EQUALITY OF TROPICAL RANK AND DIMENSION FOR TROPICAL
LINEAR SERIES

OMID AMINI, STEPHANE GAUBERT, AND LUCAS GIERCZAK

ABSTRACT. The tropical rank of a semimodule of rational functions on a metric graph mir-
rors the concept of rank in linear algebra. Defined in terms of the maximal number of
tropically independent elements within the semimodule, this quantity has remained elusive
due to the challenges of computing it in practice. In this note, we establish that the tropical
rank is, in fact, precisely equal to the topological dimension of the semimodule, one more
than the dimension of the associated linear system of divisors. Moreover, we show that the
equality of divisorial and tropical ranks in the definition of tropical linear series is equivalent
to the pure dimensionality of the corresponding linear system. We conclude with several
complementary results and questions on combinatorial, topological, and computability prop-
erties of the tropical rank.

1. INTRODUCTION

Starting from the pioneering work by Baker—Norine [7] and the subsequent works on alge-
braic geometry of tropical curves, tropical methods have been quite successful in the study
of the geometry of curves and their moduli spaces. We refer to the survey papers [6, 20] for
a sample of results. The main results of this note are motivated by these developments.

Let T" be a metric graph (see Section 2 for the precise definition). Denote by Rat(I") the
union of the set of piecewise linear functions on I' with integral slopes and the constant
function on I' with value oo everywhere. Endowed with the two operations of pointwise
minimum, denoted by @, and pointwise addition of constants, denoted by ®, Rat(I") becomes
a semimodule over the semifield of tropical numbers T = (R U {oo}, ®, ®).

Let D be a divisor of degree d on I". The Riemann—Roch space R(D) C Rat(I") associated
to D is defined by

R(D) = {f € Rat(T') \ {oo} ‘ div(f) +D >0} U {oo}.
Here, for f # oo, the divisor of f, denoted by div(f), is given by

div(f) =) _orda(f) (x),

zel’

with the order of vanishing function defined by negative sum of the slopes of f along unit
tangent directions to I' at z,

ord,(f) = — Z sl f.

veT, I’
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Endowed with the operations & and ®, R(D) becomes a semimodule over T.
Let M be a subsemimodule of R(D). The linear system associated to the pair (D, M),
denoted by |(D, M)|, is defined by

(D,M)|={E=div(f)+D | feM}.
We naturally view |(D, M)| as a subset of the symmetric product
@ =1/6,,

where the symmetric group &4 of degree d acts on I'? by permuting the coordinates. In the
case M = R(D), we get the complete linear system |D].

The symmetric product I'9) has a natural polyhedral structure, see [3, § 2.1]. In the case
M = R(D), it was proved in [17] that R(D) is finitely generated, and a polyhedral structure
for the complete linear system |D| was defined in loc. cit. We will prove in Section 2 that
for any finitely generated subsemimodule M C R(D), the linear system |(D, M)| inherits a
polyhedral structure as a subspace of .

For a finitely generated subsemimodule M in R(D), we define its dimension as the topo-
logical dimension of the associated linear system, increased by one:

dim(M) = dim(D, M) = dim |(D, M)| + 1.

More generally, for any subsemimodule M C R(D), we define its dimension as the supremum
(in fact, the maximum, by finite generation of R(D)) of dim(NN) over all finitely generated
subsemimodules N of M:

dim(M) = sup {dim(N) } N is a finitely generated subsemimodule of M }.

The dimension is an intrinsic numerical invariant of M, meaning that it does not depend
on the choice of the divisor, see Proposition 2.2. The notation dim(M) is thus consistent.
By analogy with the finitely generated case, we define, for any subsemimodule M C R(D),
dim |(D, M)| = dim(M) — 1. Equivalently, this is the supremum of dim |(D, N)| over finitely
generated subsemimodules N C M.

We recall from [19] that a family of functions fi,..., f, in Rat(I") \ {oo} is called tropically

dependent if there exist real numbers cy, ..., ¢, such that the minimum in
min (f;(x) + ¢
min (£i(z) + )

is achieved at least twice for every x € I'. Otherwise, the family is called tropically indepen-
dent.

For a subsemimodule M of Rat(I'), we define the tropical rank r,.,(M) as the maximum
integer r for which there exist r tropically independent elements fi,..., f, in M. Also, we
define

rtrop|(-D7 M)‘ = Ttrop(M) - 1
Our first result is the following theorem (see Section 3 for the proof).
Theorem 1.1. For each subsemimodule M C R(D), we have
Tirop(M) = dim (M) and Twop| (D, M)| = dim |(D, M)]|.

In particular, we have r,,,|D| = dim | D).
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Motivated by applications, a combinatorial theory of linear series was developed in recent
works [4, 21]. A combinatorial linear series of rank r in both of these works is a finitely
generated subsemimodule M C R(D) which verifies (D, M) = 1, | (D, M)|, with some extra
constraints. Here, r(D, M) is the divisorial rank of (D, M), introduced originally in [7] in the
case M = R(D). It is defined as the maximum integer r > —1 such that for any effective
divisor F of degree 7, there exists an element f € M with div(f) + D — E > 0.

Using Theorem 1.1, we prove the following reformulation of the equality r(D,M) =
Ttr0p|(D7 M)|

Theorem 1.2. Let M C R(D) be a finitely generated subsemimodule. The following state-
ments are equivalent.

(1) The equality r(D, M) = ri,|(D, M)| holds.
(2) The linear system |(D, M)| is of pure dimension r(D, M).

The proof is given in Section 4 and uses a general result about tropical linear systems
formulated in Theorem 4.1.

The final section of this paper contains complementary results and questions on combina-
torial and topological properties of semimodules related to the tropical rank, as well as its
computability.

2. PRELIMINARIES

In this section, we gather some background on metric graphs and their divisor theory. We
refer to the survey paper [6] and [3, 17, 19] for more details. For each positive integer n, we
denote by [n] the set of positive integers i satisfying 1 < i < n.

2.1. Linear series on metric graphs. Let G = (V, E) be a finite connected graph with
vertex set V and edge set E. Let £: E — R., be an edge length function, assigning a positive
real number /(e) to each edge e of the graph.

To the pair (G, £), we associate a metric space I' as follows. For each edge e € F, we place
a closed interval I, = [0, £(e)] of length ¢(e) between the two vertices of e. The resulting space
inherits a natural quotient topology from the topology on the disjoint union of the intervals
1., identifying endpoints according to the adjacency relations in G.

