence, the
w,};v induce an injection
M, — @ M,,
veV

with R-flat cokernel. Tensoring by K, and using the natural isomorphisms M, ®r K — H
and M, ®r K — H, we obtain an embedding H — ®,cyvH whose image is in the orbit of
the diagonal by the action of the torus GY,.

Assume R contains a copy of the field k. Choosing an ordered basis for M, for each v € V,
we obtain a morphism

Br: Spec(R) — Gr, where Gr := Grass(r +1, 15”1 @ -kt ),

|V| copies

the Grassmannian parametrizing subspaces of k"*VIVl of dimension r 4+ 1. The torus G, acts
on the Grassmannian, each factor acting on the corresponding copy of k™. The action is a
restriction of the action by the (maximum) torus of dimension (r + 1)|V|. The morphism Sy,
sends the generic point to a point on the orbit of the diagonal subspace, the image under the
diagonal map 6: H—>H®--- @ H.

Kapranov [Kap93| considered only the action by the maximum torus on the Grassmannian
in his seminal work. Lafforgue [Laf99] studied exactly the case of interest to us, however, we
find it more natural to formulate the connection using the more recent work by Giansiracusa
and Wu [GW22]. This work extends Kapranov’s study [Kap93] to actions by subtori, and as in
loc. cit., describes the Chow quotient of the action. It covers as well Lafforgue’s work [Laf99].

The action of the diagonal G, — G, on the Grassmannian is trivial, so we may consider
the action by the quotient T := GY /G,,. The diagonal 6(H) is parameterized by a K-point
on the open subscheme Y of the Grassmannian where the action is free, and there is an
inclusion Y / T — Chow(Gr) of the quotient Y / T to the Chow variety of Gr, taking an orbit
to its closure, viewed as a prime cycle of Gr. The Chow quotient is simply the closure of
Y / T in Chow(Gr). It parameterizes algebraic cycles, that Giansiracusa and Wu claim to be
reduced in [GW22, Prop. 2.2].

Moreover, they show that a cycle ), m;Z; is parameterized by the Chow quotient only if
m; = 1 for every ¢, and the prime cycles Z; are closures of T-orbits of (r + 1)-dimensional
subspaces L; € kYl whose associated polytopes Q, (see Section 8.1) are full-dimensional
and form a polyhedral decomposition of A, 1.

In our case, the diagonal §(H) gives a K-point of Gr whose orbit closure corresponds to
a subscheme of Gr xy K. Its closure Z € Gr xy Spec(R) has closed fiber Z over k whose
associated cycle is of the form ), Z; as described above.

Let 2 be the class of 7(D) in Pic?(T") and &), € 2 the subset of A-rational divisors. Denote
by “5(Z,) the set of G-admissible divisors D in Z,.
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Theorem 9.3. Notation as above, the Wp for D € @o(Dy) are in the orbit closures of the
L;. Inversely, each L; is in the orbit of Wp for some D € @g(Dy). In particular, the tiling
by the Qp in Theorem 8.5 coincides with the tiling by the Qp, and their faces.

Proof. Each map ), sends its generic point to a K-point on the orbit of the diagonal, whence
Br factors through Z. It follows that each Wp for D € @7;(%,) lies in the orbit closure of
some L;. This proves the first statement.

Now, for the second statement, Theorem 8.5 implies that for each i, there is D € /(%))
such that Qp is full-dimensional and its interior intersects the interior of Q;,. On the other
hand, as pointed out, Wp, is in the orbit closure of L; for some j. Since Qp is full-dimensional,
Wp must be in the orbit of L;. But then Qp = Qg,. Since Qp and Qp, have an interior
point in common, we must have j = ¢. Thus, L; is in the orbit of Wp.

The last statement follows. O

9.3. Reduced divisors in the tropicalization of linear series. Notation as in Sec-
tions 7 and 8, let M be the tropicalization of H, that is the set of functions trop(f), f € H.
Endowed with the operation of pointwise minimum and addition by constants, M is a sub-
semimodule of Rat(T").

For each vertex v € V, define

M . .
Jooi= jul he
h(v)=0

Since M is closed in Rat(T") for the topology of pointwise convergence, we have fM = trop(f,)
for an element f, in H. Consider the restriction f)'|,, and denote by A} its G-admissible
extension with respect to 7(D). Finally, set DM = div(hM) + 7(D), the corresponding G-
admissible divisor. Since fM = trop(f,), we have that DM € @7;(%,).

For each v € V| let g, be the vertex of A, 1 with ¢,(v) = r + 1, and hence ¢,(u) = 0 for
each u € V distinct from v. Let Q, := Qpu.

Theorem 9.4. Notation as above, the supermodular function vpw is simple. The polytope
Q, is the unique full-dimensional polytope in the tiling of the simplex A1 that contains the
vertexr qy.

