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Abstract. In this paper, we study tropical Weierstrass points. These are the analogues for
tropical curves of ramification points of line bundles on algebraic curves.

For a divisor on a tropical curve, we associate intrinsic weights to the connected compo-
nents of the locus of tropical Weierstrass points. These are obtained by analyzing the slopes
of rational functions in the complete linear series of the divisor. We prove that for a divisor
D of degree d and rank r on a genus g tropical curve, the sum of weights is equal to d−r+rg.
We establish analogous statements for tropical linear series.

In the case D comes from the tropicalization of a divisor, these weights control the number
of Weierstrass points that are tropicalized to each component. Our results provide answers
to open questions originating from the work of Baker on specialization of divisors from curves
to graphs.

We conclude with multiple examples that illustrate interesting features appearing in the
study of tropical Weierstrass points, and raise several open questions.
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1. Overview

Weierstrass points have a rich history in the development of algebraic geometry as they
provide an important tool for the study of smooth algebraic curves and their moduli spaces.
It is natural to ask how their theory can be extended to stable curves, which correspond to
boundary points in the Deligne–Mumford compactification Mg of the moduli space of genus
g smooth curves. One strategy is to take the limit Weierstrass points induced by a one-
parameter family (Xt)t̸=0 of smooth curves degenerating to a stable curve X0; there will be
g3 − g limit Weierstrass points on X0 when counted with appropriate weights. However, the
limit points generally depend on the chosen family, and a stable curve X0 has many possible
smoothings corresponding to paths in Mg that end at the point representing X0.

Tropical geometry provides a new perspective on degeneration methods in algebraic geom-
etry by enriching it with polyhedral geometry. Given the successes of tropical methods in
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the past two decades in the study of algebraic curves and their moduli spaces, it is natural
to ask whether tropical geometry can be used to gain insight about the limiting behavior of
Weierstrass points on degenerating families of curves. In the tropical perspective, the data of
a stable curve X0 is replaced by the data of its dual graph, endowed with edge lengths. The
collection of all stable curves having the same dual graph forms a stratum of Mg. This gives

a correspondence between the strata of Mg and the set of stable graphs of genus g [Cap13].
The prototype of what we can expect to address using tropical techniques is the following

natural question.

Question 1.1. Given a stratum of Mg, what can be said about the limit Weierstrass points
of a smooth family (Xt)t̸=0 degenerating to a stable curve in that stratum?

The arithmetic geometric version of the above question is formulated as follows: Given a
smooth proper curve over the field Qp of p-adic numbers with stable reduction lying in a given

stratum of Mg (over the algebraic closure of the residue field Fp), what can be said about the
specialization of the Weierstrass points?

Previously, there has been much work making incremental progress on the above question,
e.g. [EH87a,EM02,ES07,Dia85,BL12,Ami14,Gen21] for the geometric setting, and [Ogg78,
LN64, Atk67, AP03, Bak08] for the arithmetic setting. We refer to Section 1.4 for a more
thorough discussion.

Our aim in this paper is to provide an answer to the above questions from the point of view
of tropical geometry. This is done by introducing new tools that allow us to solve problems
related to the tropical geometry of curves, whose origin goes back to the beginning of the use
of tropical methods in the study of algebraic curves.

Our answer to Question 1.1 can be summarized as follows: we can specify how many
Weierstrass points degenerate to each component and to each node of a stable curve X0

lying in the given stratum. This is done without specifying their precise position within each
irreducible component, giving instead a more precise location of those degenerating to a node
by specifying their position on the dual metric graph of the family (Xt). Our result also
applies to limits of ramification points of arbitrary line bundles, in addition to the case of the
canonical bundle.

Similarly, we answer the arithmetic geometric version of Question 1.1 by specifying where
Weierstrass points specialize when reducing modulo p. Moreover, these results lead to an
effective way of locating the limit Weierstrass points.

We next give an overview of our results.

1.1. Tropical perspective. The central concept studied in this paper is that of tropical
Weierstrass points. The definition is based on divisor theory on metric graphs, and we refer
to the survey paper [BJ16] and the references there for more details.

Let Γ be a metric graph, and let D be a divisor of degree d on Γ. We denote by r the rank
of D, defined as the maximum integer r ≥ −1 such that for any effective divisor E of degree
r, there exists an element f ∈ M with div(f)+D−E ≥ 0. In the present paper, we consider
only divisors of nonnegative rank since, otherwise, the Weierstrass locus will be empty.

Definition 1.2 (Weierstrass points). A point x in Γ is called a Weierstrass point, or ram-
ification point, for D if there exists an effective divisor E in the linear system of D whose
coefficient at x is at least r+ 1. The (tropical) Weierstrass locus of D, denoted by LW (D), is
the set of all such points in Γ. Clearly, it is preserved by linear equivalence of divisors. ⋄
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The set LW (D) is a closed subset of Γ that can be infinite, in contrast with the classical
setting of algebraic curves. In this regard, Baker comments in [Bak08, Rem. 4.14], regarding
the case when D is canonical divisor, that “it is not clear if there is an analogue for metric
graphs of the classical fact that the total weight of all Weierstrass points on a smooth curve
of genus g is g3 − g.” More generally, we can ask the following question.

Question 1.3. Is it possible to associate intrinsic tropical weights to the connected compo-
nents of LW (D)? What is the total sum of weights associated to these components?

Note that this question is interesting even when the locus of Weierstrass points is finite.
Our aim in this paper is to provide an answer to the above question. In order to streamline

the presentation that follows, we first discuss our results in the case of non-augmented metric
graphs. From the geometric perspective, this corresponds to the situation of a totally de-
generate stable curve, that is, a stable curve whose irreducible components are all projective
lines. This is the same as requiring that the arithmetic genus of the stable curve is equal to
the genus of the dual graph. We have an analogue of these statements for augmented metric
graphs (respectively, arbitrary stable curves), see the discussion that follows below.

In order to solve Question 1.3, we make the following definition.

Definition 1.4 (Intrinsic Weierstrass weight of a connected component). Let D be a divisor
of rank r, and let C be a connected component of the Weierstrass locus LW (D). For a rational
function f on Γ, a point x ∈ Γ and a unit tangent direction ν ∈ Tx(Γ), we denote by slνf(x)
the slope of f along the tangent direction ν based at x. We define the tropical Weierstrass
weight of C as

(1) µW (C;D) := deg
(
D|C

)
+ (g(C)− 1) r −

∑
ν∈∂outC

sν0(D)

where

• deg
(
D|C

)
is the total degree of D in C, defined by deg

(
D|C

)
=
∑

x∈C D(x);
• g(C) is the genus of C, i.e., its first Betti number dimH1(C,R);
• ∂

out

C is the set of outgoing unit tangent directions from C; and
• sν0(D) is the minimum slope slνf(x) along tangent direction ν of any rational function
f on Γ with div(f) +D ≥ 0.

We abbreviate µW (C;D) simply as µW (C) if D is understood from the context. ⋄

Although it is not obvious from the definition, we will show in Theorem 3.7 that the tropical
Weierstrass weight of any component is positive. Note as well that a connected component
of LW (D) is always a metric subgraph of Γ, see Proposition 3.2. Moreover, the tropical
Weierstrass weights are independent of the choice of the divisor D in its linear equivalence
class, see Proposition 3.1.

We say that D is Weierstrass finite or simply W-finite if the tropical Weierstrass locus
LW (D) has finite cardinality. In this case, connected components of LW (D) are isolated
points in Γ, and we define the tropical Weierstrass divisor W (D) as the effective divisor

W (D) :=
∑

x∈LW (D)

µW (x) (x)

where µW (x) := µW ({x}). The support |W (D)| of the tropical Weierstrass divisor is exactly
the tropical Weierstrass locus LW (D). The tropical Weierstrass weight of x can be identified
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as µW (x) = Dx(x)− r, with Dx denoting the unique x-reduced divisor in the linear system of
D, see Remark 3.4.

This gives the following geometric meaning to the Weierstrass weights, in the spirit of the
classical definition on algebraic curves. The coefficient of the reduced divisor at a point x ∈ Γ
corresponds precisely to the maximum order of vanishing at x of any global section of the line
bundle O(D) defined by the divisor. The Weierstrass weight of the point x is thus obtained
by comparing this quantity to r, which would be the expected minimum value, over points
y ∈ Γ, of the largest order of vanishing of global sections at y. (Note, however, that r is not
always equal to the actual minimum largest order of vanishing, as examples in Section 7.4
show.) That being said, the definition differs from the algebraic setting, where we need to
take into account all the orders of vanishing of global sections of the line bundle at a given
point (and then compare them with the standard sequence, the one obtained for a point in
general position on the curve).

The following theorem answers Question 1.3. It is proved in Section 3.4.

Theorem 1.5 (Total weight of the Weierstrass locus). Let Γ be a metric graph of genus g,
and let D be an effective divisor of degree d and rank r on Γ. Then, the total sum of weights
of the connected components of LW (D) is equal to d− r + rg. In particular, if D is W-finite,
then we have deg(W (D)) = d− r + rg.

The proof of this theorem will imply in particular the following local topological constraint
on the locus of tropical Weierstrass points. The proof is given in Section 3.4.

Theorem 1.6. If the rank r of D is at least one, then every cycle in Γ intersects the tropical
Weierstrass locus LW (D). In particular, if Γ has genus at least two, then every cycle intersects
the Weierstrass locus of the canonical divisor K.

In [Bak08], Baker proves that the tropical Weierstrass locus of the canonical divisor is
nonempty if Γ has genus at least two. This earlier tropical result is obtained as a consequence
of the analogous algebraic statement, using the specialization lemma. In contrast, our theorem
above states that tropical Weierstrass points obey a stronger “local” existence condition,
which has seemingly no algebraic analogue. In the case that the canonical divisor of Γ is
W-finite, our result implies that for an arbitrary family (Xt)t̸=0 of smooth curves tropicalizing
to Γ, every cycle in Γ contains a limit Weierstrass point of the family.

To prove Theorem 1.5, we will show that in fact (1) defines a consistent notion of Weierstrass
weight when applied to any connected, closed subset of Γ whose boundary points are not in
the interior of LW (D); see Section 3.3 and Theorem 3.10 for the precise statement.

1.2. Comparison results and extensions. We further justify our definition of weights by
making a precise link to tropicalizations of Weierstrass points on algebraic curves.

Suppose that Γ and D come from geometry; that is, let X be a smooth proper curve of
genus g over an algebraically closed non-Archimedean field K of characteristic zero with a
non-trivial valuation and a residue field of arbitrary characteristic. Let L = O(D) be a line
bundle of degree d on X. Assume that Γ is a skeleton of the Berkovich analytification Xan

of X. Denote by τ the tropicalization map from X to Γ, and suppose that D = τ∗(D) is the
tropicalization of D on Γ where τ∗ : Div(X) → Div(Γ) the induced map on divisors.

Denote by W(D) the Weierstrass divisor of D on X, and by τ∗(W(D)) its tropicalization
on Γ. The following result is proved in Section 6.5.
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Theorem 1.7 (Algebraic versus tropical Weierstrass weights). Assume that D and D have
the same rank r, and let A ⊆ Γ be a closed, connected subset whose intersection with the
Weierstrass locus of D is a union of components of the Weierstrass locus. Then, the total
weight of Weierstrass points of W(D) tropicalizing to points in A is precisely

deg
(
W(D)|τ−1(A)

)
= (r + 1)

deg
(
D|A

)
+ r(g(A)− 1)−

∑
ν∈∂outA

sν0(D)

.

In particular, if, in addition, D is W-finite, then we have the equality

τ∗(W(D)) = (r + 1)W (τ∗(D)).

The expression on the right-hand side of the equation is r+1 times the tropical Weierstrass
weight in Definition 1.4, extended to more general subsets of Γ, see Section 3.3 for details.

This statement, which involves the metric of Γ in a crucial way, gives an essentially complete
description of the behavior of Weierstrass points in the tropical limit. In particular, if the
limit divisor is W-finite, then for every family (Xt)t̸=0 of smooth proper curves approaching
a stable curve with dual metric graph Γ, the limit Weierstrass points are precisely described
by the tropical Weierstrass divisor. This rigidity type theorem on the limiting behavior of
Weierstrass points allows us to give a precise count of the number of Weierstrass points going
to the nodes or to the smooth parts of a limit stable curve X0 on the given stratum of Mg

along the given direction from which the family (Xt)t̸=0 approachesX0. Moreover, as a special
case, the theorem also applies in the context of arithmetic geometry in which the curve X is
defined over a finite extension of Qp. As we will show in Section 6.4, this theorem holds as
well over a field K of positive characteristic provided that the gap sequence of L, defined as
the sequence of orders of vanishing of the global sections of L at a general point of X, is the
standard sequence 0, 1, . . . , r. (In this case, L is called classical [Lak81,Nee84].)

We provide natural extensions and refinements of the above results to non-necessarily com-
plete linear series and to the setting of augmented metric graphs, which, from the degeneration
perspective, corresponds to the situation where the limit stable curve has irreducible com-
ponents of possibly positive genus. The data of genera of the components is encoded in a
genus function g defined on vertices and extended by zero to the whole metric graph. Since
a given vertex of positive genus hides information about the geometry of the corresponding
component, it turns out that there will be an ambiguity when talking about the Weierstrass
locus of a divisor D. In fact, the right setup in this context is a divisor D endowed with
the data of a closed sub-semimodule M of Rat(D), which plays the role of a (not necessarily
complete) linear series on the augmented metric graph.

In this regard, first, we use the weights defined in Definition 1.4 with a relevant notion
of divisorial rank associated to the sub-semimodule that we further modify by including the
data of the genus function. We get Theorem 4.12, which provides a global count of weights
in this setting.

To the question of whether it is still possible to associate a natural Weierstrass locus to
a divisor in the augmented setting, we provide an answer by introducing two special classes
of semimodules, the generic semimodule associated to any divisor (see Section 4.2), and the
canonical semimodule associated to the canonical divisor on an augmented metric graph (see
Section 4.3). Both of them require some level of genericity, which we properly justify in
Section 4.4 using the framework of metrized complexes.
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The case of the canonical divisor on an augmented metric graph is particularly interesting
as it reveals new facets of divisor theory in the augmented setting. We associate a canonical
linear series to any augmented metric graph, show that it has the appropriate rank, and
study its Weierstrass locus. To justify the definition and prove these results, we use the
setting of metrized complexes and their divisor theory from [AB15]. Using that framework,
we show that the canonical linear series on an augmented metric graph is the tropical part of
the canonical linear series on any metrized complex with that underlying augmented metric
graph, provided that the markings associated to edges on the curves of the metrized complex
are in general position. It is interesting to note that this is the assumption made in the works
by Esteves and coauthors [EM02, ES07], and our results here complement these works by
developing the tropical part of the story in greater generality.

As we show in Theorem 6.7, the statement of Theorem 1.7 remains valid in these settings
(when including the genera of points of A on the right-hand side of the stated equality).
The following theorem is a direct application of our results on Weierstrass weights for an
augmented metric graph. We use the setting of tropicalization preceding Theorem 1.7.

Theorem 1.8. Suppose D is a divisor on an algebraic curve X over an algebraically closed
non-Archimedean field K of characteristic zero with a non-trivial valuation and a residue field
of arbitrary characteristic. Let (Γ, g) be an (augmented) skeleton of Xan. Let H be a vector
space of global sections of O(D) of rank r and denote by W(H) the Weierstrass divisor of
H. Let M be the tropicalization of H. Then, for any connected, closed subset A ⊆ Γ whose
intersection with the Weierstrass locus of (M, g) is a union of components of the Weierstrass
locus, we have the bound

deg
(
W(H)|τ−1(A)

)
≥
(
r2 + r

)(
g(A) +

∑
x∈A

g(x)

)
.

The proof of this theorem will be given in Section 6.5. As in the case of Theorem 1.7, the
statement holds as well over a field K of positive characteristic provided the gap sequence of
H is the standard sequence.

In the case the tropical Weierstrass of (M, g) is finite, this inequality holds for any closed
subset A ⊆ Γ. In particular, we have the following application to stable curves: suppose X0 is
a stable curve with dual augmented graph (G, g), and suppose (Xt) is a family degenerating
to X0 with tropicalization (Γ, g). If the locus of canonical Weierstrass points of (Γ, g) is finite,
then for every connected subgraph A of G, the number of limit Weierstrass points lying on
components and nodes of X0 that correspond to vertices and edges of A, respectively, is at
least (g2 − g)

(
g(A) +

∑
v∈A g(v)

)
.

Semimodules inside Rat(D) that come from the tropicalization of linear series verify an
extra set of properties. These are thoroughly studied in recent works [AG22] and [JP22] that
develop a combinatorial theory of (limit) linear series. In particular, such a semimodule M
of rank r satisfies the following:

(⋆) For each point x in Γ and any unit tangent direction ν ∈ Tx(Γ), the set of slopes
taken by functions in M has size r + 1.

(We refer to Section 5.3 for more details.)
In Section 6, we associate a refined notion of Weierstrass divisor to any divisor D and any

closed sub-semimodule M ⊆ Rat(D) that verifies the above property. In particular, in this
refined setting, there are only finitely many Weierstrass points, and the sum of coefficients of
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the Weierstrass points lying on any connected component C of the Weierstrass locus of M ,
according to the earlier definition, is the Weierstrass weight of C multiplied by r + 1. The
definition takes into account the higher orders of vanishing of the combinatorial limit linear
series, and is closer to the spirit of the algebraic definition of Weierstrass weights on curves.
In contrast, the refined Weierstrass divisor in this level of generality might have negative
coefficients in case the sub-semimodule does not come from geometry.

Using this together with the results proved in Section 5, discussed below, we provide a
proof of Theorem 1.7 and its extensions to the augmented and incomplete settings.

1.3. Tropicalization of Weierstrass divisors. The proof of our comparison results, The-
orem 1.7 and its extension Theorem 6.7, makes use of the results proved in Section 5. An
earlier version of these results was written by the first author around 2014.

Let X be a smooth proper curve defined over K. Let D be a divisor of degree d on X
and let L = O(D) be the corresponding line bundle. Let H ⊆ H0(X,L) be a space of
sections of dimension r + 1 and denote by W = W(D, H) the corresponding Weierstrass
divisor. We assume that the gap sequence of H is the sequence 0, 1, . . . , r, that is, for a
general point x ∈ X(K), the orders of vanishing of sections of L in H are 0, 1, . . . , r. Let τ
be the tropicalization map from X to Γ. We describe the tropicalization W = τ∗(W). The

divisor W is equal to (r + 1)D + div(WrF) for a section WrF of the sheaf ω⊗r(r+1)/2
X called the

Wronskian. The sheaf ω⊗r(r+1)/2
X admits a natural norm; using this norm, we can tropicalize

the section WrF , and define a rational function F = trop(WrF) : Γ → R. Denote by K the
canonical divisor of (Γ, g). Using the slope formula for sections of powers of the canonical
sheaf, Lemma 5.1, it is shown in Theorem 5.2 that for any x ∈ Γ, we have

W (x) = (r + 1)D(x) +
r(r + 1)

2
K(x)−

∑
ν∈Tx(Γ)

slνF.

