
RESIDUE POLYTOPES

OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

Abstract. We associate to each finite graph G on n vertices a polytope in Rn, defined using
the first homology of G, which we call the residue polytope. We give a complete description of
its face structure in terms of the so-called level structures on G, which are ordered partitions
of its set of vertices. Remarkably, we show that the linear equations defining the faces
of the residue polytope precisely encode the residue conditions recently discovered to be
satisfied by limits of Abelian differentials along families of Riemann surfaces degenerating to
a stable Riemann surface with dual graph G. In particular, the technically involved global
residue conditions, previously obtained by application of Stokes theorem, are given a natural
combinatorial interpretation via explicit deformations, associated with level structures, of
flow conditions in graphs. In a subsequent work, we use this connection to describe and
parameterize the collection of all the limits of the complete spaces of Abelian differentials on
Riemann surfaces, for any given limit stable Riemann surface that is general for its topology.

1. Introduction

In this paper, we introduce residue polytopes, a class of polymatroid base polytopes associ-
ated with finite graphs. Their introduction is motivated by the study of Abelian differentials
on compact Riemann surfaces and their limits, as we expand later in this section.

Let G “ pV,Eq be a finite graph with vertex set V and edge set E. Let k be a field,
and denote by H1pG,kq the first homology group of G with coefficients in k. Equivalently,
H1pG,kq can be interpreted as the space of k-valued flows on G.

Let E denote the set of directed arrows assigned to the edges of G, where each edge e “

tv, wu gives rise to two arrows, vw and wv, in E. If v “ w, we still have two arrows v Ø w,
corresponding to the two half edges issued from e.

For each vertex v, let Ev Ď E denote the set of arrows emanating from v. By decomposing
each element of H1pG,kq according to its values on the arrows in Ev for v P V , we obtain an
embedding

H1pG,kq ãÑ
à

vPV

kEv .

This embedding allows us to study the image of H1pG,kq via its coordinate projecions. To
each subset I Ď V , we associate the dimension of the projection of H1pG,kq onto

À

vPI k
Ev .

This yields a submodular function on the power set of V , thereby giving rises to a polymatroid.
The base polytope of this polymatroid is what we call the residue polytope of the graph, denoted
Pres “ PrespGq; see the discussion leading to (1.1).

The goal of this paper is to describe the face structure of Pres. This is done in a way that
relates to the asymptotic geometry of degenerating families of Riemann surfaces–though our
approach is entirely combinatorial and does not rely on results from complex geometry.

In order to state our theorems, we introduce some terminology.
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For a subset of vertices I Ď V , we denote by GrIs the induced subgraph on I. This subgraph
has vertex set I and edge set consisting of those edges in G whose both endpoints lie in I.

For each positive integer r, let rrs :“ t1, . . . , ru. A partition of V is a collection of nonempty,
pairwise disjoint subsets of V whose union is V . A level structure on G is a datum π “

pπ1, . . . , πrq, consisting of an ordered partition on the vertex set V ; that is, a partition of V
equipped with a total order on its parts. This data induces a surjection h “ hπ : V Ñ rrs,
which assigns to each vertex the index of the part to which it belongs. We refer to either
pG, πq or pG, hq as a level graph, and call h the associated level function. For v P V , hpvq

is called the level of v. Given two vertices u, v P V , we write u ăπ v if hpuq ă hpvq. We
also denote by Π “ ΠpGq the set of all ordered partitions of V . The terminology is adopted
from [BCG`18]; see Section 1.2 for further discussion.

For an arrow a “ v Ñ w in E, we refer to v as the tail and to w as the head of a, and write
ta “ v and ha “ w. The arrow in E with the reverse orientation is denoted ā; it has tail w and
head v.

A vertical edge in a level graph pG, πq is an edge e “ tu, vu such that hπpuq ‰ hπpvq. We
denote the set of vertical edges by Eπ. Edges for which hπpuq “ hπpvq are called horizontal,
and form the complement Ec

π “ E ∖ Eπ. We denote by Eπ Ď E the set of arrows lying on
vertical edges; its elements are called vertical arrows. The complement Ecπ “ E∖Eπ is the set
of horizontal arrows.

An arrow u Ñ v in Eπ is said to be compatible with the level structure if u ąπ v. (Visually,
both Ñ and ąπ point to v.) We denote by Aπ the set of such arrows and refer to them as
upward arrows. Its complement in Eπ, denoted Āπ, consists of downward arrows. This gives a
bipartition

Eπ “ Aπ \ Āπ.

Figure 1 illustrates a level graph G with two levels. In such figures, horizontal edges are
drawn horizontally, and vertical edges vertically. Since the directions of upward and downward
arrows are visually apparent, we omit the arrowheads.

u4 u5

u1 u2 u3

Figure 1. A level graph pG, πq with two levels: π “ pπ1, π2q with π1 “ tu4, u5u

and π2 “ tu1, u2, u3u. The arrows u1u4, u1u5, u2u4, u2u5, u3u5 are upward. The
edge tu2, u3u is horizontal.

Let k be a field and consider the vector space kE. For each ψ P kE and a P E, let ψa denote
the a-coordinate of ψ. We decompose

kE “
à

vPV

kEv ,

where Ev is the set of arrows vw in E with tail v.
Given a level graph pG, π “ pπ1, . . . , πrqq with level function h, define the residue space of

pG, πq, or simply π-residue space if G is fixed, as the subspace of kE denoted Gπ, consisting
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of those elements ψ P kE which satisfy the residue conditions (R1) through (R4) below,
introduced in [BCG`18] (see Section 1.2 for a discussion of their geometric origin).

(R1) Vanishing along downward arrows

ψa “ 0 for every arrow a P Āπ.

(R2) Local residue conditions
ÿ

aPEv

ψa “ 0 for every v P V .

(R3) Rosenlicht conditions

ψa ` ψā “ 0 for each horizontal arrow a for π.

(R4) Global residue conditions
ÿ

aPAΞ
π,n

ψa “ 0

for each level n P rrs and each connected component Ξ of the subgraph GrVhăns, induced
on the set of vertices Vhăn Ď V of level smaller than n, where AΞ

π,n Ď Aπ denotes the set of
upward arrows with tail of level n and head in Ξ.

In Figure 1, for n “ 2, the set Vhă2 consists of two vertices, u4 and u5, with the induced
graph GrVhă2s containing no edges. Taking Ξ to be the connected component of GrVhă2s with
vertex set tu5u, the set AΞ

π,2 contains three arrows: u1u5, u2u5, and u3u5. The corresponding
global residue condition is the equation

ψu1u5 ` ψu2u5 ` ψu3u5 “ 0.

Note that if π0 “ tV u is the trivial partition of V , Conditions (R1) and (R4) become
vacuous. The π0-residue space Gπ0

can be identified with the first homology group H1pG,kq,
the two remaining conditions (R2) and (R3) being identified with the flow conditions in the
graph. This space has dimension equal to the genus g “ gpGq of G given by

g “ |E| ´ |V | ` c,

where c denotes the number of connected components of G. Our first result establishes this
for all residue spaces.

Theorem 1.1. Let π be an ordered partition of V . We have

dimk Gπ “ |E| ´ |V | ` c.