Moreover, this topology is metrizable via the path metric, where the distance between any
two points in I' is defined as the length of the shortest path connecting them.

A metric space I' obtained in this way is called a metric graph, and the pair (G, ¥) is called
a model of I'. Note that a metric graph that is not a singleton has infinitely many different
models.

The group of divisors on I', denoted by Div(I"), is the free abelian group generated by the
points of I'. Explicitly, it consists of finite linear combinations of points of I':

Div(I') = { Z ng(z) | ny € Z and A a finite set}.
r€ACT

Here, we write (z) for the generator corresponding to the point x € I'. For a divisor D €
Div(T") and = € T, the coefficient of (x) in D is denoted by D(x). The support of D, denoted
by Supp(D), is the set of points x with D(z) # 0. The degree of D, denoted by deg(D), is
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defined as the sum of its coefficients

deg(D) = > D(x).

zel
The complete linear system |D| is given, using the notation of the introduction, by
|D| =|(D,R(D))| = {div(f) + D | f € R(D)}.
We have a natural embedding
n: |D| — 7@
which maps each divisor E = (p1) + --- + (pg) in |D| to the corresponding point in the
symmetric product T4, given by

n(E) = (p1;-- - pa)-

Theorem 2.1. Let D be a divisor of degree d and M C R(D) be a finitely generated sub-
semimodule. Then, |(D, M)| has the structure of a polyhedral space. Moreover, the embedding
(D, M)| € T s piecewise linear.

Proof. By [17, Thm. 6], R(D) is finitely generated. Let g1,...,g; be a set of generators for
R(D) and f1,..., fm be a set of generators for M. There exist real numbers \;; for i € [m]
and j € [I] such that

i = min (g; + Aij)-
I ?élﬁ]l(gﬂr i)

Now, consider the map
$: R™ — R!
given by
l
(I)(Cl, RN Cm) = (min (Ci + )\z]>>
i€[m] j=1
In other words, ® is the piecewise linear map from R™ to R! given by the tropical matrix
multiplication from the right by the m x I matrix (\i;); ;.
Define the map
: R — | D
by sending each (z1,...,2;) to the element D + div(f) in |D| with
f=min(g; + x;).
mip (9, + 2,)
It follows from the description of the polyhedral structure on |D| given in [17] that VU is a
piecewise linear map.
Finally, the natural embedding
n: |D| — T@
is a piecewise linear map, see [3].
The subset |(D, M)| of T is precisely the image of the composition of the maps we have

constructed. More precisely, the subset |(D,M)| C T4 is the image of the piecewise linear
map 1o W o ®. This completes the proof of both statements in the theorem. O

Here are two observations for future use.

Proposition 2.2. Let D and D" be divisors and M be a closed subsemimodule of Rat(I")
included both in R(D) and R(D'). Then, dim(D, M) = dim(D’, M).
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Proof. The addition by D’ — D provides a homeomorphism (in fact, an isomorphism of poly-
hedral spaces) from |(D, M)| to |(D’, M)|, from which the proposition follows. O

Proposition 2.3. For each closed subsemimodule M in Rat(I"), 1,0,(M) is the supremum of
Twop(IV) over finitely generated subsemimodules N C M.

Proof. The result follows directly from the observation that a tropically independent family
fi,--., fr in M remains independent in the finitely generated subsemimodule (fi,..., f,). O

We also state the following comparison result.

Proposition 2.4. Given a point x € I' and a unit tangent vector v based at x, let n, be the
number of distinct slopes along v taken by functions f € M. We have the inequalities

r(D, M)+ 1< ny, < Tyl (D, M)| + 1.

Proof. The first inequality follows by choosing an effective divisor E made up of r(D, M)
distinct points close to x in the direction of v and applying the definition of the divisorial
rank. The second inequality comes from the fact that functions which coincide at = but have
pairwise distinct slopes along v are tropically independent (see [4, Rem. 6.6]). O

2.2. Certificates of independence. We will need Theorem 2.5 below on certificates of
independence; the equivalence of (1) and (4) is [12, Thm. 1.6].

Let fi1,..., fn denote real-valued functions defined on a set X such that for all pairs ¢, j €
[n], the difference f; — f; is bounded on X. For example, we can take X =T and fi,..., f
elements of Rat(T").

We define the map T' = (T1,...,T,): R® — R" by setting, for all ¢ = (¢1,...,¢,) € R™,

(2.1) Ti(c) = sup< min (fj(z) — fi(z) + cj)>, for all i € [n].
zeX \JE[nIN{i}
The boundedness of the differences f; — f; guarantees that 7' takes finite values.

Theorem 2.5. The following assertions are equivalent.

(1) The functions fi,..., fn are tropically independent.
(2) There ezists a vector ¢ € R™ and a positive real number p such that

Ti(c) = p+ ¢, for alli € [n].
(3) There ezists a vector ¢ € R™ such that

Ti(c) > ci, for all i € [n].
(4) There exist real numbers c1,...,c, and 1, ...,x, € X such that, for all k € [n], the
minimum
(2.2) min(f;(zg) + ¢;)
Jj€ln]
s achieved only for j = k.
(5) There exist points x1,...,xn € X such that the minimum
(2.3) min > Foty(@n)

1s achieved by a single permutation.
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Remark 2.6. When X is finite, the equivalence between (1) and (5) follows from Proposi-
tion 4.1 and Theorem 5.5 of [11]. The same equivalence is established in Theorem 2.10 of [18]
and Theorem 4.12 of [1] for finite X in more general settings. The equivalence of these two
assertions with (4), again for finite X, can be found in the proof of Theorem 4.12, ibid. The
equivalence between (1) and (4) is proved in [12]; the result is stated there for metric graphs,
but the proof applies to the more general setting above. o

Define the Hilbert seminorm (also called “Hopf’s oscillation”) || - [[g on R™ by setting
|lz[ln = max; x; — minjx;, * € R". Let e = (1,...,1) be the point in R™ with coordinates
all equal to one. Observe that [|z|ly = 2 - inf{|z + e[ ‘ A € R}. Therefore, up to a factor
of 2, the norm || - ||z agrees with the norm induced by the supremum norm on the quotient
space R" /Re.

Proof of Theorem 2.5. We first prove (1) = (2). Let

M= swp (fie)~ file)) and M7= inf (fi(@) ~ fila)).
(4,5)€[n)? (4,4)€[n]
zeX rzeX

We claim that for each ¢ € R", the vector d = T(c) satisfies ||d||u < MT — M~. Indeed,
let k € [n] be such that ¢, = minjcp,c;. For each i € [n], we have d; < M + ¢; and
d; > M~ +cg,and so ||d||lg < Mt — M.