It follows from the results proved in Section 5.7, that for a point x ∈ Γ and ν ∈ Tx(Γ), if

• either, the residue field κ is of characteristic zero,
• or, the sequence sν0 , . . . , s

ν
r forms an interval, that is, sνj = sν0 + j,

then the slope slνF is given by the sum sν0+· · ·+sνr , see Proposition 5.4 and Theorem 5.2. This
result is needed to prove in Section 6 our comparison results between tropical and algebraic
Weierstrass loci.

Note that over a field K of equicharacteristic zero, the first item in the above condition is
verified, and we get all the coefficients W (x), for x ∈ Γ, as

W (x) = (r + 1)D(x) +
r(r + 1)

2
K(x)−

∑
ν∈Tx(Γ)

r∑
i=0

sνi ,

see Theorem 5.5.

1.4. Previous work. The study of Weierstrass points from a tropical perspective was initi-
ated by Baker [Bak08, § 4]. Baker defines Weierstrass points for graphs and metric graphs,
and uses his Specialization Lemma [Bak08, Lem. 2.8] to prove an essential compatibility with
Weierstrass points on stable curves—namely, that the tropicalization of the algebraic Weier-
strass locus is a subset of the tropical Weierstrass locus. To be more precise, for a divisor D
on a non-Archimedean curve with Weierstrass divisor W(D), if τ∗(D) has the same rank as
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D and D has classical gap sequence, then we have an inclusion

|τ∗(W(D))| ⊆ LW (τ∗(D)),

which may be strict in general. (This is stated for the canonical divisor in loc. cit., but the
proof works in greater generality.) This statement has strong implications for the behavior
of Weierstrass points on a family of degenerating Riemann surfaces, and for p-adic reduction
of curves over Qp, discussed earlier in the introduction. Indeed, Baker motivates his study
of Weierstrass points on graphs with several results from the arithmetic geometry of mod-
ular curves, in particular, as a way to decide whether certain cusps are Weierstrass points,
c.f. [Ogg78,LN64,Atk67,AP03].

The question of how to determine the tropicalization of Weierstrass points on a non-
Archimedean curve was settled in [Ami14]; these results appear in Section 5 and are used
to prove our comparison results. Regarding Question 1.3, a previous work by Brugallé and
López de Medrano [BL12] treated the case of tropical plane curves, by associating weights
to inflection components (using Newton polygons), and proving a version of Theorem 1.7 for
plane curves (it is not clear to the authors how the results are related in this case). The
question of determining tropical Weierstrass loci and their weights, and the way to properly
count them in the tropical setting remained however open in general. The work [Ric18] by
the third-named author studies Weierstrass points on tropical curves. Although the tropical
Weierstrass locus may be infinite in general, [Ric18] shows that for a generic divisor class
(i.e., lying in a nonempty open subset of Picd), this locus is finite, and moreover computes
its cardinality. It is worth mentioning that important divisor classes such as the canonical
divisor are non-generic, so they are not covered by the methods of [Ric18]. The way tropical
Weierstrass points distribute when the degree of divisor classes tend to infinity is studied
in [Ami14, Ric18]. For a more thorough discussion of how divisor theory on graphs is con-
nected to the degeneration of smooth curves to nodal curves, with various applications, see
the survey by Baker–Jensen [BJ16], in particular Section 12.

For an extensive and informative survey describing the history and applications of Weier-
strass points, starting with Weierstrass and Hürwitz [Wei67, Hur92] in the 1800s, see Del
Centina [DC08]. The study of Weierstrass points on stable curves was initiated by Eisenbud
and Harris [EH87a], who proved results on nodal curves of compact type, i.e., curves whose
dual graph is a tree. This work served as an application of their newly-developed theory of
limit linear series [EH86]. They moreover raised the question of constructing a moduli space
parametrizing all possible limit Weierstrass divisors of a given stable curve, a problem that
has been widely open since then.

Moving beyond stable curves of compact type, Lax [Lax87] studied Weierstrass points on
stable curves consisting of one rational component with nodes; in this case, the dual graph
is a single vertex with self-loops. (The term tree-like is used in the literature to describe
curves whose dual graph consists of a tree after removing self-loops.) A further breakthrough
came with Esteves–Medeiros [EM02] who worked with stable curves with two components,
i.e., curves whose dual graph is a dipole graph. (We refer to Section 7.6 for a discussion of
our results applied to dipole graphs and the connection to [EM02].) Esteves–Salyehan [ES07]
studied further cases of nodal curves, including when the dual graph is a complete graph.
Cumino–Esteves–Gatto [CEG08] studied limits of special Weierstrass points on certain stable
curves, i.e., Weierstrass points with weight at least two. The problem of describing limits of
Weierstrass points away from the nodes in a given one-parameter family in characteristic zero
is addressed in [Est98].
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Although not directly related to the results of this paper, we mention that other works
treat the case of irreducible Gorenstein curves, and associate Weierstrass weights to their
singular points, see e.g. [LW90, dCS94, GL95, BG95] and the references there. It might be
possible to use tropical geometry to describe these weights.

Weierstrass points have appeared in other interesting work on moduli spaces of curves.
Arbarello [Arb74] studied subvarieties of the moduli space of curves cut out by Weierstrass
points; further results were found in Lax [Lax75] and Diaz [Dia85]. Eisenbud–Harris [EH87b]
showed that the moduli space of curves has positive Kodaira dimension, using loci of Weier-
strass points as part of their argument. Cukierman(–Fong) [Cuk89,CF91] found the coeffi-
cients for the Weierstrass locus in the universal curve Cg of genus g, in a standard basis for
the Picard group of Cg.

1.5. Organization of the text. We begin with non-augmented metric graphs, then treat
refinements, a choice intended to simplify the presentation and to increase readability.

We define slope sets and prove Theorem 2.2 in Section 2.
Section 3 develops Weierstrass weights and the associated measure on metric graphs. We

prove Theorem 3.10, which provides a description of the Weierstrass measure using the slopes,
deduce Theorem 1.5, establish positivity of Weierstrass weights, and discuss combinatorial
graphs. The case of canonical Weierstrass locus is treated in Section 3.7.

Section 4 extends the setting to incomplete linear series (by taking closed sub-semimodules
of Rat(D)) and to augmented metric graphs, justifying the definitions in the augmented
setting and generalizing Theorems 3.10 and 1.5.

Section 6 associates Weierstrass divisors to combinatorial limit linear series, including the
interesting case where the Weierstrass locus becomes infinite after forgetting the slopes, and
shows compatibility with previous definitions.

Section 5 establishes the needed results on tropicalization of Weierstrass divisors. Build-
ing on these, we prove Theorem 1.7 and its generalizations, linking tropical and classical
Weierstrass divisors.

Finally, Section 7 offers further examples to clarify the constructions and discusses related
results and questions.
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1.6. Basic notation. A (combinatorial) graph G = (V,E) is defined by a set of vertices V
and a set of edges E between certain vertices. In the current paper, graphs will always be
taken to be finite and connected. Moreover, they will allow loops and multiple edges.

A metric graph is a compact, connected metric space Γ verifying the following properties:

(i) For every point x ∈ Γ, there exist a positive integer nx and a real number rx > 0 such
that the rx-neighborhood of x is isometric to the star of radius rx with nx branches.
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(ii) The metric on Γ is given by the path metric, i.e., for points x and y in Γ, the distance
between x and y is the infimum (in fact minimum) length of any path from x to y.

The integer nx above is called the valence of x and is denoted by val(x).
Given a graph G = (V,E) and a length function ℓ : E → (0,+∞) assigning to every edge of

G a positive length, we can build from this data a metric graph Γ by gluing a closed interval
of length ℓ(e) between the two endpoints of the edge e, for every e ∈ E, and endowing Γ with
the path metric. The space Γ is then called the geometric realization of the pair (G, ℓ).

A model of a metric graph Γ is a pair (G, ℓ) consisting of a graph G = (V,E) and a length
function ℓ : E → (0,+∞) such that Γ is isometric to the geometric realization of (G, ℓ). By
an abuse of notation, we also call G a model of Γ.

For a metric graph Γ and a point x ∈ Γ, the tangent space Tx(Γ) is defined as the set of all
unit outgoing tangent vectors to Γ at x. This is a finite set of cardinality val(x). If G = (V,E)
is a loopless model for Γ such that x ∈ V , then Tx(Γ) is in one-to-one correspondence with
the edges of G incident to x. Through this natural bijection, a tangent direction ν is said to
be supported by the corresponding edge e ∈ E.

Each edge e supports two tangent directions, which belong to either endpoint of e, respec-
tively. If ν is one of those tangent directions, the opposite direction is denoted by ν. For
ν ∈ T(Γ), we denote by xν the point x with ν ∈ Tx(Γ).

In this paper, the rank r of divisors will always be nonnegative, and all the semimodules
will be assumed to be nonempty.

2. Slope sets

The main result of this section is Theorem 2.2. We first recall some terminology for divisors
and functions on metric graphs.

Given a metric graph Γ, let Div(Γ) denote the group of divisors of Γ, which is the free
abelian group generated by points x ∈ Γ. Let Rat(Γ) denote the set of real-valued piecewise
linear functions on Γ whose slopes are all integers. Given a function f ∈ Rat(Γ), let div(f)
denote the principal divisor of f , defined as

div(f) :=
∑
x∈Γ

ax(x) where ax = −
∑

ν∈Tx(Γ)

slνf(x).

Let D be a divisor of rank r on Γ. Recall that the rank of D is defined as the maximum
integer r ≥ −1 such that for any effective divisor E of degree r, there exists an element f ∈ M
with div(f) + D − E ≥ 0. Let Rat(D) denote the set of rational functions in the complete
linear series of D defined as

Rat(D) :=
{
f ∈ Rat(Γ)

∣∣ D + div(f) ≥ 0
}
.

Given a point x ∈ D, there is a unique representative fx of the linear series of D defined by

(2) fx := min
f∈Rat(D)
f(x)=0

f.

The corresponding divisor D + div(fx), denoted by Dx, is the (unique) x-reduced divisor
linearly equivalent to D. This statement is a consequence of the maximum principle, see
e.g. [BS13, Lem. 4.11].
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Definition 2.1 (Slope sets and minimum slopes). Let D be a divisor of nonnegative rank on
Γ. Given a point x ∈ Γ and a tangent direction ν ∈ Tx(Γ), let S

ν(D) denote the slope set

Sν(D) :=
{
slνf(x)

∣∣ f ∈ Rat(D)
}
.

Let sν0(D) denote the minimum slope in the slope set Sν(D), i.e.,

sν0(D) := min
{
slνf(x)

∣∣ f ∈ Rat(D)
}
.

When the divisor D is clear from context, we will simply use sν0 to denote sν0(D). ⋄

The following result allows to retrieve information about the slopes of rational functions in
the linear series Rat(D) along tangent directions in Γ.

Theorem 2.2. Let D be a divisor of rank r on Γ. We take a model for Γ whose vertex set
contains the support of D. Let x ∈ Γ be a point and ν ∈ Tx(Γ) be a tangent direction. Recall
that we denote by slνf(x) the slope of f along the tangent direction ν based at x.

(a) If the open interval (x, x + εν) is disjoint from LW (D) for some ε > 0, then the set of
slopes

{
slνf(x)

∣∣ f ∈ Rat(D)
}
consists of r+1 consecutive integers {sν0 , sν0+1, . . . , sν0+r}.

(b) If the open interval (x, x + εν) is contained in LW (D) for some ε > 0, then the set of
slopes

{
slνf(x)

∣∣ f ∈ Rat(D)
}
is a set of consecutive integers of size at least r + 2.

In preparation for the proof, we start by the following useful fact.

Remark 2.3. Since Rat(D) is finitely generated (see [HMY12, Thm. 6]), the slope set is
directionally locally constant, in the following sense. For any point x ∈ Γ and any unit
tangent direction ν ∈ Tx(Γ), there is a positive length interval [x, y] supporting ν, with ν
pointing toward y, on which the slope set Sνz(D) is constant, for z ∈ [x, y), with νz ∈ Tz(Γ)
parallel to ν and pointing toward y.

The same holds for any closed sub-semimodule M ⊆ Rat(D). We omit the proof. ⋄

Lemma 2.4. Suppose D is a divisor of rank r ≥ 0. Then, for every x ∈ Γ and every
ν ∈ Tx(Γ), there are at least r + 1 integers in the set of slopes

{
slνf(x)

∣∣ f ∈ Rat(D)
}
.

Proof. Let x1, . . . , xr be a set of distinct points in the branch incident to x in the direction
of ν sufficiently close to x. There exists a function f ∈ Rat(D) such that

D + div(f) ≥ (x1) + · · ·+ (xr).

The function f changes slope at the points x1, . . . , xr. Thanks to Remark 2.3, each of the
slopes taken at xj in the direction of ν can be obtained as the slope of a function in Rat(D)
at x along ν. □

The minimum slope sν0(D) is related to the reduced divisor Dx at x.

Lemma 2.5. Let D be an effective divisor on Γ, and x a point of Γ. Let Dx be the x-reduced
divisor linearly equivalent to D.

(a) Let fx be the rational function defined in (2) and satisfying div(fx) +D = Dx, then, for
any outgoing tangent vector ν ∈ Tx(Γ),

sν0(D) = slνfx(x).

(b) The coefficient of Dx at x satisfies

Dx(x) = D(x)−
∑

ν∈Tx(Γ)

sν0(D).
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Proof. The first result is obtained using Remark 2.3 again, by observing that fx = minh for
h ∈ Rat(D) verifying h(x) = 0. The second result is a direct consequence of (a) and the
definition of the principal divisor div(fx). □

We now turn to the proof of Theorem 2.2. Let D be a divisor of rank r on Γ. Recall (Def-
inition 1.2) that the Weierstrass locus of D, denoted by LW (D), is the subset of Γ formed by
the points x such that there exists an effective divisor E ∼ D with E(x) ≥ r+1. Equivalently,
LW (D) is defined in terms of reduced divisors as

LW (D) =
{
x ∈ Γ

∣∣ Dx(x) > r
}
,

where Dx denotes the x-reduced divisor linearly equivalent to D.

Proof of Theorem 2.2. We first assume that the open interval (x, x + εν) is disjoint from
LW (D). Along the branch incident to x in the direction of ν, there is a small segment on
which sν0 is the slope of a function in Rat(D), and it is the smallest slope taken by a function
of Rat(D) on this segment. If a slope of sν0 + r + 1 or larger is achieved at x, then, again on
a small segment, it will be achieved at any point of that segment. This means that on the
interior of this segment, the two minimum outgoing slopes at every point are sν0 and −sν0 − s′

with s′ ≥ r + 1. Therefore, by Lemma 2.5, we infer that on the interior of this segment, the
reduced divisor at each point has coefficient at least r + 1. This contradicts the assumption
that a neighborhood (x, x+ εν) is disjoint from LW (D), and shows that the highest possible
slope is sν0 + r. Combining this with Lemma 2.4, the slopes achieved at x along ν must be
precisely sν0 , s

ν
0 + 1, . . . , sν0 + r. This proves (a).

We now assume that (x, x + εν) ⊂ LW (D) and that ε is small enough so that the set of
slopes of functions of Rat(D) along ν is constant on this interval. By Lemma 2.5, this means
that on the interior of a small segment starting at x, the two minimum outgoing slopes at
every point are sν0 and −sν0 − s′ with s′ ≥ r + 1. Therefore, close to x, a slope of at least
sν0 + r+1 is achieved by a function in Rat(D). To prove (b), it is thus sufficient to show that
the set of slopes slνf(x) of functions f ∈ Rat(D) is always made up of consecutive integers.
Take s1 < s2 < s3 to be three integers, and suppose that for i ∈ {1, 3} there exists a function
fi ∈ Rat(D) such that slνfi(x) = si. Using f1, f3 and tropical operations, it is easy to
construct a function f taking slopes s3 and then s1 away from x, changing slope at a point
we denote by y (see Figure 1). We can then “chop up” the graph of f to construct a function
h equal to f everywhere except on a small interval around y where it takes slope s2. Since
(x, x+εν) is disjoint from the support of D, h still belongs to Rat(D). The assumption made
on ε at the beginning ensures that in fact there exists a function f2 ∈ Rat(D) taking slope s2
at x along ν, which concludes the argument. □

x
•

ν

f3

f1
s3

s1

x
•

ν

f

y
•

s3

s1

x
•

ν

g

y
•

s3

s2
s1

Figure 1. Construction of the functions f and g using functions f1 and f3
taking slopes s1 < s3.
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Remark 2.6. In particular, note that along a given unit tangent vector ν attached to a point
x, the slopes slνf(x) for x ∈ Rat(D) always form a set of consecutive integers. Moreover, if t
is a positive integer such that for every x ∈ e, for e an edge of some model of Γ, the x-reduced
divisor Dx satisfies Dx ≥ t (x), then for any x ∈ e̊, the set of slopes

{
slνf(x)

∣∣ f ∈ Rat(D)
}

contains at least t + 1 consecutive integers. This claim is analogous to [Ami13, Thm. 14]
and is proved using Theorem 3 of the same paper, which gives a concrete description of the
variations of the reduced divisor Dx with respect to x. See also [AG22, § 6.6]. ⋄

For future use, we note the following generalization of part (b) of Lemma 2.5.

Proposition 2.7. Suppose D is a divisor of rank r ≥ 0. Then, for any closed, connected
subset A ⊆ Γ, we have

deg
(
D|A

)
−

∑
ν∈∂outA

sν0(D) ≥ r.

Proof. Let E be an effective divisor of degree r, with support contained in A. SinceD has rank
r, there exists a function f ∈ Rat(D) such that D + div(f) ≥ E. Evaluating the respective
degrees restricted to A yields

deg
(
D|A

)
−

∑
ν∈∂outA

slνf(xν) ≥ deg
(
E|A

)
= r,

where, we recall, xν is the point x of Γ with ν ∈ Tx(Γ). By definition of the minimum slope
sν0(D), we have sν0(D) ≤ slνf(xν) for each ν ∈ ∂

out

A, so the result follows. □

3. Weierstrass weights

Using the structure of slope sets in Rat(D), we prove Theorem 1.5, which will follow from
the more general Theorem 3.10.

3.1. Definition of weights and basic properties of the Weierstrass locus. We start
by establishing basic properties of Weierstrass loci. (Definition 1.2) The Weierstrass locus
LW (D) is defined as the set of points x in Γ such that there exists an effective divisor E in the
linear system of D whose coefficient at x is at least r+1. This is equivalent to requiring that
Dx(x) ≥ r + 1. Let us now recall Definition 1.4 from the introduction. Given a connected
component C of the Weierstrass locus LW (D), the tropical Weierstrass weight of C is defined
as

µW (C) = µW (C;D) := deg
(
D|C

)
+ (g(C)− 1) r −

∑
ν∈∂outC

sν0(D)

where deg
(
D|C

)
=
∑

x∈C D(x) is the degree of D in C, g(C) = dimH1(C,R) is the genus of

C, ∂
out

C is the set of outgoing unit tangent directions from C, and sν0(D) is the minimum
slope at x along a tangent direction ν, as defined in Definition 2.1.