Proof. Every function f € H with trop(f)(v) = 0 verifies trop(f) > hM. This implies that the
projection
Wh%/l - Uv
is an isomorphism. Thus, Wyn ~ Wu ;, and so W} = 0, or equivalently, vpu(I¢) = 0 and
I/BM(I) = r + 1 for each subset I < V containing v.
We first show that Q, contains ¢,. We need to show the inequalities

Z/DE/I(I> < qv(I) < V;Lu(f) VIC V.

But, if I contains v, then ¢,(I) = r + 1 = vju(l). And if I does not contain v, then
q(I) = 0 = vpu(l). In any case, the inequalities hold. This proves g, € Q,.

We show that Q, is full-dimensional. We need to prove that vpu is simple. Assume for the
sake of a contradiction that (vpm)r = vpw for a bipartition 7 = (I, J) of V. Without loss of
generality, assume that v € I. Then,

V;gd(J) =7r+ 1— VD}YI(I) = I/ng(J) = O7

that is, Wy ; = (0). On the other hand, since h51|v = trop(fy)|,,, the reduction of f, at a
vertex u of J gives a nonzero element of U,, leading to a contradiction. O



TROPICALIZATION OF LINEAR SERIES AND TILINGS BY POLYMATROIDS 51

Remark 9.5. Note that the divisor div(fM) + 7(D) is v-reduced with respect to M in the
terminology of [AG22], which defines reduced divisors with respect to semimodules. (This is
a relative notion of reducedness, and in general differs from that given in Section 5.9.) We do
not know whether the equality hM = fM holds in general. o

9.4. Fundamental collection, effectivity and finite generation property. Consider
the setup of Sections 7 and 8. The fundamental collection associated to the pair (D, H) is
the collection FCp ) of spaces Wy, for D € #7;(Zs) with full-dimensional Qp, equivalently,
with vp simple:

FCopn = {WD | D e @5 (2,) with Qp full—dimensional} .

Let 2 be the linear equivalence class of 7(D), and D € </3(%,) be a G-admissible A-
rational divisor such that Qp is full-dimensional, or equivalently, vp is simple. We can
write D = div(h) + 7(D) for h € F¢(r(D);A). Since Qp is full-dimensional, v}(v) # 0
for all vertices v of G. This means that there exists for each v € V an element f, € M,
with trop(f,)(v) = h(v). Taking a generic linear combination of the f, gives an element
f € M, with trop(f)(v) = h(v) for all v. The Specialization Lemma [AB15, Thm. 4.5] yields
that div(trop(f)) + 7(D) is effective. The domination property for G-admissible divisors,
Lemma 5.1, implies that trop(f) > h. From this inequality, since trop(f)|, = h|,,, we deduce
that div(trop(f))(v) < div(h)(v) for each v € V| leading to inequalities

D(v) = div(trop(f))(v) + 7(D)(v) = 0

for v € V. Since D is G-admissible, we deduce that it is effective.

v

Theorem 9.6 (Finite generation property). Each G-admissible divisor D € </g(Zy) whose
polytope Qp is full-dimensional is necessarily effective. Furthermore, the fundamental col-
lection FCipmy of spaces Wp with Qp full-dimensional generates all the other spaces in the
following sense: For each G-admissible divisor D' € P, the space Wy is generated by the
images of the maps Wp — Wp for D € S.

Proof. Let f be a nonzero element of Wp. It will be enough to show that f is generated by
the images of the maps Wy — Wp, for G-admissible divisors D’ € 9, with vy simple. We
prove this statement proceeding by induction on the codimension of the polytope Qp.

If the codimension is zero, then the polytope Qp is full-dimensional, that is, vp is simple.
We take D' = D, and there is nothing to prove.

Assume the codimension is positive. Then, Wp, is 7-split for some bipartition 7 = (I, J),
and we can write f = f1 + fo with fi; € W5, and W7. Tt will be enough to treat the case
where f € WL, By Proposition 8.19, the function vp is the w-splitting of v/ = vy for a G-
admissible divisor D’ € 9, such that vp # vp. Moreover, using the notation of Section 8.8,
we have D' = D, for b = tsp([) the m-splitting threshold of vp, as in Definition 8.16. By
Proposition 8.13, the pair (Wp, Wp) is exact. We infer that Wy — W), factors through an
isomorphism Wp ; — W1, Then, there is f' € Wy whose image in Wp, is f. The polytope
Qp has codimension strictly smaller than Qp, and so by the induction hypothesis, f’ is
generated by the images of the maps Wp» — Wy, for G-admissible divisors D" € 2, with
vpr simple. Then, f is generated by the images of the compositions Wp» — Wy — Wp.
The compositions which are zero may be discarded. Those which are nonzero are multiples
of the maps Wpr» — Wy by Proposition 8.10. We infer that f is generated by the images
of the maps Wp» — W, for G-admissible divisors D" € 9, with vp» simple. The theorem
follows. O

10. COMPLEMENTARY RESULTS

We discuss a few complementary results related to the content of the paper.
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10.1. Admissible sum and periodicity of the tiling by semistability polytopes. Let
G be a connected graph, £: E — R, an edge length function, and I" the corresponding metric
graph. Let A € R be an additive subgroup containing the £,.
Given two G-admissible divisors D; and D, on I'; we define their G-admissible sum, denoted
Dl +Z -D27 by
D, +¢ Dy := D, + D, + div(0; D, + D).