In the absence of horizontal edges, this theorem can be obtained from [BCG`19b, Prop. 6.3]
by using Picard–Lefschetz Theory on a degenerating family of Riemann surfaces, which yields
that the dimension of the space of vanishing cycles is the same as the genus of the dual graph
of the limit stable Riemann surface. We provide a direct combinatorial proof of the general
statement; an outline of the proof can be found in Section 1.1.

To each residue space Gπ for π P Π, we associate a polytope Pπ Ď RV as follows. For each
subset I Ď V , consider the projection map

θI :
à

vPV

kEv Ñ
à

vPI

kEv .
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The π-residue space Gπ lives in kE “
À

vPV kEv . Define the function

γπ : 2
V Ñ Z, γπpIq “ dimk θI pGπq for each I Ď V .

This function is submodular, meaning it satisfies γπp∅q “ 0 and the following inequality for
all I, J Ď V :

γπpIq ` γπpJq ě γπpI Y Jq ` γπpI X Jq.

We then define Pπ as the base polytope of the polymatroid defined by γπ, namely,

Pπ :“
!

q P RV
ˇ

ˇ qpV q “ g and qpIq ď γπpIq for all I Ď V
)

;

see [Sch03, Chap. 44]. Here, for q P RV and I Ď V , we set qpIq “
ř

vPI qpvq.
The polytope Pπ lives in the standard simplex ∆g of width g in RV

ě0, which consists of points
q P RV satisfying qpvq ě 0 for all v P V and qpV q “ g.

For the trivial ordered partition π0 “ tV u, we have

γπ0
pIq “ g ´ gpIcq for all I Ď V,

where Ic “ V ∖ I, and gpIcq denotes the genus of the induced subgraph GrIcs. Equivalently,
γπ0

pIq is the genus of the graph obtained from G by contracting each connected component
of GrIcs into a vertex. The residue polytope PrespGq is defined as Pπ0

,

(1.1) PrespGq :“ Pπ0
.

The residue polytope of the complete graph K4 on 4 vertices in depicted in Figure 2.
Given two ordered partition π “ pπ1, . . . , πrq and π1 “ pπ1

1, . . . , π
1
sq of V , we say π1 is a

coarsening of π, and write π1 ľ π, if each element of π is contained within an element of
π1, and the total orders are compatible. More precisely, π1 ľ π means that the surjection
h1 : V Ñ rss associated with π1 factors through the surjection h : V Ñ rrs associated with π,
i.e., there exists a map c : rrs Ñ rss such that h1 “ c ˝h. Additionally, c satisfies the condition
that cpn1q ď cpn2q for each n1, n2 P rrs with n1 ď n2. In particular, note that π0 is a coarsening
of any π P Π.

Our main theorem is stated as follows.

Theorem 1.2. For each π P Π, the polytope Pπ is a face of Pres. Furthermore, each face of
Pres is of this form. In addition, if π1 ľ π, then Pπ1 Ě Pπ, and so Pπ is a face of Pπ1.

In the course of proving this result, we establish Theorem 6.1, which offers a new perspective
on the technically involved global residue conditions. Specifically, Conditions (R1) and (R4)
arise as explicit degenerations of the flow conditions in the graph, and the residue space
Gπ is obtained by a simple combinatorial procedure called splitting (with respect to π) of
Gπ0 “ H1pG,kq. This gives a simple encoding of the residue conditions (R1)-(R4).

1.1. Outline of the proofs. Given π P Π, we define a flag of subspaces

Gπ Ď Rπ Ď Υ0
π Ď Υπ Ď Υ :“ kE

by successively imposing Conditions (R1) through (R4). The subspace Υπ Ď kE is obtained
by imposing Condition (R1):

(1.2) Υπ :“
␣

ψ P kE ˇ

ˇ ψa “ 0 for every a P Āπ

(

Ď kE.

Next, we define Υ0
π Ď Υπ by imposing Condition (R2):

(1.3) Υ0
π :“

␣

ψ P Υπ

ˇ

ˇ

ÿ

aPEv

ψa “ 0 for each v P V
(

.
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Figure 2. The residue polytope of the complete graph K4 on four vertices
on the right. The figure on the left shows the position of PrespK4q within the
simplex OXY Z of width 3 in R4, with vertices O “ p3, 0, 0, 0q, X “ p0, 3, 0, 0q,
Y “ p0, 0, 3, 0q and Z “ p0, 0, 0, 3q, using the projection to R3 given by the last
three coordinates.

Then, imposing Condition (R3) yields the subspace Rπ Ď Υ0
π :

(1.4) Rπ :“
␣

ψ P Υ0
π

ˇ

ˇ ψa ` ψā “ 0 for all a P E ∖ Eπ
(

.

Finally, the global residue space Gπ Ď Rπ is obtained by imposing Condition (R4). The
dimensions of all the spaces in this flag are computed in Sections 3 and 4, culminating in the
proof of Theorem 1.1.

In order to prove Theorem 1.2, we show that for each pair of ordered partitions π, π1 P Π
with π1 ľ π, the π-residue space Gπ arises as a limit of a family of subspaces of kE sharing the
same associated submodular function as γπ1 . More precisely, let R “ krt, t´1s be the ring of
Laurent polynomials with k-coefficients and denote by GV

mpRq the set of functions x : V Ñ R
taking values in the set of invertible elements in R. An integer valued function d : V Ñ Z,
v ÞÑ dv, determines an ordered partition of V induced by its level sets. Given such a function
with π as the associated ordered partition, define x P GV

mpRq by setting xv :“ t´dv for each
v P V , and put

px ¨ ψqa :“ xvψa “ t´dvψa for each ψ P kE, and each v P V and a P Ev.

This defines an action of GV
mpRq on ΥbkR. Analyzing this action and invoking Theorem 1.1,

we prove in Theorem 6.1 that whenever π1 ľ π, we have

lim
tÑ0

x ¨ Gπ1 “ Gπ.

We deduce that Gπ is the splitting of Gπ1 with respect to π, in the sense of Section 5.4. Thus,
the submodular function γπ is a splitting of the submodular function γπ1 ; see Section 5.3 for
details. Using the characterization of faces of polymatroids (see e.g. [Sch03, Chap. 44] or
[AE24, Prop. 2.7]), we finish the proof of Theorem 1.2.

1.2. Abelian differentials on Riemann surfaces and their limits. The results above
have their source of motivation in our companion work [AEG24], where we study the limits
of complete spaces of Abelian differentials on degenerating families of Riemann surfaces. We
briefly discuss the setup.

An Abelian differential on a compact Riemann surface is a globally defined holomorphic
one-form, given in local coordinates by a differential fpzqdz for a holomorphic function f .
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For a smooth compact Riemann surface S of genus g, the space of Abelian differentials on S,
denoted by HS, is a complex vector space of dimension g.

For every family of smooth Riemann surfaces degenerating to any given stable Riemann
surface X on the Deligne–Mumford boundary of the moduli space of curves, the g-dimensional
spaces of Abelian differentials degenerate to a collection of g-dimensional linear series on X.
As the degenerating family varies, so does the resulting collection. In this way, each stable
Riemann surface X in the moduli space is associated with infinitely many such collections
of linear series – one for each degenerating family. We are interested in describing all these
collections. This has been thoroughly studied previously only for very special X, compact-
type [EH87] and two-component [EM02], in the case the branches on the components of X
over the nodes are in general position for each component.