Since T is order-preserving (for the coordinatewise partial order on R™) and commutes

with the addition of a constant, it is nonexpansive (i.e., 1-Lipschitz) with respect to || - ||oo,
see [10]. So it induces a quotient map ¢: R"/Re — R™/Re that is nonexpansive with respect
to || - |[u- Moreover, ¢ preserves the ball of radius M — M~ with respect to || - ||z around

0. Since this ball is a compact convex subset of R™/Re, it follows from Brouwer’s fixed-point
theorem that ¢ has a fixed point. Hence, there exists a real number p and a vector ¢ € R"
such that T;(c) = p + ¢; for all i € [n].

We show that p is positive. For the sake of contradiction, suppose that p < 0. Then, for
all z € X, we have

¢ize+pz min (fi(z) - fiz) +¢))
JemN{7}

and thus

i(z) 4+ ¢ =2 min i(x) +cj),
file) te > min (@) + o)

implying that the minimum minjc,)(f;(z) + ¢;) is achieved at least twice, contradicting the
assumption in (1). Therefore, p > 0.

The implication (2) = (3) is trivial. We next show (3) = (4). Suppose that T;(c) > ¢

holds for all i € [n]. Then, for each ¢ € [n], we can find a point ; € X such that
min_ (fj(zi) — fi(zi) + ¢5) > i,
j€nN{i}

and thus minjep, iy (fj(z:) +¢j) > f(xi) + ¢, as required.

In order to prove (4) = (5), observe that the set of minimizing permutations in (2.2) is
unchanged if we replace f; by f; + ¢;. We can thus assume that ¢; = 0 for all j € [n]. Then,
if (4) holds, we have that for all & € [n], the minimum min;cp, f;(2x) is achieved only for
j =k, which entails that the minimum in (2.2) is achieved only by the identity permutation,
giving (5).

We prove the last implication (5) = (1). Permuting the functions fi,. .., f, if necessary, we
may assume that the unique permutation giving the minimum in (2.3) is the identity. Suppose,
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for the sake of contradiction that fi,..., f,, are tropically linearly dependent. Then, translat-
ing each f; by a constant, we may assume that for all k& € [n], the minimum min;¢c(,) fi(x) is
attained at least twice. Consequently, for each k € [n], there exists an index a(k) € [n] \ {k}
achieving the minimum in min;cp,) fi(7x). Fix an initial index ko and define ks = a(ks—1)
for s > 1. This produces an infinite sequence in [n], so it must eventually repeat. Hence, it
contains a cycle: there exist distinct elements k, ..., kp1q—1 such that a(kyrq—1) = kp. This
cycle defines a permutation o, different from the identity, and we have

> ful@r) = D fo (@),
]

k€n keln]
which contradicts (4). O

Remark 2.7. The introduction of 7" is inspired by the approach of [1, § 4.2] in which meth-
ods of non-linear fixed-point theory are applied to study the tropical rank of matrices. In
particular, the number p in (1) may be interpreted as an additive eigenvalue, and it is unique.
It coincides with the escape rate of the operator 7', that is,

(2.4) p= lim <k1maxﬂ(Tk(0))> = lim <k1minE(Tk(0))),
k00 ic[n] k=00 ieln]

where TF = T o --- o T is the k-th iterate of T, see [13] and the introductory part of [2] for
background. The existence of the additive eigenpair (c, p), needed for the implication (1)
= (2), can be alternatively deduced by applying the general non-linear Perron—Frobenius
theorem of [13]. It follows from [2, Thm. 20] that, for finite X, p can be interpreted as a
quantitative measure of tropical independence: identifying X = [m], each f; gives a vector in
R™ and p is the minimum over all tropical hyperplanes H in R™ of the maximum distance,
in the Hilbert seminorm, of the vectors f; to H. o

3. PROOF OF THEOREM 1.1

Since both dim(M) and r,,,(M) are given by the maximum of dim(N) and r,,,(N), re-
spectively, over all finitely generated subsemimodules N of M (see Proposition 2.3 for the
tropical rank), it will be enough to consider only the case where M is finitely generated.

Thus, in what follows, we assume that M is finitely generated.

3.1. Proof of the inequality dim(M) > n,.,(M). We will make use of the certificates of
independence.

Let 7 = r,0,(M), and consider a family of tropically independent elements fi,..., f; in
M. By the equivalence of (1) and (4) in Theorem 2.5, there exist points z1,...,x, and real
numbers ¢y, ..., ¢, such that for all ¢ € [r], the minimum over j in

min (f;(x;) + ¢j),
JE[r]

is achieved uniquely at j = 1.
Let ¢ = (c1,...,¢;) € R" and define the subset B. C R" as the set of points p = (p1,...,pr)
satisfying
e p1 =c1, and
o |pj —cj| <eforeach 1 <j<r.
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We claim that for sufficiently small € > 0, the elements f, in M, defined for p € B, by
(3.1) fplz) = 1121121 (fj(z) +pj) foralzel,

IST

are all distinct. To prove this, we choose € > 0 sufficiently small so that, at x = x;, the
minimum in (3.1) is achieved uniquely at j = i for all p € B.. This ensures that the function
fp uniquely determines the value of p.

Since two elements of M which do not differ by a constant correspond to distinct elements
in the linear system |(D, M)|, we obtain a piecewise linear embedding of B into |(D, M),
from which we deduce that dim |(D, M)| > r — 1. This implies that dim(M) > r, establishing

the inequality dim(M) > r,,,(M), as required. O
3.2. Proof of the inequality dim(M) < n,0,(M). Let r = 1,,(M). Choose a sequence
x1,x2,... forming a dense subset of I', and let fi,..., fi, be a set of generators of M.
For each integer K > 1, define the evaluation map
Vs M — TK
that sends each function f € M to its values at x1,...,Tx:

Uk (f) = (f(@r))i<r<i
The semimodule
My =0 (M) c TE
is finitely generated.
For each K > 1, we define a canonical section px of the projection ¥, given by

pr: Mg — M
gr—inf{f € M |9x(f) > g} =min{f € M | Ix(f) > g}.

Since M is finitely generated, the infimum above is a minimum.
The following proposition provides an explicit expression of the section pg.

