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OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

Abstract. We describe the limits of canonical series along families of curves degenerating
to a nodal curve which is general for its topology, in the weak sense that the branches
over nodes on each of its components are in general position. We define a fan structure on
the space of edge lengths on the dual graph of the limit curve, and construct a projective
variety parameterizing the limits, organized in strata associated to the cones of this fan. This
extends to all topologies the works by Eisenbud–Harris (Invent. Math. 87: 496´515, 1987)
on curves of compact type and Esteves–Medeiros (Invent. Math. 149: 267´338, 2002) on
two-component curves.
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1. Introduction

1.1. Overview. Let X be a stable curve of genus g on the boundary of the Deligne–Mumford
compactification Mg of the moduli of smooth curves Mg over an algebraically closed field k
of characteristic zero. In this paper, we address the following problem.

Problem 1.1. Describe the limits of the spaces of Abelian differentials along any family of
smooth curves degenerating to X.

Denote by G “ pV,Eq the dual graph of X, with vertices v P V in bijection with the
components Cv of the normalization of X, and edges e P E in bijection with the nodes pe of
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X. We say that X is general in its topology, in the weak sense, if the collection of branches
on Cv over nodes of X is general for each vertex v P V .

Our main results, Theorems 8.5 and 10.2, give a complete solution to the problem stated
above for a nodal curve X which is general in its topology, the first theorem describing and
the second parameterizing the limits.

In a nutshell, the solution is given as follows. For each vertex v P V , denote by Ωv the space
of meromorphic differentials of Cv, and put Ω :“

À

Ωv. A degeneration of smooth curves to X
gives rise, via tropicalization, to an edge length function ℓ : E Ñ Rą0 on the dual graph of X.
This function corresponds to the singularity degrees of the total space of the degeneration at
the nodes pe. Additionally, we obtain a collection of g-dimensional subspaces Wh Ă Ω indexed
by real-valued functions h : V Ñ R, arising as limits of spaces of Abelian differentials along
the degeneration; see Section 4. These limit spaces exhibit a finite generation property: only
finitely many of them are needed to determine all the others. Geometrically, there is a tiling
of the standard simplex ∆g :“ tq P RV

ě0 |
ř

qpvq “ gu, each Wh contributing with a tile, and
the spaces associated to the full-dimensional tiles generate the others. We say these spaces
form the fundamental collection of limit canonical series associated to the degeneration.

We consider all degenerations to X with a given edge length function ℓ : E Ñ Rą0, and
give a complete description of the resulting fundamental collections of limit canonical series;
see Theorems 8.3 and 8.5. Moreover, as ℓ varies, we show that the answer does not vary for
ℓ within the relative interior of certain rational polyhedral cones in RE

ě0, that we describe
explicitly; see Section 9.

We prove that these cones form a rational fan Σ on the space of edge lenghts; see Sec-
tion 9.10. Furthermore, we show that the set of orbits GV

mWh, for Wh in the fundamental
collection associated to a degeneration to X, under the componentwise action of the algebraic
torus GV

m on Ω, corresponds to a point on a projective variety V “
Ť

σPΣVσ, stratified ac-
cording to Σ; see Theorem 10.2. This projective variety V, which we call the variety of limit
canonical series, is our solution to Problem 1.1. The constructions are all effective and give
an explicit description of the limits.

Limits of linear series on curves of compact type were studied by Eisenbud and Harris in
the 80’s [EH86] as a tool for understanding the moduli of curves Mg. Of special importance
is the case of canonical series. Eisenbud and Harris [EH87, Thm. 2.4] were able to describe
limits of canonical series on curves of compact type which are general in their topology. Going
beyond compact type, there is initial work by Coppens and Gatto [CG01] for two-component
curves, and a more in-depth study by the second author and Medeiros [EM02] in the case the
two-component curve is general in its topology. The techniques in [EM02] were applied in
[ES07] to describe limits of canonical series along families with constant edge length function
degenerating to curves with several components, but with the unexpected condition that each
two components intersect. As in [EH87], the limit curve was assumed to be general in its
topology.

The work in [EM02] was specially thorough in the sense that all possible degenerations
to a given two-component curve were considered, and a variety parameterizing all limits of
canonical series was constructed and described in terms of a polyhedral decomposition of the
space of singularity degrees. It is with this thoroughness that we are able in the present paper
to extend the work in [EM02] to all nodal curves X, with an arbitrary number of components,
meeting in whatever ways, as long as the branches over nodes on each component of X are
in general position. Moreover, it is worth noting that, even for two-component curves X,
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we go beyond what was done in [EM02], as we parameterize all limits of canonical series,
not just those which are aspects with focus on the components of X, following a terminology
introduced in [EH86] and employed in [EM02, ES07].

There are two recent developments that play a key role in our approach. In reverse chrono-
logical order:

‚ The first is the polyhedral approach developed in [AE24] to address the question of
describing limits of linear series. Making use of this approach in the present paper, we associate
to each degeneration to a nodal curve X of genus g, a certain tiling of ∆g by base polytopes of
integer polymatroids. The full-dimensional tiles in the tiling are in correspondence with the
limit canonical series Wh in the fundamental collection. They generate all the other limits by
a finite generation theorem proved in [AE24].

As the degeneration varies, so does the corresponding tiling. However, all such tilings are
coarsenings of a fundamental tiling of ∆g by what we call brick polytopes or simply bricks; see
Section 9.8. Thus, rather than parameterizing the limit canonical series by the multidegrees
of their divisors, as was done in previous works [EH87, EM02], we parameterize them by the
bricks their associated polytopes contain.

This new approach allows us to associate to each family a multiset of fixed size, consisting
of the elements of the fundamental collection counted with multiplicities, each element being
counted precisely according to the number of bricks its associated polytope contains. This
novel perspective proves to be highly effective in organizing the arising data when considering
all degenerations to X at the same time, across all possible edge length functions.

Indeed, once the characterization of the fundamental collection is established in the paper
(Theorems 8.3 and 8.5), and the fan structure on the space of edge lengths is constructed
(Section 9), the approach outlined above leads to the definition of the variety V of limit
canonical series as a subvariety of a second variety expressed as a product, indexed by the
bricks, of certain torus quotients of Grassmannians. These are GIT quotients, the condition
that the base polytope of the subspace contains the brick being a new interpretation of a GIT
stability condition. This interpretation is formalized in Theorem A.2 in Appendix A.

In [AE24, §9.2], we established a connection between our polyhedral approach to the
study of linear series and the theory of Chow quotients of Grassmannians, as initiated by
Kapranov [Kap93, GKZ94] and Lafforgue [Laf03], and further developed by Giansiracusa and
Wu [GW22]. In contrast, the construction of the variety V is not tied to a Chow quotient
but rather to a Mumford quotient. This construction shares some common features with the
work by Thaddeus [Tha99] on complete collineations, although he worked in a distinct and
more restricted setting. For further details, see Section 10 and Appendix A.

‚ The second development is recent work by Bainbridge, Chen, Gendron, Grushevsky and
Möller [BCG`18], who study degenerations of single Abelian differentials (one-dimensional
subspaces of the g-dimensional space of Abelian differentials) on families of Riemann surfaces,
and construct a compactification of their moduli. This is done by considering tuples of mero-
morphic differentials on the components of stable curves X that satisfy certain pole, zero, and
residue conditions. Most notably, they discovered the global residue conditions by an applica-
tion of Stokes Formula; see Section 3.3. The pole and zero conditions, which were previously
known, impose constraints on the limit canonical series Wh in the fundamental collection for
each degeneration to a stable curve X. These constraints are maximal when the branches on
the components of X over the nodes are in general position, but turn out to be not enough
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to determine the Wh. After a careful study of the residue conditions in our companion work
[AEG24], we came to expect that adding the global residue conditions under the general po-
sition hypothesis could be the missing piece of puzzle to handle Problem 1.1 in this level of
generality. This led us on a long journey to establish what are now our Theorems 8.3 and 8.5.

We observe that in [BCG`18], the authors work one differential at a time, the goal being
to find a meaningful compactification of the projective Hodge bundle over Mg. In particular,
the approach does not distinguish whether two limit tuples of differentials on a stable curve X
arise from the same degeneration to X. It would be interesting to investigate linear series of
canonical divisors of intermediate rank, thereby bridging the works done in loc. cit. and here.

Beyond the works and novel ideas mentioned above, this paper introduces two key inno-
vations that are essential for establishing our results, enabling us to go substantially beyond
what was known before.

‚ The first is the use of polymatroids in analyzing dimension counts, a critical step in
proving our characterization theorems. Polymatroids provide a geometric framework for or-
ganizing the data, resulting in an elegant and comprehensible setup, which we believe will be
of independent interest for further applications of combinatorial and tropical techniques in
degeneration problems. Without them, handling the intricate combinatorial arguments would
have been either unfeasible or extraordinarily challenging. In Section 1.10, we expand on this
by situating it within the broader context of recent groundbreaking work on the interactions
between combinatorics and complex geometry.

‚ The second is the canonical fan defined on the space of edge lengths of the dual graph of
a stable curve. We associate a fan to each brick, and deduce the canonical fan as a common
refinement of these fans. From the perspective of tropical geometry, each space of edge lengths
on a dual graph corresponds to a stratum in the moduli space of tropical curves of the given
genus; see [ACP15]. By combining the fan structures on the various strata associated with
different dual graphs, we can construct a new fan structure on the tropical moduli space. Our
results show that the structure of the variety of limit canonical series remains unchanged for
all edge lengths lying in the interior of a given cone. We conjecture that this new fan structure
on the tropical moduli space represents the tropicalization of a novel compactification of the
moduli space of curves, in the spirit of loc. cit., over which the varieties of limit canonical
series reside. A quick analysis suggests that this compactification will be a modification of
Mg with many more divisors, described in terms of the fan structure. This connects well with
the broader open question posed by Eisenbud and Harris in [EH89] of extending their theory
in [EH86] to all stable curves. To the best of our knowledge, this is the first instance of a
fan structure on the space of edge lengths of a dual graph in relation to this open problem.
The fan we obtain seems to be a big refinement of the one by Abreu and Pacini [AP17], who
studied a tropical analogue of Mainò’s moduli space of enriched curves [Mai98].

Finally, we note that one of the main goals in [EM02, ES07, EH87] was to describe limits of
Weierstrass points. The description in the full generality considered in our setting is obtained
in Section 1.9, where other applications are suggested.

In the rest of this introduction, we present our main constructions and theorems. We use
the framework of tropical geometry, which proves particularly convenient in our setting for
handling all degenerations to a nodal curve with variable edge length functions. We refer to
the survey papers [BJ16] and [JP16] and the references therein for an introduction to the topic
and a sample of results.
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1.2. Submodular functions. They appear throughout this paper. For each finite set V , let
2V be the collection of subsets of V . A function φ : 2V Ñ R with φp∅q “ 0 is called submodular
if for each two subsets I1, I2 Ď V , we have

φpI1q ` φpI2q ě φpI1 Y I2q ` φpI1 X I2q.

Denote by RV the space of real-valued functions q : V Ñ R. For each I Ď V and q P RV , set
qpIq :“

ř

vPI qpvq. To each submodular function φ, we associate

Pφ :“
␣

q P RV
ˇ

ˇ qpIq ď φpIq for each I Ď V, with equality if I “ V
(

,

the base polytope of the polymatroid on the ground set V defined by φ. It is easy to see that
Pφ has maximum dimension |V | ´ 1 if and only if φ is simple, that is, φpIq ` φpIcq ą φpV q

for every proper nonempty subset I Ă V , where Ic :“ V ∖ I (see [AE24, Prop. 2.7]).
Given a field k and a collection pUvqvPV of vector spaces over k, each finite-dimensional sub-

space W Ď
À

uPV Uu gives rise to a submodular function ν˚
W, satisfying ν˚

WpIq “ dimk θI pWq

for each I Ď V , where θI :
À

uPV Uu Ñ
À

uPI Uu is the projection map. Submodular functions
of this form arise naturally from tropicalization of linear series [AE24].

1.3. Tropicalization and limit canonical series. Let K be an algebraically closed field
which is complete for a nontrivial non-Archimedean valuation v. Denote by R its valuation
ring, by m the maximal ideal of R, by k the residue field, and by Λ the value group. Let X
be a smooth proper curve of genus g over K, and denote by X

an the Berkovich analytification
of X. The points on X

an are in bijection with the union of the closed points on X and the
valuations on the function field KpXq extending v.