Recently, Bainbridge, Chen, Gendron, Grushevsky and Möller [BCG`18] studied variations
of one-dimensional subspaces of HS along families of Riemann surfaces S, and constructed
a compactification of their moduli. This was achieved by considering tuples of meromorphic
differentials on components of each stable Riemann surface X that satisfy pole, zero, and
residue conditions. Most importantly, they discovered the global residue conditions (R4) by
an application of Stokes Formula, and put them along with the previously known residue
conditions (R1)-(R2)-(R3). Their work led to a significant series of developments in the study
of the geometry of moduli spaces; see [BCG`19b, CMSZ20, MUW20, GT21], and particu-
larly [BCG`19a, §1] for furher references.

A stable Riemann surface X has a dual graph G “ pV,Eq with each vertex v P V corre-
sponding to a component Cv in the desingularization of X, and each edge e P E corresponding
to a node pe on X. If e connects u and v, then pe lies on Cu and Cv. For each arrow a “ u Ñ v
in E over an edge e “ tu, vu of E, denote by pa the point on Cu over the node pe of X. The
tropicalization of the family St yields an edge length function ℓ : E Ñ Rą0. Moreover, as we
show in [AE24], tropicalization also associates a limit space Wh Ă Ω :“

À

vPV Ωv for each
function h : V Ñ R, where Ωv is the space of meromorphic differentials on Cv. In particular,
each element α P Wh can be viewed as a collection of meromorphic differentials αv P Ωv for
v P V . This yields a residue map

Res: Wh Ñ CE, α “ pαvqvPV ÞÑ

”

a “ vu ÞÑ respapαvq
ı

.

Viewing each function h as a level function gives rise to an ordered partition πh of V . Let
Gπh be the corresponding πh-residue space. Using results from [BCG`18, TT22] and [AE24],
we prove in [AEG24, Thm. 5.1] that the image of the residue map lies in Gπh , that is, any
element ψ “ Respαq for α P Wh satisfies Conditions (R1) through (R4).

The results we prove here play a key role in our description in [AEG24] of all the limits of
HSt , for all families of Riemann surfaces St approaching a stable Riemann surface X with an
arbitrary number of components, meeting in whatever ways, as long as the branches on each
component of its desingularization are in general position. Using this description, we prove
that there exists a projective variety that parametrizes all these limits, and we describe this
variety. This generalizes to all topologies the aforementioned work [EH87, EM02].

Our interest in the refinements of ordered partitions and their relation through residue
polytopes stems from the theory of submodular functions and polymatroids, which play a
crucial role in [AEG24]. There is however a more general notion of morphism between level
graphs, introduced in [BCG`19a] for compactifying the moduli space of Abelian differentials.
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It is likely that these morphisms induce maps between the corresponding residue polytopes,
an interesting combinatorial question worth exploring.

Acknowledgment. We warmly thank Samuel Grushevsky for interesting exchanges about
the content of this paper and its connection to [BCG`19b, BCG`19a].

We are grateful to École Polytechnique, IMPA, and the French-Brazilian network in math-
ematics for support and hospitality. This work was partially supported by the "CAPES-
COFECUB" programme (project number: Ma 1017/24), funded by the French Ministry for
Europe and Foreign Affairs, the French Ministry for Higher Education and CAPES.

2. Set-theoretically independent collections

We start by formulating two basic linear-algebra results, frequently used in the sequel.
We fix a field k. For a finite set A, we denote by kA the k-vector space of functions

ψ : A Ñ k, a ÞÑ ψa.
For each ψ P kA, denote by rψs the support of ψ defined by

rψs :“
␣

a P A
ˇ

ˇ ψa ‰ 0
(

.

For a finite collection of vectors Ψ Ă kA, let rΨs Ď A be the union of rψs for ψ P Ψ. We say
that Ψ is set-theoretically independent if the rψs for ψ P Ψ form a partition of rΨs. Obviously,
if this happens, then Ψ is linearly independent, and any subcollection Ψ1 Ď Ψ will be set-
theoretically independent as well.

We say that two set-theoretically independent collections of vectors Φ,Ψ Ă kA are related
when there are two nonempty subcollections Φ1 Ď Φ and Ψ1 Ď Ψ that yield partitions of the
same subset of A, that is, when rΦ1s “ rΨ1s. Otherwise, we call the two collections unrelated.
Note that in the latter case, Φ X Ψ “ ∅.

Proposition 2.1. Let Φ,Ψ Ă kA be two unrelated set-theoretically independent collections of
vectors. Then, the union Φ Y Ψ is linearly independent.

Proof. For the sake of contradiction, assume there exists a nontrivial relation

(2.1)
ÿ

φPΦ

cφφ`
ÿ

ψPΨ

dψψ “ 0.

Since Φ and Ψ are unrelated, we have
ď

φ: cφ‰0

rφs ‰
ď

ψ: dψ‰0

rψs.

We may assume w.l.o.g. that there is an a P A included in the left-hand side but not in the
right-hand side. Then, there exists φ P Φ with φa ‰ 0 and cφ ‰ 0, unique with this property
because Φ is set-theoretically independent. Thus, evaluating (2.1) at a gives cφφa “ 0, a
contradiction. □

Two set-theoretically independent subsets Φ,Ψ Ď kA are called properly unrelated if for
each nonempty subcollections Φ1 Ď Φ and Ψ1 Ď Ψ with either Φ1 ‰ Φ or Ψ1 ‰ Ψ, we have
rΦ1s ‰ rΨ1s.

Proposition 2.2. Let Φ,Ψ Ă kA be properly unrelated set-theoretically independent collections
of vectors. Then, for each φ P Φ, the collection pΦ Y Ψq ∖ tφu is linearly independent.

Proof. This follows from Proposition 2.1 applied to Φ∖ tφu and Ψ. □
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Remark 2.3. The above results generalize in an obvious way to the setup of a finite-
dimensional vector space equipped with a basis. ˛

3. Imposing the first three conditions

Let E be as before the set of arrows on edges of G, each edge e “ tu, vu giving rise to two
arrows uv and vu in E. For a subset A Ď E, we denote by Ā the set consisting of the arrows
ā for all a P A. Given subsets I, J Ď V , we denote by AI the set of arrows in A with tail in
I, and denote by ApI, Jq the set of arrows in A with tail in I and head in J . If I “ J , we
simply write ApIq. Similarly, for F Ď E and I, J Ď V , we denote by FI the set of edges of F
with one vertex in I, by F pI, Jq the set of edges of F with one vertex in I and the other in J ,
and by F pIq the set of edges of F with both vertices in I.

We fix in this section and the next an ordered partition π “ pπ1, . . . , πrq on V , and consider
the level graph pG, πq. Let h : V Ñ rrs be the corresponding level function. Let Eπ, Aπ, and
Āπ be, respectively, the set of vertical edges, upward arrows, and downward arrows in pG, πq.

Given n P rrs, a connected component of the graph Grπns, induced on vertices of level n, is
called a component of level n or a level n component of pG, πq. Denote by LCn the collection
of these level components.

A summit of pG, πq is a level component S containing no vertex which is the tail of an upward
arrow. If S is a singleton (one vertex, no edges), then the summit is called regular ; otherwise,
it is called singular. We denote by sreg, resp. ssing, the number of regular, resp. singular,
summits in G, and set s :“ sreg ` ssing, the total number of summits. For example, in Figure
3, the level components consisting of single vertices u5, ub and uc are the regular summits,
whereas, the level components Grtu9, uaus and Grtu7, u8us are the singular summits. We thus
have sreg “ 3 and ssing “ 2; in total, there are s “ 5 summits.

