HOMOLOGICAL SMOOTHNESS AND DELIGNE RESOLUTION FOR
TROPICAL FANS

OMID AMINI AND MATTHIEU PIQUEREZ

ABsTRACT. We say that a tropical fan is homologically smooth if each of its open subsets
verify tropical Poincaré duality. A tropical homology manifold is a tropical variety that is
locally modelled by open subsets of homologically smooth tropical fans.

We show that homological smoothness is a 7-stable property in the category of tropical
fans. This implies in particular that quasilinear fans are homologically smooth, and tropical
varieties locally modelled by them are tropical homology manifolds. Previously, this was
known only for locally matroidal tropical varieties.

In order to show the above results, we prove a tropical analogue of the Deligne weight
spectral sequence for homologically smooth tropical fans. This allows to describe the coho-
mology of tropical modifications, and will be of importance in our companion work which
develops a Hodge theory in the tropical setting.
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1. INTRODUCTION

The work of this paper is motivated by the development of a Hodge theory in the combi-
natorial and tropical setting. We study a tropical notion of homology manifolds in the spirit
of the classical notion of homology manifolds in topology [Mio00; Wei02]. As in the classical
setting, this will be a local notion. Since tropical fans and their support fanfolds are build-
ing blocks of more general tropical varieties, this is reduced to considering tropical fans and
tropical fanfolds.

1.1. Tropical fans. Let N ~ Z" be a lattice of finite rank and denote by Ng the vector space
generated by N. Consider a rational fan 3 in Ng. We denote the support of 3 by ’E‘ and
call it a (rational) fanfold in Ng. We say that 3 is pure dimensional if all its maximal cones
have the same dimension. For each cone o € ¥, denote by N, the sublattice of N generated
by the integer points of o.

A tropical orientation of a rational fan 3 of pure dimension d is an integer valued map

w: g — Z~ {0}
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that verifies the balancing condition: for each cone 7 in 3 of codimension one, we have

> w(o)e, =0 in N/N,
oOT
where the sum is over facets o of ¥ which contain 7, and ¢/ is the generator of the quotient
(cNN)/(TNN) = Zx.
A tropical fan in Ny is a pair (X, wys) consisting of a pure dimensional rational fan ¥ endowed
with a tropical orientation ws. We refer to the support of (3, ws) as a tropical fanfold.

1.2. Homological smoothness and tropical homology manifolds. For a rational fan

¥, and open subset U of ’Z , let HP9(U), HPY(U), Hy4(U), and H;};(U) be the tropical
cohomology, tropical cohomology with compact support, tropical homology, and Borel-Moore
homology groups of U with rational coefficients, respectively, introduced in [IKMZ19]. We
recall the relevant definitions in Section 2.

Let X be a tropical fan of dimension d. The Borel-Moore homology group HEE(E) contains
a canonical element vy, the analogue of the fundamental cycle in the tropical éetting. Using

the cap product —~, we get a natural map

BM

N Un Hp’q(Z) — dep’dfq(z)
We say that a tropical fan X verifies tropical Poincaré duality if the above map is an
isomorphism for each bidegree (p, q).

, we get by restriction a canonical element vy

More generally, for each open subset U of ‘Z
in the Borel-Moore homology H;E(U ). This leads to the natural map
BM
vy HPYU) — Hy_p g (U).
We say that X is homologically smooth, or that ¥ is a tropical homology manifold, if these
maps are all isomorphisms, for open subsets U of ’E‘ Equivalently, the canonical element

gives a map HY ’d(U) — @Q, and tropical Poincaré duality is the statement that the natural
pairing

HPI(U) x HP4(U) — HPU) = Q
is perfect for each open subset U C ‘E’ and all pairs of integers p, q.

By definition, homological smoothness is a local condition, and it is a property of the
support, that is, it is the property of the underlying tropical fanfold. Moreover, it follows
from the Kiinneth formula that homological smoothness is closed under products.

We will show the following result in Section 2.

Theorem 1.1. A tropical fan X is homologically smooth if and only if ¥ and all its star fans
37, 0 € X%, verify tropical Poincaré duality.

In this paper, the star fan 37 refers to the fan in N / N, r induced by the cones 7 in X
which contain o as a face.

We say that a tropical variety X is a tropical homology manifold if it is locally modelled by
tropical fanfolds which are homologically smooth, in the sense that each point x in X admits
an open neighborhood isomorphic to an open subset of T* x ‘Z‘ for T = RU {+o0}, k a
non-negative integer, and > a homologically smooth tropical fan. It follows from Theorem 1.1
that this is equivalent to requiring that each local fanfold of X verify tropical Poincaré duality.

Local duality implies the following global duality theorem.
Theorem 1.2 (Poincaré duality for tropical homology manifolds). Let X be a tropical ho-

BM

mology manifold of dimension d. The cap product with the fundamental class vx € H, ,(X)

induces an isomorphism
BM

vy HPUX) = Hy' g (X)),
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In particular, we have Hg’d(X) ~ Q and the natural pairing
HPI(X) x HIP9(X) — HI(X) = Q
1s perfect.

To a matroid m with ground set F, one associates a unimodular fan >y called the Bergman
fan of m in the real vector space RE/R(L ..., 1). Tts support is called a Bergman fanfold. It
follows from the calculation of homology groups of Bergman fanfolds in [Shal3; JSS19], and
the observation that star fans of Bergman fans are themselves Bergman, that a Bergman
fanfold is homologically smooth. The proof of Theorem 1.2 is similar to the treatment of
Poincaré duality for tropical varieties modeled locally by Bergman fanfolds [JSS19; GS21].
Our Theorem 1.3 below produces a large class of tropical fans that are homologically smooth.

1.3. T-stability of homological smoothness. We prove the following stability theorem.

Theorem 1.3. Homological smoothness is T-stable. In particular, any quasilinear tropical fan
1s homologically smooth.

The notion of T-stability is introduced in [AP23|, we will review the definition in Sec-
tion 2.10. We recall here that a tropical fan is quasilinear if it is either the real line with an
arbitrary tropical orientation, or, it is a product of two quasilinear fans, or, it is the stellar
subdivision or stellar assembly of a quasilinear fan, or, it is obtained as a result of tropical
modification of a quasilinear fan along a tropical divisor which is itself quasilinear.

The proof of the above result boils down to the following theorem. We will recall the
definition of tropical modification in Section 2.9.

Theorem 1.4. Homological smoothness is preserved under tropical modifications along divi-
sors which are homologically smooth.

The proof of this theorem is based on explicit description given in Section 5 of the cohomol-
ogy groups of tropical modifications, that we hope to be of independent interest. This uses
the tropical Deligne resolution Theorem 1.6, see Section 1.4.

The motivation behind the above results comes from the development of a Hodge theory
for tropical varieties. Consider an effective tropical fan (X,ws), that is, a tropical fan whose
orientation wy, takes only positive values. We say that 3 is Kéhler if it is homologically smooth
and it is Chow-Kahler in the sense of [AP23], that is, it is quasi-projective, and the Chow ring
of each star fan of 3 verifies Hard Lefschetz property and Hodge-Riemann bilinear relations.
Combining Theorem 1.3 with 7-stability of being Chow-Kéhler, established in [AP23, Theorem
1.9], we obtain the following result.

Theorem 1.5. Being Kdhler is T-stable in the class of quasi-projective tropical fans which are
effective and simplicial. In particular, a simplicial quasi-projective effective quasilinear fan is
Kabhler.

This theorem produces a large class of Kéhler tropical fans. Our companion work [AP20a]
establishes a hodge theory for Kéahler tropical varieties, which are tropical varieties locally
modelled by Kahler tropical fans.

1.4. Tropical Deligne resolution. For a fan ¥, we denote by X its canonical compactifica-
tion, obtained by taking the closure of ‘Z‘ in the tropical toric variety TPy.

Let ¥ be a simplicial homologically smooth tropical fan. For any ¢ € ¥, let &” be the
canonical compactification of the star fan X7, and set

HYS") = P H™("),

p+q=k
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for cohomology with rational coefficients. It follows from [AP24, Theorem 1.1] that H*(¥”, Q)
is non-vanishing only in even degrees. Moreover, when k is even, we have H k(i",@) =
HF/26/2(37 Q), isomorphic to the piece A¥/2(%7) of the Chow ring. In Section 3 we prove
the following important theorem.