Then, D, +¢ D, is a G-admissible divisor linearly equivalent to D, + D,. If D; and D, are
A-rational, then so is D; +4 D,.
We have the following theorem.

Theorem 10.1. The following statements hold:

(1) The G-admissible sum gives the set of G-admissible A-rational divisors on T' an
Abelian group structure.

(2) The G-admissible A-rational divisors on T' linearly equivalent to 0 form a subgroup.

(3) For each class 2 € Pict(X) such that Dy # D, the set u(Dy) is a coset for that
subgroup.

Proof. The statements follow by direct verification using Proposition 5.7 and Theorem 5.8.
We omit the details. O

Note that if D, is G-admissible and D, has support on the set of vertices of G, then D; + D,
is G-admissible and we have divy(0, D; + D,) = 0. This implies that

D1 +[ DQ = D1 +D2

Using the above theorem, we obtain the following periodicity result for the tilings given by
Theorem 6.2.

Let L be the set of all G-admissible divisors linearly equivalent to the zero divisor which
are supported on the set of vertices of GG. It is in fact a group whose elements are of the
form div,(f;0) for f: V — R that has the property that for each e = uv € E, M is an
integer. Also, notice that Pp € H for each D € L, and that the centers qp of PD for De L
form a lattice in Hy. Moreover, the assignment D — ¢p is a group isomorphism, giving an
embedding of L in Hy.

Theorem 10.2. Let 9 € Pic¥(T) be a divisor class of degree d with Dy # @. Then, the tiling
by Pp for D € (D) is L-periodic, i.e., it is invariant under addition of the center qp of
Pp for each D € L.

In particular, if the ratios of edge lengths are all rational, then the tiling by Pp is periodic.

Proof. By the discussion preceding the theorem, for each divisor D € @/ (%)) and D’ € L, we
have D + D' e MG(@A) AISO, GD+D’ = GD and dp+p’ = qp + qp.

By Theorem 4.11, each Pp for D € @z (%)) is the translation by ¢p of the Voronoi cell of
the graph Gp associated to D, if Gp is connected, or of a product of Voronoi cells if not; see
Remark 4.12. We infer that the tiling by Pp for D € /(%) ), is invariant under addition by
the qp for D € L. This proves the first claim.

If the ratios of edge lengths are all rational, then the lattice formed by the ¢p for D € L
has full rank in Hg, and we conclude that the tiling is periodic. O

There is much more to say about periodicity properties of the tilings produced by Theo-
rem 6.2. For example, by keeping track as well of the frequency of appearance of each edge
in the spanning subgraphs Gp of G associated to the divisors D, we can recover the metric
graph I' from the tiling. A more thorough discussion of this topic, important for the sequel
work, is beyond the scope of this paper and is postponed to a future work.
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10.2. Bricks and polymatroids. Our Theorems 4.8 and 4.11 give a description of the

polytopes P associated to G-admissible divisors D in a given linear equivalence class.
Figure 2 depicts an example of tiling issued from Theorem 8.7. It would be interesting to

have a combinatorial description of the polytopes that show up in Theorems 8.5 and 8.7.

Question 10.3. Describe the combinatorics of the polytopes Qp, for G-admissible A-rational
divisors D linearly equivalent to 7(D).

Here is a partial result in this direction, which turns out to be important in our forthcoming
work [AEG23]. For each element 5 € A, 1, define the polytope Bs as the set of all points
q € H,1 that verify the inequalities

B <) < [BD)] VISV,
We refer to B as the brick associated to 5. We have the following theorem.

Theorem 10.4. The collection of bricks Bg for € A,y gives a tiling of A,11. Furthermore,
the base polytope Q of a polymatroid with integral vertices in A,y is tiled by the set of bricks
included in Q. In particular, the tilings in Theorem 8.5 are coarsenings of the tiling by bricks.

Proof. Each point 8 € A, obviously belongs to B;z. Furthermore, since the supermodular
function v defining a base polytope Q is integer-valued, if 8 € Q, then By is entirely in Q.
This proves that the union of Bg for 5 € A,y is the full simplex, and the union for those
B € Qis Q. Finally, for 8, 8" € A, 41, if nonempty, the intersection Bsn By is the set of ¢ € By
satisfying the additional condition |5'(I)| < ¢(I) < [B'(I)] for each I < V. Depending on /',
each such condition amounts to no additional condition, to ¢(I) = [B(I)], or to q(I) = |B(I)].
In any case, Bs n By is a face of Bs. The theorem follows. ]
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