Remark 3.1. When G is the dual graph of a stable Riemann surface X, each summit defines
a subcurve of X. The summit is regular (respectively singular) if and only if the associated
subcurve is regular (respectively singular). ˛

We consider in the sequel the k-vector space Υ “ kE of k-valued functions on E. Denote
by x¨ , ¨y : Υ ˆ Υ Ñ k the natural bilinear form. For v P V and S Ď V , define

Υv :“ kEv and ΥS :“
à

vPS

Υv.

For a P E, we denote by 1a the function on E that takes value 1 on a and 0 elsewhere.

3.1. Vanishing residue along downward arrows. Let Υπ Ď Υ be the vector subspace
given by the vanishing conditions along downward arrows

(3.1) x1a, ¨y “ 0 for all a P Āπ.

Equivalently, Υπ is the set of ψ P Υ such that ψa “ 0 for each downward arrow a P Āπ. We
have a decomposition Υπ “

À

Υπ,v, where Υπ,v :“ Υπ X Υv. The following is straightforward.

Proposition 3.2. We have dimΥπ “ 2|E| ´ |Eπ|.

For each S Ď V , let Υπ,S :“ Υπ XΥS. Notice that Υπ,S has a natural basis consisting of the
characteristic vectors 1a for all horizontal and upward arrows a P ES. We will use this basis
when applying the results in Section 2 to Υπ,S.
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3.2. Local residue conditions. For each v P V , let 1v P Υπ be the characteristic vector of
Ev ∖ Āπ, that is, 1v :“

ř

aPEv∖Āπ 1a. By definition, Υ0
π Ď Υπ is the vector subspace defined

by the local residue conditions

(3.2) x1v, ¨y “ 0 for all v P V.

Let Υ0
π,v Ď Υπ,v be the subspace defined by

Υ0
π,v :“

!

ψ P Υπ,v

ˇ

ˇ x1v, ψy “ 0
)

“

!

ψ P Υπ,v

ˇ

ˇ

ÿ

aPEv∖Āπ

ψa “
ÿ

aPEv

ψa “ 0
)

.

We define Υ0
π :“

À

vPV Υ0
π,v. Note that for each v P V , Υ0

π,v “ Υ0
π X Υv. For each S Ď V , we

set Υ0
π,S :“ Υ0

π X ΥS.
Denote by Tloc Ď Υπ the collection of all nonzero vectors 1v, v P V ,

Tloc :“
␣

1v
ˇ

ˇ v P V, 1v ‰ 0
(

.

Note that 1v “ 0 if and only if Ev contains only downward arrows, that is, the singleton v
is a regular summit of the level graph G. Also, clearly, Tloc is set-theoretically independent.
Therefore, we get the following result, which by Proposition 3.2, gives the dimension of Υ0

π .

Proposition 3.3. We have codimpΥ0
π ,Υπq “ |V | ´ sreg.

3.3. Rosenlicht residue conditions. For each horizontal edge e P Ec
π “ E ∖ Eπ, let 1e :“

1a ` 1ā be the “characteristic” vector of e, where a and ā are the two arrows on e.
Define the vector subspace Rπ Ď Υ0

π by Rosenlicht residue conditions

(3.3) x1e, ¨y “ 0 for all e P Ec
π.

Let TRos Ď Υπ be the collection of characteristic vectors 1e for e horizontal, that is,

TRos :“
␣

1e
ˇ

ˇ e P Ec
π

(

.

This collection is set-theoretically independent in Υπ. However, Equations 3.3 are defined in
the subspace Υ0

π , and we need to do some extra work to get the dimension of Rπ.
For each singular summit with set of vertices S Ď V , each arrow in ES is either horizontal

or downward. Therefore, we have the equation
ÿ

vPS

1v “
ÿ

ePEcπpSq

1e `
ÿ

aPĀπ,S

1a,

from which we deduce the following equation
ÿ

ePEcπpSq

x1e, ¨y “ 0 on Υ0
π .

We will show below that these are the only relations the Rosenlicht conditions satisfy; see
Lemma 3.5. From this, we will deduce the following.

Proposition 3.4. We have codimpRπ,Υ
0
π q “ |Ec

π| ´ ssing.

In preparation for the proof, for each n P rrs, consider the set πn Ď V of vertices of level n,
and the set LCn of level n components. Since each element C P LCn is entirely determined by
its set of vertices, abusing notation, we simply use C for the set V pCq. We thus have

πn “
ğ

CPLCn

C.
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We can decompose

Υ0
π “

à

nPrrs

Υ0
π,πn

and Υ0
π,πn

“
à

CPLCn
Υ0
π,C.

Note that each vertex v P V belongs to a unique level component C P LCn for unique n P rrs,
and we have 1v P Υπ,C. Also, each horizontal edge e P Ec

π connects a pair of vertices in a
unique level component C P LCn, n P rrs, in particular 1e P Υπ,C. We thus get a decomposition

Rπ “
à

nPrrs,CPLCn
Rπ X Υπ,C.

This implies that

(3.4) codimpRπ,Υ
0
π q “

ÿ

nPrrs,CPLCn

codim
´

Rπ X Υπ,C,Υ
0
π,C

¯

.

For each n P rrs and C P LCn, define the two collections of vectors T n,C
loc , T n,C

Ros Ă Υπ,C by

T n,C
loc

:“
␣

1v
ˇ

ˇ v P C, 1v ‰ 0
(

and T n,C
Ros

:“
␣

1e
ˇ

ˇ e P Ec
πpCq

(

.

Lemma 3.5. Notation as above, for each n P rrs and C P LCn, the two collections T n,C
loc and

T n,C
Ros of vectors in Υπ,C are properly unrelated. Moreover, they are related if and only if the

level component C is a singular summit of the level graph G.

Assuming this, we prove the proposition.

Proof of Proposition 3.4. We combine the above lemma with Propositions 2.1 and 2.2 applied
to the two collections of vectors T n,C

loc and T n,C
Ros in Υπ,C, for n P rrs and C P LCn, to infer that

codim
`

Rπ X Υπ,C,Υ
0
π,C

˘

“
ˇ

ˇT n,C
Ros

ˇ

ˇ ´ ϵpCq,

where ϵpCq “ 1 if C is a singular summit and ϵpCq “ 0 otherwise. Combining Equation (3.4)
with the observation that

ÿ

nPrrs,CPLCn

ˇ

ˇT n,C
Ros

ˇ

ˇ “ |Ec
π|

concludes the proof. □

Proof of Lemma 3.5. Let Φ Ď T n,C
loc and Ψ Ď T n,C

Ros be two subcollections of vectors with
rΦs “ rΨs, that is,

(3.5)
ď

φPΦ

rφs “
ď

ψPΨ

rψs,

so that they yield partitions of the same subset of E ∖ Āπ.
We claim that Φ “ T n,C

loc . For the sake of contradiction, suppose this is not the case and
consider the proper subset Z Ă C consisting of those vertices u P C with 1u P Φ. Since C is
connected, there is an edge e “ tu, vu connecting a pair of vertices u, v of C such that u P Z
and v P C ∖ Z. This implies that 1u P Φ but 1v R Φ. Note that e is horizontal, i.e., e P Ec

π.
Denote by uv and vu the two arrows on e. Since uv P r1us, the equality in (3.5) implies
that uv P rψs for some ψ P Ψ. Necessarily, we have ψ “ 1e “ 1uv ` 1vu. But then, since
r1es “ tuv, vuu, we also have vu P

Ť

ψPΨrψs, and hence vu P rφs for some φ P Φ. This is
possible only if φ “ 1v, a contradiction, proving the claim.
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The union of the sets rφs for φ P T n,C
loc is EC ∖ Āπ, which clearly contains EpCq, the set

of (horizontal) arrows connecting vertices of C. This set can be in the union of the rψs for
ψ P Ψ Ď T n,C

Ros only if Ψ “ T n,C
Ros . We conclude that T n,C

loc and T n,C
Ros are properly unrelated.