Theorem 1.6 (Tropical Deligne resolution). Let ¥ be a simplicial homologically smooth trop-
ical fan. For each mon-negative integer p, we have the following long exact sequence

0 H(Z)—» P H'T)» P HE )= = @ HP?E") - H*(I) — 0.
ocEY ocEY oEX
lol=p lol=p—1 lol=1

In the above sequence, the first term HP(X) coincides with the coefficient group F?(0)
consisting of rational p-multiforms on ¥ (see Section 2 for the definition), the notation |o]
stands for the dimension of the face o, and the maps between cohomology groups are given
by tropical Gysin maps, as we expand in Section 3. The cohomology groups are with Q-
coefficients.

The name given to the theorem above comes from Deligne’s weight spectral sequence in
Hodge theory [Del71] that puts a mixed Hodge structure on the cohomology of a smooth
quasi-projective complex variety. In the case of a complement of an arrangement of complex
hyperplanes, the cohomology in degree p coincides with the coefficient group F?(0) of the
Bergman fan >y, for the matroid m associated to the hyperplane arrangement, by the work
of Orlik-Solomon [OT13| and Zharkov [Zhal3]. A wonderful compactification of the hyper-
plane arrangement’s complement produces a long exact sequence as above that involves the
cohomology groups of the strata in the compactification. This is a consequence of a theorem
of Shapiro [Sha93| that states that the cohomology of the complement of an arrangement of
complex hyperplanes has pure Hodge structure of Hodge-Tate type, of weight 2p concentrated
in bidegree (p,p) in cohomological degree p.

In the theorem above, we obtain a purely polyhedral analogue of the Deligne exact sequence,
valid for any homologically smooth tropical fan. In Section 3.5, we prove a weaker statement
for general tropical fans.

1.5. Reformulation of homological smoothness. In [Aks23]|, Aksnes proves the following.

Theorem 1.7 (Aksnes [Aks23]|). Let ¥ be a tropical fan of dimension d > 2. Suppose that
the Borel-Moore homology groups Hjlz (X) wvanish for all pairs a,b with b # d. If each of the
star-fans X7 for o # 0 satisfies tropical Poincaré duality, then X satisfies tropical Poincaré
duality.

From the above theorem, proceeding by induction, we easily deduce the following reformu-
lation of homological smoothness in terms of vanishing of Borel-Moore homology groups.

Theorem 1.8. A tropical fan X is homologically smooth if and only if it is quasilinear in
codimension one, and the vanishing property HjIZ(Z”, Q) = 0 holds for each face o of ¥ and
each pair of integers a,b with b # d — |o].

Being quasilinear in codimension one means simply that for each face o of codimension one
in 3, in the one-dimensional tropical fan 37, there is a unique relation between the primitive
vectors of rays, given by the balancing condition.

1.6. Related work. Tropical homology is introduced in [IKMZ19|. It is notably proved
there that in a one-parameter family of smooth projective complex varieties tropicalizing to a
tropical variety that is locally modelled by Bergman fans of matroids, the Hodge numbers of
smooth fibers are captured by the dimension of tropical cohomology groups of the limit tropical
variety. A generalization of this result to more general type of degenerations is obtained in our
joint work [AAPS23] wih Aksnes and Shaw. The proof uses the tropical Deligne resolution,
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Theorem 1.6. This theorem plays as well a crucial role in our companion works [AP20a; AP20b)|
which establish a Hodge theory for tropical varieties. A similar in spirit resolution dealing
with the Stanley-Reisner rings of simplicial complexes and their quotients by (generic) linear
forms plays a central role in the recent works [Adil8; AY20| on partition complexes, and have
found several interesting applications. The result is also connected to the recent work [Pet17]
on the cohomology of stratified spaces which provides a generalization of Deligne’s spectral
sequence. In [AP24] we relate tropical cohomology to combinatorial Hodge theory, we refer
to surveys [Bak18; Huh18; Huh22; Oko22] for a discussion of combinatorial Hodge theory and
its applications in combinatorics. Further results in connection to Hodge theory are obtained
in [MZ14; AB14; ARS21].

Finding a classification of tropical fans that verify tropical Poincaré duality is a challenging
problem. Interesting results in this direction have been obtained in [Aks19]. The work [JSS19]
establishes tropical Poincaré duality for tropical varieties locally modelled by Bergman fans
of matroids. A sheaf theoretic approach to tropical homology is developed in [GS23; GS21].

1.7. Organization of the paper. In Section 2 we provide necessary background in polyhe-
dral geometry, and recall the definition of tropical homology and cohomology, tropical mod-
ification, and 7-stability. This section contains as well the proof of Theorem 1.1. Tropical
Deligne resolution for homologically smooth tropical fans is proved in Section 3. The proof
of Theorem 1.3 on T-stability of homological smoothness will occupy Sections 4 and 5. The
technical part involves proving Theorem 5.1, that describes the tropical homology of a tropical
modification. Final Section 6 provides examples related to the results of the paper.

In this article, unless otherwise stated, we will work with homology and cohomology with
rational coefficients.

1.8. Basic notation. The set of non-negative real numbers is denoted by Rs(. In this paper,
N will be a free Z-module of finite rank. We denote M = N* = Hom(XV,Z) the dual of N.
The corresponding rational and real vector spaces are denoted respectively by Ng, Ng, and
Mg = N§, Mg = Ng.

We use basic results and constructions in multilinear algebra. In particular, for a lattice IV,
we view its dual M = N* as (linear) forms on N and refer to elements of the exterior algebras
/\'N and A\°M as multivectors and multiforms, respectively. If £ € M is a linear map on N
and if v € A’N is a multivector, we denote by 1,(v) € N'"'N the contraction of v by ¢. For
v1,...,Up € N and v = v A --- A vp, this is given by

P
(o A Avp) =Y (1) T (w)or A AT A A, € NTUN,
i=1
where the notation v; indicates, as usual, that the factor v; is removed from the wedge product.
We extend this definition to k-forms, for any k& > 2, by setting, recursively, tpno := Lo © L for
any o € N°M and £ € M.

We denote by T := RU {oo} the extended real line with the topology induced by that of R
and a basis of open neighborhoods of infinity given by intervals (a,oc] for @ € R. Extending
the addition of R to T by setting co + a = oo for all a € T, endows T with the structure of a
topological monoid called the monoid of tropical numbers. We denote by T = R.qU{oo} the
submonoid of non-negative tropical numbers with the induced topology. Both monoids admit
a natural scalar multiplication by non-negative real numbers (setting 0 - oo = 0). Moreover,
the multiplication map is continuous. As such, T and T4 can be seen as modules over the
semiring Ro. A polyhedral cone ¢ in Ny is another example of a module over R .

The cones appearing in this paper are all strictly convex, meaning that they do not contain
any line. If o is a polyhedral cone in Ng, we denote by N, the real vector subspace of Ng
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generated by points of o, and define Ng = NR/NU,R. If o is rational, we get natural lattices
of full rank N, C N, and N7 C Ng.

Given a poset (P, <) and a functor ¢ from P to a category C, if ¢ is covariant (resp.
contravariant), then for a pair of elements 7 < o in P, we denote by ¢, (resp. ¢yvr), the
corresponding map ¢(7) — ¢(o) (resp. ¢p(0) — ¢(7)) in C, the idea being that in the subscript
of the map ¢, representing the arrow in C, the first item refers to the source and the second
to the target. This convention will be in particular applied to the poset of faces in a fan.

2. PRELIMINARIES

2.1. Fans. Consider a fan ¥ of dimension d in Ng. We denote by |o| the dimension of each
cone o in . We denote by Y, the set of k-dimensional cones of ¥. The elements of X; are
called rays. We denote by 0 the cone {0}. A k-dimensional cone o in ¥ is determined by its

set of rays. The support of 3 is denoted by ‘2‘: it is the closed subset of N defined by the
union of the cones in ¥. We call it a fanfold. If there is no risk of confusion, we use ¥ when
referring both to the fan and the fanfold. A maximal cone in ¥ is called a facet. We say that
Y is pure dimensional if all its facets have the same dimension. A fan X is called rational if
all its cones are rational. It is called simplicial if each cone is generated by as many rays as
its dimension.

Given a cone o € X, the star fan 37 refers to the fan in Ng = NR/N(,R obtained by taking
the projection of the cones 7 in ¥ that contain o as a face, for the projection map Ny — Ng.
We denote by n° € Ng this projection.

Convention. We endow the fan ¥ with the partial order < given by the inclusion of cones
in ¥: we write 7 < ¢ if 7 C 0. We say o covers 7 and write 7 <o if 7 < ¢ and |7| = |o] — 1.
The meet operation A is defined as follows. For two cones o and § of 3, we set 0 Ad == g N 4.
The set of cones in ¥ that contain both o and ¢ is either empty or has a minimal element
n € X. In the latter case, we say that 7 is the join of o and § and denote it by o V § :=n.