Proposition 3.1. For each g € My, we have

(3.2) prc(g) = min (fi +c')
where
of =cf(g) = g%(g(xk) — fi(zr))-

Proof. Let h denote the function on the right-hand side of Equation (3.2). By the definition
of ¢, we have
fi(xr) + & > g(xp) for all k € [K].
From this, we deduce that
Or(fi+cf) =g

This implies the inequality h > px(g).

The other way around, since f1, ..., fi, is a generating set for M, there exist real numbers
Pi,---,Pm such that

pr(g) = min (fi + p;).

1<i<m
Evaluating at x;, we obtain

g(zk) < filxg) + pi for all k € [K] and ¢ € [m],
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which implies

K < p; for all i € [m].
Thus, we conclude that h < pg(g), proving the proposition. ]
Proposition 3.2. For each positive integer K, the following equalities hold:
Uk o pr = Idn, Uk o px 0¥k = Ik,
and
pr o Vg < Idy pK © VK © pK = pK-
Proof. This is straightforward. O

Proposition 3.3. We have

K>1

Proof. The inclusion C holds by definition. We prove the reverse inclusion D.
Let f be an element of M. We show that f € px(Mg) for some K > 1. There exist real
numbers \; such that

f=min (fi + X).
1€[m]

Replacing each f; with f; + A; and removing the unnecessary terms, we may assume without
loss of generality that all \; are zero and that each f; contributes to the minimum.
This means that for each ¢ = 1,...,m, there exists a point y; of I" such that

fi(ys) < fi(yi) for all j #i.
Thus, for each i, there exists an open set U; C I" such that for all x € U;, we have
fi(x) < min f;(z).
J#
Since the sequence (zy) is dense in I', we can choose an index k; > 1 such that xy, € U;. Let
K = max; k‘l
Now, consider g = ¥ (f) € Myk. We will show that ¢X(g) = 0 for each i = 1,...m, from
which it follows that f = px(g).
For a given element ¢ € [m], we have, for each k € [K],
9(xr) = f(zr) < filzr),
where equality holds for k = k;. By Proposition 3.1, this implies that CZ-K (g) = 0, as required.
O

Proposition 3.4. We have
dim(pr(Mg)) < 7.
Proof. Recall that r denotes the tropical rank of M. Since M is a projection of M, we have
Tirop (M) < Tiaop(M).
Thus, to prove the proposition, it suffices to show that
dim(px (Mk)) < Toop(M)-

The space Mg consists of the column space of the matrix

Ap = (fl(xk), N .,fm(a:k)>

1<k<K
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By [11, Thm. 4.2], Mk is a polyhedral complex of dimension
Ttrop(AK) — T‘trop(MK)'

To conclude, observe that
pr: Mg — pr(Mg) — M
K

is a piecewise linear isomorphism, as given by the explicit formula for ¢;*(g) (see Proposi-

tion 3.1). Consequently,
dim(px (Mk)) = dim(M),

which completes the proof. [l

Using the results stated above, we are now in the position to prove the inequality
dim(M) < 1y0p (M),

finishing the proof of Theorem 1.1.
As previously stated, we have an injective piecewise linear map

p: M/R—TW, [f]— [div(f) + D].
By Proposition 3.3, we obtain
p(M/R) = | wlpr(MK)/R).
K>1
Moreover, by Proposition 3.4, we have

dim(p(pr (Mg)/R)) <r—1 for every K > 1.

Now, let E be a cell of o(M/R) of maximal dimension. Proceeding by contradiction,
assume that dim(E) > r. Consider the intersection

Fr = o(pr(Mg)/R)NE.

Since each ¢(px (Mk)/R) has dimension at most r — 1, it follows that Fx has empty relative
interior in E.

By the Baire category theorem, the countable union |, Fx has empty relative interior in
E. However, this contradicts the fact that |J, Fx = E. Thus, we conclude that dim(M) <
Tirop(M ), which completes the proof. O

4. PROOF OF THEOREM 1.2

We first establish a general result, Theorem 4.1, regarding the connection between the
dimension and the divisorial rank of linear systems, from which we deduce Theorem 1.2. In
the case where M = R(D), this might be already known to some experts, but we could not
find it in the literature.

Let D be a divisor of degree d on a metric graph I', and M C R(D) be a finitely generated
subsemimodule. By Theorem 2.1, |(D, M)| has a polyhedral structure. Denote by r(D, M)
the divisorial rank of (D, M).

Theorem 4.1. Keeping the same notation as above, all the maximal faces of the polyhedral
structure on |(D, M)| have dimension at least r(D, M).

The proof is given below. Using this result and Theorem 1.1, we deduce Theorem 1.2.
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Proof of Theorem 1.2. The implication (1) = (2) follows directly from Theorem 1.1.

For the reverse implication (2) = (1), note that the equality 7i,.,(D, M) = dim|(D, M),
given by Theorem 1.1 again, implies that dim |(D, M)| = (D, M). By applying Theorem 4.1,
we conclude that all the maximal faces of |(D, M)| have dimension exactly r(D, M), which
implies that |(D, M)| is of pure dimension r(D, M). O

Proof of Theorem 4.1. We assume that |(D, M)| is nonempty and (D, M) > 1; otherwise,
the statement holds trivially. Fix an element E € |(D, M)|, and express it as E = D +div(h)
for h € M. We claim that every closed neighborhood U of E in |(D, M)| has dimension at
least r(D, M), which will prove the theorem.

For each positive integer r < (D, M), let S, denote the subset of I'" consisting of all tuples
2z = (21,...,2,) € I'" for which there exists a tuple y = (y1,...,¥4—r) € T%" such that the
sum (1) + -+ (zy) + (y1) + - - + (ya—r) belongs to U. We claim that S, is a closed subset
of I'".

To see this, suppose we have a sequence x;, = (z1y,...,2,) of points of S, converging
to x € I'". For each ¢, there is a corresponding tuple Y, = (y1,t, . ,yd_nt) € %" such
that the sum (214) + -+ + (zr4) + (Y1) + -+ + (Ya_rs) lies in U. By compactness of T9~7
and passing to a subsequence if necessary, we can ensure that y, converges to some point
y= (Y1, Yda—r) € [". Since U is closed, the limit (z1) + -+ (zr) + (y1) + - + (Ya—r)
of the divisors (z14) + -+ (zrt) + (Y1,6) + - - + (Yd—r,t) belongs to U, implying that z € S,.
Therefore, S, is closed in I'".

We proceed by induction on r and demonstrate that for each closed neighborhood U of an
element E € |(D, M)| as above with corresponding sets S;, j < r(D, M), the set S, contains
a nonempty open subset of I'", i.e., it has a nonempty interior in I'". By the definition of
Sr(p,m), this implies that each U is of dimension at least r(D, M), as claimed.