To prove the second statement, note that the two collections of vectors T n,C
loc and T n,C

Ros are
related if and only if they are both nonempty and we have

ď

φPT n,C
loc

rφs “
ď

ψPT n,C
Ros

rψs.

The above equality implies that all the arrows appearing in rφs, φ P T n,C
loc , are horizontal, that

is, C is a summit. Moreover, if T n,C
Ros is nonempty, the summit must be singular. This proves

one direction of the statement. To finish, note that if C is a singular summit, then T n,C
loc and

T n,C
Ros are nonempty, and rT n,C

loc s “ EpCq “ rT n,C
Ros s. □

4. Global residue conditions and proof of Theorem 1.1

We keep the notation as in the previous section: π “ pπ1, . . . , πrq is a level structure on G,
and h : V Ñ rrs is the corresponding level function.

For each n P rrs, let

Vhăn :“
ď

iăn

πi and Vhďn :“
ď

iďn

πi “ Vhăn \ πn.

Let CChăn and CChďn be the set of connected components of GrVhăns and GrVhďns, respectively.
A connected component Ξ of GrVhăns is called special if there is an arrow in E with tail

in πn and head in Ξ. Such an arrow is necessarily upward. Let CC˚
hăn Ď CChăn be the set of

special connected components of GrVhăns. In Figure 3, the connected component of the two
upper levels formed by the vertices u9 and ua is special. For each Ξ P CC˚

hăn, let AΞ
π,n Ď Aπ be

the set of upward arrows with tail in πn and head in Ξ, namely,

AΞ
π,n :“

␣

a P Aπ

ˇ

ˇ ta P πn , ha P Ξ
(

.

Consider the characteristic vector 1Ξn P Υπ defined by

1Ξn :“ 1AΞ
π,n

“
ÿ

aPAΞ
π,n

1a.

Consider the vector subspace Gπ Ď Rπ defined by the global residue conditions

(4.1) x1Ξn , ¨y “ 0 for all n P rrs and Ξ P CC˚
hăn.

Denote by Tglob Ď Υπ the collection of all the vectors 1Ξn , that is,

Tglob :“
!

1Ξn
ˇ

ˇ n P rrs, Ξ P CC˚
hăn

)

.

This collection is obviously set-theoretically independent in Υπ. We show the following result.

Proposition 4.1. We have codimpGπ,Rπq “ s ´ c.

For each connected component C P CChďn, denote by Cn “ πn X C the set of vertices of
level n in C. Note that for each n P rrs, each special component Ξ P CC˚

hăn is contained in a
unique component C P CChďn.
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We use a reasoning similar to the one that led to Equation (3.4) to get

(4.2) codimpGπ,Υ0
π q “

ÿ

nPrrs

ÿ

CPCChďn

codim
´

Gπ X Υπ,Cn ,Υ
0
π,Cn

¯

.

For each n P rrs and C P CChďn, define the three collections of characteristic vectors in Υπ,Cn :

T n,C
loc

:“
␣

1v
ˇ

ˇ v P Cn and 1v ‰ 0
(

, T n,C
Ros

:“
␣

1e
ˇ

ˇ e P Ec
πpCnq

(

, and

T n,C
glob

:“
␣

1Ξn
ˇ

ˇ Ξ P CC˚
hăn and Ξ Ď C

(

.

Clearly, each of T n,C
glob Y T n,C

Ros and T n,C
loc are set-theoretically independent collections of vectors

in Υπ,Cn . However, the two collections are related since
ď

φPT n,C
globYT n,C

Ros

rφs “ ECn ∖ Āπ “
ď

ψPT n,C
loc

rψs.

Lemma 4.2. Notation as above, for each n P rrs and C P CChďn, the two collections of vectors
T n,C

glob Y T n,C
Ros and T n,C

loc in Υπ,Cn are related but properly unrelated.

Proof. We need only show that the two collections are properly unrelated. Let Φ Ď T n,C
glob YT n,C

Ros

and Ψ Ď T n,C
loc be two nonempty subsets such that rΦs “ rΨs, that is

(4.3)
ď

φPΦ

rφs “
ď

ψPΨ

rψs.

If Ψ “ T n,C
loc , then the right-hand side of (4.3) is ECn ∖ Āπ, which yields Φ “ T n,C

glob Y T n,C
Ros .

Assume for the sake of contradiction that Ψ ‰ T n,C
loc . Let Z be the proper subset of Cn

consisting of vertices v in Cn such that 1v P Ψ.
If there were a horizontal edge e connecting a vertex v P Z to a vertex w P Cn ∖ Z, then

the corresponding horizontal arrow a “ vw would be in r1vs, whence, in the right-hand side
of (4.3). This would be possible only if 1e P Φ, and so, wv would belong to the left- and
therefore, right-hand side of (4.3), yielding w P Z, a contradiction.

Thus, we can assume there is no horizontal edge connecting Z to Cn ∖ Z. Since C is
connected, there has to be an upward arrow a “ vu connecting a vertex v in Z to a vertex
u in a component Ξ P CC˚

hăn. Moreover, since C is connected, Ξ is contained in C, and there
is a vertical arrow b “ wz connecting a vertex w P Cn ∖ Z to a vertex z in Ξ. Since v P Z,
the arrow a appears in the right-hand side of (4.3), and thus, in the left-hand side as well.
This means that 1Ξn P Φ. We infer that b appears in the left-hand side of (4.3), and so in the
right-hand side as well. This yields w P Z, a contradiction. □

Lemma 4.3. For each C P CChďn, the following holds:
‚ |T n,C

loc | “ |Cn| unless C is a singleton of level n, in which case |Cn| “ 1 but |T n,C
loc | “ 0.

‚ |T n,C
Ros | is the number of horizontal edges in Cn.

‚ |T n,C
glob | is the number of connected components in CC˚

hăn that are included in C.

Proof. The proof can be obtained by direct verification. We omit the details. □

We can now finish the proof of the proposition.

Proof of Proposition 4.1. We will combine the previous lemmas with Proposition 2.2. Notice
first that, for each n P rrs,

(4.4) CChăn ∖ CC˚
hăn “ CChďn X CChăn.
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Then, for each C P CChďn, we have that Cn “ ∅ if and only if C P CChăn ∖ CC˚
hăn, in which

case, T n,C
glob , T n,C

Ros and T n,C
loc are all empty. In fact, these collections are all empty if and only

if either, C P CChăn ∖ CC˚
hăn or, C is a singleton whose only vertex has level n, in which case

C is a regular summit of the level graph G. We apply Proposition 2.2 and deduce from (4.2)
and Lemma 4.2 that

(4.5) codim
`

Gπ,Υπ

˘

“
ÿ

nPrrs

´

sregpnq `
ÿ

CPCC:

hďn

`

|T n,C
glob | ` |T n,C

Ros | ` |T n,C
loc | ´ 1

˘

¯

where, for each n P rrs, the quantity sregpnq is the number of regular summits of the level
graph G whose unique vertex has level n, and

(4.6) CC:

hďn “ CChďn ∖
`

CChďn X CChăn

˘

.