We already noted that the tropical Weierstrass locus LW (D) is independent of the choice
of the divisor D in its linear equivalence class. In fact, this is also the case, though not as
obviously, for the tropical Weierstrass weights.

Proposition 3.1. Let D be a divisor on Γ and h ∈ Rat(D). Then the following equality
holds:

µW (C;D + div(h)) = µW (C;D).
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Proof. Given a point x ∈ Γ and a tangent direction ν ∈ Tx(Γ), the slope set introduced in
Definition 2.1 satisfies

Sν(D + div(h)) = Sν(D)− slνh(x).

Therefore, the minimum slope along ν also transforms nicely:

sν0(D + div(h)) = sν0(D)− slνh(x).

Summing this equality over all points x belonging to the boundary of a given connected
component C of LW (D) and over all outgoing tangent directions ν, we get∑

ν∈∂outC

sν0(D + div(h)) =
∑

ν∈∂outC

sν0(D)−
∑

ν∈∂outC

slνh(xν),

where xν is the point at which ν is based.
On the other hand, when computing the degree of the restriction div(h)|C , all slopes of h

along tangent vectors pointing toward C cancel out, and we get

deg
(
div(h)|C

)
= −

∑
ν∈∂outC

slνh(xν),

which proves that µW (C;D + div(h)) = µW (C;D), as needed. □

The following proposition shows that LW (D) is topologically nice.

Proposition 3.2. The Weierstrass locus LW (D) is closed and has finitely many components.
Each connected component is a metric graph.

Proof. By the continuity of variation of reduced divisors proved in [Ami13, Thm. 3], the
function x 7→ Dx(x) is upper semicontinuous, which implies that the subset LW (D) is closed.
Then, since Γ is compact, LW (D) is itself compact. Therefore, it has a finite number of
connected components. The last statement follows as any connected component of a closed
subset in a metric graph is itself a metric graph. □

Remark 3.3. We have the following geometric construction of LW (D), which gives another
proof for Proposition 3.2. Let Picd(Γ) denote the space of divisor classes of degree d on Γ, and

let Effd(Γ) denote the space of effective divisor classes of degree d. Let φ : Γ → Picd−r−1(Γ)
be the map defined by φ(x) = [D − (r + 1) (x)].

The condition that Dx(x) > r is equivalent to Dx ≥ (r + 1) (x). This is in turn equivalent
to the condition that the divisor class [D− (r+ 1) (x)] has an effective representative. Using

this observation and the above terminology, LW (D) = φ−1
(
φ(Γ) ∩ Effd−r−1(Γ)

)
. In other

words, LW (D) is described by the following pullback diagram.

LW (D) Effd−r−1(Γ)

Γ Picd−r−1(Γ)

⌟
φ

Both Effd−r−1(Γ) and φ(Γ) are polyhedral subsets of Picd−r−1(Γ) with finitely many facets.
Thus their intersection has finitely many components, and each component is a union of
finitely many closed intervals. ⋄
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Remark 3.4. As before, let Dx denote the x-reduced divisor linearly equivalent to D. Since
the Weierstrass locus LW (D) is defined as

{
x ∈ Γ

∣∣ Dx(x)− r > 0
}
, the expression Dx(x)− r

is a natural “naive” candidate for defining a tropical Weierstrass weight. In fact, this ends
up being the correct definition when x is an isolated component of LW (D). When x is not an
isolated component, our more technical definition of weight is required.

If the singleton {x} is a connected component of LW (D), then we verify that the weight of
x is simply given by Dx(x)− r. Since the genus of the component {x} is zero, Definition 1.4
states that

µW (x) = D(x)− r −
∑

ν∈Tx(Γ)

sν0(D),

and Lemma 2.5 states that Dx(x) = D(x)−
∑

ν∈Tx(Γ)
sν0(D). This verifies the claim.

Note that this applies for every connected component of LW (D) if D is W-finite. ⋄

We now give two examples of metric graphs and their Weierstrass loci. The first Weierstrass
locus is finite whereas the second one is infinite.

Example 3.5. Suppose Γ is the complete graph on four vertices with unit edge lengths; see
Figure 2. This graph has genus three, and the rank of the canonical divisor K is r = g−1 = 2.
The Weierstrass locus LW (K) is finite and consists of the four vertex points. At a vertex v,
the reduced divisor at v is Kv = 4 (v). Thus, µW (v) = Kv(v)− r = 4− 2 = 2.

2 2

2

2

Figure 2. Complete graph on four vertices, and its Weierstrass locus LW (K).

We will treat the example of the complete graph on five or more vertices in Section 7.4. ⋄

Example 3.6. Suppose Γ is the “barbell graph” consisting of two cycles joined by a bridge
edge; see Figure 3. (The edge lengths may be arbitrary.) This graph has genus two, and the
canonical divisor K has rank r = g − 1 = 1.

The Weierstrass locus LW (K) consists of the middle edge and the outer midpoint on each
cycle. The latter have weight one. Besides, if v is either endpoint of the bridge edge, and if
ν ∈ Tv(Γ) is one of the two tangent vectors based at v that are not supported on the bridge,
then Sν(K) = {0, 1}. This implies that the weight of the middle edge is also one.

1
1 1

Figure 3. The barbell graph and its Weierstrass locus LW (K).

We will show in Section 7.3 that, more generally, if e is a bridge edge of Γ such that
each component of Γ∖ e̊ has positive genus, then e is contained in the canonical Weierstrass
locus. ⋄
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3.2. Positivity of Weierstrass weights. We now prove the following theorem.

Theorem 3.7. Let D be a divisor on Γ with non-negative rank r, and let C be a connected
component of the Weierstrass locus LW (D). Then, the weight µW (C) given in Definition 1.4
is positive.

Proof. We use the notation introduced previously. Let x be a point in the connected compo-
nent C, and let Dx be the x-reduced divisor equivalent to D. By definition of the Weierstrass
locus LW (D), we have Dx(x)−r > 0. Let fx be a rational function such that Dx = D+div(fx).
We have

Dx(x) = D(x)−
∑

ν∈Tx(Γ)

slνfx(x).

LetA be any connected subgraph of Γ, and recall that deg
(
Dx|A

)
denotes the sum

∑
y∈ADx(y).

For a tangent vector ν ∈ ∂
out

A, let, as before, xν denote the associated boundary point. We
have

deg
(
Dx|A

)
= deg

(
D|A

)
−

∑
ν∈∂outA

slνfx(xν)

by applying Stokes theorem to the derivative of fx on the region A.
Because x ∈ C and Dx is effective, we have deg

(
Dx|C

)
≥ Dx(x) > r. For each tangent

direction ν ∈ ∂
out

C, the minimum slope sν0(D) satisfies sν0(D) ≤ slνfx(xν) by definition
(Definition 2.1). Therefore,

µW (C) = deg
(
D|C

)
+ (g(C)− 1) r −

∑
ν∈∂outC

sν0(D) ≥ deg
(
D|C

)
− r −

∑
ν∈∂outC

sν0(D)

≥ deg
(
D|C

)
− r −

∑
ν∈∂outC

slνfx(xν) = deg
(
Dx|C

)
− r > 0

as claimed. □

The proof of Theorem 3.7 shows the stronger bound µW (C) > g(C) r. Besides, Theorem 3.7
is addressed later, in greater generality, in Corollary 3.15.

3.3. Weierstrass measure. We prove Theorem 3.10 below, which will imply Theorem 1.5.

Definition 3.8. Fix a divisor D on a metric graph Γ, with Weierstrass locus LW (D). A
subset A ⊆ Γ is LW (D)-measurable if A is a Borel set and, for every component C of the
Weierstrass locus LW (D), we have either

C ⊆ A or C ⊆ Γ∖A.

Let A = A(D) denote the σ-algebra of LW (D)-measurable subsets of Γ. ⋄

In other words, given a Weierstrass locus LW (D) ⊆ Γ, we can construct the quotient map
π : Γ → Γ0 in which each component Ci ⊆ LW (D) is contracted to a single point. Then, the
LW (D)-measurable sets of Γ are the preimages of Borel sets of Γ0. If the divisor D is W-finite,
then all Borel sets in Γ are LW (D)-measurable.

Definition 3.9 (Weierstrass measure). Keeping the same notation as above, let D be an
effective divisor of rank r on Γ, and let A denote the σ-algebra of LW (D)-measurable subsets
of Γ. We define the Weierstrass measure µ̂W as the “weighted counting measure” on Γ whose
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atoms are the connected components in the Weierstrass locus LW (D). More precisely, µ̂W is
the measure on (Γ,A) defined by

µ̂W (A) :=
∑
C⊆A

µW (C),

where the sum is taken over components of LW (D) contained in A, and µW (C) is given
by (1). ⋄

We have the following description of the Weierstrass measure.

Theorem 3.10. Keeping the same notation as above, for any closed connected A ∈ A, we
have

(3) µ̂W (A) = deg
(
D|A

)
+ (g(A)− 1) r −

∑
ν∈∂outA

sν0(D).

Proof. Let A = {C1, . . . , Cn} denote the set of components of LW (D) contained in A. Let
G = (V,E) be a model for Γ whose vertex set V contains the support of D, and let V ∩ (A∖
LW (D)) = {v1, . . . , vm} denote the set of non-Weierstrass vertices in A. For each such vertex

vi, let Cn+i = {vi} denote the corresponding singleton, and let Ã denote the union

Ã = A ∪ {{v1}, . . . , {vm}} = {C1, . . . , Cn, Cn+1, . . . , Cñ} where ñ = n+m.

Finally, let |Ã| =
⋃ñ

i=1Ci be the underlying subset of Γ. Note that |Ã| ⊆ A, and A ∖ |Ã|
consists of a union of finitely many open intervals; let k denote their number.

Let V ′ := V ∖ LW (D), as in Figure 4. For each v ∈ V ′, we have Dv(v) = r, so

µW ({v}) = D(v)− r −
∑

ν∈Tv(Γ)

sν0(D) = Dv(v)− r = 0.

Thus, the “components” Cn+i = {vi} inside Ã ∖ A do not contribute to the total weight, so

it suffices to show that
∑
Ci∈Ã

µW (Ci) satisfies (3).

From Definition 1.4, we have

(4)
ñ∑

i=1

µW (Ci) =
ñ∑

i=1

deg
(
D|Ci

)
+ r

ñ∑
i=1

(g(Ci)− 1)−
ñ∑

i=1

 ∑
ν∈∂outCi

sν0(D)

.

We treat separately the three terms appearing on the right-hand side of (4). The first term∑
i deg

(
D|Ci

)
is equal to deg

(
D|A

)
, since the vertex set V was chosen to contain the support

of D.
For the second term, we apply the identity

deg
(
K|B

)
= 2g(B)− 2 + outval(B) for B ⊆ Γ closed and connected

(see Lemma 3.18) twice to obtain

r
ñ∑

i=1

(g(Ci)− 1) =
r

2

ñ∑
i=1

(
deg
(
K|Ci

)
− outval(Ci)

)
=

r

2

(
deg
(
K|A

)
− outval(A)− 2k

)
= r(g(A)− 1)− rk,



18 OMID AMINI, LUCAS GIERCZAK, AND HARRY RICHMAN

where k, we recall, denotes the numbers of edges of Γ∖ |Ã| whose endpoints are both in |Ã|.
Here, where outval(B) :=

∣∣∂out

B
∣∣ is the number of outgoing branches from B.

For the third term, the collection of all tangent directions
⋃

Ci∈Ã
{
ν ∈ ∂

out

Ci

}
can be parti-

tioned into “paired” directions, if following ν leads to another component in Ã, and “unpaired”
directions, if following ν leads out of A. For any paired tangent direction ν ∈ ∂

out

Ci, there is
a matching opposite direction ν ∈ ∂

out

Cj (see Section 1.6) and their minimum slopes satisfy

sν0(D) + sν0(D) = −r. For any unpaired tangent direction ν ∈ ∂
out

Ci, the minimum slope

sν0(D) is equal to sν
′

0 (D) for some parallel tangent direction ν ′ ∈ ∂
out

A. Moreover, this gives

a bijection between ∂
out

A and the unpaired tangent directions. Using this, we have

ñ∑
i=1

 ∑
ν∈∂outCi

sν0(D)

 =
∑

unpaired ν

sν0(D) +
∑

paired ν

sν0(D)

=
∑

ν∈∂outA

sν0(D) +

k∑
ℓ=1

(
sνℓ0 (D) + sνℓ0 (D)

)
=

∑
ν∈∂outA

sν0(D)− rk.

Combining the above identities shows that µ̂W (A) satisfies (3). □

Remark 3.11. For a closed subset A ∈ A with a finite number of connected components,
the weight µ̂W (A) can be expressed equivalently as

µ̂W (A) = deg
(
D|A

)
+ (g(A)− c(A)) r −

∑
ν∈∂out

A

sν0(D)

where c(A) = h0(A) denotes the number of connected components of A. Note that g(A) =
h1(A), so that in terms of the Euler characteristic χ, the middle term is −r · χ(A). ⋄

C3

C1

V ′

C2

Figure 4. The part in red in the left figure is the (hypothetical) locus of
Weierstrass points, and consists of three connected components. Red thickened
points are on the boundary of the Weierstrass locus. Black vertices are those
belonging to V ′, that is, outside the Weierstrass locus. They are three in
number. The right figure is an example of a set A appearing in A. There
is no vertex in A outside the Weierstrass locus, so m = 0. There are two
connected components of the Weierstrass locus in A, so n = 2. The subset

A∖ |Ã| consists of four intervals. This means k = 4.
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The following result can be obtained by the same method.

Theorem 3.12. Let U be a connected open subset of Γ that is LW (D)-measurable. The
Weierstrass weight µ̂W (U) can be recovered from the slopes around the incoming branches as
the sum

µ̂W (U) = deg
(
D|U

)
+ (g(U)− 1) r +

∑
ν∈∂ inU

sνmax(D)

where ∂
in

U denotes the set of incoming unit tangent vectors from the boundary of U , and
sνmax(D) the maximum slope along the incoming tangent vector ν of any rational function in
Rat(D).

Note that since U is open and LW (D) is closed, every ν ∈ ∂
in

U is tangent to an open
interval on Γ that is outside LW (D) and thus sνmax(D) = sν0(D) + r (see Theorem 2.2). Thus
we have

µ̂W (U) = deg
(
D|U

)
+ (g(U)− 1 + inval(U)) r +

∑
ν∈∂ inU

sν0(D).

Proof of Theorem 1.5. We apply Theorem 3.10 with A = Γ. The statement about W-finite
divisors follows from the first statement and Remark 3.4. □

We end this section by raising a rather vague question about the geometric description of
the tropical Weierstrass locus provided in Remark 3.3.

Question 3.13. It is possible to express the Weierstrass weights LW (C) using the geometric
description of Remark 3.3 in a meaningful way?

3.4. Consequences. We now provide some direct consequences of the above results, starting
with the following remark.

Remark 3.14. Theorem 1.5 and [Ric18, Thm. A] together imply that a generic divisor D of
degree d ≥ g has a finite Weierstrass locus made up of g (d− g + 1) points, all of weight one.
Indeed, the cardinality of LW (D) given by [Ric18, Thm. A] is g (d− g+ 1), whereas the total
weight given by Theorem 1.5 is d− r+ rg. But r = d− g generically and in this case we have
g (d− g + 1) = g (r + 1) = d− r + rg. ⋄
Corollary 3.15. Suppose D is a divisor of rank r. For any closed, connected, LW (D)-
measurable subset A ⊆ Γ, we have

µ̂W (A) ≥ g(A) r,

with equality if and only if A does not intersect the tropical Weierstrass locus.

Proof. The displayed inequality is a direct consequence of Theorem 3.10 and Proposition 2.7.
If now A does not intersect the tropical Weierstrass locus, then both sides are zero. Otherwise,
it contains a connected component of the Weierstrass locus and the strict inequality follows
from the remark right after Theorem 3.7. □

Corollary 3.16 (Theorem 1.6). Suppose that the rank r of D is at least one. Then, the
complement of the Weierstrass locus LW (D) is a disjoint union of (open) metric trees. In
other words, every cycle in Γ intersects the tropical Weierstrass locus.

Proof. For the sake of a contradiction, suppose that A is a cycle in Γ disjoint from the
Weierstrass locus LW (D). Then, A is LW (D)-measurable, and by definition (Definition 3.9),
µ̂W (A) = 0. However, Corollary 3.15 states that µ̂W (A) ≥ g(A) r > 0, which gives a contra-
diction. □
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3.5. Special cases of weights. Here, we point out some special cases of the weight formula.

(i) If a divisor D has rank r = 0, then µ̂W (Γ) = d. Suppose D is effective in its linear
equivalence class. For any tangent direction ν outside the Weierstrass locus, the slope
set Sν(D) contains a single slope, and this slope must be zero since D is effective. Thus,
a component C of the Weierstrass locus has weight µW (C) = deg

(
D|C

)
.

(ii) If the genus g = 0, then for any effective divisor µ̂W (Γ) = d − r = 0. (In general
0 ≤ d− r ≤ g.) In particular, this implies that the Weierstrass locus LW (D) is empty.

(iii) If the genus g = 1, then for a divisor D of degree d, the total Weierstrass weight is
µ̂W (Γ) = d. The Weierstrass locus consists of d separate components, and it follows that
every component has weight 1. Regarding the number of components, this is because
the Weierstrass points are those satisfying [d · x] = [D], and therefore the Weierstrass
locus restricted to the central circle of Γ form a coset of the subgroup of d-torsion points.

(iv) If the rank satisfies r = d − g, then µ̂W (Γ) = d − r + rg = g (r + 1). In particular, this
holds for a generic divisor class with degree d ≥ g, and for every divisor with degree
d ≥ 2g − 1.

(v) If D = K is the canonical divisor, then d = 2g − 2 and r = g − 1, so µ̂W (Γ) = g2 − 1.
See Section 3.7 below for more discussion of this case.

3.6. Combinatorial graphs. In this section we assume Γ is a combinatorial graph. By this
we mean Γ admits a model (G = (V,E), ℓ) that has unit edge lengths. We assume the divisor
D is supported on the vertex set V .

Theorem 3.17. Suppose e = uv is an edge in G whose interior e̊ is LW (D)-measurable. Let
fuv be a rational function that satisfies div(fuv) = Du −Dv. Let ν be the unit tangent vector
at v along e, toward u. Then, the Weierstrass weight of the interior of e is

µ̂W (̊e) = r − slν(fuv).

Proof. Let U := e̊. Since LW (D) is closed, we can take the open interval U a little bit smaller
so that its extremities are distinct from u and v and U still contains the same components of
LW (D). Theorem 3.12 states that the sum of Weierstrass weights on U = e̊ is equal to

µ̂W (U) = deg
(
D|U

)
+ (g(U)− 1) r +

∑
ν∈∂ inU

sνmax(D).

Since D is supported on the vertex set, we have deg
(
D|U

)
= 0, and we also have g(U) = 0.