We use o (or any other face of ¥) as a superscript when referring to the quotient of some
space by N, or to the elements related to this quotient. In contrast, we use o as a subscript
for subspaces of N, or for elements associated to these subspaces.

If 7 < o are faces of ¥, we denote by 7, -, all the projection maps N™ — N7, Nj — Ng,
and N — Ng.

2.2. Canonical compactifications. We briefly discuss canonical compactifications of fans.
More details can be found in [OR11; AP24].
Let X be a fan in Ng. For any cone o, denote by oV the dual cone defined by

o' :={meMg | (ma)>0 forallaco}.

The canonical compactification & of o is given by Homg, (¢¥, T5o), i.e., by the set of mor-
phisms 0¥ — T, in the category of Ry¢-modules. We identify naturally o with the subset
Hompg, (¢,R>) of 7. There is a natural topology on & that makes it a compact topological
space. The induced topology on o coincides moreover with the Euclidean topology. We refer
sometimes to & as the extended cone of o. For a face 7 < o, we get an inclusion of the
compactifications 7 C & that identifies 7 as the topological closure of 7 in 7.

The canonical compactification X is defined as the union of &, o € X, where for 7 < ¢ in X,
we identify 7 with the closure of 7 in @. The topology of ¥ is the induced quotient topology.
Each extended cone & naturally embeds as a subspace of X.

There is a special point oo, in @ defined by the map ¢¥ — Ty, that vanishes on the
orthogonal space o+ = {m € Mg } (m,a) =0 for all a € 0} and takes value oo everywhere
else. Note that for the cone 0, we have ooy = 0.
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The compactification ¥ naturally lives in the tropical toric variety TPy, defined as follows.
For o € ¥, let ¢ := Homg, (¢",T). Since Homg, (6", R) ~ Ng, this is a partial compactifica-
tion of Ng. For a pair 7 < ¢ in X, we get an inclusion 7 C ¢. Gluing the spaces ¢ along these
inclusions gives TPs.

We set N;’R := Nr + 00, C 0. In this notation, we have NO%R = Ng. More generally, we
have an isomorphism N7 p ~ Ng.

The tropical toric variety TPy, is naturally stratified into the disjoint union of tropical torus
orbits N7 p ~ Ng, 0 € ¥. The natural inclusion of 7 into o gives an embedding 3 C TPy
that identifies 3 as the closure of ¥ in TPs,. We say that a point € ¥ has sedentarity o if
it belongs to N7z NX. In this case, we write sed(z) = o.

The intersection ¥ = N?  ~ N¢ is identified naturally with the star fan %°. We denote it
by 7. We refer to each face of X7 as a face of X of sedentarity o. Note that each face of
sedentarity o is in one-to-one correspondance with a face n > ¢ in 3. We denote that face by
nZ. It is explicitly given by

1% =A{o0s +a [z ent =N N g

We denote by 07 the closure of nZ, in 3. For each face § = 0y of 3, we set Ny := N7, =~ Nn/N(,.

2.3. Unit normal vectors, canonical multivectors, and canonical forms. Consider a
rational fan ¥ of dimension d. Consider a cone ¢ of ¥ and let 7 be a face of codimension one
in 0. The hyperplane N, C N, cuts the space N,y into two closed half-spaces. Denote the
half-space that contains o by H,. A unit normal vector to T in o refers to a vector v of N,NH,,
that verifies N, + Zv = N,. We denote by n,,. such an element. Note that n,,. induces a
well-defined generator of NJ = N, / N.: we denote this generator by e¢]. We naturally extend
the definition to similar pair of faces in ¥ having the same sedentarity. In the case o is a ray
(and 7 is a point of the same sedentarity as o), we also use the notation e, instead of n,/..

On each cone ¢ € X, we fix a generator of /\‘UIN(, that we denote by v, and refer to it as the
canonical multivector of o (this is unique up to a sign). Passing to the dual space, we denote
by w, € /\IalN; the element that takes value one on v,. We refer to w, as the canonical form
of o (again, this is unique up to a sign). We choose vy =1 and v, = ¢, for any ray p.

The above definitions are extended to ¥ in a natural way by choosing an element v7 €
/\IUl*lT‘N;’U ~ N7=INT for each 007, 7 < o, and setting @7 := v7*. In the case of interest to
us, % is simplicial and in this case, there is a natural choice for the extension: if 7 < o is a
pair of cones in X, there exists a unique minimal 7’ such that ¢ = 7V 7/. We choose v to be
the image of v, under the projection map from N to NJ p ~ N7.

2.4. Orientation and sign function. Using the choices of canonical multivectors discussed
in the previous section, we give an orientation (in the topological sense) to each face of X.
Using this, we associate a sign denoted by sign(v,d) to each pair of closed faces v < § in X,
as follows.

In the case both the faces v and § have the same sedentarity, we define sign(+y, d) to be the
sign of the evaluation w;s (n5 /v N 1/7). Otherwise, there will exist a pair of cones 7/ <7 of X, and
o € ¥ such that v =07 and § = 07. Consider the projection map m,~s: N, = N;')U — N5 =
N7, , between the two corresponding lattices of v and . This map is surjective, and induces
a surjective linear map A°N, — A’N;. There exists an element v/ such that m,-5(v/) = v,.
Consider the primitive vector e:/ of the ray 77 in ¢7'. Then, sign(y, §) is defined to be the sign
of —w;(el’ A v'). Although we made a choice for v/, the element ¢7' A v/ will be independent
of that choice. In other words, the sign function is well-defined.
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2.5. Tropical homology and cohomology groups. Let ¥ be a rational fan and ¥ its
canonical compactification. The (extended) polyhedral structures on ¥ and ¥ allow to asso-
ciate tropical homology groups and cohomology groups to them, as introduced in the work
[IKMZ19]. We refer to [JSS19; AP20a] for more details.

We first recall the definition of the multi-tangent spaces F,, and their duals F? called
multi-cotangent spaces, associated to faces, working with rational coefficients. We do this for
3 with the face structure given by 07, for pairs of faces 7 < o of X. This provides cellular
chain and cochain complexes that calculate tropical homology and tropical cohomology groups
of the canonical compactification X. It is easy to adapt the definitions to ¥ with the natural
face structure given by its cones.

For each face v = 07 of ¥, we denote by N, o the rational vector space defined by the lattice
N,. For each integer p € Z-y, we define the p-th multi-tangent and the p-th multi-cotangent
spaces of % at v, with rational coefficients, denoted by F,(vy) and FP(«y) respectively, by

F,(7) =Y NNig CNNG and F'(7):=F,(y)"
O
sed(d)=T1

An inclusion of faces y < ¢ in 3, induces maps i5. : F,(6) — F,(7) and if_;: FP(y) — F?(9).
These are defined as follows. In the case v and § have the same sedentarity, then is.- is just
an inclusion. In the case v = 07 and § = O] for cones 7 < 7/ < ¢ in ¥, the map is. - is

induced from the projection map N — N;/. In the general case, is, is the composition of a

projection and an inclusion; the map i’_; is the dual of is.,.

Suppose tha X = X or . For a pair of p,q € Z, we define

CralX) = @ B,
yeX
lvl=¢q
~ compact

For each non-negative integer p, we get a chain complex

Cpa(X): -+ = Cpgsa (X) =5 Cpgl(X) = Cpga (X) — -+
with the differential given by the sum of maps sign(v,d) - iss-, with the sign function as in
Section 2.4.
The tropical homology of X with rational coefficients is defined by

Hy (X)) = Hp(X,Q) = Hy(Cpo(X)).

Proceeding similarly, for each non-negative integer p, we get a cochain complex

CP(X): e —> Cp,qfl(X) det » CP9(X) i> Cp,qH(X) ..
with (p,q) term given
CPUX) = Cpg(X) =~ B F(6).

yeX
|vl=¢q
~ compact

The tropical cohomology of X with rational coefficients is defined by
HP1(X) = HP(X,Q) = HY(CP*(X)).