Let Γ be a skeleton of Xan associated to a semistable vertex set V . It is a metric graph.
Let G “ pV,Eq be the underlying graph and ℓ : E Ñ Rą0 be the edge length function. When
the curve X is defined over a discrete valued subfield K0 Ď K, there exists a stable model
X Ñ SpecpR1q for X over a finite extension K1 of K0, where R1 is the valuation ring of K1,
and we can take for G the dual graph of the stable reduction X of X, and for ℓ the function
assigning to each e P E the singularity degree of X at the corresponding node, normalized by
the degree of the field extension K1{K0. The metric graph associated to pG, ℓq is well-defined
and naturally embeds in X

an as a skeleton.
In any case, for each vertex v of G, the residue field of the corresponding valuation on KpXq,

denoted kpvq, has transcendental degree one over k. Let Cv be the smooth proper curve over
k with field of functions kpvq. Each edge e of G gives a point on Cu and another on Cv, where
u and v are the vertices connected by e. Identifying these points for each edge produces a
nodal curve X with dual graph G. We say pX,Γq is (obtained by) the tropicalization of X.

Let H be the space of Abelian differentials of X, also refered to as the canonical series
of X. For each v P V , denote by Ωv the space of meromorphic differentials of Cv, and put
Ω :“

À

vPV Ωv. To each function h : V Ñ Λ we associate a g-dimensional subspace Wh Ă Ω
defined by reduction of H relative to h, and called the limit canonical series associated to
h; see Section 4. If X is defined over a discrete valued field K0, and admits a stable model
X Ñ SpecpR0q over the valuation ring R0 of K0 with stable reduction X, and h is integer-
valued, the subspace Wh Ă Ω can be identified with the restriction to X of the space of global
sections of

ωX{SpecpR0q

`

´
ÿ

vPV

hpvqXv

˘

,

the relative canonical sheaf of the stable model twisted by the vertical divisor ´
ř

hpvqXv on
X. Here, Xv is the component of X corresponding to v (whose normalization is Cv).
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For each function h : V Ñ Λ, we denote by ν˚
h : 2

V Ñ Z the submodular function associated
to Wh Ă Ω “

À

vPV Ωv and by Pν˚
h

the corresponding base polytope. We say that the subspace
Wh Ď Ω is simple if ν˚

h is simple. We denote by FCpXq the collection of simple subspaces
Wh Ă Ω, and call it the fundamental collection of limit canonical series on X associated to
X. The following theorem implies that FCpXq is finite, and [AE24, Thm. 9.6] implies that
the spaces in FCpXq generate all the other limit canonical series Wh.

Theorem 4.11. The elements Wh of FCpXq are precisely those limit canonical series whose
polytope Pν˚

h
is full-dimensional. They and their faces form a tiling of the standard simplex

∆g in RV .

1.4. Level structures and their residue spaces. Each element of Wh is a tuple of mero-
morphic differentials on Cv, for v P V . It is subject to certain residue conditions:

Theorem 5.1. Assume charpkq “ 0. Then, for each h : V Ñ Λ, the residue map Res: Ω Ñ kE

takes Wh into the π-residue subspace Gπ Ď kE, where π is the level structure on G given by h.

We explain the statement. First, E is the set of arrows of G. Each edge of G can be oriented
in two ways, giving rise to two arrows. Each a P E is thus supported on a unique e P E, the
reverse arrow denoted ā. We write a “ uv if a “ u Ñ v connects u to v, in which case we
call u the tail and v the head of a, and write e “ tu, vu. For v P V , let Ev Ď E be the set of
arrows with tail v.

Second, to each a “ uv P E we associate the branch pa on Cu above the node pe corre-
sponding to the underlying edge e “ tu, vu P E. Denote by resa : Ωu Ñ k the residue map at
pa. Collecting the maps resa for a P E yields a residue map:

(1.1) Res: Ω Ñ kE.

Third, a partition of V is a collection of pairwise disjoint nonempty subsets whose union is V .
A level structure on G is the data of an ordered partition of V , i.e., a partition of V equipped
with a total order on its elements. Equivalently, a level structure is the data π of a set Vπ

endowed with a total order ăπ and a surjection h “ hπ : V Ñ Vπ. For each u, v P V , abusing
notation, we write u ăπ v if hpuq ăπ hpvq. We refer to pG, πq as a level graph. Each function
h : V Ñ R gives naturally rise to a level structure on G which we denote by πh.

It remains to explain the subspace Gπ Ď kE. Its introduction and the terminology are
motivated by the study of residues of meromorphic differentials in [BCG`18] and [TT22].
Given a level structure π on G, we call e “ tu, vu P E vertical if hπpuq ‰ hπpvq and horizontal
otherwise. An arrow a “ u Ñ v P E is called compatible with π or upward if u ąπ v. (Visually,
both Ñ and ąπ point to v.) Its reverse arrow ā is called downward. All the other arrows are
called horizontal. We denote by Aπ the set of upward arrows and by Āπ the set of downward
arrows. Figure 1 shows a level graph with two levels.

Put Υ :“ kE. For each ψ P Υ and a P E, denote by ψa the a-coordinate of ψ. Define the
π-residue space of G, denoted Gπ, as the subspace of Υ consisting of those functions ψ which
verify the residue conditions (R1) through (R4), below:

(R1) Vanishing along downward arrows:

ψa “ 0 for every arrow a P Āπ.

(R2) Local residue conditions:
ÿ

aPEv

ψa “ 0 for every v P V .
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u4 u5

u1 u2 u3

Figure 1. A level graph pG, πq with two levels: Vπ “ t1, 2u with order 1 ă 2.
The arrows u1u4, u1u5, u2u4, u2u5, u3u5 are upward. The edge tu2, u3u is hori-
zontal.

(R3) Rosenlicht conditions:

ψa ` ψā “ 0 for each horizontal arrow a for π.

(R4) Global residue conditions:
ÿ

aPAΞ
π,n

ψa “ 0

for each level n P Vπ and each connected component Ξ of the subgraph GrVhăπns of G induced
on the set of vertices Vhăπn Ď V of level smaller than n, with AΞ

π,n Ď Aπ denoting the set of
upward arrows with tail of level n and head in Ξ.

In Figure 1, taking n “ 2, the set Vhăπ2 consists of the vertices u4 and u5, with the induced
graph GrVhăπ2s having no edges. Taking Ξ to be the singleton with vertex set tu5u, the set
AΞ

π,2 has three arrows: u1u5, u2u5, u3u5. The corresponding global residue condition is the
equation ψu1u5 ` ψu2u5 ` ψu3u5 “ 0.

The main content of the theorem is (R4). Tropicalization of α P H gives rise to a piecewise
integral affine map troppαq : Γ Ñ R and reduction of α relative to the tropicalization gives
an element rα “ prαvqvPV P Ω. By [BCG`18] for Riemann surfaces, and [TT22] in our more
general setting, Resprαq verifies (R4).

Given h : V Ñ Λ, each β “ pβvqvPV P Wh comes from an α P H with troppαq|V ě h, with
βv “ rαv if troppαqpvq “ hpvq, and βv “ 0 otherwise.

If there is α P H with troppαq|V “ h, then rα P Wh, from which we deduce (R4) for each
element of RespWhq. If there is no such α, we use [AE24, Thm. 9.6] to obtain the result from
the previous special case (see Proposition 5.2).

1.5. Residue polytopes. For the trivial ordered partition of V consisting of a single level,
Conditions (R1) and (R4) are vacuum, and the corresponding residue space is the first ho-
mology group H1pG,kq, which is of dimension gpGq “ |E| ´ |V | ` 1. We prove in [AEG24,
Thm. 1.1] that this holds more generally: dimk Gπ “ gpGq for each ordered partition π of V .
Moreover, we show that Gπ is obtained from H1pG,kq by a process we call splitting, and it
arises as a certain limit of H1pG,kq in the Grassmannian of gpGq-dimensional subspaces of Υ,
see [AEG24, Thm. 6.1]. This gives a new take on the global residue conditions.

For each level structure π on G, denote by

γπ : 2
V Ñ Z, γπpIq :“ dimk θI pGπq for each I Ď V ,

the submodular function associated to the π-residue space Gπ Ď Υ, for the decomposition
Υ “

À

vPV Υv, where Υv :“ kEv for each v P V . By [AEG24, Thm. 1.2], Pγπ are the faces of
the polytope associated to the trivial ordered partition of V that we call the residue polytope
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of G. The residue polytope of the complete graph on four vertices is depicted in azure in
Figure 9.

1.6. Characterization Theorem. We explained tropicalization and the way it yields a nodal
curve and certain spaces of meromorphic differentials on it. We change the perspective now.
Fix a nodal (connected projective) curve X of arithmetic genus g ą 0 over an algebraically
closed field k of characteristic zero and let pG,Eq be its dual graph. Consider smooth proper
curves X over non-Archimedean valued fields K with residue field k that tropicalize to pX,Γq,
for Γ a metric graph with underlying graph G. For each v P V , let Cv be the normalization
of the component of X associated to v, and Ωv be the space of meromorphic differentials on
Cv. Put Ω :“

À

vPV Ωv. Our aim is to characterize the collections of g-dimensional subspaces
of Ω that are of the form FCpXq for some X, see Theorem 8.5 below.

A slope function on G is a function s : E Ñ Z which verifies

spaq ` spāq P t´1, 0u for each arrow a P E.
Given a slope function s, we denote by As the set of arrows a P E with spāq ă 0 (equivalently,
either spaq ą 0, or spaq “ 0 and spaq ` spāq “ ´1), and call the arrows in As upward for s.
The reverse arrows are called downward for s; their set is denoted Ās. If spaq ` spāq “ 0, we
say that a and the underlying edge are integer for s. Denote by Eint

s (resp. Aint
s ) the set of

integer vertical edges (resp. integer upward arrows).
Each function h : V Ñ R yields a slope function sh : E Ñ Z defined by

shpaq :“ B
ℓ
hpaq :“

Yhpuq ´ hpvq

ℓa

]

for each a “ uv P E,

where ℓa is the length of the edge underlying a. We have Ash “ Aπh
, for πh the level structure

induced by h.
A pair ps, πq consisting of a slope function s and a level structure π on G is called a slope-

level pair provided that As “ Aπ. Given h : E Ñ R, the pair psh, πhq is thus a slope-level
pair.

To each slope function s we associate the function ζs : 2V Ñ Z defined by

ζs : 2
V Ñ Z, ζspIq “ |AspI

c, Iq| `
ÿ

aPEpI,Icq

spaq for all I Ď V,

where EpI, Icq is the set of arrows with tail in I and head in Ic, and where AspI, I
cq “

EpI, Icq XAs. Our Proposition 3.16 states that ζs is submodular.
To the slope-level pair ps, πq on G, we associate the submodular function ηs,π : 2

V Ñ Z
defined by

ηs,π :“ γπ ` g ` ζs

where, as before, γπ is the submodular function of Gπ Ď Υ, and g : V Ñ Z is the genus
function of X associating to each vertex v the genus gpvq of Cv.

In addition, for each slope function s : E Ñ Z and v P V , we put

(1.2) Ls,v :“ ωv

´

ÿ

aPEv

`

1 ` spaq
˘

pa
¯

,

where ωv is the sheaf of Abelian differentials on Cv, and pa is the branch on Cv over the node
of X corresponding to the underlying edge for each arrow a P Ev. Viewing ωv as a subsheaf of
the constant sheaf on Ωv, we view Ls,v as a sheaf of meromorphic differentials whose divisors
of poles and zeros are constrained by the sum of p1 ` spaqqpa over a P Ev.
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By a partial gluing data for the Ls,v we mean a collection ϱ “ pϱaqaPAint
s

of isomorphisms

ϱa : Ls,u|pa
–
ÝÑ Ls,v|pā for a “ uv P Aint

s .

Then, we let Lϱ
s be the subsheaf of the sum on X of the Ls,v defined by imposing equality

away from the nodes pe corresponding to integer edges e for s (Exp1), Rosenlicht condition
(R3) at the node pe for horizontal e (Exp2), and gluing of the two sheaves Ls,u and Ls,v at the
points pa and pā for each a “ uv P Aint

s given by ϱa (Exp3); see Section 7.7.
Given a partial gluing ϱ as above, we set

W
exp

s,πpϱq :“ Res´1pGπq XH0pX,Lϱ
sq Ă Ω.