Thus, the expression simplifies to

µ̂W (U) = −r +
(
sv,νmax(D) + su,νmax(D)

)
where ν and ν are tangent directions toward u and v, respectively. If fu and fv satisfy

div(fu) = Du −D and div(fv) = Dv −D,

then we have

slνfu(u) = su,ν0 (D) = su,νmax(D)− r and slνfv(v) = sv,ν0 (D) = sv,νmax(D)− r,

and the relation fuv = fu − fv implies

slνfuv(u) = slν(fu − fv)(u) = −
(
su,νmax(D)− r

)
− (sv,νmax(D)− r)

= 2r −
(
sv,νmax(D) + su,νmax(D)

)
.

Note that the slope of fuv is constant along the interior of e, since the reduced divisors Du

and Dv are supported on vertices. □
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3.7. Canonical Weierstrass locus. In this section we discuss the case of the canonical
divisor on a metric graph.

3.7.1. Weierstrass weight. The weight formula (1) for µW (C;D) may be specialized to the
case of the canonical divisor D = K. We need the following lemma.

Lemma 3.18. Let K =
∑

x∈Γ(val(x)−2) (x) denote the canonical divisor of Γ, and let A ⊆ Γ
be a closed connected subset. Then

deg
(
K|A

)
= 2g(A)− 2 + outval(A),

where outval(A) is the number of outgoing branches from A.

Proof. The proof can be obtained by direct calculation using an adapted graph model. The
details are omitted. □

By direct summation, this result generalizes to closed subsets with finitely many connected
components.

Theorem 3.19. Suppose Γ is a metric graph of genus g, and let K be its canonical divisor.
Then for any closed, connected subset A ⊆ Γ that is LW (K)-measurable, we have

µ̂W (A;K) = (g + 1)(g(A)− 1)−
∑

ν∈∂outA

(sν0(K)− 1).

Proof. As usual, let ∂
out

A denote the set of outgoing tangent directions from A in Γ, and let
outval(A) denote its cardinality. From Theorem 3.10 we have

µ̂W (A;K) = deg
(
K|A

)
+ r (g(A)− 1)−

∑
ν∈∂outA

sν0(K).

The canonical divisor K has rank r = g − 1. By Lemma 3.18, on a closed connected set
B ⊆ Γ, the degree deg

(
K|B

)
satisfies deg

(
K|B

)
= 2g(B)− 2 + outval(B). Therefore,

µ̂W (A;K) = deg
(
K|A

)
+ (g − 1)(g(A)− 1)−

∑
ν∈∂outA

sν0(K)

= 2(g(A)− 1) + outval(A) + (g − 1)(g(A)− 1)−
∑

ν∈∂outA

sν0(K)

= (g + 1)(g(A)− 1)−
∑

ν∈∂outA

(sν0(K)− 1),

which concludes. □

If we repeat the same computation for the pluricanonical divisor nK, where n ≥ 2, we find
that

µ̂W (A;nK) = (2n− 1)g(g(A)− 1)−
∑

ν∈∂outA

(sν0(nK)− n).

This next corollary to Theorem 3.19 is also a direct consequence of Theorem 1.5.

Corollary 3.20. Suppose Γ is a genus g metric graph.

(a) The sum of Weierstrass weights over all components of LW (K) is equal to g2 − 1.
(b) For any integer n ≥ 2, the sum of Weierstrass weights over all components of LW (nK) is

equal to (2n− 1)g(g − 1).
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The next result is a special case of Corollary 3.15.

Corollary 3.21. Suppose Γ is a metric graph of genus g. For any closed, connected, LW (K)-
measurable subset A ⊆ Γ, we have

µ̂W (A) ≥ g(A) (g − 1).

3.7.2. Edge symmetry. We now discuss properties of some specific Weierstrass points under
some symmetry condition; see as well Section 7.4.

Definition 3.22. An edge e of a metric graph Γ is reflexive if there is an automorphism
σ : Γ → Γ such that σ(e) = e, i.e., σ reverses the direction of e. ⋄

Theorem 3.23. Suppose Γ is a metric graph of genus g ≥ 2, and let K denote the canonical
divisor of Γ. Suppose e is a reflexive edge in Γ.

(a) If g is even, then the midpoint of e is in the Weierstrass locus LW (K).
(b) If g is odd, then the midpoint of e is in the Weierstrass locus LW (nK) for any integer

n ≥ 2.

Proof. Let x denote the midpoint of the reflexive edge e. The tangent space Tx(Γ) contains
two directions {ν1, ν2}, and the reflexive assumption implies that the minimum slopes are
equal in both directions, i.e., sν10 (K) = sν20 (K). If x is outside the Weierstrass locus, then the
singleton {x} is LW (K)-measurable and we may apply the weight formula from Theorem 3.19,

µ̂W (x;K) = (g + 1)(−1)− 2(sν10 (K)− 1) ≡ g + 1 mod 2.

Hence if g is even, then µ̂W (x) is nonzero, which contradicts our assumption that x is outside
the Weierstrass locus. This proves part (a).

Now consider D = nK for n ≥ 2. By a similar argument, if x is outside the Weierstrass
locus LW (nK), then its Weierstrass weight is

µ̂W (x;nK) = (2n− 1)g(−1)− 2(sν10 (nK)− n) ≡ g mod 2.

If g is odd, then the weight µ̂W (x) is nonzero, which again gives a contradiction. This proves
part (b). □

3.8. Effective computation. We discuss a concrete way of determining the Weierstrass
locus and weights in a given metric graph.

Let D be an effective divisor on Γ. There is an algorithmic way for determining all the
minimum slopes of functions in Rat(D) along unit tangent vectors in Γ. This is based on
chip-firing on metric graphs. More precisely, [Luo11] gives a generalization of Dhar’s burning
algorithm for metric graphs, which allows us to test whether a divisor is x-reduced for any
point x ∈ Γ and eventually to compute reduced divisors. See Definition 2.10, Algorithm 2.13
and Theorem 2.15 in [Luo11].

We can extract the minimum slopes from this procedure. Let x be a point of Γ and
ν ∈ Tx(Γ) be a tangent direction at x. At step i of the algorithm, following the notation

of [Luo11, Def. 2.10], we count the number ni of indices 1 ≤ j ≤ J such that Q
(1)
j contains a

segment of Γ starting at x and supporting the direction ν. The number ni is either zero or
one and represents the number of chips that go through this segment toward the point x at
step i. We denote by n the sum of the ni’s. It is the total number of chips that are brought to
x by Dhar’s algorithm via the branch supporting ν. This means that sν0 = −n, which shows
that the minimum slope on ν can be computed using Dhar’s algorithm.
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4. Generalizations

In this section, we generalize the setting of the previous sections to the case of augmented
metric graphs, that is, in the presence of genera associated to the vertices.

Since the genus of a given vertex hides information about the geometry of the component, it
turns out that there will be an ambiguity when talking about the Weierstrass locus of a divisor
D. In fact, the right setup in this context is a divisor D endowed with the data of a closed sub-
semimodule M of Rat(D), which plays the role of a (not necessarily complete) linear series on
the augmented metric graph. In what follows, we will explain how the preceding definitions
and results extend from divisors to semimodules in the more general setting of augmented
metric graphs. We then introduce two special classes of semimodules, the generic semimodule
associated to any divisor, and the canonical semimodule associated to the canonical divisor.
We properly justify both of them using the framework of metrized complexes.

In the following, we assume all semimodules are nonempty unless specified otherwise.

4.1. Weierstrass loci of semimodules and augmented metric graphs.

4.1.1. Semimodules. Let Γ be a metric graph, and D a divisor of degree d on Γ. The set
of functions Rat(D) naturally has the structure of a semimodule on the tropical semifield;
we refer to [HMY12, AG22] for a discussion on this semimodule structure. Let M be a
sub-semimodule of Rat(D). We endow Rat(D) with the topology induced by ∥ · ∥∞, and
say M ⊆ Rat(D) is closed if it is closed with respect to this topology. The following is a
direct extension to semimodules of the rank of divisors on graphs introduced by Baker and
Norine [BN07].

Definition 4.1 (Divisorial rank). The divisorial rank or simply rank of M ⊆ Rat(D) (also
called the rank of D with respect to M) is the greatest integer r such that for any effective
divisor E on Γ of degree r, there exists a function f ∈ M verifying D + div(f) ≥ E. It is
denoted by r(M,D). ⋄

Note that for every divisor D′ such that D ≤ D′, the inclusion M ⊆ Rat(D′) holds, and
therefore the divisorial rank r(M,D′) can be defined. In fact, as the following statement
shows, the divisorial rank will only depend on the sub-semimodule M ⊆ Rat(Γ), and not on
the divisor D, if we additionally assume that M is closed. Therefore, we will work only with
closed semimodules in the following, and will denote their rank simply by r(M). Note that
any (nonempty) semimodule has rank r(M) ≥ 0. Also note that by definition, we have the
immediate inequality r(M) ≤ r(D).

Proposition 4.2. The divisorial rank r(M,D) of a closed semimodule M ⊆ Rat(D) depends
only on M , as a sub-semimodule M ⊆ Rat(Γ).

Proof. First note that there is a unique minimal divisor Dmin such that M ⊆ Rat(Dmin),
which is obtained by taking the (point-wise) minimum of all such divisors.

Then, we denote r(M,D) by r and r(M,Dmin) by r0. It is clear from the inequality
Dmin ≤ D that the inequality r0 ≤ r holds. We thus prove that r0 ≥ r. We choose a model
G = (V,E) such that the vertex set contains the support of D.

First, we suppose that E is an effective divisor of degree r on Γ whose support is disjoint
from the support of D. By definition of r, there exists f ∈ M such that D+div(f) ≥ E. Since
M ⊆ Rat(Dmin) and D coincides with Dmin outside V , it follows that Dmin + div(f) ≥ E.

Now, let E be an effective divisor of degree r on Γ whose support may intersect that of
D. Let (En)n be a sequence of divisors of degree r converging to E, such that for each n,
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the support of En is disjoint from V . By what precedes, for each n, there exists a function
fn ∈ M such that Dmin + div(fn) ≥ En. Without loss of generality, assume that fn(x0) =
0 for some x0 ∈ Γ. Thanks to the boundedness of the slopes of functions in Rat(Dmin)
(see [GK08, Lem. 1.8]), we can assume that (fn)n converges uniformly to a function f , which
satisfies Dmin +div(f) ≥ E at the limit. The limit function f is in M by assumption that M
is closed, which concludes the argument. □

Remark 4.3. In essence, the above proof shows that the complement of the support of D is
a “rank-determining set” for the semimodule M in the sense of [Luo11]. ⋄

The notion of minimum slopes naturally extends to closed sub-semimodules.

Definition 4.4 (Slope sets and minimum slopes). LetM ⊆ Rat(D) be a closed sub-semimodule.
Given a point x ∈ Γ and a tangent direction ν ∈ Tx(Γ), let S

ν(M) denote the slope set

Sν(M) :=
{
slνf(x)

∣∣ f ∈ M
}
.

Let sν0(M) denote the minimum slope along ν of functions in M . More generally, let sνj (M)

denote the (j + 1)-smallest slope along ν of functions in M , i.e.,

sν0(M) = min{Sν(M)}, sνj (M) = min{s ∈ Sν(M), s > sνj−1}.
When the semimodule M is clear from context, we will simply use sνj to denote sνj (M). ⋄

The following result is obtained similarly to Proposition 2.7, see Remark 2.3; we omit the
details.

Proposition 4.5. Suppose M ⊆ Rat(D) is a closed semimodule of divisorial rank r. Then
for any closed, connected subset A ⊆ Γ, we have

deg
(
D|A

)
−

∑
ν∈∂outA

sν0(M) ≥ r.

4.1.2. Reduced divisors. For closed M ⊆ Rat(D), there is a well-defined and well-behaved
notion of x-reduced divisor denoted DM

x linearly equivalent to D with respect to M for every
x ∈ Γ. Simply, we define fx : Γ → R by setting

fx(p) := inf
f∈M
f(x)=0

f(p) ∀p ∈ Γ.

Using the boundedness of slopes [GK08, Lem. 1.8], which makes all the functions of M
uniformly Lipschitz, the infimum in the definition above turns out to be a minimum, and
fx is the uniform limit of a sequence of elements in M (see [AG22, Prop. 7.3]). Therefore,
fx ∈ M . We set DM

x := D + div(fx). It follows from the definition that slνfx(x) = sν0 for all
ν ∈ Tx(Γ), and DM

x (x) = D(x)−
∑

ν∈Tx(Γ)
sν0 . Therefore, the analogue of Lemma 2.5 holds.

4.1.3. Augmented metric graphs. An augmented metric graph is a metric graph Γ endowed
with a model (G = (V,E), ℓ) and a genus function g : V → Z≥0. The genus of (Γ, g), denoted
by g(Γ, g) or simply g, is defined by

g(Γ, g) := g(Γ) +
∑
v∈V

g(v).

This terminology follows [ABBR15]; “vertex-weighted graph” is used in other places. Aug-
mented metric graphs arise from the semistable reduction of smooth proper curves over a
valued field, when remembering the genera g(v) = g(Xv) of the components Xv, for v ∈ V .
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Note that any metric graph is naturally an augmented metric graph, by declaring the genus
function to be the zero function. This means that what we will discuss below applies equally
to the setting of non-augmented metric graphs.

4.1.4. Weierstrass locus. We now extend the notion of tropical Weierstrass locus to semimod-
ules in the general setting of augmented metric graphs. Let (Γ, g) be an augmented metric
graph. Let D be a divisor on Γ and M be a closed sub-semimodule of Rat(D) of divisorial
rank r ≤ r(D).

Definition 4.6 (Tropical Weierstrass locus of a closed semimodule). The tropical Weierstrass
locus of M , denoted by LW (M,D, g) (or LW (M, g) if D is clear from the context), is the set
of all points x ∈ Γ that verify DM

x (x) + (g(x)− 1) r > 0.
In the case the genus function g is zero, we lighten the notation and simply write LW (M,D),

instead of LW (M,D, 0). We abbreviate LW (M,D) as LW (M) if D is clear from context. ⋄

The set LW (M, g) is a closed subset of Γ that can in general be infinite. Note that for every
x ∈ Γ, we have DM

x (x) ≥ r and therefore DM
x (x) + (g(x)− 1) r ≥ g(x) r ≥ 0. In particular, if

g(x) > 0 and r > 0, then x belongs to the tropical Weierstrass locus.
We now associate an intrinsic weight to each connected component of the Weierstrass locus.

The definition is analogous to Definition 1.4; here it is adapted to semimodules and depends
on the genus function.

Let D be a divisor of degree d on Γ, and let M ⊆ Rat(D) be a closed sub-semimodule of
divisorial rank r. We use the notation of Definition 1.4 for deg

(
D|C

)
, g(C), and ∂

out

C; sν0(M)
is introduced in Definition 4.4.

Definition 4.7 (Intrinsic Weierstrass weight of a connected component). Let C be a con-
nected component of the tropical Weierstrass locus LW (M, g). The Weierstrass weight of C,
denoted by µW (C;M,D, g), is defined by

(5) µW (C;M,D, g) := deg
(
D|C

)
+

(
g(C) +

∑
x∈C

g(x)− 1

)
r −

∑
ν∈∂outC

sν0(M).

It is also denoted simply by µW (C;M, g) or µW (C; g) if M and D are understood from the
context.

In the case the genus function is zero, we use µW (C;M,D), µW (C;M) or µW (C) for
µW (C;M,D, 0). ⋄

Proposition 3.1 on the independence of weights with respect to linear equivalence general-
izes easily to this context. Furthermore, this quantity is well-defined because any connected
component of LW (M, g) is a metric graph, a result that adapts directly from Proposition 3.2.
As in the case of divisors (Proposition 3.2), LW (M, g) has a finite number of connected com-
ponents. And since Theorem 3.7 extends directly, we get µW (C;M, g) > 0. We denote by
g(C, g) the sum g(C) +

∑
x∈C g(x), that is, the genus of C in the augmented metric graph

(Γ, g).

Definition 4.8 (Tropical Weierstrass divisor). We say that (M,D, g) is Weierstrass finite or
simply W-finite if the tropical Weierstrass locus LW (M,D, g) is finite. In this case, we define
the tropical Weierstrass divisor W (M,D, g) as the effective divisor

W (M,D, g) :=
∑

x∈LW (M,g)

µW (x;M,D, g) (x).
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The tropical weight of x verifies µW (x;M,D, g) = DM
x (x) + (g(x) − 1) r. We abbreviate

W (M,D, g) as W (M, g) if D is clear from the context. Note that the support |(W (M, g))| of
the tropical Weierstrass divisor is exactly the tropical Weierstrass locus LW (M, g).

In the case the genus function is zero, we simply useW (M,D) orW (M) forW (M,D, 0). ⋄

Remark 4.9. If we set M = Rat(D), and if the genus function is g = 0, then we recover the
definitions given in Section 3 for a complete linear series on a non-augmented metric graph.
Namely,

(i) For every x ∈ Γ, we have D
Rat(D)
x = Dx.

(ii) We have LW (Rat(D), 0) = LW (D).
(iii) For every connected component C of LW (Rat(D), 0), we have

µW (C; Rat(D), 0) = µW (C;D).

(iv) D is W-finite if, and only if, Rat(D) is so. In this case, W (Rat(D), 0) = W (D). ⋄

The following proposition, a direct consequence of the definitions, states how the Weier-
strass locus and Weierstrass weights on an augmented graph are related to the non-augmented
definition.

Proposition 4.10. If M ⊆ Rat(D) is a closed semimodule of rank r, then the following
equalities hold.

(a) LW (M, g) = LW (M) ∪ |g|.
(b) For every connected component C of LW (M, g), we have

µW (C;M,D, g) = µW (C;M,D) + r
∑
x∈C

g(x).

4.1.5. Total sum of Weierstrass weights. The following theorem is an analogue of Theorem 2.2
for closed sub-semimodules of Rat(D), and is proved using a natural analogue of Lemma 2.5,
given in Section 4.1.2. The only difference is that in the case of semimodules, sets of slopes
are no longer necessarily made up of consecutive integers.

Theorem 4.11. Let D be a divisor on Γ and M be a closed sub-semimodule of Rat(D) of
divisorial rank r. We take a model for (Γ, g) such that the support of D is made up of vertices.
Let x ∈ Γ be a point and ν ∈ Tx(Γ) be a tangent direction.

(a) If the open interval (x, x+ εν) is disjoint from the Weierstrass locus LW (M, g), for ε > 0,
then the set of slopes

{
slνf(x)

∣∣ f ∈ M
}
consists of r + 1 consecutive integers {sν0 , sν0 +

1, . . . , sν0 + r}.
(b) If the open interval (x, x + εν) is contained in the Weierstrass locus LW (M, g), then the

set of slopes
{
slνf(x)

∣∣ f ∈ M
}
consists of integers {sν0 < sν1 < · · · < sνt } with t ≥ r and

sνt − sν0 ≥ r + 1.