The compact-dual versions of tropical homology and cohomology are defined by allowing
non-compact faces. These are called Borel-Moore homology and cohomology with compact
support, defined as follows. First, we define

C’;E(X) = @ F,(y) and CPYX):= @ F?(7).

yeX veX
[vl=¢q lvl=q
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Together, they give (co)chain complexes CZN,I (X) and C?*(X). The (co)homology of these
complexes are called the tropical Borel-Moore homology and the tropical cohomology with
compact support with rational coefficients, respectively,

BM BM

H, (X)=Hy(C,,(X)) and HPZ(X):= HY(CH*(X)).

p.q

Both notions of homology and both notions of cohomology coincide in the case X is compact.
We define relative versions of the chain and cochain complexes, and their homology and co-
homology, respectively, for a pair A C X of fans. For example, the relative complex C;’N,I (X,A)

is defined as the cokernel of the inclusion C;I\:(A) — C’:\:(E), and

BM BM
H,,(3,A) = Hy(C,,(%,A)).

In this paper, homology and cohomology refer to the tropical ones, and for the sake of
simplicity, we omit the word tropical. We note that as in the classical setting, there exist
other ways of computing the same groups. In particular, a sheaf theoretic version of these
constructions allows to associate cohomology and homology groups to open subsets of ¥, and
more general tropical varieties, we refer to [JSS19; GS23] for a discussion. Homology and
cohomology depends only on the support.

The collection of coefficient sheaves and cosheaves come with contraction maps defined as
follows.

Let o0 € ¥ and consider an element v € Fy (o). Given an element o € F?(0), we denote by
K, () the element of FP~*(c) that on each element v/ € F, (o) takes value a(v A v'). The
map k,: FP(0) — FP~%(0) is linear. We extend the definition naturally to all faces § of ¥ and
obtain maps k,: FP(§) — FP~*(§) for any element v € Fy(§). We call k,(«) the contraction
of a by v, and refer to k, as the contraction map defined by v. Dually, for a € F¥(o), we get
contraction maps kq: F,(0) = F,_x(0).

These maps allow to define a cap product between homology and cohomology groups.

2.6. Tropical Feichtner-Yuzvinsky. Let ¥ be a rational simplicial fan in Ng, and denote
by ¥ its canonical compactification. Denote by A®(X) the Chow ring of ¥ with rational
coefficients, defined as the Chow ring of the toric variety associated to 3. The following result
provides a description of the cohomology of the canonical compactification 3.

Theorem 2.1 (Tropical Feichtner-Yuzvinsky for fans [AP24]). For any integer p, there is an
isomorphism

HPP(Y) - AP(Y).
Altogether, they induce a ring morphism H**(X) — A*(X), by mapping HP4(X) to zero in

the bidegree p # q. In addition, HP4(X) is trivial for p < q and for p > q = 0.
2.7. Tropical fans. A tropical fan in N is a pair (X,ws) consisting of a pure dimensional
rational fan ¥ of dimension d, and a tropical orientation wy, that is, an integer valued map

wy: Ng — Z~ {0}

that verifies

Z wy(o)el =0 in N7

o>T
for each cone 7 in ¥ of codimension one. We refer to the support of (X,ws) as a tropical
fanfold and denote it by ‘E’ or simply 3 if there is no risk of confusion. We endow ‘E’ with
the tropical orientation induced by ws on the set of regular points (those points having an
open neighborhood isomorphic to an open subset of a real vector space).

For any face o € 3, the star fan 3 gets the induced orientation wse defined by wse (n7) =

wx(n), for any facet n = o. The star fan at o of a tropical fan (X, wy) refers to (X7, wso)
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The balancing condition ensures the existence of a fundamental class [X] € H?;(E). This

is defined by using canonical multivectors (see Section 2.3). Concretely, the class [X] is repre-
sented by the canonical element vs of CEN;(E) given by

Vs = (WE(U)V“)oezd c @ /\de@.

oEY,y

(Note that the canonical element and canonical class are both integral.)

Taking the cap product with the fundamental class gives a map

BM
~ [E]: HP(X) = Hy_p g (%),

for each pair of integers p,q € {0,...,d}. A tropical fan ¥ satisfies tropical Poincaré duality
if these maps are all isomorphisms.

The above maps are always injective for any tropical fan. Moreover, HP4(X) is trivial for
g # 0, and for ¢ = 0, we have HP?(X) = F?(0). Tropical Poincaré duality is thus equivalent
to the vanishing of HEIZ(E) for b = d, and the surjectivity of the natural maps

BM
FP(Q) —> depd(Z), « |—> LQ(VE).
Cap product with fundamental class is described using contraction maps defined in the
previous section. In the case ¢ = 0, it is the map

(2.1) F"(0) — Hyy, 4()

BM

defined as follows. Consider the fundamental class [X] € H, ;(¥). The coefficient of a facet

o € ¥4 in [Y] is given by w(o)v,. Given an element o € F¥(0), the corresponding element in
BM

H, ", ,(X) has coefficient at the facet o € 34 given by ko (w(co)v,). Tropical Poincaré duality
for ¥ requires that these maps being all isomorphisms. Note that, dually, we get a map

(2.2) H () = Fi(0).

Since the dual map given in (2.1) is injective for any tropical fan, this map is always surjective.
In the case X verifies tropical Poincaré duality, this is an isomorphism.

A tropical fan X is called homologically smooth if any open subset U of ‘E’ satisfies tropical

Poincaré duality. Equivalently, as claimed in Theorem 1.1, a tropical fan ‘E‘ is homologically
smooth if and only if each star fan 37 of 3, o € X, verifies tropical Poincaré duality.

Proof of Theorem 1.1. Suppose that X is homologically smooth. Let o be a face of ¥. A point
in the relative interior of o has an open neighborhood U isomorphic to W x X7 for an open
neighborhood W of the origin in R!°!. Since the coefficient sheaves in R/ are constant, it is
easy to show that W verifies tropical Poincaré duality. By homological smoothness of X, U
verifies tropical Poincaré duality. Applying the Kiinneth formula, we deduce that 7 verifies
Poincaré duality. This implies one direction.

The other direction follows from the arguments given in [JSS19, Section 4| for the proof
of Theorem 4.33 in loc.cit., replacing matroidal condition on star fans by requiring them to
verify tropical Poincaré duality. We omit the details. ([l

The following proposition is a consequence of Theorem 2.1, and the compatibility between
the duality pairing in the tropical cohomology and the duality pairing in the Chow ring.

Proposition 2.2. The following assertions are equivalent for a simplicial tropical fan X:

e X verifies Poincaré duality.

e the Chow ring of X wverifies Poincaré duality, and all the cohomology groups HP4(3)
for p > q vanish.
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Homological smoothness is closed under products. In fact, the following stronger property
holds. For two tropical fanfolds X1, o, 31 X X9 is homologically smooth if and only if ¥; and
Y9 both are.

2.8. Gysin maps. Consider a simplicial tropical fan Y. Assume that > is homologically
smooth. For a cone o € X, the set of points of sedentarity o form a fan in N7 denoted by
7. This is based at the point oo, of ¥ and is naturally isomorphic to 7. Its closure %
in ¥ is identified naturally with the canonical compactification ¥° of ¥?. This means that
the canonical compactification ¥~ ~ i:o naturally lives in 3. Moreover, for an inclusion of
faceb T < o of ¥, we get an inclusion iy, : 3. <+ %_. This induces the map on cohomology
i, H*(X)) — H*(X.). The tropical varieties . and ¥__ are both tropical homology
manifolds. Therefore, by Theorem 1.2, they both verify tropical Poincaré duality. Taking the
dual of i, _ and using Poincaré duality, we obtain the Gysin map

Cys,.,.: H*(Z2) — H*T2(Z).

2.9. Tropical modification. We briefly recall the definition of tropical modification, intro-
duced in the pioneering work of Mikhalkin [Mik06; Mik07]. We refer to [BIMS15; Kall5],
and [AP23, Section 5| for a more through discussion.

Let f be a meromorphic function on a tropical fan . This means f is a continuous conewise
integral linear function on ¥. The divisor D = div(f) is a Minkowski weight of dimension
d — 1 defined by the orders of vanishing ord,(f) of f at (d — 1) dimensional cones 7 of 3,
see |[AR10, Section 3] and [AP24, Section 4|. Here,

ord( ng ) fo(No)7) —i—fT(wa 110/7)7

o>T o>-T

where f, is an integral linear function with f| = f]|_.

Denote by A the subfan of ¥ given by the support of ord(f), endowed with tropical orien-
tation wa = ord(f). We allow the case where the divisor div(f) is trivial, in which case, A
will be empty. N

The tropical modification of ¥ induced by f will be a fan in Ng ~ R*"*! = R™ x R that we
will denote by TM¢(3). To define it, we first consider the graph I'y of f defined by

Y| — Ng=NexR,
vo— (2, f(@).