Our Theorem 8.5 gives a complete characterization of FCpXq for the X whose tropicaliza-
tion is pX,Γq for a fixed Γ, or equivalently, a fixed edge length function ℓ : E Ñ R. Moreover,
we show lated that FCpXq depends only on the associated set Sℓ of slope-level pairs, rather
than on ℓ itself, see Section 1.7.

Assume that charpkq is zero and X is general in its topology. Then, we prove that for
each h : V Ñ Λ, the subspace Wh Ă Ω is simple if and only if the submodular function
ηsh,πh

is positive and simple. In this case, there is a unique partial gluing data ϱh “ ϱhpXq

for the sheaves Lsh,v on Cv defining the sheaf Lϱh
sh

on X, such that Wh Ď H0pX,Lϱh
sh

q and
Wh “ W

exp

sh,πh
pϱhq, see Theorem 8.5.

We will explain below how the data of the partial gluing ϱh “ ϱhpXq can be extracted
from X. Having done so, the theorem allows us to find the elements Wh of the fundamen-
tal collection by just computing the submodular function ηsh,πh and checking whether it is
positive and simple. Furthermore, if this happens, then Wh is completely determined by
the residue conditions, Theorem 5.1, by pole and zero conditions derived from the inclusion
Wh Ď

À

H0pCv, Lsh,vq, and the compatibility condition given by the gluing data ϱh. That
the elements in Wh satisfy all these conditions is one thing, the main ingredient being The-
orem 5.1. That the conditions are enough requires the machinery developed in Section 6 to
handle general position conditions, with the main theorems being:

‚ the first Realizability Theorem 6.2, which allows us to compute the submodular function of
the subspace

xWs,π :“ Res´1pGπq
č

˜

à

vPV

H0pCv, Ls,vq

¸

Ď Ω

for slope-level pairs ps, πq such that ηs,π is positive (see Theorem 7.8);
‚ the second Realizability Theorem 6.6, which allows us to handle the gluing conditions as
we pass from xWs,π to W

exp

s,πpyq, and establish that the submodular function of the subspace
W

exp

s,πpyq Ď Ω is the UpMin transform UpMinpηs,πq of ηs,π, for any partial gluing data y for the
Ls,v (see Theorem 7.12).

Once these theorems are established, the equality Wh “ W
exp

sh,πh
pϱhq boils down to the fact

that both spaces have dimension g.
Submodular functions play a crucial role in our dimension counts, and the UpMin transform

introduced in Section 2.4 is key. For each function φ : 2V Ñ R, the UpMin transform of φ is
the function

UpMinpφqpIq “ min
KĚI

φpKq for all I Ď V.
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It transforms nonnegative submodular functions to nonnegative submodular functions (Propo-
sition 2.1), can be iterated (Proposition 2.2), and preserves and detects simpleness (Propo-
sition 2.10), fundamental properties we use over and over. To boot, it admits a beautiful
geometric meaning, see Proposition 2.3.

It remains to explain what the pϱhqh appearing in the theorem are precisely. In order to
do this, we fix isomorphisms OCvppaq|pa – k for each v P V and a P Ev. Let ωX be the
canonical sheaf on X, and fix isomorphisms ωX |pe – k for each e P E. Using them, we define
isomorphisms Ls,v|pa – k for each slope function s : E Ñ Z, each v P V and a P Ev. By using
these isomorphisms, and abusing of notation, we may view any partial gluing data as and
element of

ś

aPAint
s
kˆ. The partial gluing ϱh “ ϱhpXq appearing in Theorem 8.5 is then given

by
ϱh,a “ ρshpaq

e for all a P Aint
s

where e is the underlying edge of a and ρe is the leading coefficient of the smoothing of the
node pe in X, see Appendix B. It follows moreover from Theorem B.1 and Theorem 8.5 that
the data

pϱh,aqhPRV ,aPAint
sh

appearing in the description of the fundamental collection for X varying among all smooth
curves over valued fields K tropicalizing to pX,Γq is the same as

pρshpaq
a qhPRV ,aPAint

sh

for ρ varying in GE
mpkq “

`

kˆ
˘E.

1.7. The canonical fan of an augmented graph. Let G “ pV,Eq be a finite connected
graph and g : V Ñ Zě0 a function. We call pG, gq an augmented graph. For each edge length
function ℓ : E Ñ Rą0, we consider the collection Sℓ of slope-level pairs ps, πq on G such that:

(i) the submodular function ηs,π “ γπ ` g ` ζs is positive and simple, and
(ii) there exists h : V Ñ R such that ps, πq “ psh, πhq.

Our next main result, Theorem 9.18, asserts that those ℓ1 P RE
ą0 for which Sℓ1 “ Sℓ form the

relative interior of a rational polyhedral cone σSℓ
in RE

ě0, and that the collection Σ “ ΣpG, gq

of these cones, and their faces appearing in the boundary RE
ě0 ∖RE

ą0, is a rational fan on RE
ě0.

We call Σ the canonical fan of pG, gq.
We prove this theorem as follows. First, we associate to each slope-level pair ps, πq on G the

cone of edge length functions 8σs,π and its closure σs,π in RE, defined by imposing Condition (ii):

8σs,π :“
!

ℓ P RE
ą0

ˇ

ˇ D h : V Ñ R with sh “ s and πh “ π
)

, σs,π “ 8σs,π.

Our Theorem 9.2 gives an explicit description of σs,π in terms of the inequalities in (9.1). In
particular, this shows that σs,π is rational polyhedral. Furthermore, Theorem 9.11 describes
the faces of σs,π as cones σs1,π1 associated to slope-level pairs ps1, π1q obtained from ps, πq by a
squashing process, see Section 9.5.

Then, we treat Condition (i) as follows. For each slope-level pair ps, πq on G, let Ps,π be the
polytope associated to the submodular function UpMinpηs,πq. Proposition 2.10 yields that ηs,π
is positive and simple if and only if Ps,π is full-dimensional, thus, if and only if Ps,π contains
a full-dimensional brick.
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A brick is a polytope B Ď ∆g defined as the set of all points q P ∆g that verify the
inequalities

tβpSqu ď qpSq ď rβpSqs @ S Ď V

for some β P ∆g. By [AE24, Thm. 10.4], the collection of bricks is a tiling of ∆g. Furthermore,
the base polytope P of any polymatroid with integral vertices lying in ∆g is tiled by the set
of bricks included in P. We let Brg be the collection of full-dimensional bricks.

A slope-level pair ps, πq on G is called permissible if there exists an ℓ P RE
ą0 such that

ps, πq P Sℓ, that is,
‚ ηs,π is positive and simple, and
‚ there is an ℓ P RE

ą0 and an h : V Ñ R such that ps, πq “ psh, πhq.
For each permissible ps, πq, the polytope Ps,π is full-dimensional, it thus contains a brick in
Brg. Let PSL “ PSLpG, gq be the set of permissible slope-level pairs for pG, gq. We prove
that PSL is finite. We can write

PSL “
ď

BPBrg

PSLpBq where PSLpBq :“
␣

ps, πq P PSL
ˇ

ˇ Ps,π Ě B
(

.

Theorem 9.14. Let B P Brg be a full-dimensional brick in ∆g. The collection of cones σs,π
for ps, πq P PSLpBq and all their faces which lie on the boundary RE

ě0 ∖ RE
ą0 form a rational

fan with support RE
ě0.

Denote by ΣB the rational fan with support RE
ě0 produced by this theorem.

Theorem 9.18. Notation as above, Σ is a rational fan with support RE
ě0. It satisfies

(1.3) Σ “

!

č

BPBrg

σB
ˇ

ˇ σB in ΣB for all B P Brg
)

.

In other words, Σ “
Ź

BPBrg ΣB is the meet of the fans ΣB associated to the full-dimensional
bricks B in ∆g.

1.8. Variety of limit canonical series. Having understood by Theorem 8.5 what the set of
FCpXq is, for smooth proper curves X over valued fields K tropicalizing to pX,Γq for some
Γ, and having understood by Theorem 9.18 how these sets vary with ℓ, we can put all the
FCpXq together in a parameter space.

Again, let X be a nodal curve of arithmetic genus g ą 0 over an algebraically closed field
k of characteristic zero, whose branches over nodes are in general position on the components
of its normalization. Let G “ pV,Eq be its dual graph and g its genus function. Recall the
notation used above. We fix isomorphisms OCvppaq|pa – k for each v P V and a P Ev, and
ωX |pe – k for each e P E. They induce isomorphisms Ls,v|pa – k for each slope function
s : E Ñ Z, and each v P V and a P Ev.

Let Σ be the canonical fan of pG, gq. As PSL is finite, there is a finite-dimensional subspace
Uv Ă Ωv for each vertex v P V such that H0pCv, Ls,vq Ď Uv for each ps, πq P PSL and each
v P V . Put U :“

À

Uv. Then,

W
exp

s,πpyq Ď H0pX,Ly
sq Ď

à

vPV

H0pCv, Ls,vq Ď
à

vPV

Uv “ U

for each ps, πq P PSL and each partial gluing data y for the Ls,v.
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Consider the Grassmannian Gr :“ Grass
`

g,U
˘

of g-dimensional subspaces of U . For each
B P Brg, we define the brick locus

GrB :“ GrassBpg,U q :“
!

W Ď U
ˇ

ˇ Pν˚
W

Ě B
)

,

where Pν˚
W

Ď ∆g is the polytope associated to the submodular function ν˚
W.

The component-wise action of the torus GV
m on U “

À

vPV Uv induces a natural action of
GV

m on Gr, with the diagonal Gm ãÑ GV
m acting trivially. Let T :“ GV

m

L

Gm be the quotient
torus. The brick locus GrB is invariant under the action of T. We interpret the bricks as
stability chambers corresponding to the various linearizations of the action by T, and prove in
Theorem A.2 that the categorical quotient GrB

L

T, a GIT quotient, exists and is projective.
For each cone σ in Σ that intersects RE

ą0, and each full-dimensional brick B P Brg, denote
by σB the smallest cone in ΣB that contains σ. Define the map

Φσ : G
E
m

`

ΦB
σB

˘

BPBrg
ÝÝÝÝÝÝÝÑ

ź

BPBrg

GrB

T

whose B-component ΦB
σB
: GE

m ÝÑ GrB

T is given as follows: Let ps, πq P PSLpBq be the unique
permissible slope-level pair such that σs,π “ σB. We view each element ρ P GE

mpkq as a map
ρ : E Ñ kˆ, and consider its restriction to Eint

s , viewed as a map from Aint
s to kˆ given by

a ÞÑ ρa with ρa “ ρe for e the underlying edge of a. We associate to ρ the partial gluing data
y “ yps, ρq for the Ls,v, which corresponds to the data pya “ ρspaq

a qaPAint
s

via the isomorphisms
Ls,v|pa – k for v P V and a P Ev. Let Lyps,ρq

s be the resulting subsheaf of the sum
À

Ls,v, that
is,

Lyps,ρq
s “

č

a“uvPAint
s

ker
´

à

wPV

Ls,w ÝÑ Ls,u|pa ‘ Ls,v|pā – k ‘ k
p´ρ

´spaq
a ,1q

ÝÝÝÝÝÝÝÑ k
¯

.

Then, ΦB
σB

is defined by sending ρ to the orbit under T of Wexp

s,πpyps, ρqq, where,

W
exp

s,πpyps, ρqq “ Res´1pGπq
č

H0pX,Lyps,ρq
s q Ď

à

vPV

H0pCv, Ls,vq Ď U .

For each cone σ P Σ that intersects RE
ą0, we set

Vσ :“ ImpΦσq Ď
ź

BPBrg

GrB

T
, and V :“

ď

σPΣ

Vσ.

Using the squashing process of Section 9 and our study of the π-residue spaces in [AEG24]
(see Section 1.5), we prove the following theorem.

Theorem 10.2. Let X be a nodal curve over an algebraically closed field k of characteristic
zero with branches over nodes in general position on the components of its normalization, and
let G be its dual graph. Then:

(1) The variety of limit canonical series V parametrizes all fundamental collections asso-
ciated to any smooth proper curve X over a valued field K that tropicalizes to pX,Γq

for any metric graph Γ over G.
(2) For each cone τ of Σ meeting RE

ą0, we have that Vτ “
Ť

σĚτ Vσ. In particular, V is a
projective variety.
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1.9. Applications. Let X be as before, and G “ pV,Eq its dual graph. One of the main goals
in [EH87, EM02, ES07] was to describe limits of Weierstrass points along smoothings of X,
that is, one-parameter families of smooth curves degenerating to X, for curves X, respectively,
of compact type, with two components, and whose each pair of components intersect (with
the restriction that the smoothing be regular, that is, with regular total space). We improve
on all these results by describing these limits in the full generality considered in this paper.