Part (a) implies in particular that for any edge e outside the Weierstrass locus of M , the
number of slopes of functions on e is r + 1 and these slopes are consecutive.

As a corollary, following the same computation as in the case of a divisor, we get an
analogue of Theorem 3.10.

Theorem 4.12 (Sum of Weierstrass weights for an incomplete series on an augmented metric
graph). Suppose (Γ, g) is a genus g = g(Γ, g) augmented metric graph, D is a degree d divisor,
and M ⊆ Rat(D) is a closed semimodule of divisorial rank r ≥ 0.
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Then, the total sum of weights associated to connected components of LW (M, g) is equal to
d− r + rg. In particular, if M is W-finite, then we have deg(W (M, g)) = d− r + rg.

More generally, let A denote the σ-algebra of LW (M, g)-measurable subsets of Γ and µ̂W

the counting measure on (Γ,A) associated to the weights µW (C;M, g) given as above. Then,
for any closed, connected A ∈ A, we have

(6) µ̂W (A;M, g) = deg
(
D|A

)
+ (g(A, g)− 1) r −

∑
ν∈∂outA

sν0(M),

where g(A, g) denotes g(A) +
∑

x∈A g(x).

Theorem 4.12 implies the following analogue of Theorem 1.6.

Theorem 4.13. If the divisorial rank r of M is at least one, then every closed connected
subset A of Γ with g(A, g) ≥ 1 contains a point of LW (M, g).

Proof. Theorem 4.12 and Proposition 4.5 imply that for any closed, connected, LW (M, g)-
measurable subset A ⊆ Γ, we have

µ̂W (A;M, g) ≥ g(A, g) r,

an analogue of Corollary 3.15 for closed semimodules. Then, the argument used in the proof
of Theorem 1.6 yields the result. □

4.1.6. Coherence under inclusion of semimodules. We have the following coherence property
for the Weierstrass loci and weights associated to semimodules.

Proposition 4.14. Let M ⊆ M ′ ⊆ Rat(D) be two closed semimodules of rank r. Then,
LW (M, g) ⊆ LW (M

′, g) and any LW (M
′, g)-measurable subset A of Γ is LW (M, g)-measurable.

Moreover, the equality µ̂W (A;M, g) = µ̂W (A;M ′, g) holds.

Proof. Note that the inclusion M ⊆ M ′ implies that we have DM
y (y) ≤ DM ′

y (y) for every
y ∈ Γ. This, in turn, implies that LW (M, g) ⊆ LW (M

′, g). The claim that A is LW (M, g)-
measurable follows then, since A is assumed to be LW (M

′, g)-measurable.
To see that µ̂W (A;M, g) = µ̂W (A;M ′, g), it suffices to show that sν0(M) = sν0(M

′) for

each ν ∈ ∂
out

A. Suppose ν is such a tangent direction pointing out of A. By part (a) of
Theorem 4.11, there are exactly r + 1 consecutive slopes of functions F ∈ M ′ along ν. The
same statement holds for M . Since M ⊆ M ′, we infer that these slopes are the same. In
particular, sν0(M) = sν0(M

′), as desired. □

In the following two sections, we specialize the above constructions to two special families of
closed semimodulesM : the generic semimodule associated to any divisorD, and the canonical
semimodule.

4.2. The generic semimodule associated to a divisor. Let (Γ, g) be an augmented
metric graph. Denote by |g| the support of g. For any divisor D on Γ, we define a closed
semimodule Rat

gen

(D, g) ⊆ Rat(D).

Definition 4.15. The generic linear series or generic semimodule Rat
gen

(D, g) consists of all
rational functions f on Γ such that for every x ∈ Γ, we have the inequality

D(x) + div(f)(x) ≥ g(x). ⋄
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Equivalently, we have the equality Rat
gen

(D, g) = Rat(D0) for the divisor D0 defined by
D0(x) := D(x) − g(x), for every x ∈ Γ. (The claimed containment Rat

gen

(D, g) ⊆ Rat(D) is
clear.)

It follows that Rat
gen

(D, g) is closed in the ∥ · ∥∞ topology of Rat(D).

Remark 4.16. The superscript “gen” stands for “generic” because, from the viewpoint of
the degeneration of smooth projective curves, augmented metric graphs can be obtained from
intermediate geometric objects called metrized complexes of curves. If this is the case, the
above definition gives, precisely, the tropical part of the linear series of a divisor on the
metrized complex in the case where the restriction of the divisor on every curve component
of the metrized complex is generic. See Section 4.4 for more details. ⋄

The following statement computes the divisorial rank of the generic semimodule associated
to a divisor.

Proposition 4.17. Denote by r the divisorial rank of the generic semimodule Rat
gen

(D, g),
let D0 be the divisor defined by D0(x) := D(x)−g(x) for every x ∈ Γ, and let r(D) and r(D0)
denote the respective ranks of the two divisors D and D0 in Γ without the genus function. We
have the following (in)equalities.

(a) r ≤ r(D);
(b) r = r(D0).

Proof. (a) The inequality follows from the containment Rat
gen

(D, g) ⊆ Rat(D).
(b) This follows from Proposition 4.2 applied to M := Rat

gen

(D, g) = Rat(D0). □

Now that we have a closed sub-semimodule Rat
gen

(D, g) of Rat(D) with a well-known
divisorial rank, we can apply the machinery developed above.

Definition 4.18 (Generic tropical Weierstrass weights and locus of a divisor). Keeping the
above notation, let D be a divisor on an augmented metric graph (Γ, g). The tropical Weier-
strass locus, the Weierstrass weights, and the Weierstrass divisor (if it exists) are defined by
plugging the semimodule M := Rat

gen

(D, g) into Definitions 4.6, 4.7 and 4.8.
To lighten the notation while stressing the choice of the generic semimodule and the de-

pendence on D and g, we write:

(i) L
gen

W (D, g) for LW

(
Rat

gen

(D, g), g
)
;

(ii) µgen

W (C;D, g) for µW

(
C; Rat

gen

(D, g), g
)
; and

(iii) W
gen

(D, g) for W
(
Rat

gen

(D, g), g
)
.

When D is clear from context, we simply use µgen

W (C; g) for µgen

W (C;D, g). ⋄

Note that when g is the zero function, we have the equality Rat
gen

(D, g) = Rat(D), and so
the above definition recovers the one given in the previous sections for the Weierstrass divisor
associated to a divisor.

Proposition 4.10 and a straightforward computation gives the following description of the
generic Weierstrass locus.

Proposition 4.19. The following equalities hold:

(a) L
gen

W (D, g) = LW (D0) ∪ |g|;
(b) µgen

W (C;D, g) = µW (C;D0) + (r + 1)
∑

x∈C g(x).
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In the remainder of this section, we discuss the generic semimodule associated to the
canonical divisor. We first recall the definition of the canonical divisor in the augmented
setting.

Definition 4.20 (Canonical divisor on an augmented metric graph). Given an augmented
metric graph (Γ, g), the canonical divisor K on (Γ, g) is defined by

(7) K(x) := val(x)− 2 + 2 g(x)

for each x ∈ Γ. ⋄

Remark 4.21. In the context of augmented metric graphs, Lemma 3.18 becomes the following
statement: for every closed connected subset A ⊆ Γ,

deg
(
K|A

)
= 2g(A)− 2 + 2

∑
x∈A

g(x) + outval(A). ⋄

The following statement gives the rank of the semimodule Rat
gen

(K, g), which is not g− 1,
contrary to what one might expect. The reason for this discrepancy will become clear in
Section 4.4.2, using metrized complexes.

Proposition 4.22 (Rank of the generic semimodule Rat
gen

(K, g)). If the genus function g is
nontrivial, the semimodule Rat

gen

(K, g) has rank g − 2.

Proof. The rank of Rat
gen

(K, g) coincides with the rank of K0 := K −
∑

g(x) (x) within the
non-augmented metric graph Γ. Since the genus function is nontrivial, we have deg(K0) =
2 g(Γ) − 2 +

∑
x g(x) > 2 g(Γ) − 2 with g(Γ) the genus of the non-augmented metric graph,

and so, by Riemann–Roch on Γ, we have r(K0) = deg(K0)− g(Γ) = g(Γ, g)− 2. □

In the next section, we define the canonical linear series for an augmented metric graph,
and show it has the correct rank g − 1.

Example 4.23. We compute the Weierstrass locus of the generic semimodule Rat
gen

(K, g)
on a cycle with one point of positive genus equal to two.

Let (Γ, g) be the augmented metric graph where Γ is the cycle of length one, parametrized
by the interval [0, 1], the single vertex v coincides with the endpoints v = 0 = 1, and g(v) = 2.
The genus of this augmented metric graph is g = 3.

We consider the canonical divisor K and the associated generic semimodule Rat
gen

(K, g),
as defined in the present section (see Definition 4.15). The rank is r = g − 2 = 1 according
to Proposition 4.22, and the total weight of the Weierstrass locus is 6. The Weierstrass locus
consists of the vertex v and the point of coordinate 1

2 . It is easy to compute that the weights

are µgen

W (v;K, g) = 5 and µgen

W

(
1
2 ;K, g

)
= 1. Figure 5 shows the augmented metric graph and

its Weierstrass locus. A generalization for any value of g(v) is presented in Section 7.5.2. ⋄

g(v) = 2

D(v) = 4
5 1

Figure 5. An augmented cycle graph with one point of genus two, the canon-
ical divisor and its Weierstrass locus L

gen

W (D, g).
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4.3. The canonical linear series on an augmented metric graph. Consider the aug-
mented metric graph (Γ, g) and its canonical divisor K, defined by K(x) = val(x)−2+2 g(x)
for each x ∈ Γ. In this section, we define the linear series KRat(g) associated to K, that we
call the canonical linear series or canonical semimodule.

Definition 4.24. We define the canonical semimodule KRat(g) as the set of all functions
f ∈ Rat(Γ) that verify the following conditions:

(1) For every x ∈ Γ, we have K(x) + div(f)(x) ≥ g(x)− 1.
(2) If x has a tangent direction ν ∈ Tx(Γ) such that slνf(x) ≤ 0, then K(x)+div(f)(x) ≥

g(x). ⋄

The following set of conditions is equivalent to that of Definition 4.24.

(1) (local-minimum condition) If x ∈ Γ is an isolated local minimum of f , i.e., slνf(x) ≥ 1
for every ν ∈ Tx(Γ), then we impose K(x) + div(f)(x) ≥ g(x)− 1.

(2) (generic condition) For all other points x ∈ Γ, we impose the stricter condition K(x)+
div(f)(x) ≥ g(x).

Note that according to the above definition, if a point x has g(x) = 0, then x cannot
be an isolated local minimum of f ∈ KRat(g). Indeed, an isolated local minimum of f
satisfies div(f)(x) ≤ − val(x), and so K(x) + div(f)(x) ≤ −2 assuming g(x) = 0, which
would violate both conditions. This means that, for any x ∈ Γ and f ∈ KRat(g), we have
K(x) + div(f)(x) ≥ 0, which implies that KRat(g) is a subset of Rat(K). (It is easy to
see that it is in fact a semimodule.) This shows, moreover, that the above definition is
equivalent to Definition 4.15 outside of the support of g. Also note that we have the inclusion
of semimodules Rat

gen

(K, g) ⊆ KRat(g).

Remark 4.25. The definition of the canonical semimodule differs from the generic semimod-
ule Rat

gen

(K, g) given by Definition 4.15. This is because the earlier definition, suitable for
every divisor D on Γ, assumed D has “generic support” in the vertices with “hidden genus.”
The canonical divisor, however, is not generic. Its specific properties suggest a distinct defi-
nition for the complete linear series of K. The relevance of the above modification compared
to Definition 4.15 will be further clarified in Section 4.4. ⋄

We have the following theorem, which justifies the name given to the linear series KRat(g).
Recall that g = g(Γ, g).

Theorem 4.26. The divisorial rank of the semimodule KRat(g) is g − 1.

Proof. The proof of this theorem will be given in Section 4.4.3. □

We have a closed sub-semimodule KRat(g) of Rat(K) of divisorial rank r = g − 1, and we
can apply the machinery developed for semimodules on augmented metric graphs.

Definition 4.27 (Canonical tropical Weierstrass weights and locus). Keeping the above no-
tation, the canonical tropical Weierstrass locus, the Weierstrass weights, and the Weierstrass
divisor on an augmented metric graph are defined by plugging the semimodule M := KRat(g)
into Definitions 4.6, 4.7 and 4.8.

To lighten the notation while stressing the choice of the canonical semimodule and the
dependence on g, we write:

(i) LW (K, g) for LW (KRat(g), g);
(ii) µW (C;K, g) for µW (C; KRat(g), g); and
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(iii) W (K, g) for W (KRat(g), g). ⋄
Example 4.28. In this example, we compute the canonical Weierstrass locus on an aug-
mented cycle with a point of genus two. For the case of the generic Weierstrass locus associ-
ated to the same divisor K, see Example 4.23.

Let (Γ, g) be the augmented metric graph where Γ is the cycle of length one, parametrized
by the interval [0, 1], the single vertex v coincides with the endpoints v = 0 = 1, and g(v) = 2.
The genus of this augmented metric graph is g = 3.

We consider the canonical divisor K and the associated canonical semimodule KRat(g), as
defined in the present section (see Definition 4.24). The rank is r = g − 1 = 2 according to
Theorem 4.26, and the total weight of the Weierstrass locus is g2−1 = 8. TheWeierstrass locus
consists of the vertex v and the points of coordinates 1

3 and 2
3 . The Weierstrass weights are

µW (v;K, g) = 6 and µW

(
1
3 ;K, g

)
= µW

(
2
3 ;K, g

)
= 1. Figure 6 shows the locus of Weierstrass

points. A generalization for any value of g(v) is presented in Section 7.5.1. ⋄

g(v) = 2

K(v) = 4
6

1

1

Figure 6. An augmented cycle graph, the canonical divisor and its Weier-
strass locus LW (K, g).

In the rest of the paper, when handling the canonical divisor K on an augmented metric
graph, the semimodule KRat(g) will be preferred over Rat

gen

(K, g), unless explicitly specified
otherwise.

4.4. Justification of the definition of Weierstrass loci for augmented metric graphs,
in the generic and canonical case. In this section, we provide a justification for the
definitions we gave in Sections 4.2 and 4.3. This will be through divisor theory on metrized
complexes, that we recall first.

4.4.1. Divisor theory on a metrized complex of curves. We fix κ an algebraically closed field.
A metrized complex of curves is, roughly speaking, the (metric realization of the) data of
an augmented metric graph (Γ, g) endowed with a model G = (V,E) and, for every v ∈ V ,
of a smooth, proper, connected, marked κ-curve Cv of genus g(v) with marked points Av in
bijection with the branches of Γ incident to v. That is, a metrized complex of curves is a
hybrid refinement of an augmented metric graph. For a full definition, see [AB15, Def. 2.17].

Let C be a metrized complex of curves. A divisor D on C is a formal sum with integer
coefficients of a finite number of points in C. We denote its hybrid rank on C by rC(D). By the
forgetful projection map from C to Γ, this gives rise to a divisor D on Γ of the same degree.
Moreover, by restriction to each curve Cv, for v ∈ V , we get a divisor Dv on Cv. A rational
function f on C consists of a rational function f on Γ and, for every v ∈ V , a nonzero rational
function fv on Cv. The space of such functions f =

(
f, fv

∣∣ v ∈ V
)
is denoted by Rat(C).

Let now C be a metrized complex of curves, with underlying metric graph Γ. Let D be a
divisor on C. We follow [AB15] and consider the linear series Rat(D,C) defined as the subset
of Rat(C) consisting of all rational functions f = (f ∈ Rat(Γ); fv ∈ κ(Cv), v ∈ V ) on C that
verify D+ div(f) ≥ 0. This means that the following two conditions are satisfied:



32 OMID AMINI, LUCAS GIERCZAK, AND HARRY RICHMAN

(a) D + div(f) is effective on Γ; and
(b) for each v ∈ V , the divisor Dv −

∑
ν∈Tv(Γ)

slνf(v) (x
ν
v) + div(fv) is effective on Cv.

Here, xνv is the marked point on Cv that corresponds to ν.

Definition 4.29. We define Rat
trop

(D,C) to be the subset of Rat(D) consisting of the tropical
parts of all functions f ∈ Rat(D,C). ⋄

We omit the proof of the following result.

Proposition 4.30. Rat
trop

(D,C) is a closed sub-semimodule of Rat(D).

We have the following comparison result, whose proof is direct from the definition of rank
of divisors.

Proposition 4.31. Let r(D,C) be the divisorial rank of the semimodule Rat
trop

(D,C). Then
we have the inequality

rC(D) ≤ r(D,C).

The inequality in the above proposition can be strict in general. However, in some situa-
tions, e.g., for generic divisors on C and for the canonical divisor, when the marked curves
(Cv, Av), for all v ∈ V , are generic in their moduli, we have the equality, as we explain now.

4.4.2. The case of augmented metric graphs with generic divisors. Condition (b) in the def-
inition of Rat(D,C) in the previous section justifies Definition 4.15. Indeed, take a rational
function f on Γ such that for every x ∈ Γ, we have D(x) + div(f)(x) ≥ g(x). Assume
that the augmented metric graph (Γ, g) comes from a metrized curve complex C. Let v ∈ Γ
be a point underlying a curve Cv. On the curve Cv, the divisor Dv −

∑
ν∈Tx(Γ)

slνf(v) (x
ν
v)

has degree ≥ g(v) by assumption. Therefore, by the Riemann–Roch theorem, its rank is
non-negative, which is precisely Condition (b) in the definition of Rat(D,C). Now, in the
other direction, if Dv is generic in the Picard group of Cv of relevant degree, then the di-
visor Dv −

∑
ν∈Tv(Γ)

slνf(v) (x
ν
v) on Cv appearing in the second condition has non-negative

rank only if it has degree at least g(v). This means that Definition 4.15 is equivalent to the
definition given for metrized complexes with a generic choice of divisors on components.

4.4.3. The case of canonical divisor in augmented metric graphs. We now justify Defini-
tion 4.24 using the terminology of Section 4.4.1, and also prove Theorem 4.26.

Let G = (V,E) be a model of Γ whose vertex set contains all the points of valence different
from two, and the support of g. Let C be a metrized complex with underlying augmented
metric graph (Γ, g). Denote by K a canonical divisor for C given by the collection of divisors
KCv + Av = KCv +

∑
ν∈Tv(Γ)

(xνv) on Cv, where KCv denotes a canonical divisor on Cv, i.e.,
O(KCv) = ωCv . The following claim justifies our definition of the canonical semimodule. We

denote by Rat(K)
trop

the tropical part of Rat(K).

Proposition 4.32. Keeping the same notation as above, we have KRat(g) ⊆ Rat(K)
trop

.
Moreover, if the markings Av on the curves Cv are in general position (i.e., belong to a well-
chosen Zariski-dense open subset of Cv), for all v ∈ V , then we have the equality KRat(g) =

Rat(K)
trop

.