Now, applying Lemma 4.3 to each C P CC:

hďn, we obtain the cardinalities in (4.5), leading,
for each n P rrs, to

(4.7)
ÿ

CPCC:

hďn

´

|T n,C
glob | ` |T n,C

Ros | ` |T n,C
loc | ´ 1

¯

“ |CC˚
hăn| ` |Epπnq| ` |πn| ´ sregpnq ´ |CC:

hďn|.

For each n P rrs, by (4.4) and (4.6), we have |CC˚
hăn| ´ |CC:

hďn| “ |CChăn| ´ |CChďn|. Therefore,
adding the equations (4.7) for all n, and using (4.5), we deduce that

codim
`

Gπ,Υπ

˘

“ ´c ` |Ec
π| ` |V |.

Finally, using Proposition 3.3 and Proposition 3.4, we get

codim
`

Gπ,Rπ

˘

“ ´c ` |Ec
π| ` |V | ´ p|V | ´ sregq ´ p|Ec

π| ´ ssingq “ s ´ c. □

Remark 4.4 (The case of level graphs with a unique summit). Notice that codim
`

Gπ,Rπ

˘

“ 0
if the level graph pG, πq has a unique summit (and is therefore connected). This is always the
case if the underlying graph G is (multi)complete, that is, each two vertices are connected
by at least one edge. In this case, the global residue conditions are a consequence of the
downward vanishing, local and Rosenlicht residue conditions. In the applications to the study
of limits of spaces of Abelian differentials, we note that this is the setting of the works [EM02]
and [ES07], in which global residue conditions do not play any role. ˛

4.1. Proof of Theorem 1.1. We are now in position to prove the dimension count. Propo-
sitions 3.2 and 3.3 yield

dimkΥ
0
π “ 2|Ec

π| ` |Eπ| ´ |V | ` sreg.

Also, Proposition 3.4 yields codimpRπ,Υ
0
π q “ |Ec

π| ´ ssing, whereas Proposition 4.1 yields
codimpGπ,Rπq “ s ´ c. Finally, |E| “ |Eπ| ` |Ec

π|. Combining these all, we get the desired
formula dimk Gπ “ |E| ´ |V | ` c “ gpGq, as required. □

4.2. An example. We discuss the example of the level graph pG, π “ pπ1, π2, π3qq with three
levels depicted in Figure 3. For simplicity, we let ij denote the arrow from ui to uj for distinct
i, j. Let h : V Ñ r3s be the level function. For each n P r3s, let

T n
loc

:“
␣

1v
ˇ

ˇ v P πn and 1v ‰ 0
(

, T n
Ros

:“
␣

1e | e P Epπnq
(

, T n
glob

:“
␣

1Ξn
ˇ

ˇ Ξ P CC˚
hăn

(
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u9 ua ub uc

u5

u6

u7 u8

u1 u2 u3 u4

Figure 3. A level graph with three levels. Summits are drawn in red. There
are three regular and two singular summits. The subgraph Grtu9, uaus is a
special connected component in CChă3, but it is nonspecial in CChă2.

be subsets of Υπ. Then, we obtain

T 3
loc “ t119, 125 ` 12b, 13a ` 13c, 14c ` 147u, T 3

Ros “ ∅,
T 3

glob “ t119 ` 13a, 125, 12b ` 13c ` 14c, 147u,

T 2
loc “ t16b ` 16c, 178, 187u, T 2

Ros “ t178 ` 187u, T 2
glob “ t16b, 16cu,

T 1
loc “ t19a, 1a9u, T 1

Ros “ t19a ` 1a9u, T 1
glob “ ∅.

Notice that Grπ3s has four vertices (nonisolated in G) and no edges, and GrVhă3s has four
connected components. Hence, T 3

loc and T 3
glob have four elements each, whereas T 3

Ros “ ∅. Also,
T 3

loc and T 3
glob are related but properly unrelated, hence codimpGπ X Υπ,π3

,Υπ,π3
q “ 7; in other

words, Gπ X Υπ,π3
“ 0. Also, Rπ X Υπ,π3

“ Υ0
π,π3

, and codimpRπ X Υπ,π3
,Υπ,π3

q “ 4.
Further up, Grπ2s has four vertices, one isolated in GrVhď2s, and one horizontal edge,

whereas GrVhă2s has three connected components, only two connected to a vertex in π2.
Then, T 2

loc, T 2
Ros and T 2

glob have respectively three, one and two elements. We have codimpRπ X

Υπ,π2
,Υπ,π2

q “ 3, and codimpGπ X Υπ,π2
,Υπ,π2

q “ 4, the maximum possible.
Finally, Grπ1s has four vertices and one horizontal edge, whereas GrVhă1s is empty. Then,

T 1
loc, T 1

Ros and T 1
glob have respectively two, one and zero elements. The codimension of GπXΥπ,π1

“

Rπ X Υπ,π1
in Υπ,π1

is 2, the maximum possible.
It follows that dimk Gπ “ 0 and dimkRπ “ 4. Clearly, dimkΥ

0
π “ 4. Notice that G has 2

horizontal arrows and five summits, two of which are singular and three of them are regular,
so ssing “ 2, sreg “ 3, and s “ 5.

5. Splitting, realization and degeneration

Let V be a finite nonempty set, and denote by 2V the family of subsets of V . We say a
function η : 2V Ñ R is nonnegative if η ě 0. We say η is nonincreasing if ηpJq ě ηpIq for
J Ď I Ď V , and nondecreasing if the reverse inclusions hold.

A function η : 2V Ñ R with ηp∅q “ 0 is called submodular if we have the inequalities

ηpI1q ` ηpI2q ě ηpI1 Y I2q ` ηpI1 X I2q for each I1, I2 Ď V,

and supermodular if all the inequalities are reversed. In any case, the quantity ηpV q is called
the range of η. A function which is both submodular and supermodular is called modular.
Modular functions are in bijection with elements of RV : each q P RV can be viewed as a
modular function q : 2V Ñ R by setting qpIq :“

ř

vPI qpvq for each I Ď V , with the convention
that qp∅q :“ 0.



RESIDUE POLYTOPES 15

For η : 2V Ñ R with ηp∅q “ 0, we define the adjoint to η, denoted η˚ : 2V Ñ R, by

η˚pIq :“ ηpV q ´ ηpIcq for each I Ď V,

where Ic :“ V ∖ I. It is easy to see that η is submodular, resp. supermodular, if and only
if η˚ is supermodular, resp. submodular. Furthermore, η and η˚ have the same range, and
pη˚q˚ “ η. If η is supermodular, then η ď η˚, and we refer to the ordered pair pη, η˚q as a
modular pair. Note that for a modular function q, we have q˚ “ q, so pq, qq is a modular pair.

To each modular pair pη, η˚q we associate a polytope:

Q :“
␣

q P RV
ˇ

ˇ ηpIq ď qpIq ď η˚pIq @I Ď V u.