In fact, in order to do this, we need only part of the data of the fundamental collection of
simple limit canonical series.

We use a refinement of [EM02, Thm. 2.8], which gives a formula for the limit Weierstrass
divisor in a smoothing of X. The formula requires the determination of the limit canonical
series which have foci on the components of X. It is actually enough to produce for each
v P V a limit canonical series whose restriction to the component associated to v has the
same rank, and adjust the so-called correction numbers accordingly; cf. [EM02, Rmk. 2.9].
This is the case of the simple limit canonical series Wh whose polytopes contain a vertex of
the standard simplex ∆g; see [AE24, Thm. 9.4]. The variety that parameterizes the limit
Weierstrass divisors is thus the image of the projection of the subvariety

V “
ď

σPΣ

Vσ Ă
ź

BPBrg

GrB

T

onto the product indexed by the |V | bricks B P Brg which contain a vertex of ∆g. This
variety provides a broad generalization for all curves of the variety constructed in [EM02] for
two-component curves.

Our next theorem describes how each point on this image determines the limit Weierstrass
divisor of any smoothing of X which gives rise to it. In the algebraic setting, its proof uses
the ideas above, and in the more general analytic setting considered in this paper, the proof
uses a refined extension of [EM02, Thm. 2.8] given in [AGR23, §A] using Berkovich geometry.

For each v P V , we call v-extremal the vertex q of ∆g with qpvq “ g. For each a P Ev,
denote by ma the maximum order of poles of the meromorphic differentials in Uv at pa. Put
Lv :“ ωvp

ř

aPEv
map

aq. Then, Uv Ď H0pCv,Lvq. Finally, for each e P E, let me :“ ma ` mā,
with a and ā the arrows lying over e.

Theorem 1.2. Let X be a smooth proper curve over a valued field K which tropicalizes to
X. For each v P V , let WpX, vq be the limit canonical series in the fundamental collection
FCpXq whose associated polytope contains the v-extremal vertex of ∆g, and let RpX, vq be the
ramification divisor of the linear series of sections of Lv induced by the projection of WpX, vq

in Uv. Then, the limit Weierstrass divisor RpXq on X is given by

RpXq “
ÿ

vPV

RpX, vq `
ÿ

ePE

gpg ` 1 ´meqp
e.

(We remark that the me depend on the choice of the Uv but the right-hand side in the
formula above does not.)

In the above theorem, we used only the “extremal” limit canonical series in the fundamental
collection. However, as observed already in [EO13], additional limits are needed, in general,
to describe the limits of canonical divisors.

In addition, by considering all limit canonical series in the fundamental collection, we can
define a rational map from X to a quiver Grassmannian, in the spirit of [ESV21]. This
construction can be used to describe a limit of the canonical map of X, extending the theory of
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admissible covers introduced by Harris and Mumford [HM82] to the setting of canonical maps.
Namely, each element Wh in FCpXq defines a rational map X 99K PpW˚

hq, well-defined away
from a finite set of points, precisely because Wh belongs to FCpXq. Combining them yields
a rational map from X to the product of the PpW˚

hq. Remarkably, this map factors through a
specific quiver Grassmannian, the one which parametrizes one-dimensional subrepresentations
of the dual of the representation formed by the Wh of the quiver coming from the polyhedral
decomposition of ∆g by the polytopes Pν˚

h
, given in Theorem 4.11. This factorized map can

be viewed as a limit of the canonical map of X.

1.10. Related work. The literature on degenerations of line bundles over families of curves
is extensive. We refer to [D’S79, OS79, AK79, AK80, Cap94, Pan96, Est01, MRV17, KP19],
among others. Part of the motivation for these works was to understand degenerations of
linear series, which, however, proved to be significantly subtler, with only a few partial results
known. Two theories are available today in restricted settings. The first, by Harris and
Mumford [HM82], the theory of admissible covers, applies to degenerations of rank one linear
series. The second, systematized in the pioneering work by Eisenbud and Harris [EH86],
the theory of limit linear series, applies for any rank but only to limit curves of compact
type. In [EH89], Eisenbud and Harris posed the problem of extending their theory to all
stable curves, a problem that remained largely unsolved to this day. Efforts were made, for
instance in [Ran85, Est98, Oss06, Oss19], but the ideas introduced were not further developed,
likely because the combinatorial framework was rather unwieldy. Our framework, introduced
in [AE24], provides a new combinatorial and polyhedral foundation for a program aimed at
tackling this problem, with the work presented in this paper as its first application.

On the combinatorial side, divisor theory for graphs was introduced in [BN07] by Baker and
Norine, and later extended to tropical and hybrid settings. For a survey of these developments,
we refer to Baker and Jensen [BJ16] and Jensen and Payne [JP21]. The degeneration of
linear series from a tropical perspective has been explored in [JP22, AG22]. Notably, tropical
methods have been instrumental in studying the geometry of curves and their moduli spaces,
with a significant application in the recent work by Farkas, Jensen, and Payne [FJP20]. Recent
work on the degeneration of tropical line bundles include [AP20, AAPT23, MMUV22, CPS23].
Tropicalizations of the moduli space of admissible covers and the moduli space of weighted
stable curves have been studied in [CMR16] and [Uli15, CHMR16].
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ported by the "CAPES-COFECUB" programme (project number: Ma 1017/24), funded by
the French Ministry for Europe and Foreign Affairs, the French Ministry for Higher Education
and CAPES.

2. Submodular functions

Let V be a finite nonempty set. Denote by 2V the family of subsets of V . We study
properties of functions φ : 2V Ñ R.

Given two functions φ, µ : 2V Ñ R, we write φ ě µ if φpIq ě µpIq for every I Ď V .
Furthermore, we write φ ą µ if the inequalities are strict for proper subsets I, i.e., equality
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might hold only if I “ ∅ or I “ V . (It will be often the case for us that φ and µ agree on ∅
or V .)

We call φ : 2V Ñ R nonnegative if φ ě 0 and positive if φ ą 0. We call φ nonincreasing if
φpJq ě φpIq for J Ď I Ď V , and nondecreasing if the reverse inequalities hold.

For each I Ď V , we denote by Ic the complement of I in V .

2.1. Submodular functions. We say a function φ : 2V Ñ R is submodular if φp∅q “ 0 and

φpI1q ` φpI2q ě φpI1 Y I2q ` φpI1 X I2q for each I1, I2 Ď V.

We call the quantity φpV q the range of φ. Similarly, a function µ : 2V Ñ R is called supermod-
ular if µp∅q “ 0 and the inequalities above are all reversed; the quantity µpV q is called the
range of µ. A function which is both supermodular and submodular is called modular. Modu-
lar functions on 2V are in bijection with RV : each q P RV can be viewed as a modular function
q : 2V Ñ R by putting qpIq :“

ř

vPI qpvq for each I Ď V , with the convention qp∅q :“ 0.

2.2. Adjoints. For each φ : 2V Ñ R with φp∅q “ 0, let φ˚ : 2V Ñ R be the adjoint to φ
defined by

φ˚pIq :“ φpV q ´ φpV ∖ Iq for each I Ď V.

It is easy to see that φ is submodular, resp. supermodular, if and only if φ˚ is supermodular,
resp. submodular. Furthermore, φ and φ˚ have the same range, and pφ˚q˚ “ φ. For a modular
function q, we have q˚ “ q.

If φ is submodular, then φ˚ ď φ. Indeed, applying the submodularity inequality to I and
Ic, and using that φp∅q “ 0, we get that φ˚pIq ď φpIq for each I Ď V ; equality holds for
I “ ∅ and I “ V .

2.3. Base polytopes. To each submodular function φ : 2V Ñ R we associate the base poly-
tope of the polymatroid associated to φ

Pφ :“
␣

q P RV
ˇ

ˇ qpIq ď φpIq @I Ď V, with equality if I “ V
(

,

or simply, the (base) polytope of φ.

2.4. The UpMin transform. Given φ : 2V Ñ R, define χ : 2V Ñ R by

χpIq :“ min
KĚI

φpKq for each I Ď V.

We say that χ is the UpMin transform of φ and write χ “ UpMinpφq.

Proposition 2.1. Let φ : 2V Ñ R. Then, UpMinpφq is nondecreasing. Also, if φ is submod-
ular and nonnegative, then so is UpMinpφq.

Proof. The first statement is clear. As for the second, assume φ is submodular and φ ě 0,
and put χ :“ UpMinpφq. Clearly, χ is nonnegative and χp∅q “ 0. It remains to show that

χpI1q ` χpI2q ě χpI1 Y I2q ` χpI1 X I2q @ I1, I2 Ď V.

Now, for each pair of subsets K1,K2 Ď V with K1 Ě I1 and K2 Ě I2, from the definition of χ,

φpK1 YK2q ě χpI1 Y I2q and φpK1 XK2q ě χpI1 X I2q.

Applying submodularity of φ to K1 and K2, we get

φpK1q ` φpK2q ě φpK1 YK2q ` φpK1 XK2q ě χpI1 Y I2q ` χpI1 X I2q,
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from which we deduce

χpI1q ` χpI2q “ min
K1ĚI1

φpK1q ` min
K2ĚI2

φpK2q ě χpI1 Y I2q ` χpI1 X I2q,

as required. □

Proposition 2.2. Let φ, ξ : 2V Ñ R be functions with ξ nonincreasing. Then,

UpMin
`

UpMinpφq ` ξ
˘

“ UpMin
`

φ` ξ
˘

.

Proof. Let µ1 be the UpMin transform of φ, and µ2 be the UpMin transform of µ1 ` ξ, so

µ1pIq “ min
KĚI

φpKq and µ2pIq “ min
KĚI

´

µ1pKq ` ξpKq

¯

for each I Ď V.

We need to show that µ2 is the UpMin transform of φ` ξ, that is,

µ2pIq “ min
KĚI

´

φpKq ` ξpKq

¯

for each I Ď V.

From the very definition of the UpMin transform, for I Ď K Ď V we have

µ2pIq ď µ1pKq ` ξpKq ď φpKq ` ξpKq,

and so µ2pIq ď UpMin
`

φ` ξ
˘

pIq. We need to prove now the reverse inequality.
Given I Ď V , there is I Ď K1 Ď V such that µ2pIq “ µ1pK1q ` ξpK1q. There is similarly

K1 Ď K2 Ď V such that µ1pK1q “ φpK2q. Thus,

µ2pIq “ φpK2q ` ξpK1q.

Since ξ is nonincreasing, ξpK1q ě ξpK2q. So

µ2pIq ě φpK2q ` ξpK2q,

from which we deduce µ2pIq ě UpMin
`

φ` ξ
˘

pIq, finishing the proof. □

2.5. Geometric meaning of UpMin. Let ∆g be the standard simplex of width g, for g ě 0:

∆g :“
!

q P RV
ě0

ˇ

ˇ qpV q “ g
)

Ă RV .

Proposition 2.3. Let φ : 2V Ñ R be a nonnegative submodular function of range g. Then,

PUpMinpφq “ Pφ X ∆g “ Pφ X RV
ě0

Proof. Put χ :“ UpMinpφq. Clearly, χpIq ď φpIq for each I Ď V , with equality if I “ V . It
follows that Pχ Ď Pφ. Also, χpV ∖ Iq ď χpV q, and thus

qpIq “ qpV q ´ qpV ∖ Iq ě χpV q ´ χpV ∖ Iq ě 0

for each q P Pχ, yielding Pχ Ď ∆g. Finally, if q P Pφ XRV
ě0, then we have qpIq ď qpKq ď φpKq

for each I Ď K Ď V , whence q P Pχ. □

Example 2.4. Consider the set V “ tu0, u1, u2, u3u and the submodular function φ : 2V Ñ Z
of range 3 defined by

φpu0q “ φptu0, uiuq “ 5, φptu0, ui, ujuq “ 4 for all distinct i, j P t1, 2, 3u,

φpIq “ 1 for all nonempty I Ď tu1, u2, u3u.