Remark 4.33. This general position condition is the same as the one imposed in the work by
Esteves and coauthors [EM02,ES07] in the special case of stable curves with two irreducible
components, and stable curves in which any pair of components intersect. We will treat
examples of augmented dipole graphs in Section 7. ⋄
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Proof of Proposition 4.32. We first prove the inclusion KRat(g) ⊆ Rat(K)
trop

. Consider an
element f ∈ KRat(g). We claim the existence of rational functions fv on Cv, for each v ∈ V ,
such that the collection {f, fv, v ∈ V } forms a rational function in Rat(K). This will prove
the claim. Let v ∈ V , and consider the divisor D on Cv defined by f as follows:

Dv := KCv +
∑

ν∈Tv(Γ)

(xνv)−
∑

ν∈Tv(Γ)

slνf(v) (x
ν
v).

Note that the degree of Dv is precisely K(v)+div(f)(v). If the genus of v is zero, then by the
condition K(v) + div(f) ≥ 0, the degree of Dv is non-negative and so there exists a rational
function fv on Cv such that Dv + div(fv) ≥ 0. If g(v) ≥ 1 and v is not an isolated local
minimum, then by the definition of KRat(g), we have deg(Dv) ≥ g(v). By Riemann–Roch,
this implies the existence of a function fv such that Dv+div(fv) ≥ 0. Let v ∈ Γ be a vertex of
Γ such that g(v) > 0 and that is an isolated local minimum of f . In this case, by the definition
of KRat(g), we have deg(Dv) ≥ g(v)− 1. The divisor Dv can be rewritten as KCv −E, where

E :=
∑

ν∈Tv(Γ)

(slνf(v)− 1) (xνv)

is effective because v is an isolated local minimum of f . The Riemann–Roch theorem on Cv,
combined with the inequality r(E) ≥ 0, thus yields

r(Dv) = r(KCv − E) = r(E) + deg(Dv)− g(v) + 1 ≥ 0.

That is, there exists a function fv such that Dv + div(fv) ≥ 0. The rational function f =(
f, fv

∣∣ v ∈ V
)
on C verifies K+ div(f) ≥ 0, as desired.

We now prove the inclusion Rat(K)
trop ⊆ KRat(g) provided that the markings Av on the

curves Cv, for all v ∈ V , are generic. First, we observe that Rat(K)
trop ⊆ Rat(K). Combining

this with the results we proved in Section 2, it follows that the slopes taken by functions in
Rat(K)

trop

are bounded. Let f be an element of Rat(K)
trop

. We claim that under the general
position assumption, we have f ∈ KRat(g). Let v be a vertex of Γ. Resuming the notation
introduced above, we write Dv for the divisor on Cv induced by f , and write it in the form
Dv = KCv − E.

First consider the case where v is an isolated local minimum of f . In this case, E is an
effective divisor. We need to show that deg(E) ≤ g(v) − 1. By contradiction, assume that
deg(E) ≥ g(v). If the points xνv , for ν ∈ Tv(Γ), are in general position on Cv, we will get

r(Dv) ≤ r(KCv)− g(v) = −1, which contradicts the assumption that f ∈ Rat(K)
trop

.
Consider the other case, where v is not an isolated minimum. In this case, the divisor E is

not effective. We write E = E+ − E− where E+ and E− are the positive and negative parts
of E, respectively. Note that E+ and E− are effective and they have disjoint support. Since
E is not effective, E− is non-zero, and so by Riemann–Roch, we have

r(KCv + E−) = 2g(v)− 2 + deg(E−)− g(v) = g(v)− 2 + deg(E−).

Now, we write

Dv = KCv − E = KCv + E− − E+

and observe, by the general position assumption on the points of Av, that

r(Dv) = max{−1, r(KCv + E−)− deg(E+)}.
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Combining the two observations, we get

r(Dv) = max{−1, g(v)− 2 + deg(E−)− deg(E+)} = max{−1,deg(KCv − E)− g(v)}
= max{−1,deg(Dv)− g(v)}.

If deg(Dv) < g(v), we get r(Dv) < 0, which would be a contradiction to the assumption that

f ∈ Rat(K)
trop

. We conclude that deg(Dv) ≥ g(v), which leads to the inclusion Rat(K)
trop ⊆

KRat(g). □

We now show that KRat(g) has the expected rank g − 1.

Proof of Theorem 4.26. We keep the above notation. We denote by r the divisorial rank of
KRat(g).

It will be enough to show that if the markings Av on the curves Cv, for all v ∈ V , are in
general position, then we have rC(K) = r. By Riemann–Roch for metrized complexes proved
in [AB15], we then obtain the equality r = g − 1, as desired.

The inequality r ≥ rC(K) follows from the case of equality Rat(K)
trop

= KRat(g) proved in
the previous proposition, and by the definition of the rank in the metrized complex.

It remains to show the inequality rC(K) ≥ r. Let E be an effective divisor of degree r on C,

and let E be the corresponding divisor on Γ. There exists a function f ∈ KRat(g) = Rat(K)
trop

such that E + div(f) ≥ 0. If E has support outside the vertices of Γ, that is, E is entirely
supported at the interior of edges of Γ, then using the arguments we used in the first part of
Proposition 4.32, we deduce the existence of rational functions fv on Cv, for all v ∈ V , such
that the rational function f =

(
f, fv

∣∣ v ∈ V
)
on C gives K− E + div(f) ≥ 0, as desired.

Otherwise, if E has support in some of the curves Cv, for v ∈ V , we write E as a limit of
effective divisors En, for n ≥ 0, of the same degree with support outside the vertices of Γ,
and find elements fn in Rat(K)

trop

= KRat(g) that verify K − En + div(fn) ≥ 0. Going to a
subsequence, and using the boundedness of the slopes in KRat(g), we can suppose that all
the fn have the same slopes along tangent directions at v, for each vertex v ∈ V . Moreover,
changing the function f ∈ KRat(g) = Rat(K)

trop

under the constraint that E + div(f) ≥ 0 if
necessary, we can assume furthermore that fn converges to f as n tends to infinity.

Denote by sνv the slope of the fn along the tangential direction ν ∈ Tv(Γ). Let

Dv := KCv +
∑

ν∈Tv(Γ)

(xνv)−
∑

ν∈Tv(Γ)

slνf(v) (x
ν
v)

that we rewrite in the form

Dv = KCv +
∑

ν∈Tv(Γ)

(1− sνv) (x
ν
v) +

∑
ν

mν (x
ν
v)

with mν denoting the (weighted) number of points in the support of En tending to v through
the tangential direction ν. Note that we have

∑
ν∈Tv(Γ)

mν = E(v). Let

D′
v := KCv +

∑
ν∈Tv(Γ)

(1− sνv) (x
ν
v).

Two cases can happen. Either, some of the slopes sνv , for ν ∈ Tv(Γ), are not positive, that
is, v is not an isolated local minimum of fn. In this case, the divisor D′

v has degree at least
g(v), which implies that it has non-negative rank. Or, all the slopes sνv , for ν ∈ Tv(Γ), are
positive, that is, v is an isolated local minimum of fn for all n. In this case, the divisor D′

v
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has degree at least g(v) − 1, and is the difference of KCv and an effective divisor on Cv. So
again, it has non-negative rank.

In either case, we conclude that the divisor D′
v = Dv −

∑
ν∈Tv(Γ)

mν (x
ν
v) has non-negative

rank. Since the points xνv are assumed to be in general position on Cv, it follows that the
divisor Dv has rank at least E(v) =

∑
ν∈Tv(Γ)

mν . This shows the existence of a rational

function fv on Cv such that Dv − Ev + div(fv) ≥ 0, with Ev being the part of E supported
in Cv. We conclude with the existence of a rational function f =

(
f, fv

∣∣ v ∈ V
)
that verifies

K − E + div(f) ≥ 0. This implies the inequality rC(K) ≥ r, and finishes the proof of our
theorem. □

5. Tropicalization of Weierstrass points

In this section we describe the tropicalization of the Weierstrass divisor of a line bundle on
a smooth curve over a non-Archimedean field.

Let K be an algebraically closed complete non-Archimedean field with a non-trivial valu-
ation denoted by v. Let R, m, and κ = R/m be the valuation ring, the maximal ideal of R,
and the residue field, respectively. We also denote by | · | the corresponding norm on K, so
that v(·) = − log | · |.

Let X be a smooth proper curve defined over K. Let D be a divisor of degree d on X
and let L = O(D) be the corresponding line bundle, with O = OX , the structure sheaf of X.
Denote by ωX the canonical line bundle on X.

Let H ⊆ H0(X,L) be a space of sections of dimension r+ 1 and denote by W = W(D, H)
the corresponding Weierstrass divisor. We assume that the gap sequence of H is the standard
sequence 0, 1, . . . , r, that is, for a general point x ∈ X(K), the orders of vanishing of sections
of L in H are 0, 1, . . . , r. If K is of characteristic zero, this is automatic.

5.1. Tropicalization. We denote by Xan the Berkovich analytification of X. We assume
familiarity with the theory of Berkovich analytic curves, and refer to [AB15, § 4] and [BPR16,
§ 5] that contain what we need.

A semistable vertex set for Xan is a finite set of type 2 points V in Xan such that the
complement Xan∖V is a disjoint union of finitely many open annuli and infinitely many open
disks. A semistable model for X is an integral proper relative curve X over R with generic
fiber Xη = X and special fiber X0 that is reduced and has nodal singularities. Any irreducible
component of the special fiber X0 of a semistable model X gives a valuation on K(X) and
defines a point of type 2 in Xan. The set V of points in Xan associated to the irreducible
components of X0 is a semistable vertex set for Xan. This process provides, in fact, a bijection
between semistable vertex sets of Xan and semistable models of X (see [BPR16, Thm. 5.38]).
Moreover, each point of type 2 appears in a semistable vertex set.

A semistable vertex set V gives rise to a skeleton Γ for Xan, defined as the union in Xan

of V and the skeletons of the open annuli in Xan ∖ V . The canonical metric on the skeletons
of the open annuli gives the skeleton a metric graph structure, naturally embedded in Xan.

The underlying graph G = (V,E) has vertex set V and edge set E in bijection with the set
of open annuli in Xan ∖ V . There is an edge between a pair of vertices v and u in V for each
open annulus whose closure contains the points v and u. Moreover, the edge length function
ℓ : E → (0,+∞) associates to each edge of G the modulus of the corresponding annulus.
Using the correspondence between semistable models and semistable vertex sets, the graph G
is identified with the dual graph of X0, the special fiber of X, with vertices in bijection with
the irreducible components of X0, and edges in bijection with the nodes of X0. There is an
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edge e = uv in G for each node that lies on the irreducible components associated to u and v.
The length of an edge corresponds to the singularity degree in X of the corresponding node.

For each point x of type 2 in Xan, the extension κ(x)/κ is of transcendence degree one.
We denote by Cx the corresponding smooth proper curve over κ. In a semistable model X
in which x is in the vertex set, Cx is the normalization of the irreducible component in X0

associated to x, and κ(x) is the function field of this component.
We denote by B+ the standard open ball in the Berkovich affine line A1,an. The complement

of Γ in Xan is a disjoint union of open balls Bν in bijection with ν ∈ Tx(X
an) ∖ Tx(Γ) for

all points x of type 2 in Γ, each isomorphic to B+. For a given ball Bν in Xan ∖ Γ, the
corresponding point x is the unique point in Γ that lies in the closure of Bν . Denote by pνx
the point of Cx(κ) corresponding to ν ∈ Tx(X

an)∖ Tx(Γ).
Let Γ be a metric graph skeleton of Xan with underlying graph G = (V,E) and denote by

τ : Xan → Γ the canonical retraction map. We call τ the tropicalization map. In the notation
of the previous paragraph, the tropicalization map sends all the points in Bν to the point
x. The restriction of τ to X(K) ⊂ Xan is compatible with the specialization map from the
generic fiber Xη to X0, that is, a point specialized to a node is sent by τ to a point in the
corresponding edge, and a point specialized to a smooth point of X0 is sent by τ to the vertex
of G corresponding to this component. We get a tropicalization map τ∗ : Div(X) → Div(Γ)
that sends a divisor D =

∑
x∈X(K) ax(x) on X to the divisor τ∗(D) =

∑
x∈X(K) ax(τ(x)).

We denote by vx : K(X) → R ∪ {+∞} the valuation of a point x ∈ Xan ∖ X(K) with
vx(f) = +∞ only if f = 0. The residue field of this valuation is denoted by κ(x). We also
denote by | · |x = exp(−vx) the corresponding norm.

For each non-zero f ∈ K(X), we define the tropicalization of f , denoted trop(f) : Γ → R,
as the map that sends each x ∈ Γ ⊂ Xan ∖ X(K) to vx(f). This induces a tropicalization
map trop: K(X)∖ {0} → Rat(Γ).

For a vector subspace H ⊆ K(X), we call M = trop(H ∖ {0}) the tropicalization of H,
and denote it, by a slight abuse of notation, by trop(H).

We define the genus function g on Xan to be the genus of Cx for a point of type 2, extended
by zero everywhere else. The restriction of g to Γ gives an augmented metric graph of genus
g equal to that of X. We denote by K the canonical divisor of the augmented metric graph
(Γ, g), with K(x) = 2g(x)− 2 + val(x) for all x ∈ Γ.

5.2. Reduction. For a type 2 point, the valuation vx has the same value group as v. For
each nonzero f ∈ K(X), choosing a ∈ K with v(a) = vx(f), we get that a−1f has valuation

vx(a
−1f) = 0, and therefore gives an element in the residue field κ(x) that we denote by f̃x. We

call this the reduction of f at x, which is nonzero and defined only up to multiplication by a

non-zero scalar in κ. For a vector subspaceH ⊆ K(X) of dimension r+1, denote by H̃x ⊆ κ(x)

the κ-vector subspace spanned by the reductions f̃x of elements f ∈ H [AB15, § 4.4]. By

[AB15, Lem. 4.3], H̃x has dimension r + 1 over κ.

5.3. Slopes. For a point x in Γ of type 2 in Xan, each unit tangent direction ν ∈ Tx(Γ) gives
a point pν

x ∈ Cx(κ). By the slope formula [BPR16], for any non-zero f ∈ K(X), we have

slν(trop(f)) = ordpν
x

(
f̃x

)
. Moreover,

τ∗(div(f)) = div(trop(f)).

If H ⊆ K(X) is a K-vector subspace of dimension r + 1, for any point x ∈ Γ and unit

tangent vector ν ∈ Tx(Γ), we get a collection of integers slν(trop(f)) = ordpν
x
(f̃x), f ∈ H.
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Since H̃x has dimension r+1, this collection has size r+1. This means that the collection of
slopes slν(h), for h ∈ M = trop(H), has size r+ 1. In particular, Property (⋆) in Section 6 is
satisfied by M = trop(H).

For each unit tangent vector ν, we order the slopes slν(h), for h ∈ M , in the form sν0 <
sν1 < · · · < sνr . Since elements of trop(H) are piecewise affine linear, adding more points of Γ
to the semistable vertex set, we can suppose that the set of slopes

sν0 < sν1 < · · · < sνr

is constant in the interior of any edge of G = (V,E) for parallel tangent directions ν at the
point of the edge that point in the same direction.

5.4. Weierstrass divisor and Wronskian. Let X be a smooth proper curve defined over
K. Let D be a divisor of degree d on X and let L = O(D) be the corresponding line bundle,
with O = OX , the structure sheaf of X. Denote by ωX the canonical line bundle on X.

Let H ⊆ H0(X,L) be a space of sections of dimension r+ 1 and denote by W = W(D, H)
the corresponding Weierstrass divisor. The Weierstrass divisor W is the divisor of a global

section of the line bundle ω
⊗ r(r+1)

2

X ⊗ L⊗(r+1) called the Wronskian. It is described as follows.
In local coordinates, for any point p ∈ X(K), the local ring Op is a discrete valuation ring.

We choose a uniformizer that we denote by tp. We have Lp ≃ Op as an Op-module. Taking
the generator gp = tD(p)

p of Lp, each global section f of L can be written in the form f = fpgp
with fp ∈ Op.

We define the Hasse derivative of order j, for j ∈ Z≥0, on K[tp] by

D
(j)
tm =

(
m

j

)
tm−j for m > 0,

and extend it by linearity to all K[t], and then to all K(t). Since the extension K(X)/K(t) is

separable, D
(j)

is extended to K(X). Note that if K has characteristic zero, we can recursively
define for any j ≥ 0, the j-th derivative f (j)

p by

f (j)
p =

d

dtp
f (j−1)
p

with f (0)
p = fp. In this case, we have j! D

(j)
fp = f (j)

p .

Let F := {f0, . . . , fr} be a basis for H ⊆ H0(X,L), and for each i, write fi = fi,pgp. Viewing

WrF as a meromorphic section of ω
⊗ r(r+1)

2

X , the stalk of the Wronskian WrF at p is given by

WrF ,p = det
(
D

(j)
fi,p

)
0≤i,j≤r

(dtp)
r(r+1)

2 ∈ ω⊗ r(r+1)
2

p .

We have

W = (r + 1)D + div(WrF).

We note, without going into details, that the Wronskian WrF can also be defined without
local coordinates, in terms of a filtration of the jet bundle and the diagonal embedding of X.

5.5. Slope formula for meromorphic differentials. We denote by ∥·∥ the Kähler norm
introduced by Temkin in [Tem16] on the sheaf of differentials ωX that at any point x ∈ Xan

associates to any section α of ωX the real number ∥α∥x. For each positive integer n, the
Kähler norm ∥ · ∥ induces a metric on ω⊗n

X , which, by an abuse of notation, we still denote by
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∥ · ∥. Given a meromorphic section α of ω⊗n
X , the tropicalization of α denoted by trop(α) is

the map

trop(α) : Γ → R, x 7→ − log ∥α∥x.
The tropicalization of any meromorphic n-form on X is a rational function on Γ, that is,
trop(α) ∈ Rat(Γ). Moreover, the following slope formula holds.

Lemma 5.1 (Slope formula for meromorphic differentials). For any meromorphic section α
of ω⊗n

X , we have
τ∗(div(α)) = nK + div(trop(α)).

Moreover, for any point x ∈ Γ of type 2 and for any ν ∈ Tx(Γ), we have slν(trop(α)) =
ordpν

x
(α̃x) + n.

Here, α̃x is the reduction of α at x, and is a meromorphic form on Cx, see [TT22, § 2].

Proof. The case n = 1 is proved in [TT22], see also [KRZB16, Thm. 2.6]. The proof in general
is similar and we only sketch it. The second statement, that slν(trop(α)) = ordpν

x
(α̃x) + n

for ν ∈ Tx(Γ), is the analogue of [TT22, Prop. 2.3.3], and both are special cases of [BT20,
Lem. 3.3.2].

Keeping the same notation as in Section 5.1, for each ball Bν ≃ B+, for ν ∈ Tx(X
an) ∖

Tx(Γ), α can be written in the form fdT n for a meromorphic function f on Bν , with T a
parameter for the ball Bν ≃ B+, and the slope formula applied to f implies∑

a∈Bν(K)

orda(α) = ordpν
x
α̃x.