We begin by considering the case r = 1. Since r(D, M) > 1, there exists an element F =
D+div(f) in |(D, M)|, distinct from E, with f € M. For each ¢t € R, define f; = min{t+h, f}
and let By = D + div(f;). We observe that f; € M and E; € |(D, M)|.

For t approaching —oo, we have E; = FE, and for ¢ approaching oo, we have F; = F'. Thus,
we obtain a one-dimensional segment in U, with one endpoint at E, completing the proof in
this case.

Assume 7 > 2 and that the claim has been proved for » — 1. Consider the projection map
w: Sy — Sy_1, given by (z1,...,2y-1,2,) — (21,...,2,—1). For each point = (z1,...,2,_1)
in S,_1, the fiber 7=!(z) is nonempty. We claim that there exists a nonempty open subset
W of I'"! contained in S,_; over which each fiber of 7 contains a one-dimensional segment
of I' (possibly different for distinct points).

To prove this, let U’ be a closed neighborhood of E included in the interior of /. The
subset S!_; associated to U’, defined analogously to the previous construction, is a subset of
Sr_1, and by the induction hypothesis, it has a nonempty interior, which we will show to be
the desired nonempty open subset W. We need to show that for each z € S/._,, the fiber
7~ 1(z) contains a one-dimensional segment.

Let y € T9~"*! be a point such that £/ = (x1)+- - 4 (z,—1)+(y1)+ -+ (yg_ry1) € U'. Since
U’ is contained in the interior of U, U is a closed neighborhood of E’. Write E' = D + div(f)
for some f € M and let M’ = M — f be the set consisting of all elements of the form g — f
for g € M. Then, M’ is a finitely generated subsemimodule of R(E’).
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Moreover, the pair ((y1) + -+ + (Ya—r+1), M') has divisorial rank at least one. Therefore,
repeating the argument from the case r = 1, there exists a segment of dimension one in U of
the form (z1) + -+ + (@r—1) + (y1.t) + - - + (Yd—r+1,¢) With one endpoint at E’. This implies
that 7—!(z) contains a one-dimensional segment.

Recall that W is a nonempty open subset of I'"~! contained in S,_; over which each fiber
of m contains a one-dimensional segment of I'. Let (1;)72; be a countable collection of one-
dimensional segments in I" such that each one-dimensional segment of I' contains at least one
of the I;’s, for some j € N. In particular, each fiber of m over W contains one of the segments
I;.

For each I;, define A; as the subset of W consisting of all the points  with I; C 7~ !(z).
By continuity of the projection map 7 and the closedness of S,, each A; is a closed subset of
W. Moreover, the union of the sets A; covers the full open set W. Therefore, by the Baire
category theorem, there exists some j € N such that A; has a nonempty interior.

We conclude that the product A; x I; is contained in S,. Moreover, it has a nonempty
interior in I'", as required. ]

5. COMPLEMENTARY RESULTS AND QUESTIONS

In this section, we discuss several complementary results and questions, including a possible
extension to higher dimension.

5.1. Finite evaluation maps on semimodules of rational functions. Given a subsemi-
module M of R(D), it is natural to ask whether functions f € M can be fully characterized
by the set of their values on a well-chosen finite set of points in I". More precisely:

Question 5.1. Given a subsemimodule M of R(D), do there exist a positive integer K and
points =1, ...,xx € I' such that the evaluation map 9: M — TX, defined by

I(f) = (f(@k)) 1<k
18 injective?
This is motivated by the following observation.

Proposition 5.2. Suppose that M is a module for which the answer to Question 5.1 is
positive. Then, Tiop(M) = Tiop(F(M)).

Proof. A family 9(f1),...,9(f) with fi,...,f, € M is tropically dependent if and only if
there are real numbers Ay, ..., A, such that for all & € [K], the minimum in min;ep,(A; +
fj(xy)) is achieved at least twice. This condition can be rewritten as
Y(g) = 9(g;) for all j, with ¢ = min(A\s + f5) and g; = min (As + f5).
s€(r] selrN{i}
If 9 is injective, if follows that g = g; holds for all j € [r]. This means that fi,..., f, are
tropically dependent. We infer that 7i,,(M) < 7i0p(U(M)). The other inequality is trivial. O

The answer to Question 5.1 depends on the structure of M, namely, on the number of
distinct slopes that functions in M realize along any edge of the metric graph. To formulate
this dependence, we refine the combinatorial model of I' so that the set of slopes taken
by functions f € M along unit tangent directions becomes constant on each edge. More
precisely, for each pair (e, v) consisting of an edge e and an extremity v of e, and any point x
of " lying on the half-closed interval ex.{v}, let v, denote the unit tangent vector at = directed
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toward v. Then, we require that the set sl ,)(M) = {sl,,z f ‘ feM } be independent of z.
A compactness argument, using the closedness of R(D), ensures that such a model always
exists.

Let us first assume that sl ,)(M) has at most two elements for every pair (e,v) in the
graph. This is the case, for instance, if 7,,,,(M) < 1 (see Proposition 2.4). Since, on each edge
e with endpoints u and v and for every f € M, the function f changes slope at most once along
e, the values of f(u) and f(v) completely determine f on the entire edge e. Consequently, if
x1,...,Tx are chosen as the vertices of I', the corresponding evaluation map ¥ is injective.

On the contrary, let us assume that sl ., (M) contains at least three elements for some pair
(e,v). In this case, for any choice of points x1,...,xx € I', the associated evaluation map
is generally not injective. This means that no finite evaluation map can fully characterize the
functions f € M.

To illustrate this, we further refine the combinatorial model of I' and assume the following;:

(1) there exists an edge €' (in this new model) contained in the original edge e such
that there are functions f1, fo, f3 € M with constant slopes s1, s2, s3 on €’ satisfying
51 < 89 < s3; and
(2) no point z; lies in the interior of €/, i.e., x; ¢ €’ for all i.
It is easy to see that if M contains sufficiently many functions — for instance, if M = R(D)
— then, using the functions f;, we can construct infinitely many distinct functions f € M
that coincide outside ¢’ (see Figure 1). Since these functions share the same value at all the
chosen points z;, they have the same image under the evaluation map. Since this argument
can be applied to any choice of the points z1,...,zg, for any K, this proves that the finite
evaluation maps cannot be injective in general.

B

, s1
p) /

S3 53
52

51 f1

52

FiGUure 1. Construction of infinitely many functions using three different slopes.