Clearly, q P Q if and only if qpV q “ ηpV q “ η˚pV q and either qpIq ě ηpIq for every I or
qpIq ď η˚pIq for every I. (In other words, the lower bounds imply the upper bounds, and
vice-versa, if ηpV q “ η˚pV q.) The polytope is called the base polytope of the polymatroid, or
simply the (base) polytope associated to pη, η˚q, or to η, or to η˚, and is denoted Qη or Qη˚ ,
depending on context.

5.1. Modular pairs associated to subspaces. Let k be a field. For each v P V , let Uv be
a vector space over k. Let U :“

À

vPV Uv. For each subset I Ď V , let UI :“
À

vPI Uv and
denote by ιI : UI Ñ U and θI : U Ñ UI the corresponding natural inclusion and projection
maps.

A finite-dimensional vector subspace W Ď U gives rise to two functions νW, ν˚
W : 2V Ñ Z

defined by setting νWpIq :“ dimkpWIq and ν˚
WpIq :“ dimkpWIq for each I Ď V , with WI :“

ι´1
I

pWq and WI :“ θI pWq. Clearly, we have a short exact sequence for each I Ď V :

(5.1) 0 Ñ WIc Ñ W Ñ WI Ñ 0.

Proposition 5.1. The pair pνW, ν
˚
Wq is modular, and both νW and ν˚

W are nonnegative and
nondecreasing.

Proof. From (5.1), we get WI » W
L

WIc , and so the adjoint to νW is ν˚
W. Also, νW is super-

modular, that is, for I, J Ă V , we have

dimkW
I ` dimkW

J ď dimkW
IYJ ` dimkW

IXJ .

This follows from the observation that WI and WJ are subspaces of WIYJ with intersection
WIXJ . The rest is clear. □

5.2. Filtration associated to an ordered partition. Let π “ pπ1, . . . , πrq be an ordered
partition of V , with level function h “ hπ : V Ñ rrs.

Let F0 “ ∅, and for each n P rrs, let Fn :“ π1 Y ¨ ¨ ¨ Y πn “ Vhďn be the set of all v P V
with hpvq ď n. We obtain an ascending filtration F‚ indexed by 0, 1, . . . , r, and the data of π
is equivalent to that of F‚.

5.3. Splitting. Let π “ pπ1, . . . , πrq be an ordered partition of V , and F‚ the corresponding
ascending filtration associated to π.

To each supermodular function µ : 2V Ñ R we associate another supermodular function µπ
called the splitting of µ with respect to π, or the π-splitting of µ, as follows.

First, for each n P rrs, we define the function

µFn{Fn´1
: 2V Ñ Z

by setting
µFn{Fn´1

pIq :“ µppI X Fnq Y Fn´1q ´ µpFn´1q for each I Ď V.
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This is easily seen to be a supermodular function; see [AE24, §2.4]. Then, we define µπ by

µπ :“
r
ÿ

n“1

µFn{Fn´1
.

Taking adjoints in the equality above, we have µ˚
π “

ř

i µ
˚
Fn{Fn´1

. Furthermore,

µ˚
Fn{Fn´1

pIq “ µpFnq ´ µppIc X Fnq Y Fn´1q for each I Ď V.

We say as well that µ˚
π (resp. pµπ, µ

˚
πq) is the π-splitting of µ˚ (resp. pµ, µ˚q).

5.4. Realization of splittings. We show now that if the modular pair pµ, µ˚q is associated
to a subspace of U, then each of its splittings is also associated to a subspace. More precisely,
let π “ pπ1, . . . , πrq be an ordered partition of V and denote by F‚ the corresponding filtration
of V . Consider a subspace W Ď U. We associate to π a subspace Wpπq Ď U, called the
π-splitting of W, defined as follows.

Let
0 Ď WF1 Ď WF2 Ď ¨ ¨ ¨ Ď WFn “ W.

For each n P rrs, define Wn :“ θπn pWFnq. Clearly, we have the following short exact sequence

(5.2) 0 Ñ WFn´1 Ñ WFn Ñ Wn Ñ 0.

Define

Wpπq :“
r
à

n“1

Wn.

Since each Wn lives naturally in Uπn “
À

vPπn
Uv, by using U »

À

nPrrs Uπn , we view

Wpπq Ď U “
à

vPV

Uv.

Proposition 5.2. For each ordered partition π of V , the π-splitting of the modular pair
pνW, ν

˚
Wq associated to a subspace W Ď U is the modular pair associated to Wpπq Ď U.

Proof. Let ν :“ νW for a subspace W Ď U. For each I Ď V , we have the natural commutative
diagram

0 ÝÝÝÝÑ WFn´1 ÝÝÝÝÑ WFn ÝÝÝÝÑ pWFnqπn ÝÝÝÝÑ 0
§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ WFnXpIYπcnq ÝÝÝÝÑ WFn ÝÝÝÝÑ pWFnqIcXπn ÝÝÝÝÑ 0,

with each of the two rows forming a short exact sequence. Using the above diagram, and the
identity Wn “

`

WFn
˘

πn
, we deduce the equality

νWn
pIq “ νpFnq ´ νpFn´1q ´

´

νpFnq ´ ν
`

Fn´1 Y pFn X Iq
˘

¯

“ νFn{Fn´1
pIq for each I Ď V.

Therefore, we have νWn
“ νFn{Fn´1

, and thus

νWpπq “

r
ÿ

n“1

νWn
“

r
ÿ

n“1

νFn{Fn´1
“ νπ,

as required. □
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5.5. Degeneration. An alternate point of view on Wpπq is through degenerations, as follows.
First, denote by Gm the multiplicative group scheme. The group GV

mpkq “
`

kˆ
˘V acts

componentwise on U. Also, letting R :“ krt, t´1s be the ring of Laurent polynomials with
coefficients in k, the group GV

mpRq “
`

Rˆ
˘V acts componentwise on UR “

À

vPV pUv bk Rq.
For each integer-valued level function d : V Ñ Z, v ÞÑ dv, with induced ordered partition

given by π, let x P GV
mpRq be given by xv :“ t´dv for each v P V . Consider the multiplication

by x in UR, φ ÞÑ x ¨ φ, given by

px ¨ φqv :“ xvφv “ t´dvφv for each φ P UR and v P V .

Given a subspace W Ď U, we obtain a submodule x ¨ WR Ď UR for WR :“ W bk R. Then,
evaluation at t “ λ P k ∖ t0u gives a subspace xpλq ¨ W Ă U. We denote by limtÑ0 x ¨ W
the limit of the subspaces xpλq ¨ W Ă U for λ ‰ 0 in the Grassmannian Grasspm,Uq of
m-dimensional subspaces of U with m “ dimkW.

Proposition 5.3. We have
lim
tÑ0

x ¨ W “ Wpπq.

Proof. To simplify, for each n P rrs, put Wn :“ WFn . Recall that Wn “
`

Wn
˘

πn
Ď Uπn . Let

mn :“ dimWn and dn be the value taken by d on πn. We have d1 ă d2 ă ¨ ¨ ¨ ă dr.
For each n P rrs, we choose a lifting yn,1, . . . , yn,mn

to Wn of a basis zn,1, . . . , zn,mn
of Wn.