Write τ∗(div(α)) =
∑

x∈Γ ax(x), for ax ∈ Z. For x not of type 2, ax = 0, and for x of type 2,
we have

ax =
∑

ν∈Tx(Xan)∖Tx(Γ)

 ∑
a∈Bν(K)

orda(α)

 =
∑

ν∈Tx(Xan)∖Tx(Γ)

ordpν
x
α̃x

= n(2g(x)− 2)−
∑

ν∈Tx(Γ)

ordpν
x
α̃x (since α̃x is a meromorphic n-form on Cx)

= n(2g(x)− 2) + n val(x)−
∑

ν∈Tx(Γ)

slν(trop(α)) = nK(x) + ordx(trop(α)),

as required. □

5.6. Tropicalization of the Wronskian. Using the notation of Section 5.4, let F :=
trop(WrF) be the tropicalization of the Wronskian WrF , which is a meromorphic (r(r+1)/2)-
form. Let W = τ∗(W) be the tropicalization of W to Γ. Let D = τ∗(D). The following result
is a direct consequence of Lemma 5.1, with α = WrF .

Theorem 5.2. Keeping the same notation as above, we have

W (x) = (r + 1)D(x) +
r(r + 1)

2
K(x)−

∑
ν∈Tx(Γ)

slνF,

where F = trop(WrF). Furthermore, slνF = r(r+1)
2 + ordpν

x
W̃rFx

.

Here, W̃rFx
denotes the reduction of WrF at x.
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5.7. Wronskian of analytic functions on annuli. Let A1 = Spec(K[T ]) and A1,an be its
Berkovich analytification. Let A(ρ) be the closed annulus in A1,an of center 0 with outer radius
one and inner radius ρ ∈ (0, 1),

A(ρ) =
{
x ∈ A1,an

∣∣ ρ ≤ |T |x ≤ 1
}
.

Let R(ρ) be the ring of analytic functions on A(ρ). An analytic function f on A(ρ) admits a
formal power series expansion

f =
∑
n∈Z

anT
n

with limn→±∞ |an|sn = 0 for all s ∈ [ρ, 1]. The skeleton of A(ρ) is a closed interval, which
can be identified with I := [0,− log ρ]: each point q in this interval corresponds to the norm
| · |ζq(f) = supn∈Z |an| exp(−qn) = maxn∈Z |an| exp(−qn) on any analytic function f as above.
The tropicalization of an analytic function f is the function trop(f) on the interval I given
by

trop(f)(q) = min{v(an) + nq
∣∣n ∈ Z} ∀q ∈ I.

Let ζ = ζ0 ∈ A(ρ) be the boundary point corresponding to the extremity 0 of I, that is,
|f |ζ = maxn∈Z |an| on any analytic function f as above. The reduction at ζ of an analytic
function f with |f |ζ = 1 is a Laurent polynomial

f̃ζ =
∑
n∈Z

|an|=1

ãnt
n

where t is the reduction of T at ζ and ãn ∈ κ is an modulo m. The slope of trop(f) at 0 along

the unit tangent direction ν ∈ T0(I) is the minimum exponent that appears in f̃ζ .

Let f0, . . . , fr be r + 1 K-linearly independent analytic functions on A(ρ) with

fi =
∑
n∈Z

ai,nT
n, ai,n ∈ K

the analytic expansion of fi. Suppose that |fi|ζ = 1 for all i = 0, 1, . . . , r and that trop(f0), . . . ,
trop(fr) have slopes s0 < · · · < sr at 0 along the unit tangent direction ν ∈ T0(I). This means

the reduction f̃i,ζ of fi at ζ has initial term tsi .
Consider the analytic function on A(ρ) defined by

h := det
(
D

(j)
fi

)r

i,j=0
,

where D
(j)
fi denotes the Hasse derivative of fi. The following proposition describes the slope

of trop(h) at the point 0 along the direction ν.

Proposition 5.3. Using the above notation, assume

• either, the residue field κ is of characteristic zero,
• or, the sequence s0, . . . , sr forms an interval, that is, sj = s0 + j for all j = 0, . . . , r.

Then, we have

slν(trop(h)) = s0 + · · ·+ sr −
r(r + 1)

2
.
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Proof. The coefficient asi,i of fi has norm 1, so replacing fi with a−1
si,i

fi, we can assume that

ai,si = 1. We write fi = T si + f ′
i , so that all the coefficients of T n for n ≤ si that show up in

the power series expansion of f ′
i have norm strictly smaller than one. We have

h = det
(
D

(j)
T sνi +D

(j)
f ′
i

)r

i,j=0
= det

((
si
j

)
T sνi −j +D

(j)
f ′
i

)r

i,j=0

.

Developing the determinant, we observe that

h = det

((
si
j

)
T sνi −j

)r

i,j=0

+ h′ = C T s0+···+sr− r(r+1)
2 + h′

with h′ an analytic function on A(ρ) whose power series expansion in T has the property that

the coefficient of T n for n ≤ s0 + · · ·+ sr − r(r+1)
2 has norm strictly smaller than one, and

C = det

((
si
j

))r

i,j=0

.

Note that C is a non-zero integer. If the residue field κ has characteristic zero, then C has

norm one in K, and the reduction of h has minimum exponent s0 + · · ·+ sr − r(r+1)
2 .

On the other hand, if κ has positive characteristic, then by assumption sj = s0 + j for all
j = 0, . . . , r, and we use the identity for any m ∈ Z

det



(
m
0

) (
m
1

)
. . .

(
m
r

)
(
m+1
0

) (
m+1
1

)
. . .

(
m+1
r

)
...

...
. . .

...(
m+r
0

) (
m+r
1

)
. . .

(
m+r
r

)


= 1

(which is proved by induction on r using repeated applications of Pascal’s formula) to infer

that C = 1 so again the reduction of h at ζ has minimum exponent s0 + · · ·+ sr − r(r+1)
2 .

We have shown that in either case, the slope of trop(h) along ν ∈ T0(I) is s0 + · · ·+ sr −
r(r+1)

2 . □

5.8. Order of vanishing of the reduction of Wronskian. A consequence of Proposi-
tion 5.3 is the following description of the slopes appearing in Theorem 5.2.

Proposition 5.4. Let x be a point of type 2 in Γ and ν ∈ Tx(Γ). Denote by sν0 , . . . , s
ν
r the

sequence of slopes associated by tropicalization of H to ν. Assume

• either, the residue field κ is of characteristic zero,
• or, the sequence sν0 , . . . , s

ν
r forms an interval, that is, sνj = sν0 + j.

Then, we have

ordpν
x
W̃rFx

= sν0 + · · ·+ sνr −
r(r + 1)

2
.

Proof. Consider a segment I in Γ that contains x with ν ∈ Tx(I). I is the skeleton of a closed
annulus A in Xan isomorphic to A(ρ) for 0 < ρ < 1. The elements of F give a collection
of analytic functions f0, . . . , fr on A ≃ A(ρ) that are K-linearly independent, and whose
reductions have the initial term tsi . The statement now follows by applying Proposition 5.3
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to the analytic function h := det
(
D

(i)
fi

)r

i,j=0
, and observing that the restriction of WrF to A

coincides with h(dT )
r(r+1)

2 and that ordpν
x
W̃rFx

= slν(trop(h)). □

5.9. Reduction of Weierstrass points in equal characteristic zero. Assume the residue
field κ has characteristic zero. As in Section 5.3, denote by sνi , i = 0, . . . , r, the slopes of
functions of the form trop(f) ∈ trop(H), for f ∈ H.

Theorem 5.5. Let W = τ∗(W). We have

W (x) = (r + 1)D(x) +
r(r + 1)

2
K(x)−

∑
ν∈Tx(Γ)

r∑
i=0

sνi .

Proof. This follows by combining Proposition 5.4 with Theorem 5.2. □

6. Tropical versus algebraic Weierstrass loci

In the first sections of this paper, we associated a Weierstrass locus to a fixed divisor D on
a metric graph, and then generalized this to a closed sub-semimodule of M the space Rat(D)
on an augmented metric graph. However, those semimodules that come from tropicalization
verify an extra set of properties, in particular, the following important one (see Section 5.3):

(⋆) for each point x in Γ and any unit tangent direction ν ∈ Tx(Γ), the set of slopes
Sν(M) taken by functions in M has size r + 1.

In this section, we associate to any pair (M,D) consisting of a divisor D and a closed
sub-semimodule M ⊆ Rat(D) that verifies (⋆) a refined notion of Weierstrass divisor. It is
inspired from the formula given in Theorem 5.5, with the slopes being directly retrieved from
M using property (⋆). We then provide a comparison of this definition with that of Section 4.
Using this link, we prove the main result of this section, Theorem 6.7, which relates tropical
Weierstrass loci studied in the previous sections to tropicalization of Weierstrass divisors. We
deduce then Theorem 1.7 as a special case of this result.

In the following, by an abuse of terminology, we refer to any pair (M,D) as above as a
combinatorial limit linear series (clls). The terminology is borrowed from [AG22], however, the
precise definition of combinatorial linear series requires more properties for the semimodule
M . In our setting, we only need property (⋆). The results can be thus applied more generally,
in particular to the setting of tropical linear series developed in [JP22]. (No knowledge of
[AG22,JP22] is required in this paper.)

6.1. Weierstrass divisor of a combinatorial limit linear series. Let D be a divisor on
an augmented metric graph (Γ, g) and M ⊆ Rat(D) a closed sub-semimodule that verifies
(⋆). Since M ⊆ Rat(D) is closed, we can apply the machinery of Section 4. This point of
view on Weierstrass loci however results in a loss in information provided by the slopes of M ,
unless the Weierstrass locus is finite. The following definition relies on the knowledge of the
slopes along edges of G prescribed by M .

Definition 6.1. Suppose D is a divisor of degree d and M is a closed sub-semimodule
in Rat(D) such that M verifies (⋆). The clls Weierstrass divisor of (M,D) is the divisor

W
clls

(M,D, g) defined as

W
clls

(M,D, g) :=
∑
x∈Γ

µ
clls

W (x) (x)
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where the clls Weierstrass weight µ
clls

W (x) of x is defined by

(8) µ
clls

W (x) := (r + 1)D(x) +
r(r + 1)

2
(val(x) + 2g(x)− 2)−

∑
ν∈Tx(Γ)

r∑
j=0

sνj (M).

We write W
clls

(M,D, g) simply as W
clls

(M, g), the clls Weierstrass divisor of M , if D is
understood from the context. If the genus function is trivial, g = 0, then we abbreviate

W
clls

(M, g) to W
clls

(M). ⋄

Note that W
clls

(M, g) has finite support. Indeed, since elements in M are piecewise affine
linear and M satisfies (⋆), by a compactness argument, we can find a model G = (V,E) of Γ
such that sν0 < sν1 < · · · < sνr is constant in the interior of any edge of G = (V,E) for parallel
unit tangent vectors ν based at points of the edge and pointing in the same direction (see,
for example, [JP22, Lem. 5.1]). It follows that if x /∈ V and x is outside the supports of D

and g, then µ
clls

W (x) = 0. Also note that the central term in the expression of µ
clls

W (x) above is
equal to 1

2r(r + 1)K(x), where K is the canonical divisor on (Γ, g).

Example 6.2. Consider the non-augmented barbell graph Γ with edges of arbitrary length,
see Figure 7. This metric graph has genus two and the canonical divisor has rank one. We
define a sub-semimodule M ⊆ Rat(K) of rank one on Γ by prescribing the slopes {−1, 1} on
the middle edge and, for i = 1, 2, slopes {0, 1} on both oriented edges uivi. Then, we define
M as the set of all functions in Rat(K) that, along any unit tangent vector at a given point
of Γ, take one of the two prescribed slopes. It is easy to see that M is closed and verifies (⋆).

v1 u1 u2 v2
1 1

{−1, 1}

{0, 1}

{0, 1}

{0, 1}

{0, 1}

Figure 7. The barbell graph, the canonical divisor and the slope structure S.

The clls Weierstrass divisor is

W
clls

(M) = (u1) + (u2) + 2 (v1) + 2 (v2)

(see Figure 8, right). For comparison, the tropical Weierstrass locus LW (M, g) of M with
trivial genus function g = 0 (as defined in Section 4), is shown on the same figure (left). It
turns out to be identical to the tropical Weierstrass locus LW (K) of the complete linear series
Rat(K) (see Example 3.6). ⋄

1
1 1 2

1 1
2

Figure 8. The tropical Weierstrass locus LW (M) (left) and the clls Weier-

strass divisor W
clls

(M) (right) on the barbell graph.
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6.2. Effectivity. Unlike the tropical Weierstrass divisors defined earlier in this paper, the
Weierstrass divisor defined in Definition 6.1 is not automatically effective. We can rewrite
the Weierstrass weight as

µ
clls

W (x) = (r + 1)
(
D(x) +

r

2
val(x) + (g(x)− 1) r

)
−

∑
ν∈Tx(Γ)

r∑
j=0

(
sν0 + j +

(
sνj − sν0 − j

))
= r(r + 1)g(x) + (r + 1)

(
DM

x (x)− r
)︸ ︷︷ ︸

≥0

−
∑

ν∈Tx(Γ)

r∑
j=0

(
sνj − sν0 − j

)
︸ ︷︷ ︸

≥0

.

We refer to the sequence

αν
j (M) := sνj (M)− sν0(M)− j, for j = 0, 1, . . . , r

as the ramification sequence of M at x along the tangential direction ν. This sequence is
non-decreasing.

Let g be a genus function on Γ. The combinatorial limit linear series M is called g-effective

if W
clls

(M, g) is effective. That is, for all x ∈ Γ,

(9) r(r + 1)g(x) + (r + 1)
(
DM

x (x)− r
)
≥

∑
ν∈Tx(Γ)

r∑
j=0

αν
j (M).

We say that M ⊆ Rat(Γ, g) is realizable if there exists a smooth proper curve X of genus
g over K, a line bundle L = O(D) of degree d and a subspace H ⊆ H0(X,L) of rank r such
that (Γ, g) is a skeleton of Xan, and M =

{
trop(f)

∣∣ f ∈ H ∖ {0}
}
. If this happens over K of

equicharacteristic zero, we say M is realizable in equicharacteristic zero.

Proposition 6.3. If M is realizable in equicharacteristic zero, then the following hold:

(i) W
clls

(M, g) is effective, i.e., M is g-effective;
(ii) the divisor of degree zero

W
clls

(M, g)− (r + 1)D − r(r + 1)

2
K =

∑
x∈Γ

 ∑
ν∈Tx(Γ)

r∑
j=0

sνj

 (x)

is principal.

Proof. Both statements follow from Theorem 5.5. □

Example 6.4. Consider the non-augmented metric graph Γ below and its canonical divisor
K. We consider the following combinatorial limit linear series M ⊆ Rat(K). For each bridge
edge oriented outwards (toward the adjacent circle), allow slopes {−1, 1, 3}. Divide each circle
into three equal parts, in a way compatible with the position of the attachment points. On the
two edges adjacent to the attachment points, allow slopes {0, 1, 2} away from the attachment
points, and on the remaining edges, allow slopes {−1, 0, 1} (see Figure 9).

We can define a suitable closed sub-semimodule M ⊆ Rat(K) of rank two of functions
compatible with this choice of slopes. The tropical Weierstrass locus LW (M) of the semimod-
ule M , in the sense of Section 4.1 (with g = 0), contains the bridge edges and the points of
coordinates 1

3 and 2
3 on the circles (see Figure 10, left). In particular, M is not W-finite. The

clls Weierstrass divisor W
clls

(M) is also shown in the figure (right). In particular, M is not
g-effective. ⋄
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{0, 1, 2}{0, 1, 2}

{−1, 0, 1}

{−1, 1, 3}

1

1

1 1

Figure 9. Three-cycle graph with a specified slope structure on Rat(K),
defining a combinatorial limit linear series M ⊆ Rat(K).

11

1

1 1

1
2

3
33

3

3

3

3

3

3
−3

Figure 10. The tropical Weierstrass locus LW (M) (left) and the clls Weier-

strass divisor W
clls

(M) (right).

6.3. Comparison with the tropical Weierstrass locus. The following proposition shows
that the notion of clls Weierstrass divisor can be viewed as a refinement of the tropical
Weierstrass locus defined in Section 4.

Proposition 6.5 (Comparison of the tropical and clls Weierstrass loci). Suppose M ⊆
Rat(D) is a combinatorial limit linear series of rank r with clls Weierstrass divisor W

clls
(M, g).

Let LW (M, g) denote its Weierstrass locus, defined as in Section 4.1. If A ⊆ Γ is closed, con-
nected, and LW (M, g)-measurable, then we have the equality

deg
(
W

clls
(M, g)|A

)
= (r + 1) µ̂W (A;M, g).

In particular, if M is W-finite as a semimodule, then the following equality holds:

W
clls

(M, g) = (r + 1)W (M, g).

Proof. We have

deg
(
W

clls
(M, g)|A

)
= (r + 1)

∑
x∈A

D(x) +
r(r + 1)

2

∑
x∈A

K(x)−
∑
x∈A

 ∑
ν∈Tx(Γ)

r∑
j=0

sνj


where K denotes the canonical divisor on (Γ, g) (see Definition 4.20) and sνj = sνj (M). The

terms (r + 1)D(x) add up to the term (r + 1) deg
(
D|A

)
. Remark 4.21 yields that the terms

K(x) add up to 2g(A)−2+2
∑

x∈A g(x)+outval(A), where outval(A) :=
∣∣∂out

A
∣∣ is the number

of outgoing branches from A.
The terms in the third part can be rearranged as a sum over directed edges of A, using

some compatible model. Each edge has two in-going tangent directions, and the slope sums
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cancel out for this pair (ν, ν) of opposing in-going directions since sνj + sνr−j = 0. The only
terms that do not cancel are the tangent directions that point out of A, i.e.,∑

x∈A

 ∑
ν∈Tx(Γ)

r∑
j=0

sνj

 =
∑

ν∈∂outA

 r∑
j=0

sνj

.

Combining these terms, we have

deg
(
W

clls
(M, g)|A

)
= (r + 1) deg

(
D|A

)
+

r(r + 1)

2
(2g(A, g)− 2 + outval(A))

−
∑

ν∈∂outA

r∑
j=0

sνj

= (r + 1) deg
(
D|A

)
+ r(r + 1)(g(A, g)− 1)−

∑
ν∈∂outA

r∑
j=0

(sνj − j).

Finally, we use the fact that sνj = j + sν0 for every j and for tangent directions ν outside the

Weierstrass locus LW (M, g), by Theorem 4.11. Thus,

deg
(
W

clls
(M, g)|A

)
= (r + 1)

deg
(
D|A

)
+ (g(A, g)− 1) r −

∑
ν∈∂outA

sν0

,

which, using the same technique as in the proof of Theorem 3.10, gives the first statement.
The second statement follows from the first by the expression of the Weierstrass weight of a
connected component of the tropical Weierstrass locus that is reduced to a point. □

We have the following extension of the above proposition, using the notion of tangential
ramifications introduced later in Section 6.2. In particular, the statement holds even if A is
not LW (M, g)-measurable.