5.2. Closedness versus finite generation of subsemimodules. In general, R(D) con-
tains closed subsemimodules that are not finitely generated (see the example below). However,
subsemimodules of R(D) arising from the tropicalization of linear series on curves are always
finitely generated, see [4, § 9.4].

Example 5.3. Let I' be a metric graph with model (G = (V| E), ¢), and let x1, z2, x3 be three
distinct points on an edge e = {u,v} of G in I', such that x5 is the midpoint of the edge and
lies at the midpoint of the segment joining 1 and x3. Consider the divisor D = n (u) + n (v)
for a sufficiently large positive integer n, and define M C R(D) to be the set of all functions
f € R(D) satisfying the inequality —e + 2f(x2) > f(z1) + f(x3), for € > 0 small. Then, M
forms a closed subsemimodule of R(D). However, for £ > 0 small enough, M is not finitely
generated.
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To see this, consider the evaluation map

v: R(D)—>T3, ﬁ(f) = (f(xl)uf(xQ))f(l‘?)))
If M were finitely generated, then ¥(M) would also be finitely generated, implying that it
would have only finitely many extreme points.

FIGURE 2. A parametric family of functions f € R(D) (left). Fragment of
the cross section {(f(z1), f(z3)) } f €M, f(zz) =0} with an infinite upper
Pareto set depicted in red (right).

Now, we shall use the following characterization of tropical extreme points, which can be
found in [14] (proof of Theorem 3.1): if N is a closed subsemimodule of T", then a point
z € N is extreme if and only if there is an index ¢ € [n] such that z — z; e; is a maximal
element of the cross section S;j(N) of N given by S;(N) = {w € N | w; =0}. Coming back
to our example, it suffices to check that So(¥(M)) has an infinite set of maximal elements.

To show this, consider the function f in Rat(T"), constant on I' \ e, and given on the edge
e by
f(x) =max(u —x1 — B,min(x —z1 — B,23 —a—z,u—x1 — S+ n(v—21x))) forall zin e,
with = a parameter on e and «, 8 real numbers satisfying 0 < a < 8 < L := z3 — x2. For
n large enough, this function has the shape shown in Fig. 2 (the slopes are indicated on
the figure), with ord,(f) = —1, ord,(f) = —n, and ord,(f) > 0 elsewhere, thus f € R(D).
Observe that f(z1) = —f and f(x3) = —a, where all the values 0 < a < § < L are realizable.

This entails that the set Sy = {(y1,y3) | (y1,0,y3) € ¥(R(D))} contains every element of
the form (-3, —a). By symmetry, we deduce that Sy O [—L,0]% Tt follows that

So(I(M)) N [=L, 0 = {(y1,y3) | (Y1 +y3)/2 < —c and — L <y1,y2 < 0}.

Hence, Sa(9(M)) N [—L,0]? has an infinite set of maximal elements, consisting of its upper
boundary, defined by the equality (y1 + y3)/2 = —e. All the elements of this boundary are
maximal elements of Sp(J(M)) as well, showing that the set of extreme points of ¥(M) is
infinite. This is illustrated in Figure 2 (right). ©

When M is finitely generated, by Theorem 2.1, the linear system |(D, M)| admits a polyhe-
dral structure. In Section 1, for a more general subsemimodule M, we defined the dimension
of the corresponding linear system as a supremum over finitely generated subsemimodules be-
cause as we show below (see Proposition 5.5), in general, M can have pathological behavior,
and we do not know the answer to the following question.

Question 5.4. Let M C R(D) be closed. Is it possible to describe the geometric structure of
|(D,M)|? In particular, does it admit a good notion of dimension?

Our next result shows the subtlety behind this question. Recall that o-minimal structures
capture a notion of “tameness” for geometric objects; e.g., semialgebraic sets are the simplest
examples of sets definable in an o-minimal structure. See [25] for background.
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Proposition 5.5. There exists a closed subsemimodule M C R(D) such that |(D, M)| is not
definable in any o-minimal structure.

Proof. We consider the metric graph I' with distinguished points x1, z9,x3, and the divisor
D defined in Example 5.3. Let 9: R(D) — T? be the evaluation map on these three points.

Let k: R — R be an absolutely continuous function such that 0 < x’(z) < 1 holds almost
everywhere. Now define the function 1/: R? — R by setting ¢(y, 2) = y+#(z —y). Let M, be
the union of {oco} and the set of finite-valued functions f € R(D) which satisfy the inequality
f(z2) = ¥(f(x1), f(x3)). Given that 0 < £'(x) < 1, it follows that

k(y) < k(ly+2) <k(y)+2z foralyeR, zeRy.

This implies that ¢ is order-preserving. Moreover, it commutes with the addition of constants.
Consequently, M, is a closed subsemimodule of R(D). For instance, the semimodule M of
Example 5.3 corresponds to the special choice k(y) =¢/2 + y/2.

Now, we choose x so that x/(x) takes only the values 0 and 1 almost everywhere, and makes
an infinite number of switches between the values 0 and 1 in a neighborhood of 0. To make
this example concrete, we may choose a sequence of positive real numbers (ay); decreasing
to zero, define the open interval Iy, = (axy1, ), and set £'(x) = 0 for all x € Ipp U (—1Iog)
and k'(x) = 1 for all © € Iop1 U (—Ioky1). Here, —I} is the interval (—ay, —ayr1). We fix
k(0) = —e with € > 0 small enough. Then, the cross section

Sa(I(My)) = {(f(21), f(x2)) | [ € M, f(x2) = O}

is a set similar to the one depicted in Figure 2 (right), but now with an upper right boundary
consisting of a staircase with an infinite number of stairs accumulating at the point (—¢, —¢)
of R? with coordinates —e. This implies that So(¥(My)) is not definable in any o-minimal
structure.

We claim that |(D, M,)| is not a definable topological space in any o-minimal structure.
Suppose for the sake of a contradiction that |(D, M,)| is definable in some o-minimal structure.