The polytope Pφ Ă R4, depicted in Figure 2, is the set of all points pq0, q1, q2, q3q in R4 with
q0 “ 3´q1 ´q2 ´q3 that verify, for all pairs i, j of distinct elements in t1, 2, 3u, the inequalities
´1 ď qi ď 1, ´2 ď qi ` qj ď 1 and ´ 2 ď q1 ` q2 ` q3 ď 1. The function χ “ UpMinpφq

satisfies χpIq “ 1 for each nonempty I Ď tu1, u2, u3u, and χpIq “ 3 for each I Ď V containing
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Figure 2. The polytope Pφ on the left is the one associated to the submodular
function φ defined in Example 2.4. The drawing shows its projection to R3,
using the last three coordinates. It has 7 visible and 4 hidden facets. The origin
O lies in the interior of Pφ. The red tetrahedron with vertices O,A,B and C
is the intersection of Pφ with ∆3 Ă R4

ě0 (projected down again to R3): it is the
polytope Pχ associated to the UpMin transform χ “ UpMinpφq. The rescaled
figure on the right shows the position of Pχ within ∆3 (the big tetrahedron in
blue with vertices O,X, Y, Z).

u0. The polytope Pχ, also depicted in Figure 2, is the set of all points pq0, q1, q2, q3q P R4
ě0

with q0 “ 3 ´ q1 ´ q2 ´ q3 that verify q1 ` q2 ` q3 ď 1. ˛

2.6. The DownSum transform. Given a function ε : 2V Ñ R, define the DownSum trans-
form of ε denoted DownSumpεq : 2V Ñ R by

DownSumpεqpIq :“
ÿ

JĎI

εpJq for each I Ď V.

Proposition 2.5. Let ε : 2V Ñ R. If ε ě 0, then DownSumpεq is supermodular and nonde-
creasing.

Proof. For each three subsets I1, I2, J of V , we have that J Ď I1 Y I2 if J Ď I1 or J Ď I2, and
J Ď I1 X I2 if J Ď I1 and J Ď I2. This simple observation coupled with the fact that ε ě 0
proves the supermodularity inequality of DownSumpεq for I1 and I2. □

2.7. The submodular function of a subset. For each subset J Ď V , denote by ξJ : 2V Ñ Z
the function satisfying

ξJpIq “

#

0 if I Ğ J,

´1 if I Ě J.

If J “ tvu we abbreviate ξv :“ ξJ .

Proposition 2.6. For each J Ď V , the function ξJ is submodular and nonincreasing.

Proof. This follows from Proposition 2.5 and the equality

ξJ “ ´DownSump1Jq,

where 1J : 2
V Ñ R is the characteristic function of J , taking values 1 on J and 0 elsewhere. □

Proposition 2.7. Let φ : 2V Ñ Z be a nonnegative integer-valued submodular function, and
let J Ď V . Then, φ` ξJ ě 0 if and only if there is v P J such that φ` ξv ě 0.
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Proof. Since ξJ ě ξv for each v P J , if φ ` ξv ě 0, then φ ` ξJ ě 0. Conversely, assume
φ ` ξJ ě 0. Suppose for the sake of contradiction that for each v P J , there is Iv Ď V such
that φpIvq ` ξvpIvq ă 0. Since φ ě 0, we must have v P Iv. And since φ is integer-valued, it
follows that φpIvq “ 0 for each v P J . Let I :“

Ť

Iv. Since φ is submodular, we get

0 ď φpIq ď
ÿ

vPJ

φpIvq “ 0,

and hence φpIq “ 0. But J Ď I, so ξJpIq “ ´1, whence φpIq`ξJpIq “ ´1, a contradiction. □

2.8. Submodular functions of subspaces. Let k be a field. For each v P V , let Uv be a
vector space over k. Put U :“

À

vPV Uv. For each subset I Ď V , let UI :“
À

vPI Uv and
denote by θI : U Ñ UI the corresponding projection map.

Let W Ď U be a finite-dimensional vector subspace. For each I Ď V , put WI :“ θI pWq,
and denote by ν˚

WpIq its dimension, that is, ν˚
W pIq :“ dimkpWIq.

Proposition 2.8. The function ν˚
W : 2V Ñ Z is submodular, nonnegative and nondecreasing.

Proof. Submodularity is direct, see [AE24, Prop. 8.1]. The rest is clear. □

2.9. Simpleness. A submodular function φ : 2V Ñ R is called simple if for each partition of
V into nonempty sets I and J , we have φpIq ` φpJq ą φpV q. If |V | “ 1, this is automatic.

Proposition 2.9. Let φ : 2V Ñ R be a submodular function and φ˚ its adjoint. Then, φ is
simple if and only if φ˚ ă φ. In particular, if φ is simple and φ˚ ě 0, then φ ą 0.

Proof. Immediate. □

Proposition 2.10. Let φ : 2V Ñ R be a nonnegative submodular function. If UpMinpφq is
simple, then φ is simple. The converse holds if φ is positive with positive range.

Proof. Put χ :“ UpMinpφq. Since φ is submodular and nonnegative, so is χ by Proposition 2.1.
Consider a partition of V into nonempty subsets I and J . The proposition follows from the

following two assertions:

(1) If φpIq ` φpJq “ φpV q, then χpIq ` χpJq “ χpV q.
(2) The converse holds if φ is positive with positive range.

The first assertion follows from the inequalities

φpIq ` φpJq ě χpIq ` χpJq ě χpV q “ φpV q.

As for the second, we have χpIq “ φpKq and χpJq “ φpNq for certain subsets K,N of V such
that I Ď K and J Ď N . Assume χpIq`χpJq “ χpV q. Since φ is submodular and nonnegative,

χpV q “ φpKq ` φpNq ě φpK YNq ` φpK XNq ě φpK YNq “ φpV q “ χpV q.

It follows that φpKq ` φpNq “ φpV q and φpK XNq “ 0. If φ is positive with positive range,
then K X N “ ∅. Since I Ď K and J Ď N , we must have I “ K and J “ N , and hence
φpIq ` φpJq “ φpV q. □
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3. Graphs

Let G “ pV,Eq be a finite graph with vertex set V and edge set E. If e P E connects
v, w P V , we write e “ tv, wu. Given a subset I Ď V , we denote by EpIq the set of edges in
E with both extremities in I. The induced subgraph on I, denoted GrIs, is the subgraph of G
with vertex set I and edge set EpIq. A connected component of G is an induced subgraph GrIs

which is connected and, in addition, there is no edge in G that connects a vertex in I to one in
the complement Ic. The genus of a connected graph G is the quantity gpGq :“ |E| ´ |V | ` 1.

We denote by E the set of arrows of G: each edge e “ tv, wu gives rise to two arrows v Ñ w
and w Ñ v in E. If e is a loop, i.e., v “ w, we still have two arrows v Ø w, corresponding to
the two half edges issued from e.

If a is an arrow with orientation v Ñ w, we call v the tail and w the head of a, and write
ta “ v and ha “ w, as well as a “ vw. The arrow in E with the reverse orientation is denoted
a; it has tail w and head v.

Given a set of arrows A Ď E and subsets I, J Ď V , denote by ApI, Jq the subset of arrows in
A with tail in I and head in J . We abbreviate ApIq :“ ApI, Iq and AI :“ ApI, V q; see Figure 3
for an example. If I “ tvu, a singleton, we simply write Av. Clearly, AI is the disjoint union
of the Av for v P I, that is, AI “

Ů

vPI Av.

3.1. Submodular functions arising from digraphs. An orientation O of G is a map
O : E Ñ E that associates to each edge e of G one of the two arrows in E arising from e. A
digraph H “ pV,Aq is a graph G “ pV,Eq with an orientation O of its edges so that A “ OpEq.

Proposition 3.1. Let H “ pV,Aq be a finite digraph. Let φ,φ1, φ2 : 2
V Ñ Z be defined by

φpIq :“ |ApIq| ` |ApIc, Iq|, φ1pIq :“ |ApIc, Iq|, φ2pIq :“ ´|ApIq|,

for each I Ď V . Then, φ is modular, and φ1 and φ2 are submodular.

Proof. All of the assertions can be reduced to the case where A has only one element, and
then proved by a case analysis. Also, observe that φ1 “ φ ` φ2; thus, if φ is modular, φ1 is
submodular if and only if so is φ2. □

3.2. Level structures on graphs. In this paper, an ordered set is a set with a total order
on its elements. We view a subset of R as ordered with the total order induced by that of R.
We add few more terminology to those in Section 1.4.

Recall that a level structure on the graph G “ pV,Eq is the data π of an ordered partition
of the vertex set V . Equivalently, a level structure is the data of a set Vπ endowed with a
total order ăπ and a surjection h “ hπ : V Ñ Vπ. This way, we can view Vπ as the unordered
partition underlying the level structure. The surjection h “ hπ : V Ñ Vπ takes then each
vertex to the part it belongs to. We refer to either pG, πq or pG, hq as a level graph, and call
h the associated level function. For each vertex v P V , hpvq is called the level of v. For each
pair of vertices u, v P V , abusing notation, we write u ăπ v if hpuq ăπ hpvq. If the ordered
partition π or the function h is understood from the context, we abbreviate pG, πq and pG, hq

to G, leaving π and h implicit.
A function h : V Ñ R induces the ordered partition π “ πh of V such that h “ ιhπ for an

order-preserving injection ι : Vπ Ñ R. Abusing notation, we call pG, hq a level graph, and h
its level function.

An edge e “ tu, vu in G is horizontal if u and v belong to the same part in the partition,
that is, if hpuq “ hpvq; otherwise, we call it vertical. We denote the set of vertical edges by
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Eπ. Its complement, Ec
π “ E ∖Eπ, is the set of horizontal edges. Denote by Eπ the subset of

E consisting of arrows on vertical edges, thus called vertical. The complement Ec
π “ E∖Eπ is

the set of arrows on horizontal edges, thus called horizontal.
We use the level structure to define a bipartition of Eπ. An arrow u Ñ v on a vertical

edge in Eπ is compatible with the level structure if u ąπ v. (Visually, the arrow Ñ and the
order ąπ point to v.) Denote by Aπ the set of arrows on vertical edges compatible with the
level structure. We refer to the elements of Aπ as upward arrows. (Visually, we think of
the level as depth, so the upward arrows on vertical edges point to the vertex with smaller
depth.) Its complement in Eπ is denoted Āπ; the elements of Āπ are called downward arrows.
Equivalently, Āπ :“ tā

ˇ

ˇ a P Aπu. This way we obtain a bipartition Eπ “ Aπ \ Āπ.
In figures, we draw horizontal edges horizontally and vertical edges vertically, with the

arrows in Aπ pointing upward. As the directions of the arrows are visually clear, we sometimes
drop them. Figure 3 illustrates a level graph G on the left, using a level function h : V Ñ

t1, 2u Ă R. The part with smallest level is depicted on top. Thus, hpu1q “ hpu2q “ hpu3q ą

hpu4q “ hpu5q, so, for example, u1 ąπ u4. On the right, we depict the upward and horizontal
arrows of G

u4 u5

u1 u2 u3

u4 u5

u1 u2 u3

Figure 3. A level graph with two levels on the left, and the corresponding
upward and horizontal arrows on the right. The set EI for I “ tu2, u3u is
depicted in red.

3.3. Residue spaces and residue conditions. We associate to a level graph pG, πq vector
spaces Gπ Ď Υ which will play an important role in our study of canonical series; see Section 5.
We suppose that G is connected.

Let h “ hπ : V Ñ Vπ be the corresponding level function. We fix a field k. Define Υ :“
ΥG :“ kE. For each ψ P Υ and a P E, denote by ψa the a-coordinate of ψ. For each v P V , we
set Υv :“ kEv . Then, we have the decomposition Υ “

À

Υv.

Definition 3.2. Let pG, πq be a level graph. We let Gπ Ď Υ be the subspace of the ψ which
satisfy Conditions (R1) through (R4) in Section 1.4, and call it the pG, πq-residue space, or
π-residue space for short if G is fixed. ˛

Theorem 3.3. The dimension of Gπ is the genus of G, that is,

dimk Gπ “ |E| ´ |V | ` 1.

Proof. In the absence of horizontal edges, this can be obtained from [BCG`19, Prop. 6.3],
using Picard–Lefschetz Theory on a degenerating family of Riemann surfaces. The statement
in this general form is proved in [AEG24]. □

Definition 3.4. We define γπ : 2
V Ñ Z to be the submodular function associated to the

subspace Gπ Ď Υ “
À

vPV Υv, that is, γπ :“ ν˚
Gπ

. ˛

The range of γπ is thus the genus of G. For future use, we note the following.
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Proposition 3.5. Let π1 be an ordered partition of V which is a coarsening of π, that is, each
part of π is included in a part of π1. Then, we have γπ1 ě γπ.