Proposition 6.6. Keeping the same notation as in Proposition 6.5, for any closed, connected
A ⊆ Γ, the following equality holds

deg
(
W

clls
(M, g)|A

)
= (r + 1)

deg
(
D|A

)
+ (g(A, g)− 1) r −

∑
ν∈∂out

A

sν0(M)


−

∑
ν∈∂outA

r∑
j=0

αν
j (M),

where αν
j (M) := sνj (M)− j − sν0(M) are the tangential ramifications along ν.

6.4. Tropicalization of Weierstrass loci. The goal of this section is to prove Theorem 6.7,
using the machinery developed for semimodules on augmented metric graphs (see Section 4.1).
This provides a precise link between tropical Weierstrass loci and the tropicalization of Weier-
strass divisors on algebraic curves. Using this result, we will deduce Theorem 1.8.

Let X be a smooth proper curve of genus g over an algebraically closed non-Archimedean
field K of arbitrary characteristic with a non-trivial valuation. Let L = O(D) be a line
bundle of positive degree d on X. Let H be a vector subspace of global sections of L of
rank r (i.e., dimH = r + 1), that we naturally view in the function field of X. When K
has positive characteristic, we additionally suppose that L is classical [Lak81,Nee84], that is,
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the gap sequence of H is the standard sequence {0, 1, . . . , r}. We denote by W = W(H) the
corresponding Weierstrass divisor on X. Recall that W is the zero divisor of a global section,
called the Wronskian, of the line bundle ω⊗r(r+1)/2

X ⊗ L⊗(r+1), see [Lak81] and Section 5.4. In
particular, we have

deg(W) =
r(r + 1)

2
(2g − 2) + (r + 1) d = (r + 1) (d− r + rg).

Let (Γ, g) be a skeleton of Xan, and let τ : Xan → Γ denote the specialization map. Let
W := τ∗(W) be the specialization of W to Γ. Note that (Γ, g) is an augmented metric graph.
We letD := τ∗(D) be the specialization of D to Γ, and letM ⊆ Rat(D) be the sub-semimodule
consisting of the tropicalizations of non-zero rational functions in H. It follows from the
slope formula that the divisorial rank of M is equal to the rank of H, see [AG22, Thm. 8.3]
and [JP22, Prop. 4.1].

The following theorem compares the algebraic Weierstrass divisor of H on the curve X
with the tropical Weierstrass divisor of M on the augmented metric graph (Γ, g).

Theorem 6.7 (Algebraic versus tropical weights: general case). Keeping the above notation,
let A be a closed, connected, LW (M, g)-measurable subset of Γ. Then, the total weight of
Weierstrass points of W that tropicalize to A is given by

deg
(
W|τ−1(A)

)
= (r + 1) µ̂W (A;M, g)

where

µ̂W (A;M, g) = deg
(
D|A

)
+

(
g(A) +

∑
x∈A

g(x)− 1

)
r −

∑
ν∈∂outA

sν0(M).

In particular, if M is W-finite, we have the following equality of divisors on Γ:

τ∗(W) = (r + 1)W (M, g).

Before proceeding to the proof, a remark is in order.

Remark 6.8. By Proposition 4.14, Theorem 6.7 holds in a slightly more general setting. Let
M ′ be any closed sub-semimodule of Rat(D) of divisorial rank r containing M . Then, we
have

deg
(
W|τ−1(A)

)
= (r + 1) µ̂W (A;M ′, g)

for every LW (M
′, g)-measurable subset A of Γ. ⋄

Proof of Theorem 6.7. In the case the residue field of K has characteristic zero, we use Theo-
rem 5.5, which provides a description of the divisor W = τ∗(W) in terms of slope structures.
As explained in Section 5.3, the slopes at any point x and any unit tangent vector ν ∈ Tx(Γ)
of elements of the tropicalization M of H form a set of r + 1 integers sν0 , s

ν
1 , . . . , s

ν
r . The

definition of the Weierstrass divisor associated to a tropical linear series is chosen to ensure

the equality W = W
clls

(M, g), which implies

deg
(
W|τ−1(A)

)
= deg

(
W

clls
(M, g)|A

)
.

Proposition 6.5 states that if A is LW (M, g)-measurable, then

deg
(
W

clls
(M, g)|A

)
= (r + 1) µ̂W (A;M, g),

from which the result follows.
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In the general case, when the characteristic of K is arbitrary and the gap sequence of H
is standard, we use the description of the reduction of the Weierstrass divisor to the skeleton
given in Theorem 5.2. Using the notation of Section 5, letting W = τ∗(W), we have

W (x) = (r + 1)D(x) +
r(r + 1)

2
K(x)−

∑
ν∈Tx(Γ)

slνF,

with F = trop(WrF). Furthermore, slνF = r(r+1)
2 + ordpν

x
W̃rFx

.
Since the slopes along the unit tangent vectors ν ∈ Tx(Γ) that are outgoing from A form

a consecutive sequence of integers, by Proposition 5.4 we infer that the quantity ordpν
x
W̃rFx

is equal to sν0 + · · ·+ sνr . Using Theorem 5.2, we get slνF = sν0 + · · ·+ sνr .
Moreover, since F belongs to Rat(Γ), the total sum of the slopes of F for the edges that

appear in the interior of A vanishes. We infer that

deg
(
W|τ−1(A)

)
= (r + 1)

∑
x∈A

D(x) +
r(r + 1)

2

∑
x∈A

K(x)−
∑
x∈A

∑
ν∈Tx(Γ)

slνF

= (r + 1)
∑
x∈A

D(x) +
r(r + 1)

2

∑
x∈A

K(x)−
∑
x∈A

 ∑
ν∈Tx(Γ)

r∑
j=0

sνj


= deg

(
W

clls
(M, g)|A

)
= (r + 1) µ̂W (A;M, g),

as required. □

6.5. Proofs of Theorems 1.7 and 1.8. We deduce Theorem 1.7 from Theorem 6.7.

Proof of Theorem 1.7. Since D and D have the same rank r, we can plug H := Rat(D) and
M ′ := Rat(D) into Remark 6.8, following Theorem 6.7, to get

(10) deg
(
W(D)|τ−1(A)

)
= (r + 1)

deg
(
D|A

)
+ r(g(A, g)− 1)−

∑
ν∈∂outA

sν0(D)

.

In the context of Theorem 1.7, g = 0. The result follows. □

Using this result, we can prove Theorem 1.8.

Proof of Theorem 1.8. This follows from the combination of Theorem 4.12, Proposition 4.5
and Theorem 6.7. □

7. Further examples and discussions

We here discuss several examples and questions in order to illustrate the results of the
previous sections.

7.1. Dipole graph. Suppose Γ is a dipole graph of genus g ≥ 2 (also known as a “banana”
graph), consisting of two vertices joined by g + 1 edges, possibly of different lengths. The
canonical divisor K has coefficient g−1 on each vertex. The Weierstrass locus LW (K) consists
of the interval [ℓ/g, ℓ− ℓ/g] on every edge, with ℓ the length of that edge (see Figure 11 for
g = 3). Each component C ⊆ LW (K) has two outgoing directions, and in each outgoing
direction, the minimum slope is sν0 = −(g − 1). By Theorem 3.19, the Weierstrass weight of
each component is g − 1, and the total Weierstrass weight is g2 − 1, as expected.
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2 2

2
2

2
2

Figure 11. Dipole graph of genus g = 3 and its Weierstrass locus LW (K).

7.2. Cube graph. The cube graph is shown in Figure 12, with all edges of length one. It
has genus 5 and the canonical divisor K has rank 4. The Weierstrass locus LW (K) consists of
the closed segment [2/5, 3/5] on each edge, and excludes the vertices. Each component C of
LW (K) has out-valence 2, with minimum slopes in Rat(K) in each outgoing direction equal
to −3. Theorem 3.19 gives µW (C) = 2. There are 12 components, so the total weight is 24.

Figure 12. Cube graph with its Weierstrass locus LW (K).

7.3. Bridge edges. Earlier in Example 3.6, we found that the Weierstrass locus LW (K) of
the barbell graph contains the entire bridge edge. Here we show that this behavior holds in
general.

Theorem 7.1 (Weierstrass loci and bridge edges). Let Γ be a metric graph that has a bridge
edge e such that each component of Γ ∖ e̊ has positive genus. Then, the edge e is contained
in the canonical Weierstrass locus LW (K).

Proof. To show this, let u1 and u2 denote the endpoints of e, and Γ1 and Γ2 be the components
of Γ ∖ e̊ containing u1 and u2, respectively. If g, g1 and g2 are the genera of Γ, Γ1 and Γ2

respectively, then g = g1 + g2. Let r = g − 1 be the rank of the canonical divisor on Γ. We
want to show that we can move r+1 = g1 + g2 coefficients to every point x ∈ e. For i = 1, 2,

denoting by Ki the canonical divisor of Γi, we have rΓi

(
K|Γi

− (ui)
)
= rΓi(Ki) = gi − 1 ≥ 0,

which implies that, using only functions on Γ that are constant outside Γi, we can move
gi coefficients to ui. It is easy to see that we can move coefficients along e to put g1 + g2
coefficients at x. □

7.4. Cases where the whole graph is Weierstrass. Example 3.5 treated the complete
graph on four vertices with unit edge lengths. Now consider the case Γ is the complete graph

on n ≥ 5 vertices with unit edge lengths. This graph has genus g = n2−3n+2
2 , and the canonical

divisor K has rank n2−3n
2 . The Weierstrass locus of K turns out to be the whole Γ, as can

be verified in a straightforward way.
We give a second such family for which the choice of the length function is free. See

also [Ric18, Ex. 4.6]. Let Γ be the metric graph generalizing the barbell graph (Example 3.6)
to any number of cycles. More precisely, take g ≥ 2 cycles of arbitrary length and join them
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all to a central vertex v with a bridge edge of positive length, as in Figure 13. Consider the
divisor D = d (v), with d ≥ 3. The rank of D can be computed by straightforward verification
or using the more general result [AB15, Prop. 4.8]. For d ≤ 2g− 2, one finds r = ⌊d2⌋, and for
higher values of d, we have r = d − g. Since a divisor of positive degree on a cycle has rank
one less than the degree, and since divisor coefficients can move freely on bridge edges, it is
easy to show Dx(x) ≥ d− 1 ≥ r + 1 for every x ∈ Γ. Therefore, the Weierstrass locus is the
whole graph.

d

Figure 13. The generalized barbell graph, the divisor D and its Weierstrass
locus LW (D).

Note that in this family the quantity minx∈Γ (Dx(x) − r) can be arbitrarily large. The
existence of these two families, with different combinatorial properties, suggests the following.

Question 7.2. Provide a classification of all graphs G that admit a length function and a
divisor with Weierstrass locus the whole metric graph. Among them, what are the ones for
which this property holds for every choice of edge lengths?

The treatment of Weierstrass points for curves over positive characteristic fields suggests
the following possible modification of the theory of tropical Weierstrass points in the isolated
cases where the whole graph is Weierstrass. We replace the rank r with the integer

b = b(Γ, D) := min
x∈Γ

Dx(x),

and define the Weierstrass locus as the subset of points x ∈ Γ verifying Dx(x) ≥ b + 1. The
weight of a connected component C of this modified Weierstrass locus is modified by setting

µW (C;D) := deg
(
D|C

)
+ (g(C)− 1) b−

∑
ν∈∂outC

sν0(D).

This leads to a consistent theory on the tropical side, with the weights of components of
the Weierstrass locus adding up to d− b+ bg (instead of d− r + rg). This is reminiscent of
the setting of curves in the situation where the standard sequence of vanishing orders differs
from the sequence 0, 1, . . . , r, cf. [Lak81]. However, at this point, we are not aware of any
geometric meaning to this tropical count.

7.5. Augmented cycle with one point of positive genus. We compute Weierstrass loci
for the canonical divisor with respect to the canonical and generic linear systems on an
augmented cycle on which one point has positive genus, generalizing Examples 4.28 and 4.23.
The canonical case recovers a result of Diaz [Dia85, Thm. A2.1]: the generic non-separating
node on a uninodal stable curve is a limit of exactly g(g − 1) Weierstrass points on nearby
smooth curves.

Let a be a positive integer, and consider the augmented metric graph (Γ, g) where Γ is the
cycle of length one, parametrized by the interval [0, 1], the single vertex v coincides with the
endpoints v = 0 = 1, and g(v) = a. The genus of this augmented metric graph is g = a+ 1.
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7.5.1. The case of the canonical linear system. We expand on Example 4.28 for which a =
2 was fixed. Consider the canonical divisor K and the associated canonical semimodule
KRat(g), as defined in Section 4.3. The rank is r = g−1 = a according to Theorem 4.26, and
the total weight of the Weierstrass locus is g2 − 1 = a2 + 2a. The Weierstrass locus consists
of the vertex v and all the points of the form k

a+1 for k = 1, . . . , a. The Weierstrass weights

are µW (v;K, g) = a2 + a and µW

(
k

a+1 ;K, g
)
= 1. Figure 14 shows the canonical divisor and

its (canonical) Weierstrass locus depicted in the middle.

7.5.2. The case of the generic linear system. In the second case, we generalize Example 4.23
and consider the same divisor K as above, but take the generic semimodule Rat

gen

(K, g) as
defined in Section 4.2. In this case, the rank is r = g − 2 = a− 1 (see Proposition 4.22) and
the total weight of the Weierstrass locus is a2 + a. The Weierstrass points are v, and all the
points k

a with k = 1, . . . , a − 1. The weights are µW (v;K, g) = a2 + 1 and µW

(
k
a ;K, g

)
= 1.

Figure 14 shows the canonical divisor on the left, and its generic Weierstrass locus depicted
on the right.

We note that the Weierstrass loci are different even though they are both finite. The total
weights are also different, as the underlying semimodules have different ranks.

g(v) = a

K(v) = 2a
a2 + a

1

1

1

1

a2 + 1

1

1

1

Figure 14. An augmented cycle graph, with its canonical Weierstrass locus
LW (K, g) in the middle, and its Weierstrass locus L

gen

W (K, g) on the right. The
drawing is made for a = 4.

7.6. Augmented dipole graph. We now consider an augmented dipole graph made up of
two vertices u and v joined by n = h + 1 edges of arbitrary lengths, where h is the genus of
the corresponding metric graph. We assume g has support in {u, v}, and denote by a and b
the genus of u and v, respectively, with a ≤ b. This metric graph is the one that appears in
the work by Esteves and Medeiros [EM02]. As we explained previously, the canonical linear
series reflects the genericity of the points of intersection on each of the two components.

The canonical divisor has coefficients K(u) = h − 1 + 2a and K(v) = h − 1 + 2b. The
determination of the Weierstrass locus LW (K, g) turns out to be quite involved in general,
and its shape depends on the values of a, b, h and the edge lengths. We illustrate the
computation in one concrete example.

Suppose a = 3, b = 5, h = 2, and all the edges have unit length. The augmented graph
has total genus g = 10, and its canonical divisor has rank r = 9. The Weierstrass locus
is made up of the vertex v (weight 50), the union of the three segments [0, 1/10] lying on
each edge (weight 34), the point of coordinate 6/10 on each edge (weight 1), and the segments
[3/10, 4/10] and [8/10, 9/10] on each edge (each of weight 2). See Figure 15. The total weight
is 50 + 34 + 3 · (2 + 1 + 2) = 99 = g2 − 1.
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g(u) = 3

K(u) = 7

g(v) = 5

K(v) = 11
34

2 1
2

50

Figure 15. Augmented dipole graph with h = 2, a = 3 and b = 5, edges all
of unit length, and its Weierstrass locus LW (K, g).

7.7. Weierstrass divisor of a combinatorial limit linear series. We go back to the non-
augmented dipole graph with four edges (of unit length to simplify the notation), a particular
case of the class of examples presented in Section 7.1. The genus is g = 3 and the rank of the
canonical divisor K is r = 2. Denote by u and v the two vertices and by e1, e2, e3 and e4 the
four edges of Γ (see Figure 16, left). For i = 1, 2, 3, 4, let ti ∈

[
0, 1

6

]
. For each choice of the

ti’s, we will construct a semimodule M of rank two that verifies condition (⋆) from Section 6,

and compute its clls Weierstrass divisor W
clls

(M) (here, g = 0).
Assume ti’s are fixed. We prescribe the set of slopes taken by functions inM as in Figure 16.

For each i, we endow the edge ei with the slope sets {0, 1, 2} on the interval
[
0, 1

2 − ti
]
, slopes

{−1, 0, 1} on the interval
[
1
2 − ti,

1
2 + ti

]
, and slopes {−2,−1, 0} on the interval

[
1
2 + ti, 1

]
.

We define M as the sub-semimodule of Rat(K) consisting of all the functions that take
one of the prescribed slopes above at any point of Γ along any unite tangent vector. We thus
get a 4-parameter family of pairs (M,D) of rank two, M ⊆ Rat(K), that verify (⋆).

The clls Weierstrass divisor is given by (8), and yields W
clls

(M) = 3
∑4

i=1((xi) + (yi)),
where xi and yi denote the points of coordinates 1/2− ti and 1/2+ ti on the edge ei, respec-

tively. Figure 16 gives a visual rendering ofW
clls

(M) for the choice (t1, t2, t3, t4) =
(
1
6 , 0,

1
12 ,

1
8

)
.

{0, 1, 2}
{−1, 0, 1}

{−2,−1, 0}

{0, 1, 2}
{−1, 0, 1}

{−2,−1, 0}

2 2

3 3

3 3

6

3 3

Figure 16. Dipole graph and its clls Weierstrass divisor W
clls

(M).

7.8. Weierstrass points of random combinatorial graphs. There exist combinatorial
graphs without any Weierstrass points among their vertices. The dipole graph is an example of
such a graph, see Figure 11. So is the cube graph, see Figure 12. Such graphs are interesting
from the point of view of arithmetic geometry, see [Bak08, § 4] and [Ogg78, LN64, Atk67,
AP03].

This seems, however, to be a rare phenomenon, as a computer verification of examples
indicates. Examples of random graphs were created and visualized using Python, Mat-
plotlib [Hun07], and NetworkX [HSS08].
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Question 7.3. What is the proportion of combinatorial graphs that do not have any Weier-
strass point among their vertices? That is, what is the probability that a combinatorial graph
on n vertices has no Weierstrass point?

Figure 17. Random trivalent graph and its Weierstrass locus LW (K). The
graph has genus 26, and the vertex labels indicate the coefficients Kv(v)− 25.

Randomness is understood within a class of graphs, for example regular graphs of given
degree, or Erdös–Rényi random graphs. This is related to the following question of Baker.

Question 7.4 (Baker [Bak08]). Provide a classification of combinatorial graphs without
Weierstrass points among their vertices.

References

[AB15] Omid Amini and Matthew Baker, Linear series on metrized complexes of algebraic curves, Math.
Ann. 362 (2015), no. 1-2, 55–106. MR3343870

[ABBR15] Omid Amini, Matthew Baker, Erwan Brugallé, and Joseph Rabinoff, Lifting harmonic morphisms
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