First, we embed |(D, M,)| in M, by sending each E € |(D, M,;)| to the unique function
f € M, with E = D +div(f) and f(z2) = 0. The evaluation map 9: M, — T3 defines a map
|(D, My)| — S2(9(My)), and identifies Sy(9(M,)) with a topological quotient |(D, M,)|/R
for a definable relation R C |(D, My)| x |(D, My)|. Note that R is definably proper in
the sense that the preimage of any compact subset of Sy(9#(My)) under the projection map
|(D, My)| — S2(9(My)) is compact. A theorem of van den Dries [25, Chap. 10, Thm. 2.15]
then implies that S2(9¥(My)) is itself definable in the same o-minimal structure, leading to a
contradiction. n

5.3. Verification of tropical independence and effective computation of the rank.
Checking whether a finite family of tropical vectors is tropically independent reduces to
solving a deterministic mean-payoff game, a well-studied example of a repeated game, see [1,
Thm. 4.12]. The converse also holds: solving a deterministic mean-payoff game reduces to
the problem of checking tropical linear independence [15]. The question of the existence of
a polynomial-time algorithm to solve deterministic mean-payoff games, first raised in [16],
remains unsettled. When formulated as a decision problem, deterministic mean-payoff games
belong to the complexity class NP N coNP [26], making them unlikely to be NP-complete.
Note that tropical vectors with finite entries can be identified to rational functions over a
trivial metric graph — with connected components reduced to isolated vertices. In contrast,
the metric graphs we consider here are non-trivial and connected.
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The following result shows that for rational functions over metric graphs, checking tropical
linear independence reduces to solving a more expressive class of games, with stochastic
transitions.

Theorem 5.6. Checking whether rational functions fi,..., fn over a metric graph are trop-
ically independent reduces in polynomial time to solving a stochastic turn-based mean-payoff
game.

Some technical details on the encoding of f1,..., f, and the metric graph are in order. We
assume that the metric graph is given by a model with rational edge lengths. The input com-
prises one distinguished vertex. Furthermore, we assume that each of the function fi,..., f,

is described by a collection of intervals on which it is affine, as well as by the collection of
integral slopes on these intervals, together with a rational value at the distinguished vertex.
In this way, each function is uniquely determined.

We prove Theorem 5.6 in Appendix A, after providing more information on game models
and algorithmic aspects. It follows from Theorem 5.6 that the decision problem associated
with tropical independence of rational functions belongs to NP N coNP. This theorem also
leads to effective methods for checking tropical independence, see the discussion which follows
the proof in the appendix.

Computing the tropical rank of a matrix turns out to be a harder problem. In fact, this
problem is known to be NP-hard, even for matrices with entries in {0, 1}, see [22, Thm. 13].
We use this to deduce the following analogue for rational functions.

Theorem 5.7. Computing the tropical rank of finitely generated subsemimodules of rational
functions on metric graphs is NP-hard.

Proof. Consider a matrix A € T™*" with entries in {0, 1}. First, we define a metric graph T’
of model (G = (V, E),?), with G = (V, E) the complete graph on m vertices and ¢(e) = 2 for
all edges of G. Let V = {v1,...,vn} be the vertex set and E = {{v;,vs} | i,s € [m],i # s}
the edge set of G. For every edge {v;,vs}, denote by w;s the midpoint of the edge.

We associate to A a semimodule M of rational functions on I', generated by the following
rational functions fi, ..., f,. For each j € [n], set

fi(vi) = Ayj and fj(wss) = min(A;;, As;) for all pair of distinct elements i, s € [m].

We extend f; to I' by linear interpolation. It is easy to see that f; € Rat(I").
Since the entries of the matrix A belong to {0,1}, for each edge {v;,vs} of G, one of the
following four cases occurs:

o fi(vi) = fi(wij) = fj(vs) =0, o fi(vi) = fi(wis) =0 < fj(vs) =1,
o filwis) = fi(vs) =0 < fi(vi) =1, o fivi) = fi(wij) = fj(vs) = 1.
Now consider the family of points x1, ...,z x consisting of the vertices vy, ..., v, together

will all the midpoints w;s with ¢ < s and i, s € [m]. We deduce by checking the above four
cases that every f; satisfies the “two-slopes” condition stated in Subsection 5.1, so that the
restriction map ¥: M — T is injective.

By Proposition 5.2, 7 (M) = T (V(M)) = Tiyep(B), where the matrix B € TK*" is given
explicitly by By; = A;j if x;, is equal to some vertex v;, and By; = min(Agy, Agjy) if xp is
equal to some midpoint w;s. Therefore, the rows of the matrix B comprise all the rows of A
together with additional rows each of which is a tropical sum of pair of rows in A. It follows
that 7iep(B) = Tiop(A).
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By [22, Thm. 13], checking whether 7,,,(A) > r is an NP-hard problem. We infer that
checking whether 7,,,(M) > r for a finitely generated subsemimodule M C Rat(I") is also
NP-hard. O

5.4. Higher dimension. Let Y C R? be a polyhedral subspace (e.g., a tropical subvariety).
Let Rat(Y,R) be the union of co and the set of piecewise linear functions on Y (with non-
necessarily integral slopes). Endowed with the operation of tropical addition and tropical
multiplication by constants, Rat(Y,R) is a semimodule over T. Let M be a finitely generated
subsemimodule of Rat(Y,R). For example, if Y is a tropical subvariety, and D is a divisor on
Y, then M may be a finitely generated subsemimodule of R(D), where R(D) is the union of
{oo} and the set of piecewise linear functions on Y with integral slopes. We define 7,,.,(M) as
the maximum integer r such that there exist tropically independent elements fi,..., f. € M.
Let g1,...,g; be a generating set for M. Consider the map

U: R — M, (cl,...,cl)HIIéi[ﬂ(gj~l—cj).
j

We define a notion of dimension for M as follows. Consider an element f € M.
Proposition 5.8. The subset W~1(f) C R! is polyhedral.

Proof. Choose a polyhedral structure A on Y such that the generators g1,...,g; and f are
affine on each face of A. For each face 0 € A and (cy,...,¢) € U7I(f), since minjep (g5 +
¢j)je = fio» and fi, is affine, we get the existence of j = pu(o) € [I] such that

fio = (Gu(o) + Cuo))lo < (9i + ¢i)jo, for all i € [I].

For each function p: A — [I], let C,, be the set of all points (ci,...,¢) € R! such that the
inequality above is satisfied for all ¢ € A. This is a polyhedral subset of R!. Moreover,
U1(f) is the union of the sets C,,. We infer the result. O

We define the dimension of M, denoted by dim(M), as
dim(M) = I — dim (¢! .
(M) = a1 — dim (¥ (1)]

Question 5.9. Let M be a finitely generated subsemimodule of Rat(Y,R). Do we have the
equality 7o, (M) = dim(M) ?

A positive answer would generalize Theorem 1.1. Note that we may reduce to the case
where Y is compact in order to use Theorem 2.5.