Proof. This is the second statement in [AEG24, Thm. 6.1]. □

3.4. Metric graphs. Given an edge length function ℓ : E Ñ Rą0 on the edge set of the graph
G “ pV,Eq, we denote by ℓe the real number ℓpeq associated to each e P E. We get a metric
graph Γ by plugging an interval of length ℓe between the two extremities of each edge e. It is
a metric space endowed with the path metric. The pair pG, ℓq is called a model for Γ.

We extend ℓ to E by putting ℓa :“ ℓe for each arrow a P E on an edge e P E.

3.5. Divisor theory on metric graphs. Let Γ be a metric graph with model pG, ℓq. Denote
by DivpΓq the group of divisors on Γ, which is by definition the free Abelian group generated
by the points on Γ. Write pxq for the generator associated to each point x P Γ, so that

DivpΓq “

!

ÿ

xPS

nxpxq

ˇ

ˇ

ˇ
S Ď Γ finite and nx P Z for all x P S

)

.

For each divisor D P DivpΓq and x P Γ, denote by Dpxq the coefficient of pxq in D, and
by supppDq the support of D, that is, the set of points x with Dpxq ‰ 0. The degree of D,
denoted degpDq, is defined as

degpDq :“
ÿ

xPΓ

Dpxq.

A rational function on Γ is a continuous function h : Γ Ñ R whose restriction to each edge
of Γ is piecewise affine with integral slopes. The set of rational functions on Γ is denoted
RatpΓq. The order of vanishing at x P Γ of a rational function h P RatpΓq, denoted ordxphq,
is the sum of the incoming slopes of h at x. The divisor divphq associated to h P RatpΓq is
then defined by

divphq :“
ÿ

xPΓ

ordxphqpxq.

Elements of this form in DivpΓq are called principal. Two divisors D1 and D2 are called linearly
equivalent, and we write D1 „ D2, if the difference D1 ´D2 is principal.

3.6. Admissible divisors on metric graphs. We briefly review the theory of admissible
divisors on metric graphs from our work [AE24].

Let Γ be a metric graph with model pG, ℓq. A divisor D on Γ is G-admissible, or simply
admissible if G is clear, if for each edge e of G, we have Dpxq “ 0 for every point x on the
interior of e with at most one possible exception for which we then have Dpxq “ 1. For each
collection D of divisors on Γ, denote by AGpDq the subset of all G-admissible divisors D P D .

A divisor D on Γ supported on the vertex set V is admissible. Moreover, if D1 is another
admissible divisor on Γ, then the sum D `D1 is also admissible.

3.6.1. Integer slopes. For each function h : V Ñ R, define B
ℓ
h : E Ñ Z by setting

B
ℓ
hpaq :“

Yhptaq ´ fphaq

ℓa

]

for each a P E.

We call B
ℓ
hpaq the incoming integer slope of h at ta along a. It is actually the incoming slope

of a rational function on Γ extending h; see Subsection 3.6.2.
The following is immediate.
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Proposition 3.6. For each function h : V Ñ R, the sum B
ℓ
hpaq ` B

ℓ
hpāq is either 0 or ´1,

depending on whether ℓa divides hptaq ´ hphaq or not, respectively.

3.6.2. Admissible extensions of functions. For each divisor D on Γ and function h : V Ñ R,
[AE24, Thm. 5.5] guarantees the existence and uniqueness of a rational function ph : Γ Ñ R
extending h for which D ` divpphq is admissible. The extension ph is the same for all divisors
D supported on the vertices of G. We restate the theorem below only in this case, the only
one we need in this paper. (We will set D to be K, the canonical divisor; see (4.1).)

For each arrow a “ uv P E of G on each edge e “ tu, vu and t P r0, ℓes, denote by xat the
point of Γ on e at a distance t from u along e. Thus, xat “ xāℓe´t.

Theorem 3.7 (Admissible extension of a function). For each real-valued function h : V Ñ R,
there is a unique rational function ph : Γ Ñ R extending h such that divpphq is admissible.
Furthermore, ph is characterized by the following properties:

(1) The incoming slope of ph at each v P V along each arrow a P Ev is B
ℓ
hpaq.

(2) For each arrow a P E and t P p0, ℓaq, the divisor divpphq takes value 0 at xat , unless
ℓa ´ t is the remainder of the Euclidean division1 of hptaq ´ hphaq by ℓa, in which case
it takes value 1.

Definition 3.8. We call the function ph described above the admissible extension of h, and
denote by Dh the admissible divisor divpphq. ˛

The following result gives a description of the principal divisor Dh “ divpphq.

Proposition 3.9. Let h : V Ñ R be a function, and ph : Γ Ñ R its admissible extension. Then,
for each x P Γ, we have

(1) If x P V , then Dhpxq “
ř

aPEx
B
ℓ
hpaq.

(2) If x “ xār for an arrow a “ uv, where r is the remainder of the Euclidean division of
hpuq ´ hpvq by ℓa, and r ‰ 0, then Dhpxq “ 1.

(3) Otherwise, Dhpxq “ 0.

Theorem 3.10 (Characterization of admissible divisors). Let D be a divisor on Γ supported
on the vertices of G. Then, each admissible divisor D1 linearly equivalent to D is of the form
D1 “ D` divpphq for the admissible extension ph of a function h : V Ñ R. Furthermore, if Γ is
connected, h is unique up to addition by constants.

The upshot is a bijection between admissible divisors in the linear equivalence class of D
and level functions h : V Ñ R up to addition by constants.

3.7. Slope functions. The following definition is motivated by Proposition 3.6.

Definition 3.11. Let G “ pV,Eq be a graph. A function s : E Ñ Z is called a slope function
if

spaq ` spāq P t´1, 0u for each arrow a P E.
Given a slope function s : E Ñ Z, we denote by As the set of arrows a P E with spāq ă 0
(equivalently, either spaq ą 0, or spaq “ 0 and spaq ` spāq “ ´1), and call the arrows in As

upward for s. The reverse arrows are called downward for s; their set is denoted Ās. All of
these arrows and their underlying edges are called vertical for s; the remaining arrows and

1For n, l P R with l ą 0, writing n “ tn
l

u ` r with 0 ď r ă l, r is the rest of the Euclidean division of n by l.
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edges are called horizontal for s. If spaq ` spāq “ 0, we say that a and the underlying edge
are integer for s. Denote by Eint

s (resp. Aint
s ) the set of integer vertical edges (resp. integer

upward arrows). ˛

Remark 3.12. By Proposition 3.6, for each edge length function ℓ : E Ñ Rą0, and function
h : V Ñ R, the function B

ℓ
h : E Ñ Z is a slope function. Furthermore, if s “ B

ℓ
h and π “ πh,

the level structure induced by h, then As “ Aπ and Ās “ Āπ. Also, a “ uv P Aπ is integer for
s if and only if ℓa divides hpuq ´ hpvq. ˛

Definition 3.13. For each slope function s : E Ñ Z, define ζs : 2V Ñ Z by

ζspIq :“ |AspI
c, Iq| `

ÿ

aPEpI,Icq

spaq @ I Ď V. ˛

Remark 3.14. If s “ B
ℓ
h for some edge length function ℓ : E Ñ Rą0 and function h : V Ñ R,

then the function ζs bears some similarity with the function µ˚
Dh

defined in [AE24, §4.2], which
satisfies

µ˚
Dh

pIq “
|EpIc, Iq|

2
`

ÿ

aPEpI,Icq

B
ℓ
hpaq @ I Ď V.

We know µ˚
Dh

is submodular by [AE24, Prop. 4.3]. Remarkably, so is ζs by Proposition 3.16. ˛

Lemma 3.15. For each slope function s : E Ñ Z and I Ď V ,
ÿ

aPEpI,Icq

spaq “
ÿ

aPEI

spaq ` |AspIq ´Aint
s pIq|.

Proof. Immediate from the fact that spaq`spāq is 0 if a is integer for s, and ´1 otherwise. □

Proposition 3.16. For each slope function s : E Ñ Z, the functions ζs ´ φ1 and ζs ´ φ2 are
modular, where φ1pIq :“ |Aint

s pIc, Iq| and φ2pIq :“ ´|Aint
s pIq| for each I Ď V . In particular, ζs

is submodular.

Proof. For each I Ď V , from Lemma 3.15 we get

ζspIq ´ φ2pIq “
ÿ

aPEI

spaq ` |AspIq| ` |AspI
c, Iq|.

Clearly, the function I ÞÑ
ř

aPEI
spaq is modular. It thus follows from Proposition 3.1 that

ζs ´ φ2 is modular. The same proposition yields that φ1 ´ φ2 is modular, whence ζs ´ φ1 is
modular. The last statement follows from the fact that φ1 and φ2 are submodular, again by
Proposition 3.1. □

We state the following monotonicity property, which will be useful later in Section 9.8.

Proposition 3.17. Let s, s1 : E Ñ Z be slope functions with s1 ě s. Then, ζs1 ě ζs.

Proof. Since s1 ě s, we only need to prove that for each subset I Ď V and arrow a P AspI
c, Iq

such that a R As1pIc, Iq, we have s1pāq ą spāq. But this is clear: since a P AspIc, Iq, we have
spāq ă 0, and since a R As1pIc, Iq, we have s1pāq ě 0. Hence, s1pāq ą spāq, as claimed. □
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4. Tropicalization

We discuss in this section tropicalization of differentials and of canonical series. We state
in particular the analogue to the theorem proved in our work [AE24] that tropicalization of
canonical linear series gives rise to tilings of simplices by polytopes.

We fix an algebraically closed field K which is complete for a nontrivial non-Archimedean
valuation v. For instance, K could be obtained from a discrete valuation ring (like the ring of
power series in one variable over a field) by taking the completion of the algebraic closure of
its field of fractions. Put Λ “ vpK ∖ t0uq, the value group of v. Denote by R the valuation
ring of v, and by m and k the maximal ideal and the residue field of R, respectively.

Let X be a smooth proper connected curve over K. Denote by X
an the Berkovich analyti-

fication of X. Recall that the points on X
an are in bijection with the union of the (closed)

points on X and the valuations on the function field KpXq that extend the valuation of K.
For each point x of Xan , denote by vx the corresponding valuation, by Rx its valuation ring,
and by kpxq its residue field. Each rational function f on X gives rise to an evaluation map
evf : X

an
Ñ R Y t˘8u, that sends x to vxpfq.

We fix a semistable vertex set V for X
an . It is a finite set of type 2 points on X

an whose
complement Xan ∖V is a disjoint union of finitely many open annuli and infinitely many open
disks. The semistable vertex set V defines a skeleton Γ for Xan , the union in X

an of V and the
skeleta of the open annuli in X

an ∖V . The canonical metric on each of these skeleta identifies
it with an open interval whose closure has one or two boundary points in V . This way, the
semistable vertex set defines a graph G “ pV,Eq and an edge length function ℓ : E Ñ Rą0,
and we may view the skeleton Γ as the metric graph associated to the pair pG, ℓq canonically
embedded in X

an . Denote by τ : Xan
Ñ Γ the retraction map from X

an to Γ.
For each point x of type 2 on X

an , the field kpxq is of transcendental degree one over k;
let Cx be the corresponding smooth proper curve over k. Each unit outgoing tangent vector
ν P TxΓ gives a point on Cx denoted pν . If x P V , and ν is parallel to the arrow a “ xv P E,
then we denote this point by pa.

Gluing the curves Cv for v P V , by identifying the points pa on Cv and pā on Cw for all
arrows a “ vw P E, gives a nodal curve X whose dual graph is G. We say that the pair pX,Γq

is obtained as a tropicalization of X.

4.1. Tropicalization of linear series and tilings of simplices. We first briefly discuss
tropicalization of divisors and spaces of linear series.

Let D be divisor of degree d on X. Let H be a vector subspace of dimension r ` 1 of the
Riemann–Roch space of D:

H Ď
␣

f P KpXq
ˇ

ˇ divpfq ` D ě 0
(

.

The pair pD,Hq defines a linear series grd on X.
The tropicalization of pD,Hq gives rise to a set of rational functions on Γ, as follows.

Let τpDq “
ř

xPXDpxqτpxq be the divisor on Γ obtained by the tropicalization of D. For
each nonzero rational function f P KpXq, we denote by troppfq the restriction to Γ of the
evaluation map evf : X

an
Ñ RY t˘8u. This is a rational function on Γ and by Specialization

Lemma [AB15, Thm. 4.5], we have

τpDq ` divptroppfqq “ τpD ` divpfqq.