Let zn,1, . . . , zn,mn
, . . . , zn,Mn

be an extension of the basis of Wn to one of Uπn . Order the basis
zn,j of U lexographically, so that zn,j ă zn1,j1 if either n ă n1, or n “ n1 and j ă j1. Extend
this order to one for the basis obtained from the zi,j for the m-th exterior product

ŹmU,
where m “ m1 ` ¨ ¨ ¨ `mr “ dimkW.

The yn,j form a basis of W. Their exterior product y1,1 ^ y1,2 ^ ¨ ¨ ¨ ^ yr,mr
can be written as

the exterior product z1,1 ^ z1,2 ^ ¨ ¨ ¨ ^ zr,mr
plus a linear combination of terms of higher order

(with respect to the lexicographic order).
Likewise, the x ¨ yn,j form a basis of x ¨ WR over the ring R, and we have

px ¨ y1,1q ^ ¨ ¨ ¨ ^ px ¨ yr,mr
q “ t´

ř

nmndnz1,1 ^ z1,2 ^ ¨ ¨ ¨ ^ zr,mr
` tlz1

for some z1 in
ŹmUR, where l ą ´

ř

nmndn. Clearly, the limit of px ¨ y1,1q ^ ¨ ¨ ¨ ^ px ¨ yr,mr
q

as t approaches 0 is z1,1 ^ z1,2 ^ ¨ ¨ ¨ ^ zr,mr
. Since the zn,j for j ď mn form a basis of the sum

Wpπq “
À

nWn, the proof is complete. □

6. Proof of Theorem 1.2

Consider the trivial level structure π0 on G given by the ordered partition of V into a
unique set V . In this case, vanishing along downward arrows and global residue conditions are
vacuum. The residue space Gπ0

Ă Υ “
À

vPV Υv is the first homology of G with k-coefficients,
and the polytope associated to ν˚

Gπ0 is the residue polytope of G, denoted by Pres “ PrespGq.
Since dimGπ0

“ gpGq and both νGπ0 and ν˚
Gπ0 are nonnegative, the residue polytope Pres

lives in the standard simplex ∆g Ă RV
ě0, consisting of points whose coordinates sum up to g.

For the ordered partition π “ pπ1, . . . , πrq, consider the subspace Gπ Ď Υ. Denote by
γπ “ ν˚

Gπ the corresponding submodular function and by Pπ the corresponding polytope,
called the π-residue polytope. Again, we have Pπ Ď ∆g.

Consider a coarsening π1 “ pπ1
1, . . . , π

1
sq of π, that is, an ordered partition of V such that the

natural surjection h1 : V Ñ rss factors through h : V Ñ rrs, and the induced map c : rrs Ñ rss
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satisfies cpn1q ď cpn2q for each n1, n2 P rrs with n1 ď n2. Notation as in the previous section,
the group GV

mpRq acts componentwise on ΥR “
À

v

`

Υv bk R
˘

, with Υv “ kEv .
Consider a function d : V Ñ Z, v ÞÑ dv, with induced ordered partition given by π, and let

x P GV
mpRq be given by xv :“ t´dv for each v P V . Multiplication by x is given by

px ¨ φqa :“ xvφa “ t´dvφa for each φ P Υ, and each v P V and a P Ev.

Applying Proposition 5.3 to the subspace Gπ1 Ă Υ, we get

(6.1) lim
tÑ0

x ¨ Gπ1 “ Gπ1pπq.

Theorem 6.1. We have

lim
tÑ0

x ¨ Gπ1 “ Gπ.

In particular, Gπ coincides with the splitting Gπ1pπq of Gπ1 with respect to π, and so γπ is the
π-splitting of γπ1. As a consequence, we have γπ ď γπ1 .

Proof. Multiplying by the appropriate power of t each of certain equations describing x ¨Rπ1 ,
and then putting t “ 0, we get already some of the equations that describe the limit of x ¨Gπ1 ,
to wit, vanishing along downward arrows in Āπ, local residue conditions, and Rosenlicht
conditions for π:

φa “ 0 for each downward a P Āπ,
ÿ

aPEv

φa “ 0 for each v P V,

φa ` φā “ 0 for each a P E ∖ Eπ (horizontal for πq.

For each i P rss, let Li,1, . . . , Li,qi be the parts of π which are contained in π1
i in ascending

order, and di,1, . . . , di,qi the ascending sequence of levels attributed by d to each of them. The
order given by π on the Li,j , i P rss, j P rqis, is thus the lexographic on the subindices. Let
Vh1ăi denote the union of the π1

n for n ă i in rss, and let Vhălexpi,jq denote the union of the Ln,m
for pn,mq ălex pi, jq. We need to show that, for each i P rss and j “ 1, . . . , qi, the limit of
x ¨ Gπ1 satisfies the global residue conditions for π, namely, the equations

(6.2)
ÿ

aPEpLi,j ,Ξq

φa “ 0 for each connected component Ξ of GrVăpi,jqs.

Now, for a component Ξ of GrVhălexpi,jqs, let Sl be the subset of vertices of Li,l it contains
for each l “ 1, . . . , j ´ 1. Then, Ξ is the union of certain connected components Ξ1, . . . ,Ξk of
GrVh1ăis to which we add the vertices in the Sl for l “ 1, . . . , j ´ 1, and the edges connecting
the vertices in these sets. The arrows that connect Li,j to Ξ are all upward and have head
either in Sl for some l “ 1, . . . , j ´ 1 or in Ξl for some l “ 1, . . . , k. We get Equation (6.2)
summing up the following series of equations satisfied by x ¨ Gπ1 for t ‰ 0, by multiplying by
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t´di,j and then putting t “ 0:
k
ÿ

l“1

qi
ÿ

p“1

tdi,p
ÿ

aPEpLi,p,Ξlq

φa “0 (Global residue conditions for π1)

´

j´1
ÿ

l“1

tdi,l
ÿ

aPESl

φa “0 (Local residue conditions)

j´1
ÿ

l“1

qi
ÿ

p“1

ÿ

aPEpSl,Li,pq

`

tdi,lφa ` tdi,pφā
˘

“0 (Rosenlicht conditions for π1)

j´1
ÿ

l“1

ÿ

aPEpSl,Vh1ąiq

tdi,lφa “0. (Vanishing along downward arrows for π1)

Having established that the limit of x ¨Gπ1 as t approaches 0 satisfies all the equations that Gπ
does finishes the proof of the first statement, as the two spaces x ¨ Gπ1 and Gπ have the same
dimension.

Combining this with (6.1), we get Gπ “ Gπ1pπq, which implies that γπ is the splitting of γπ1

with respect to π by Proposition 5.2.
The last assertion follows from the splitting statement, using [AE24, Prop. 2.2], or directly

from the limit, using lower semicontinuity of the dimensions of projections in the limit. □

We can now prove Theorem 1.2.

Proof of Theorem 1.2. We show that for each ordered partition π, the polytope Pπ is a face
of the residue polytope Pres. Moreover, each face of Pres is of this form.

By [AE24, Prop. 2.7], the faces of PrespGq are the base polytopes of the π-splittings of
the submodular function γπ0 for all ordered partitions π of V ; see [AE24, §2.4]. But the
π-splitting of γπ0 is the submodular function of Gπ0pπq by Proposition 5.2. By Theorem 6.1,
we have Gπ0pπq “ Gπ. Therefore, the π-splitting of γπ0 is γπ. We conclude that the faces of
PrespGq are the base polytopes of γπ, and the theorem follows. □
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