For 0 € ¥, set 0, :=I(0), the image in Ng of o by Iy. For § € A, set §, := d, + Roe, where
=(0,1) € Ng x R (0 in ¢, = (0, 1) is the origin in Ng).
We define the tropical modification TMy(E) of ¥ along A with respect to f, simply tropical
modification of ¥ along A if everything is understood from the context, to be the fan in

Iy:

Ng ~ R"*! given by the collection of cones
TM(2) ={o,|ceX}uU{d |d€A}.

Note that 10| = 6] + 1 for § € A, and |o,| = o] for o € 3, so that setting > = TMs(X), we
have

{JO]JGEk}U{ | § € Ag— 1}

The fan ¥ is endowed with the map &: 2q — Z~ {0} defined by &(0,) = ws (o) for o € Xy,
and w(d,) == wa(d) for 6 € Ayz_;. It is easy to see that the map w is a tropical orientation
of 3. This means TM;(X) endowed with w is a tropical fan. We moreover have a natural
conewise integral linear projection

pr [TM )| = 2.
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We will need the following characterization of the star fans in the tropical modification.
Given a cone o € X, let £ € M be an integral linear map which coincides with f on o. The
difference f — ¢ vanishes on o. Denote by 77: N — N7 the projection map. Then, f — ¢
induces a meromorphic function on %7 denoted by f7 = 77(f — ¢). We refer to f7 as the
meromorphic function induced by f on 37, although it is only defined up to addition by an
integral linear function on N¢.

Proposition 2.3. Let ¥ be a tropical fan. Consider a meromorphic function f on X, and
denote by A the tropical fan given by div(f). Let Y= TM;(E). Then, we have the following
description of the star fans in ¥

o If§ €A, then Yo~ AY

e I[f o € X, then we have S0~ TM;o(X7), where f7 is the meromorphic function
induced by f on 3°.

The proof is obtained by a direction verification and is omitted.

2.10. T-stability. In our work [AP23], we introduce a notion of T-stability for tropical fans
and their geometric properties. This allows in practice to produce new tropical fans with nice
properties out of the existing ones. We give a brief presentation here and refer to [AP23] for
more details.

We have three types of operations on tropical fans: products, stellar subdivisions and their
inverse stellar assemblies (see [AP23, Section 2.5] for the definition), and tropical modifications.
The first two are classical, the third, explained in the previous section, is specific to the tropical
setting.

Consider a class of tropical fans € and let .¥ C % be a subclass. ¥ is called T-stable in
€, simply T-stable in the case %€ is the class of all tropical fans, if the following statements
are verified:

e (Stability under products) For a pair of elements (3, ws) and (X/,ws) in .77, if (X X
Y/ wsys) belongs to €, then it lies in ..

e (Stability under a tropical modification along a divisor in the subclass) Given an
element (X,wy) in ., and a meromorphic function f on ¥ with div(f) in ., the
tropical modification (EN), ws;) of ¥ with respect to f is in . provided that it belongs
to €.

o (Stability under stellar subdivisions and assemblies with center in the subclass) For a
tropical fan (X, ws) in €, and for o € ¥ with the property that the stellar subdivision
Y of ¥ at o belongs to ¢ and X7 belongs to ., we have

(X,ws) €. ifand only if (X, wy) e 7.

Examples of classes € of interest in this paper are all, resp. simplicial, resp. quasi-projective,
and resp. div-faithful tropical fans, see [AP23] for a more exhaustive list. We recall from loc. cit.
that a tropical fan ¥ is div-faithful if it verifies the following property: for each o € 3, if the
divisor of a meromorphic function defined on the star fan 37 is zero, then that meromorphic
function is linear.

The subclass % of % is trivially T-stable in €. Moreover, it is easy to see that an intersection
of T-stable classes is again T-stable. This motivated the following definition.

Consider a subset % of &, viewed as the base set. The T-stable subclass of € generated
by # denoted by (#)¢ is the smallest T-stable subclass of ¢ that contains %; it is simply
obtained by taking the intersection of all subclasses .¥ of % that contain % and which are
T-stable. In the case % is the class of all tropical fans, we simply write ().

An important base set is the set B defined as follows. Denote by 0 the cone {0}. Denote,
by an abuse of the notation, by 0 the fan consisting of unique cone 0. Let (0,n), n € Z ~\ {0},
be the tropical fan of dimension 0 with weight function taking value n on 0. Denote by A
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the complete tropical fan in R that consists of three cones 0,R>g, and R¢g, with tropical
orientation given by the constant function 1 on R>¢ and R¢g. Set

B:={(0,n) |ne€Z~{0}} U{A}.

In this very simple case already, (B) contains many interesting fans. For instance, Bergman
fans of matroids, and generalized Bergman fans (those with support a Bergman fanfold) are
all in this class, but (B) is strictly larger.

A tropical fan is called quasilinear if it belongs to (B). This means that the tropical fan
can be obtained from the collection B by performing a sequence of the three above operations
on tropical fans. More precisely, a tropical fan is quasilinear if it either belongs to B, or, is a
product of two quasilinear fans, or, is the stellar subdivision or stellar assembly of a quasilinear
fan, or, is obtained as a result of tropical modification of a quasilinear fan along a tropical
divisor which is itself quasilinear.

T-stability can be defined for properties of tropical fans. If P is a predicate on tropical fans
and % is a class of tropical fans, then P is called T-stable in % if the subclass of tropical fans
in ¢ which verify P is T-stable in €.

3. TROPICAL DELIGNE RESOLUTION

Let (3,ws) be a simplicial homologically smooth tropical fan. For each cone o € X, we
denote by X¢ the star fan of ¢ in ¥ that we endow with the induced orientation ws-. This is
a homologically smooth tropical fan in NZ. We denote by ¥ its canonical compactification.
For the canonical compactification of a tropical fan X, recall as well that we set

HYS) = P HP(D).

p+a=k

By Theorem 1.2, & verifies tropical Poincaré duality. It follows then from Theorem 2.1 and
Proposition 2.2 that H*(X) is non-vanishing only in even degrees, and in that case, it is equal
to H*/2k/2(3) ~ AF/2(%), where A®(X) refers to the Chow ring of ¥ with rational coefficients.

The aim of this section is to prove Theorem 1.6, namely that, we have the following long
exact sequence

0= F(0)— P H'E)—» P H)E) = - P HP (X)) » H*(E) — 0.

O'GEP erp,l oeY]

The maps between cohomology groups in the above sequence are given by the sum of Gysin
maps, see Section 2.8.

Using tropical Poincaré duality for canonical compactifications ¥~ , consequence of Theo-
rem 1.2, it will be enough to prove the exactness of the following complex for each k (here

k=d-—p):
(3.1)
0 H*3) - @ H*EL) - P H*EL) = - —» @ H¥(EL) —» Far(0) — 0.

SN o€Xs 0EX

In order to simplify the notation, we drop sometimes co from indices and identify 7 with
i:o living naturally in 3 as the closure of those points that have sedentarity equal to o.

In the next three sections, we give a proof of this theorem using Proposition 3.3 that gives
a resolution of the sheaf of tropical holomorphic forms, a result of independent interest. We
sketch a cellular version of this resolution in Section 3.4, that can be used in the same way to
get the theorem. In Section 3.5, we prove a weaker statement for any tropical fan.
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3.1. The sheaf of tropical holomorphic forms. Let Z = ¥ or ¥, for a simplicial tropical
fan ¥. We denote by QF the sheaf of tropical holomorphic k-forms on Z defined as the
sheafification of the combinatorial sheaf F*. With real coefficients, this can be defined as
the kernel of the differential d”: A*? — A®! from Dolbeault (k,0)-forms to Dolbeault (k,1)-
forms on Z, as in [JSS19]. We give an alternative characterization of this sheaf that shows it
is defined over Q.

If U is an open subset of Z, we say that U is nice if either U is empty, or there exists a
face v of Z intersecting U such that, for each face § of Z, every connected component of U N§
contains U N~. This implies that U is connected, and that for each face § € Z which intersects
U, v is a face of § and the intersection é NU is connected. We call v the minimum face of U.
We have the following elementary result, whose proof is omitted.

Proposition 3.1. Nice open sets form a basis of open sets on Z.

The sheaf Q% is the unique sheaf on Z such that for each nice open set U of Z with minimum
face ~, we have

QU (U) = FA(y).