We enrich the tropicalization by adding a collection of k-vector subspaces Uv Ď kpvq

associated to the vertices v of G as follows. First, we choose a homomorphism a : Λ Ñ K∖t0u
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that is a section of the valuation v : K ∖ t0u Ñ Λ. Since Λ is divisible, a section exists. Put
aλ :“ apλq for λ P Λ. Then, for each vertex v P V , the nonzero elements of the k-vector space
Uv are the reductions of the nonzero functions f P H, which are the image in the residue field
kpvq of a´1

vvpfq
f P Rv; see [AB15, §4.4]. It is proved in [AB15, Lem. 4.3] that Uv is a k-vector

space of dimension r ` 1. We associate to the linear series pD,Hq the k-vector space

U :“
à

vPV

Uv.

Denote by D the linear equivalence class of τpDq on Γ. Let DΛ be the subset of D consisting
of all Λ-rational divisors. Recall that a divisor is Λ-rational if its support consists only of Λ-
rational points, that is, points whose distances to vertices of V are all in Λ.

Let D P DΛ be a G-admissible divisor. In [AE24], we associate to D an pr` 1q-dimensional
subspace of U as follows. Since D P DΛ, we can write D “ divphq ` τpDq for a rational
function h P RatpΓq such that hpV q Ď Λ. Denote by Mh the space of all functions f P H such
that troppfqpvq ě hpvq for v P V , that is,

Mh :“
␣

f P H
ˇ

ˇ troppfqpvq ě hpvq @v P V
(

.

Then, we let Wh be the image of redh : Mh Ñ U, defined by letting redhpfqv be the reduction
of a´1

hpvq
f in kpvq for each f P H and v P V ; this is reduction relative to h. The space Wh has

dimension r ` 1 by [AE24, Lem. 7.9]. It depends only on D, rather than on h. This is the
pr ` 1q-dimensional subspace of U associated to D. But since in this paper we are viewing
the function h as a level function, we prefer to use the notation Wh in the sequel.

We may now associate to D the submodular function ν˚
h : 2

V Ñ R given by ν˚
h :“ ν˚

Wh
; see

Proposition 2.8. Consider as well the corresponding polytope

Qh :“ Pν˚
h

“
␣

q P RV
ˇ

ˇ qpIq ď ν˚
hpIq @I Ď V, with equality if I “ V

(

.

It is contained in the standard simplex ∆r`1 Ă RV consisting of all the points q P RV
ě0 with

qpV q “ r ` 1. We proved in [AE24, Thm. 8.4] the following theorem.

Theorem 4.1. The collection of polytopes Qh associated to G-admissible divisors in DΛ, where
D is the linear equivalence class of the divisor τpDq, form a tiling of the standard simplex ∆r`1.

4.2. Tropicalization of differentials. For each point x of type 2 on Γ Ă X
an , denote by

Ωx the space of meromorphic differentials of Cx, and by gpxq its genus. Extending g by zero
over all the other points on Γ, we get the genus function g : Γ Ñ Zě0. We refer to pΓ, gq as
an augmented metric graph. By an abuse of notation, we denote as well by g the restriction
of the genus function to V , and refer to the pair pG, gq as an augmented graph.

Denote by K the canonical divisor of pΓ, gq, defined by

K :“
ÿ

xPΓ

p2gpxq ´ 2 ` valpxqq pxq “
ÿ

vPV

p2gpvq ´ 2 ` valpvqq pvq,(4.1)

where valpxq denotes the valence of x in Γ. Denote by K the linear equivalence class of K,
and by KΛ Ď K the subset consisting of Λ-rational divisors. Since the edge lengths in G are
all in Λ, the vertices of G are Λ-rational, and thus K P KΛ.

Denote by ΩX the space of meromorphic differentials of X, and by H the g-dimensional
subspace of Abelian differentials. Let }¨} be the Kähler norm on ΩX that at each point x P X

an

associates to each α P ΩX a value }α}x P Rě0 Y t`8u. We refer to Temkin [Tem16, §6] for the
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definition of }¨} in the general case, and to [TT22] in the case of curves. For each f P KpXq

and each point x P X
an , the norm satisfies

}fα}x “ e´vxpfq}α}x.

Also, }α}x is 0, resp. `8, if x is a closed point of X which is a zero, resp. a pole, of α.
For each point x of type 2 on X

an , the meromorphic differentials α P ΩX with }α}x ď 1
form thus a module over the valuation ring Rx. This module is endowed with a natural map
to Ωx, which becomes injective after tensoring with kpxq. The image in Ωx of a differential
in the module is called its reduction. In any case, for each nonzero α P ΩX, we have that
log }α}x P Λ, and hence there is c P K such that }α}x “ exppvpcqq, or equivalently }cα}x “ 1,
and hence cα has nonzero reduction at x.

Definition 4.2 (Tropicalization of differentials). For each nonzero meromorphic differential
α of X, the tropicalization of α is the function

troppαq : Γ ÝÑ R, x ÞÝÑ ´ log }α}x. ˛

Theorem 4.3. The tropicalization troppαq of a meromorphic differential α P ΩX is a rational
function on Γ. It verifies the slope formula,

divptroppαqq `K “ τpdivpαqq,

where divpαq is the divisor of α on X.

Proof. The first part is a consequence of [Tem16, Thm. 8.2.4]. The second is proved in [TT22,
Prop. 2.3.3] using [BT20, Lem. 3.3.2] (see as well [Ami14, KRZB16, BN16]). □

Definition 4.4. Let x P X
an be a point of type 2. Let α be a meromorphic differential on

X. We denote by rαx the reduction of α at x, defined as the restriction of a´1
λ α to Cx for

λ :“ troppαqpxq. ˛

Note that rαx is a meromorphic differential on the curve Cx. It changes by a scalar when
the section a of v is changed, so it is well-defined up to scaling by an element of kˆ. For the
definition of reduction, we refer to [TT22, §2]. We have the following result [BT20, Lem. 3.3.2].

Lemma 4.5 (Slope Formula). Let x be a point of type 2 on Γ and α a meromorphic differential
on X. For each unit outgoing tangent vector ν P TxΓ at x, the order of vanishing of rαx at the
point pν is given by ´1 ` slνF , where F “ troppαq and slνF is the outgoing slope of F at x
along ν.

For each vertex v P V , let Uv be the vector subspace of Ωv spanned by the meromorphic
differentials on Cv which are reductions rαv at v of Abelian differentials α P H. This is a
vector space of dimension g, as in [AB15, Lem. 4.3]. Put

U :“
à

vPV

Uv Ă Ω :“
à

vPV

Ωv.

The spaces U and Ω are endowed with an action of kV :“
ś

vPV k. For each element ψ P kV

and v P V , we denote by ψv the element in k given by the v-component of ψ. Each ψ P kV

corresponds to an endomorphism of U, respectively, Ω, given by componentwise multiplication
by ψv, v P V , which, abusing notation, we will also denote by ψ.
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4.3. Reductions of differentials. We explain how to associate a g-dimensional subspace of
U to each Λ-rational G-admissible divisor on Γ linearly equivalent to K.

Recall that K is the linear equivalence class of K, that KΛ Ď K is the subset of Λ-rational
divisors, and AGpKΛq Ď KΛ is the subset of G-admissible divisors.

Notice that K is Λ-rational because all the edge lengths in G are in Λ. Let FGpK; Λq be
the set of all functions h P RatpΓq such that divphq `K is G-admissible and hpV q Ď Λ. Then,
AGpKΛq is the set of divisors of the form divphq `K for h P FGpK; Λq.

By Theorem 3.7, there is a bijection from FGpK; Λq to the collection of maps V Ñ Λ.
It is given by taking h P FGpK; Λq to h|V , with inverse taking h : V Ñ Λ to its admissible
extension ph. Abusing notation, we will not distinguish h P FGpK; Λq from h|V .

For each h : V Ñ Λ, let Mh be the space of all Abelian differentials α P H such that
troppαqpvq ě hpvq for every v P V . Recall that we fixed a section a : Λ Ñ K ∖ t0u of the
valuation v. Notice that troppa´1

hpvq
αqpvq ě 0 for each α P Mh.

Definition 4.6 (Relative reduction map redh). The reduction map relative to h is the map

redh : Mh Ñ U

defined as follows: For each α P Mh, let redhpαq be the element of U whose component
predhpαqqv is the reduction of a´1

hpvq
α to the curve Cv for each v P V . ˛

Note that predhpαqqv “ 0 if troppαqpvq ą hpvq; otherwise, predhpαqqv “ rαv.

Definition 4.7 (Reduction of H relative to h). We define the reduction of the space of Abelian
differentials H relative to h as the subspace Wh Ă U consisting of the reductions of α P Mh

relative to h, that is,
Wh :“

␣

redhpαq
ˇ

ˇ α P Mh

(

Ď U Ă Ω.

We call Wh the limit canonical series associated to h. ˛

Note that for each λ P Λ, the space Wh`λ coincides with Wh. This implies that Wh depends
only on D “ K ` divphq. However, since we will view h as a level function, we will mainly
use the notation Wh in what follows.

Remark 4.8. If we choose a nontrivial Abelian differential α of X, and set D :“ divpαq, then
we are in the setting of Section 4.1 and we get an identification of the spaces Wh defined above
with the spaces Wh1 from Section 4.1, with h1 an appropriate translation of h using troppαq.
Nevertheless, it is fundamental that we treat the Wh as spaces of meromorphic differentials
for the role residues will play later. ˛

A different choice of the section a produces a subspace which might be different from Wh,
but which lies on the same orbit of U by the natural action of GV

m :“
ś

vPV kˆ. More precisely,
let π be the ordered partition associated to h, and let GVπ

m :“
ś

nPVπ
kˆ Ď GV

m be the subgroup
consisting of those elements ψ : V Ñ k˚ which factor through the quotient map V Ñ Vπ, that
is, ψu “ ψv whenever u and v belong to the same level, that is, whenever hpuq “ hpvq.

Proposition 4.9. The orbit GVπ
m Wh is well-defined, that is, it does not depend on the choice

of the section a.

Proof. Let a1 be another section of the valuation map, so that a1
λa

´1
λ has valuation zero for

every λ P Λ. Let red1
h : Mh Ñ U be the reduction map with respect to this new section.

For each λ P Λ, let ψλ be the reduction of a1
λa

´1
λ in k. Then, for each α P Mh, we have

pred1
hpαqqv “ ψ´1

hpvq
predhpαqqv for each v P V , and the statement follows. □
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4.4. The fundamental collection. Assume g ą 0. For each h : V Ñ Λ, we say that the
subspace Wh Ď Ω is simple if the corresponding submodular function ν˚

Wh
is simple.

Definition 4.10 (Fundamental collection of limit canonical series). Notation as above, we
denote by FCpXq the collection of simple subspaces Wh Ď Ω, and call it the fundamental
collection of limit canonical series on X associated to X. ˛

By the finite generation property [AE24, Thm. 9.6], the spaces in the fundamental collection
generate all the other limit canonical series Wh.

Theorem 4.11. The elements Wh of FCpXq are precisely those limit canonical series whose
corresponding polytope Pν˚

Wh
is full-dimensional. They and their faces form a tiling of the

standard simplex ∆g in RV .

Proof. The first statement follows from [AE24, Prop. 2.7] (see § 3.1 in loc. cit.). The second
now follows directly from Theorem 4.1, using Remark 4.8. □

5. Residue conditions

We fix a nodal projective connected reduced curve X defined over an algebraically closed
field k. Let G “ pV,Eq be its dual graph and E its arrow set. Let Cv be the normalization
of the component of X associated to each v P V . Each edge e “ tu, vu in E gives a point on
Cu, denoted pa, and a point on Cv, denoted pā, where a “ uv and ā “ vu are the arrows on
e, whose identification is the node pe on X corresponding to e. For each v P V , denote by Ωv

the space of meromorphic differentials on Cv. Put Ω :“
À

Ωv.

5.1. The residue map. For each vertex v of G and each point p on Cv, denote by

resp : Ωv Ñ k

the residue map at p, associating to a meromorphic differential α on Cv its residue at p. For
each arrow a P Ev, denote by resa the residue map on the curve Cv associated to the point pa:

resa :“ respa : Ωv Ñ k.

We put all the residue maps resa for a P E into a single map denoted by Res as follows.
Consider Υ “ kE “

À

v Υv, Υv “ kEv for v P V , from Section 3.3. The sum of resa for a P Ev

defines a map
Resv :“

ÿ

aPEv

resa : Ωv Ñ Υv.

Finally, the residue maps Resv for v P V define altogether

(5.1) Res :“
ÿ

vPV

Resv : Ω Ñ Υ.