APPENDIX A. STOCHASTIC GAME MODEL AND PROOF OF THEOREM 5.6

We first provide some background on the stochastic game appearing in Theorem 5.6. It
is a special case of the model introduced by Shapley [24]. There are two players, called Min
and Max. The game is played on a finite state space [n]. In each state i € [n], a finite set of
possible actions of Max, A;, is specified. Moreover, for each choice of state i € [n] and for each
choice of action a € A; of Max, a finite set of possible actions of Min, B; ,, is specified. For

every pair of actions a € A; and 8 € B; o, we associate a real number rf‘ﬁ and a probability
measure on the set [n], P*° = (Plalﬁ, . ,Pﬁf) € R%; so we have 3, PP =1.

n] 4.5
We consider the turn-based game, also known as the perfect information game, in which the
two players choose their actions sequentially, being informed of the current state and previous

actions of the other player. Every stage of the game is played as follows. At a given stage,
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the current state being i € [n], Max selects an action o € A;, and Min, aware of this choice,
selects an action 8 € B; . Then, Min pays 7’?6 to Max, and with probability Pi")}ﬁ the next
state becomes j € [n].

In the finite horizon game, starting from a given initial state, Max seeks to maximize the
expected payment received from Min over a given number of consecutive stages, whereas Min
seeks to minimize the same payment.

The dynamic programming operator of this game, known as the Shapley operator, is the
map 1" = (T1,...,T,): R" — R"™ defined by

o : B B
(A1) T;(c) = rggggﬁg}éﬂa <rf‘ + Z P cj>.
Jjeln]
The game started from state ¢ and played over N consecutive stages has a value denoted by
vV, and the value vector vV = (v]',... v]') € R satisfies vV = TV (0), with TV being the

N-th iterate of T', see Lem. VII.1.3 and Rem. VIL.1.1 in [23]. Moreover, the mean payoff of
this stochastic game is defined as limy_ oo UZN /N. The existence of this limit can be derived
as a special case of a result by Bewley and Kohlberg [8], which applies to concurrent games.

In order to prove Theorem 5.6, we first show that the operator T' defined in Equation (2.1)
in Section 2.2 can be rewritten in the form (A.1). To see this, we consider a finite family
(Xa)aca of closed segments on edges of I' on which every map f; is affine and such that
UaeaXa = I'. Thus, after identifying the segment X, with an interval of the form [uq, v, in
R, the restriction of f; on the interval X, is of the form fj(x) = mq jz + 14 for all x € X,
for some integer m, ; and some rational number 7, ;. For each a € A, define the operator
To = (Tai, -, Tapn): R" — R™ by setting

(A.2) Toi(c) = sup < min  ((Ma,j = Ma,i)® + Na,j — Nasi + Cj)>’
TE€[Ua,Va] JEN{3}

so that Tj(c) = maxaea T i(c).

Evaluating the operators T, ;, for o € A and i € [n] involves solving an optimization
problem of the form
(A.3) sup ®(z) where @(x)= min(yjz+ d;) for € [u,v],

T€[u,v] jed

with (7;)jes and (dj);es finite families of real numbers, J C [n], and u,v € R.

In fact, this optimization problem has an explicit solution given by the following lemma.

Lemma A.1. Keeping the same notation as above, the wvalue of the optimization prob-
lem (A.3) is given by

. . . . —Vk Y
A4 min [ min (v;u + d;), min (v;v + d;), min ( d; + dk>
(A-4) jle(% i) j€J+(7j i) JETH kT~ \ V) — Tk Ty
V5>V

where J* ={je€J |y >0} and J- = {j € J |~ <0}

Proof. The function ® is piecewise linear and concave. Hence, the maximum locus of ® forms
a segment I possibly reduced to a point. If u € I, the minimum in (A.4) is achieved by the
first term, which is the value of ® at u. Similarly, if v € I, the minimum in (A.4) is achieved
by the second term, which is the value of ® at v. It remains to treat the case where u,v ¢ I.
In this case, I is exactly the locus of points of [u,v] around which both outgoing slopes of
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® are nonpositive. Then, the minimum is achieved by the third term in (A.4), which is the
(constant) value of ® on 1. O

We now define a game such that T;(c) can be rewritten in the form (A.1). The set of states
is [n]. The set of actions of Max is A; = A independently of the state i € [n]. Now, for
each a € A;, to express Ty ;(c) in the form (A.3), we take u = uy, v = v, J = [n] \ {3},
Vi = Maj — Ma; and dj = Naj — Na,i + ¢j, and we define J;rﬂ- = {j elJ ‘ Vi = O} and
Joi = {j eJ ‘ v < O}, as in Lemma A.1. The set of actions B; , is the disjoint union of the
sets J T

a,t?
payments and transition probabilities are defined as follows, for all i € [n] and a € A.

J,.; and the set of ordered pairs (j, k) € Jz{’i x J,; with 7; > 7;. The instantaneous

o If =7 with j € JT., we set r®° = (Ma,j — Mai)U+Na,j — Na,i and Pia’ﬁ = e;, where

ej denotes the j—tha{jector of tfle canonical basis of R™.
o If =7 with j e Jois Z-a’ﬁ = (Ma,j — Ma,i)V + Naj — Na,i and Pia’ﬁ =ej.
o If B = (j,k) with (5, k) € Joti x Jo; and ;> g, we define m; = —y/(7y; — ) and
7 = j/(vj — V), so that m; and 7, are nonnegative and satisfy 7; + m, = 1. We set
(64

T 7= mi(nj — mi) + T (e — mi)-

As noted in Remark 2.7, the number p such that p + ¢ = T'(¢) for some ¢ € R" is unique.
Moreover, by (2.4), p coincides with the value of the turn-based stochastic mean-payoff game,
independently of the choice of the initial state i € [n]. By Theorem 2.5, the family fi,..., f,
is tropically linearly independent if, and only if, p is strictly positive.

The number of states and actions, as well as the bit-sizes of the instantaneous payments and
transition probabilities of this game are polynomially bounded in the input size. It follows
that verifying whether fi,..., f, are tropically linearly independent reduces in polynomial
time to checking whether the value of a turn-based mean-payoff game is strictly positive.
This finishes the proof of Theorem 5.6. O

As a final remark, we note that, to solve the game here, it suffices to solve the additive
eigenproblem T'(¢) = p + ¢. This can be done using several algorithms, see e.g. [9] and the
discussion in Section 6 of [2]. We refer the reader to [5] for more information on the complexity
of turn-based games.

we set r
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