Suppose now that Z is a compactification of Z and denote by i: Z < Z the inclusion. We
denote by Ql%,c the sheaf of holomorphic k-forms on Z with compact support in Z defined on
connected open sets by

QLU) iftUCZz
0, ()= AU HY S 2
’ 0 otherwise.
In other words, we have
Q=103

that is, direct image with compact support of the sheaf Q5. The cohomology with compact
support of % is computed by the usual sheaf cohomology of Qf ., i.e., we have

H2(Z,Q%) = H*(Z,Qy,).

3.2. Cohomology with coefficients in the sheaf of tropical holomorphic forms. Let
Y be a simplicial homologically smooth tropical fan. For each cone o € X, we get the sheaf
Q%, of holomorphic k-forms on ¥ < ¥ which by pushforward leads to a sheaf on ¥. We

denote this sheaf by Q. The following proposition describes the cohomology of these sheaves.

Proposition 3.2. Notation as above, for each pair of non-negative integers m, k, we have

(s, by = N ED) = HYE) ifm =k,
el otherwise.

Proof. We have

H™E, 08 ~ H™(Z) Qggo) ~ H™(X7,0%,) ~ H*"™(Z°).
The result now follows from Theorem 2.1 and Proposition 2.2. ]
3.3. The resolution QF of the sheaf Q’% .~ We will derive Theorem 1.6 by looking at the

hypercohomology groups H* (X, QF) of a resolution of Q’g o

For a pair of faces 7 < ¢ in ¥, from the inclusion map ¥ < ¥| < ¥, we get a natural
restriction map of sheaves i*__: QF — QF on 3. Here as before, the map iy <, = iy, denotes
the inclusion X7 < 3 .

We consider now the following complex of sheaves on 3

(3.2) o - Ppa-pok--- - P o

0EY, TEY, OEYX 4k
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concentrated in degrees 0,1,...,d — k, given by the dimension of the cones ¢ in ¥. The
boundary maps are given by

a€Qf s da = Z sign(o, ()i~ (@).

(0o
Note that QF , is a subsheaf of Qf.

Proposition 3.3. The complex QF provides a resolution of Q’ic. That is, the following se-
quence of sheaves is exact

0%, A ->PA->Pat-s- o P Ao
€Y €Y, TEX 4k

Proof. Tt will be enough to prove that taking sections over nice open sets U give exact sequences
of abelian groups.

If U is included in X, clearly by definition we have Q% .(U) ~ Qg (U), and the other sheaves
of the sequence have no nontrivial section over U. Thus, the sequence is exact over U.

It remains to prove that, for every nice open set U having non-empty intersection with
¥\ X, the sequence

0—Q5U) — @Q’;(U)—) @Qt’j(U)—»--% @ Q U)—=o0
0EY, TEY OCEX4—k

the minimum face of U. Denote by o € ¥ the sedentarity of v. The
of ¥ which intersect U are exactly those with 7 < . Moreover, if 7 is

is exact. Let v €
closed strata i; ~
a face of o, we have

be
bl

QL(U) = F(y).

Thus, the previous sequence can be rewritten in the form

(3.3) 0= Fi(y) > P F) = PF@)—-— @ Fy) —o0.
i Y 1=lol

This is just the cochain complex of the simplicial cohomology (for the natural simplicial
structure induced by the faces) of the cone o with coefficients in the constant group F¥(v).
This itself corresponds to the reduced simplicial cohomology of a simplex shifted by 1. This last
cohomology is trivial, thus the sequence is exact. That concludes the proof of the proposition.

O

Proof of Theorem 1.6. We have

FIH0)* = Fux(0) if m=d,

H™(S,0%,) = H'S,08) = HY™(3) = .
’ 0 otherwise.

Proposition 3.3 implies that the cohomology of Qgc is isomorphic to the hypercohomology
H(X, QF). Therefore, we have
H(2,2,) =~ Fai(0)[—d],
that is,
F; 1(0) for m =d,
0 otherwise.

H™ (X, QF) = {

On the other hand, the hypercohomology spectral sequence, combined with Proposition 3.2,
implies that the hypercohomology of QF is given by the cohomology of the following complex:

0— H*Q)-k - @ H*E)[-k-1]— - -  H*E)[-d - 0.

o€EX) o€ 4_k
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Combining these two results, we conclude that the sequence

(3.4)
0— H*3)» P H*E)» P BHFE) == @ H*E") = Far(0) -0
oEY, o€, oEX 4k
is exact, and the theorem follows. ]

3.4. An alternative proof using cellular cohomology. In this section we sketch another
proof of Theorem 1.6. This proof uses the cellular cohomology we introduced in Section 2
instead of sheaf cohomology. The proof mainly follows the lines of the first proof. We sim-
ply states the spectral sequence analog to the sheaf spectral sequence, and the analogous of
Proposition 3.3.

Proposition 3.4. The following sequence is exact for any integers k and q.
0— CHI(Z) = CH(E) » P (=) - P CHE) — - P CcHI(E") —o0.
Qezl TEY, OE 4k
The differentials are sums (with signs) of identity maps.

Proof. The sequence can be split into a direct sum for pairs 7 < 7 of either

0 — F*7[) = F*7{) —» 0

if 7=0, or
0-0—FO) —» PF@o)—» PF@E)—---—~ @ Fo)—FT)) -0,
€Y o€, oEY |11
o<T o<T o=<T

otherwise. The summands for 7 = 0 are clearly exact. In the case 7 # 0, the sequence equals
the tensor product of Fk(D; ) with a sequence that can be identified we the standard Borel-
Moore simplicial cochain complex of the cone 7. The cohomology of this cochain complex is
trivial, which concludes the proof. (|

Sketch of an alternative proof of Theorem 1.6. Theorem 1.6 now follows from a study similar
to the one done in the previous proof, except that the spectral sequence is replaced by the
one of the following double complex

Eab . Céﬁb(z) ifa=-1,
. @aeEa Ck’b(ia) otherwise. -

The horizontal differentials E*®* — E**1* are given by sums of identity maps. The vertical
differentials E®* — E®**! are the ones coming from tropical cohomology. O

3.5. The case of general tropical fans. In the case where ¥ is not necessarily homologically
smooth, we still have the following proposition that we will use in Section 5.

Proposition 3.5. Let ¥ be a simplicial tropical fan of dimension d, and let k be an integer.
The following sequence

b v*E)— P HFE) — HME) —0
O’EEd,k,1 O’EEd,k

15 exact.

Note that in the case ¥ is homologically smooth, we have Hf’d(E) ~ F; +(0), so in this
case we recognize the end of the long exact sequence (3.1).
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Proof. We proceed as in the previous case, and note that Proposition 3.3 still holds in full
generality, without requiring that 3 be homologically smooth. This implies that the hyperco-
homology calculates the cohomology with compact support, that is,
. k k,®
H* (%, Q7)) ~ H>*(X).
Denote by E3® the hypercohomology spectral sequence. In page one, we have
7b 3 N0
EYY = 5 H (7).
0EY,
By Theorem 2.1 applied to the star fan X7, for ¢ € %, we know that H**(X”) is trivial
provided that b > k. Moreover, if |o| > d — k, then the dimension of 37 is strictly less than
k, which implies that H k’b(ig) = 0. Therefore, E‘f’b is nontrivial only for 0 < a < d — k and
0<b< k.
Computing the further pages of the spectral sequence, we get that
ECRE = ESF = coker(EfF T — ETTRY).
Since EL%F is the only nontrivial term of degree d, we infer that
HR(S) ~ Edkk = coker( D #HE)— P H’“’“(i{’)),
0€Xg k-1 0EX gk

which concludes the proof. O

4. COEFFICIENT SHEAVES OF A TROPICAL MODIFICATION

Let (32, ws) be a homologically smooth tropical fan. Let A = div(f) be a divisor associated
to a meromorphic function f on 3, and let ¥ = TM;(X) be the tropical modification of ¥

along A. Let p: 3 — ¥ be the projection map.
In this section we prove the following theorem.

Theorem 4.1 (Local tropical modification formula). Notation as above, for each non-negative
integer p, the following holds.

(1) Let o be a face of ¥ which is not included in A. Then, the induced map p. on coefficient
sheaves gives an isomorphism

) IR o>
F,(0,) ~F (o).
(2) Let § be a face in A. We have the following short exact sequences:

0 —— F2,(§) —— F2(3) —2 FA(8) —— 0,

0 —— F2,(8) —— FX(0,) — FX(0) — 0.

The first map in both sequences is given by v — ¢, A p*(v), with p*(v) denoting an
arbitrary preimage of v by the map p. induced from the projection.

Note that the map v +— ¢, A p*(v) does not depend on the choice of a preimage of v.

Proof. We prove this theorem by using the tropical Deligne sequence.

For (1), let o be a cone in ¥ not included in A. Let f° be the meromorphic function
induced by f on 3. Recall that this is obtained f = w7(f — ¢) for an element ¢ € M that
coincides with f on o, and 77: N — N is the projection map. Since ¢ is not included in
A = div(f) = div(f — £), there is no facet of A that contains ¢. This means there is no
codimension one face of ¥ that contains o and that is included in div(f). From this, we
deduce that div(f?) is trivial. Since X7 is homologically smooth, the Chow ring of X7 verifies
Poincaré duality. By characterization of div-faithfulness using the Chow rings given in [AP23,
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Section 4.5|, we infer that 37 is div-faithful. As a consequence, given that div(f?) = 0, we
deduce that f” is induced by a linear map on N°. By an abuse of the notation, we denote
this linear map by f?. Set now ¢ = 7%*(f?) + ¢, and note that £ is a linear map that coincides
with f on the all faces of ¥ that contain 0. We infer that I'r and I}; coincide on each face of
Y that contains o. Moreover, I is a linear map which induces an isomorphism between Ng

and Im(T}). The isomorphism between F)’(¢) and Fpi(ao) follows.
The first exact sequence in (2) is clear since 7, ~n x Rype, for any cone 7 > ¢ in A.
It remains to prove the second assertion in (2). We will prove the statement for 6 = 0, that
is, the exactness of the following sequence
0 — F21(05) — F(05) — F(05) — 0.
The statement for other faces § € A then follows by applying the same argument to the
tropical fans A%, iéo, 39, and using (non-canonical) compatible isomorphisms

Fl (1) =~ @D N'Nu © F,(0r0)
a

for each pair (u,7) among (5, A), (6,,%), or (6,%) (the summands correspond to the graded
pieces of the toric weight filtration on coefficient sheaves, see [AP24, Section 3.4]).

Combining the sequence given by Proposition 3.5 for A,Y and i, we get the diagram
depicted in Figure 1 in which the three rows are exact.

0 0
! !
P ww@R) — P HPPR) — HPHA) — 0
deA
=d—p—1

ISTAN
|0l=d—p—2 161

! !
P wrE) — @ HrE) —— HUE) — 0

WGE nei
Inl=d—p—1 Inl=d—p

l l !
b B'E)— @ HPE) —— HPYE) —— 0

geY oEX
lol=d— lol=d—p

" |
0

0 0

F1GURE 1. Exact sequences given by Proposition 3.5 combined together for a
tropical modification

We describe the vertical maps by providing the relation between cohomology groups of star
fans and their compactifications, after tropical modification. Using Proposition 2.3, for each
face § € A, we get X% ~ A% We thus obtain

~ =0 .
H**(S%) ~ H**(A%)  and H**(X )~ H"*(A’) VéeA.
By the same proposition, if o is a face of 3, we have Yoo ~ TM;o(X7) where f7 is the
meromorphic function induced by f on . Since ¥ is homologically smooth, by Proposi-
tion 2.2, the Chow ring of 37 verifies Poincaré duality. By the characterization of div-faithful



HOMOLOGICAL SMOOTHNESS AND DELIGNE RESOLUTION FOR TROPICAL FANS 19

tropical fans given in [AP23, Section 4.5|, the fan X7 is thus div-faithful. By the invariance
of the Chow rings under tropical modifications for div-faithful tropical fans [AP23, Theorem
6.4], we deduce that

A (E7) = A%(9).
Applying Theorem 2.1 to the fans Y% and 37 we thus obtain
HPP(S ) ~ HPP ().
In all the cases, we have provided identifications of the cohomology of star fans and their

compactifications in ¥ and Y. Combining these isomorphisms for n € S of the form 0, and
ao,foréeAandUEZ we get

(4.1) @ Hp,p( @ Hpm ) & EB prp ° ) ~ @ HPP(A’) & EB HPP (S

cES, 0ENL_1 oESy 0€AK_1 oESy

The first two vertical short exact sequences in Figure 1 are split, and obtained via isomorphisms
given in (4.1) for k =d—p—1 and k = d — p. The maps in the last column are uniquely
defined by the commutativity of the whole diagram. A diagram chasing now proves that the
last column is also an exact sequence.

To conclude, we observe that we have a second commutative diagram, given as follows:

HPHA) —— HPYS) —— HPYE) —— 0

l ! |

- b
0 —— F2, 1(0a) — Fi,(05) —— Fi(0y) —— 0

The vertical maps are the ones given in (2.2), and they are all surjective, see Section 2.7.
Moreover, since 3 is homologically smooth, it verifies tropical Poincaré duality, and so the
last vertical map is an isomorphism. The injectivity of the map Ft _,(0,) — Fi (05) is
clear. We infer the exactness of the second row by a direct diagram chasing. This finishes the

proof of Theorem 4.1. O

5. HOMOLOGY OF TROPICAL MODIFICATIONS

The aim of this section is to study the behavior of homology and cohomology groups under
tropical modifications. Using this, we prove that homological smoothness for tropical fans is

T-stable.

5.1. Computation of the homology and cohomology of a tropical modification. This
section is devoted to the proof of the following theorem.
Let (2, ws) be a homologically smooth tropical fan. Let f be a meromorphic function on X

and let (A, wx) be the divisor of f. Le & = TM;(X) be the tropical modification of ¥ along
div(f). Let b be the canonical compactification of Y. Let p be the special ray 0, = R>pe,
in . Denote by ifo the corresponding stratum in the canonical compactification > of 5. By
Proposition 2.3, this is isomorphic to A. We consider S U f)fjo as an open subset of E

Theorem 5.1. Notation as above, the following equalities between different homology and
cohomology groups hold.

(1) We have

H*(Z) ~ H*(Z,A) and  H,,(Z) ~ H,,(3,A).
(2) We have

H*(EUS) ~H(E)  and  H, (SUXL) ~ H,,(2).

)
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(3) We have B

H*S) = H**S)  and  Heo(S) ~ Heo(S).
These isomorphisms are all compatible with tropical Poincaré duality.

We will describe in the proof the different isomorphisms stated in the theorem. In a nutshell,
these are induced by the maps p,: F,(0,) — FX(0) for o € ¥, and the inclusions i: Fy* () ~
FA(6) < F2(6) for § € A ~ $° (this latter isomorphism follows from Proposition 2.3 and
the description of strata in the canonical compactification 2.2).

Note that the notation F,(d) is ambiguous for 6 € A. So, we precise the fan in which we
consider F,(§) as a superscript: either F2(J) or FZ(9).

Remark 5.2. In the above theorem, the open subset S U igo can be viewed as the graph of
fin Ng x T, seen as a multivalued function over the tropical hyperfield. From the algebraic
point of view, in the case f is holomorphic, this is the analogue of the graph in X x Al
of a holomorphic function g defined on a subvariety X of the algebraic torus. Clearly in
the algebraic case, the cohomology does not change. The second statement in the theorem
provides a tropical analogue of this assertion. o

As a first reduction, we note that the theorem is trivial in the case of a degenerate tropical
modification, i.e., if A = 0. Indeed, since ¥ is homologically smooth, it is div-faithful by the
characterization of div-faithful tropical fans given in [AP23, Section 4.5] and so f is linear.
In this case, TMy(X) is isomorphic to X, and the theorem follows easily. In what follows, we
thus assume the tropical modification is non-degenerate.

We use the notation of Section 2.9, and denote by p the projection associated to the tropical
modification. Also, ¢, is the unit vector of the special new ray p in the tropical modification.

In the following, for two chain complexes (Cs,d) and (D,,d) and a morphism ¢: Cy — D,
we denote by Coneq(¢p) the mapping cone chain complex defined by
0: Cpr18 Dy — Ci—2 @ Dj_1,
a®b —  —da @ (¢(a) + db).
We define an analogue notion of mapping cone cochain complex for a morphism of cochain
complexes. We refer to [KS90] for more details on mapping cones and their basic properties.

Conek(gi)) = Cl_1 P Dy, and

Proof. We will use the description of the coeflicients given in the previous section.

We first prove the two isomorphisms stated in (1). Summing the short exact sequences of
Theorem 4.1 over all faces of f], for each pair of integers p and ¢, we get the following short
exact sequence

BM BM BM , X BM BM
00— Cpq1,1(A)DC, (A) — Cp (X)) — Cp (D) B Cp (X)) — 0.
An inspection of the boundary operators leads to the following short exact sequence
(5.1)

0 — Cone, <C’BM

() 0;?1,,(@) — () — Cone, (CBM(A) Yo

- ha(Z)) — 0.

The homology of the cone of the identity map is always zero. Moreover, the homology of
Cone, (CBM(A) Yo

p?' p).
(3, A), defined as the homology of the relative complex C’;T(Z, A).
From the long exact sequence associated to the short exact sequence (5.1), we get the
following isomorphism

(E)) is isomorphic to the relative Borel-Moore homology of the pair

BM

H,,(2)~H,,(Z,A),

which is exactly the first isomorphism of the theorem. The other isomorphism Hg*(X) ~
H>*(X,A) is obtained by duality.
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We now prove the isomorphism between Hflf(i UX*) and Hfl\,[(E) stated in (2). Using
the isomorphism between 3 and A, the complex C’;l\.{(i U Y~) can be decomposed into the
following short exact sequence

(5.2)
0 — Cones (q‘jiﬁ,,(A) LN c;‘iﬁ,,(A)) & Ca(A) — Cha(SUSE)
— Cone, (Cha(8) <2 Cpi(8)) — 0.

Comparing this short exact sequence with the short exact sequence of relative homology,
we get the following commutative diagram:

BM

0 — Conea(ida) ® Cpy(A) — Cpy(SUXL) — Coney(ia) — 0

I ot m

BM BM BM

00— Cpe(A) ————— Cpo(X) —— Cpo(B,A) — 0

BM

Here, m, denotes the projection on the second part, p, is the usual map coming from the
projections p,: F,(o,) — FPE(O') for o € ¥. Moreover, using the isomorphism f)’o’c ~ A, ia is
given by the maps FEZO((S) ~F}8) — FX(6) for 0 € 3¢ ~ A. The last map m is the natural
projection

Cpa(2) & Cpe 1(8) — Gt (2) — Cpra(£)/Cpa (D).
We thus obtain a morphism between the long exact sequences associated to (5.2):

— Hy (A) — Hy (SUXL) — Hy(Coneq(in)) — Hyy (A) — -+

H p-is k H

— Hy (A) —— Hy o (8) ——— Hp  (8,A) — H;“qll(A) — ..

The maps m and m induce isomorphisms in homology, and we conclude by using the five
lemma. The other statement Ho'* (X UXP) ~ H>*(X) is proved by duality.

The last part of the theorem (3) can be proved in a similar way, we omit the details. [

5.2. T-stability of homological smoothness. As a consequence of Theorem 5.1, we prove
Theorem 1.3.

Proof of Theorem 1.3. We use the T-stability meta lemma proved in [AP23|. It is a trivial fact
that elements of B are all homologically smooth. Moreover, since homological smoothness only
depends on the support, we only have to prove the closedness by products and the closedness
by tropical modifications. Closedness by products follows easily from Kiinneth formula. It
remains to prove the closedness by tropical modifications.

Let ¥ be a tropical fan. Let f be a conewise integral linear function on X. Set A = div(f)
and let & = TM;(E). Assume moreover that A is a non-empty homologically smooth tropical
fan. By the meta lemma, we just need to prove tropical Poincaré duality for 5.

By Theorem 5.1, we know that Hfj\.l(i) ~ Hzl\:(E, A). Using the long exact sequence of
relative homology, we get the following exact sequence

BM BM BM , BM
o — H, (A)— H, (X)) — H,,(X) — H, , 1(A) — -
Since ¥ (resp. A) verifies tropical Poincaré duality, its Borel-Moore homology is trivial except
for ¢ = d (resp. ¢ = d —1). We deduce that H;lf (X) is trivial except in degree d and that we

have a short exact sequence

BM BM , = BM

0— Hpﬁd(E) — Hp,d(E) — Hp’d_l(A) — 0.
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HY(®) |q=0]1 | 2 HP(X) | g=0 2
p= 0 |0 |Q p= Q |0]0
1 0 0 |Q? 1 0 |Q°|o0

2 0 |Q*| Q 2 0 |Q*|Q

TABLE 1. Cohomology of the fan 3 over the one-skeleton of the cube.

The cap products - —~ 1, for T any of the tropical fans ¥, A or 3 induces the following
commutative diagram:

0 —— F"?(0y) —— F"?(05) —— F“771(0,) — 0

[ ! [

BM BM , BM

0 —— Hp7d(2‘) —_ Hp,d(E) _ Hndfl(A) — 0

We have already seen that the second row is exact. The first row is also a short exact sequence
by the dual of Theorem 4.1. The first and last vertical maps are isomorphisms because ¥ and
A both verify tropical Poincaré duality. Hence, by the five lemma, the second vertical map is
an isomorphism, and therefore, 3 verifies tropical Poincaré duality. ]

Remark 5.3. The theorem follows as well from Theorem 5.1, part (3), and the alternative
characterization of tropical homology manifolds given in [AP24, Theorem 1.8|. o

6. EXAMPLES

In this final section, we consider some of the examples that appear in [AP23, Section 12]
and in [AP24, Section 8| and expand them by focusing on properties that concern the tropical
cohomology of tropical fans and their compactifications.

6.1. The fan over the one-skeleton of the cube. A rich source of examples is given by
the fan defined over the one-skeleton of a cube. More precisely, consider the standard cube
G0 with vertices (+1,41,£1), and let ¥ be the two-dimensional fan with rays generated by
vertices and with facets generated by edges of the cube. The resulting fan ¥ endowed with
orientation one on facets is tropical. Table 1 summarizes the cohomological data of this fan.

Note that ¥ does not verify tropical Poincaré duality. However, using Theorem 2.1, it is
possible to show that its Chow ring verifies Poincaré duality. The Chow ring of X verifies
the hard Lefschetz property and the Hodge-Riemann bilinear relations, so ¥ is Chow-Kahler,
while it is not Kéhler.

Moreover, the tropical Deligne sequence of X for p = 2

0 F0) » P H'E) - P H*E?) = H'(Z) =0
€Y o€
is not exact. Indeed, it can be easily checked that the Euler-Poincaré characteristic of the
sequence is non-zero.

6.2. The cross. Consider the cross {zy = 0} in R? with four rays. We denote it by A. It is
the simplest tropical fan which is not homologically smooth.

Example 6.1 (A tropical modification along a divisor which is not homologically smooth).
Let A be the complete fan in R? with facets consisting of the four orthants (so that the one-
skeleton is A). It is easy to see that A is the divisor of the conewise integral linear function
f(z,y) = min(0,z) + min(0,y) on A. Consider ¥ := TM;(A). Since A is homologically

smooth, we get H**(X) ~ H**(A). Hence, the cohomology of ¥ verifies Poincaré duality.



REFERENCES 23

However, ¥ does not verify tropical Poincaré duality. Indeed, we have H(}?l; (£) ~ Q* but
F2(0) ~ Q3.

This shows that Theorem 1.4 does not hold in general without the assumption of A being
homologically smooth. o

Example 6.2 (A tropical modification which does not verify the local tropical modification
formula). Consider the function g on the cross A induced by (z,y) — max(0,z) — max(0, y).
Then, div(g) is trivial, and A := TMy(A) is a tropical line in R3. Hence, F{*(0) ~ Q3 is not
isomorphic to F2(0) ~ Q?, whereas 0 ¢ div(g).

This shows that Theorem 4.1 does not hold in general if A is not homologically smooth. ¢

Example 6.3 (A tropical modification along a nontrivial divisor which does not verify the local
tropical modification formula). Consider the same function g(z,y) = max(0,x) — max(0,y)
as above on A. Let ¥ be the tropical modification introduced in Example 6.1, p := 0, =
R>pe, € ¥ be the special new ray above 0 and p be the induced projection. Then, div(p*(g))
is nontrivial: its support is the one-skeleton of ¥ deprived from p. Moreover, in the tropical
modification ¥ := TMye()(%), we have Ff(p,) ~ Q* whereas F*(p) ~ Q3. So Theorem 4.1
does not hold. o

6.3. A quasilinear tropical fan which is not Bergman. In [AP23, Example 12.17], we
produce quasilinear fans 3 whose fanfolds are not Bergman. Theorem 1.3 implies that > are
all homologically smooth. Other examples of quasilinear fans appear in [Sch21].

6.4. The example from [BH17|. An interesting example of a tropical fan was discovered
by Babaee and Huh [BH17] in order to disprove a generalized version of the Hodge conjecture
suggested in a work by Demailly. In [AP23, Example 12.24] we study this examples in detail.
We mention here that this tropical fan is homologically smooth, but it is neither quasilinear
nor Kahler.
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