5.2. Tropicalization and the residue conditions. Let X be a smooth proper connected
curve over an algebraically closed field K which is complete for a nontrivial non-Archimedean
valuation v with value group Λ Ď R and residue field k. Assume that pX,Γq is a tropicalization
of X for a metric graph Γ with model pG, ℓq, for ℓ : E Ñ Λ an edge length function.

For each h : V Ñ Λ, we consider the corresponding level graph pG, hq. Let π “ πh and
recall the subspace Gπ Ď Υ from Section 3.3 given by residue conditions (R1)-(R2)-(R3)-
(R4). Consider as well the subspace Wh Ď Ω arising from reduction relative to h of the space
H of Abelian differentials of X; see Section 4.3. We have the following theorem.
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Theorem 5.1. Assume charpkq “ 0. Then, for each h : V Ñ Λ, the residue map Res: Ω Ñ kE

takes Wh into the π-residue subspace Gπ Ď kE, where π is the level structure on G given by h.

For the proof, we review some background. The residue map Res has a counterpart on the
smooth curve X defined by Temkin and Tyomkin [TT22]:

Res : H Ñ KE.

This morphism sends each Abelian differential α P H to the map

Res‚pαq : E Ñ K, a ÞÑ Resapαq,

defined on each arrow a by the residue of the restriction of α to the oriented annulus in X
an

associated to a. More precisely, we write α in a local coordinate z on the oriented annulus as
a formal Laurent series of the form

ř

j cjz
j dz
z , and the residue Resapαq is the coefficient c0.

This is well-defined by Bojković [Boj19].
The residue map Res is K-linear, and satisfies the following residue analogue of Slope

Formula (Lemma 4.5): For each vertex v and each arrow a P Ev,

respaprαvq “ ČResapαq @α P H.

Here, rαv is the reduction of α at v, and ČResapαq is the reduction of Resapαq P K, both defined
using the section a of the valuation map v.

By [TT22, Thm. 3.1.1], harmonicity holds at the vertices of G, that is Res‚pαq belongs to
the first homology group H1pG,Kq of G with coefficients in K. It follows that Res is a map
from H to H1pG,Kq Ď KE.

Proof of Theorem 5.1. First, we note that all vectors in RespWhq satisfy Conditions (R1)
through (R3) in Section 3.3: (R1) is a consequence of Lemma 4.5, (R2) is the residue theorem
on smooth proper curves, and (R3) is the classical Rosenlicht condition (see [TT22]). Fur-
thermore, each β “ pβvqvPV P Wh satisfies β “ redhpαq for some α P Mh. If βv ‰ 0 for every
v P V , then troppαqpvq “ hpvq and βv “

`

redhpαq
˘

v
“ rαv for every vertex v P V . In this case,

the global residue conditions for β coincide with the ones established in [BCG`18] for the
twisted differential prαvqvPV , rather obtained in our level of generality from the harmonicity of
the residue map Res‚pαq : E Ñ K by [TT22, Rmk. 3.1.2].

For Wh in the fundamental collection FCpXq, since Wh is simple, there is β “ pβvqvPV with
βv ‰ 0 for all v P V , and thus a general element in Wh has the same property. Therefore, in
this case, by linearity of Res, we obtain RespWhq Ď Gπ.

By the finite generation property [AE24, Thm. 9.6], the spaces in the fundamental collection
generate all the other spaces Wh. That is, denoting by ϕh1

h : Wh1 Ñ Wh the k-linear map
between the spaces Wh1 and Wh for each h1, h : V Ñ Λ defined in [AE24, §8.3], each element
β P Wh is a linear combination of elements of the form ϕh1

h pβ1q for β1 P Wh1 with Wh1 in FCpXq.
Now, as we have seen above, denoting by π1 “ πh1 the level structure induced by h1, we have
Respβ1q P Gπ1 for these β1. Thus, the theorem follows from Proposition 5.2 below. □

Proposition 5.2. Let h, h1 : V Ñ Λ be functions with induced level structures π and π1,
respectively. Let β1 P Wh1 such that Respβ1q P Gπ1. Then Respϕh1

h pβ1qq P Gπ.

Proof. If β1
u “ 0 for every minimizer of h1 ´h, then ϕh1

h pβ1q “ 0, whence the statement is clear;
see [AE24, §8.3]. We may thus suppose there is a minimizer u for h1 ´ h such that β1

u ‰ 0.
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Since Wh1 “ Wh1`λ for every constant λ P Λ, we may assume h1puq “ hpuq. Then, there
is a sequence v1, . . . , vm P V ∖ tuu and positive constants λi P Λ for i “ 1, . . . ,m, such that,
putting h0 :“ h and hi :“ hi´1 ` λi1vi for i “ 1, . . . ,m, we have

‚ hm “ h1, and
‚ for each i “ 1, . . . ,m, no vertex v P V satisfies hi´1pviq ă hi´1pvq ă hipviq.

(The second condition means that vi is moved from its level in pG, hi´1q to a level below in
pG, hiq not exceeding any level of pG, hi´1q below that of vi.)

Since β1
u ‰ 0, and since hipuq “ h1puq “ hpuq for all i “ 0, . . . ,m, we have ϕhj

hk
˝ ϕhi

hj
‰ 0

for all i ą j ą k. Then ϕh
1

h “ ϕh1

h0
˝ ϕh2

h1
˝ ¨ ¨ ¨ ˝ ϕhm

hm´1
by [AE24, Prop. 8.10]. Proceeding by

induction on m, we may thus assume that h1 “ h ` λ1w for some w P V ∖ tuu and some
positive λ P Λ, and that there is no vertex v with hpwq ă hpvq ă hpwq ` λ.

Let β “ pβvqvPV :“ ϕh
1

h pβ1q P Wh. Then, βv “ β1
v for v ‰ w, and βw “ 0.

For each n P Λ, let Vh“n (resp. Vhăn) be the set of vertices v with hpvq “ n (resp. hpvq ă n).
Analogously for Vh1“n and Vh1ăn. Since there is no v with hpwq ă hpvq ă hpwq ` λ, for each n
in the image of h, we have

`

Vhăn, Vh“n

˘

“

$

’

&

’

%

`

Vh1ăn, Vh1“n

˘

if hpwq ą n or hpwq ă n´ λ,
`

Vh1ăn Y twu, Vh1“n ∖ twu
˘

if hpwq “ n´ λ,
`

Vh1ăn, Vh1“n Y twu
˘

if hpwq “ n.

The vectors in RespWhq satisfy conditions (R1) through (R3) in Section 3.3, so we only need
to check (R4), that is, we need to show that for each connected component Ξ of GrVhăns, we
have

(5.2)
ÿ

aPEpVh“n,Ξq

resapβtaq “ 0,

where a runs through the (upward) arrows connecting a vertex of level n in Vh“n to a vertex in
Ξ. We proceed by a case analysis, according to the three cases for

`

Vhăn, Vh“n

˘

listed above.
‚ In the first case, hpwq ą n or hpwq ă n ´ λ, we have Vhăn “ Vh1ăn and Vh“n “ Vh1“n. In

this case, Ξ is a connected component of GrVh1ăns as well, and the arrows a appearing in the
sum are the ones connecting Vh1“n to Ξ. Also, since hpwq ‰ n, we have βta “ β1

ta for all these
arrows a. Since Resh1pβ1q P Gπ1 , we have

ÿ

aPEpVh“n,Ξq

resapβtaq “
ÿ

aPEpVh1“n,Ξq

resapβ1
taq “ 0,

as required.
‚ In the second case, hpwq “ n ´ λ (and hence h1pwq “ n), we have Vhăn “ Vh1ăn Y twu,

and Vh“n “ Vh1“n ∖ twu. If w is not a vertex of Ξ, then Ξ is as well a connected component of
GrVh1ăns, which is moreover not connected to w. It follows that the upward arrows connecting
Vh“n to Ξ are the same as those connecting Vh1“n to Ξ. In addition, since hpwq ‰ n, for each
such arrow a, we have βta “ β1

ta , whence (5.2) holds as before.
Suppose now that w is a vertex of Ξ. Let Ξ1, . . . ,Ξm be the connected components of

the graph obtained from Ξ by removing the vertex w (and the edges that connect w to the
other vertices of Ξ). Note that w belongs to Vh1“n, and each Ξj is a connected component of
GrVh1ăns. Let a1, . . . , ak be the arrows of Ew with head another vertex of Ξ. Let b1, . . . , bs be
the horizontal arrows in Ec

h1 with tail w and heads w1, . . . , ws P Vh1“n, respectively. Then, the
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w

w

Figure 4. The second case appearing in the proof of Proposition 5.2, with
h1pwq “ hpwq ` λ “ n. The level graph given by h1 is depicted on the left
and the one by h on the right. We have s “ k “ 1, with horizontal b1 in red
and upward a1 in blue depicted on the left. Both have tail w. The connected
component Ξ in GrVhăns on the right consists of the two blue vertices and the
top azure vertex. b̄1 becomes upward for h on the right, and a1 becomes
horizontal.

reverse arrows b̄1 “ w1w, . . . , b̄s “ wsw become upward for h, connecting vertices of Vh“n to
w; see Figure 4. This gives the following characterization of the arrow set EpVh“n,Ξq:

EpVh“n,Ξq “ EpVh1“n,Ξ1q \ ¨ ¨ ¨ \ EpVh1“n,Ξmq \ tb̄1, . . . , b̄su ∖ ta1, . . . , aku.(5.3)

Since Resh1pβ1q P Gπ1 , β1 satisfies the global residue conditions for the level graph pG, h1q

and the connected components Ξ1, . . . ,Ξm of GrVh1ăns, that is,
ÿ

aPEpVh1“n,Ξjq

resapβ1
taq “ 0, for j “ 1, . . . ,m.

Summing up these equations, separating the arrows a1, . . . , ak with tail w, and using that
β1
ta “ βta for every arrow a whose tail is not w, gives

(5.4)
k
ÿ

i“1

resaipβ
1
wq `

m
ÿ

j“1

ÿ

aPEpVh1“n,Ξjq

aRta1,...,aku

resapβtaq “ 0.

Given that β1 has vanishing residues along downward arrows for h1 and satisfies the global
residue conditions for the remaining components of GrVh1ăns, the local residue condition at w,
which β1 satisfies as well, yields

k
ÿ

i“1

resaipβ
1
wq `

s
ÿ

i“1

resbipβ
1
wq “ 0.

Moreover, β1 satisfies Rosenlicht conditions at the horizontal edges b1, . . . , bs, yielding
s
ÿ

i“1

resbipβ
1
wq “ ´

s
ÿ

i“1

resb̄ipβ
1
tb̄i

q “ ´

s
ÿ

i“1

resb̄ipβtb̄i q.

Therefore, we have
k
ÿ

i“1

resaipβ
1
wq “

s
ÿ

i“1

resb̄ipβtb̄i q.

Combining this with Equation (5.4), we get
s
ÿ

i“1

resb̄ipβtb̄i q `

m
ÿ

j“1

ÿ

aPEpVh1“n,Ξjq

aRta1,...,aku

resapβtaq “ 0.
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Given the characterization (5.3) of EpVh“n,Ξq, this is precisely (5.2).
‚ Finally, in the third case, hpwq “ n, and so h1pwq “ n ` λ. Then, Ξ is a connected

component of GrVh1ăns as well and w R Vh1“n. Thus, β1 satisfies the global residue condition
for Ξ, and β1

v “ βv for each v P Vh1“n, whence
ÿ

aPEpVh1“n,Ξq

resapβtaq “
ÿ

aPEpVh1“n,Ξq

resapβ1
taq “ 0.

Let a1, . . . , ak be the upward arrows for h connecting w to Ξ. Note that

EpVh“n,Ξq “ EpVh1“n,Ξq \ ta1, . . . , aku.

Since βw “ 0, we have resai
pβwq “ 0 for all i “ 1, . . . , s. Therefore,

ÿ

aPEpVh“n,Ξq

resapβtaq “

k
ÿ

i“1

resai
pβwq `

ÿ

aPEpVh1“n,Ξq

resapβtaq “ 0,

which is (5.2). The proof is complete. □

6. General position conditions

Fix a field k. Let n be a nonnegative integer and let U be a vector space of finite dimension
over k. A flag F‚ of length n in U is a decreasing filtration of vector subspaces of U

F‚ : Fn Ĺ Fn´1 Ĺ ¨ ¨ ¨ Ĺ F0 with codimpFi,Fi´1q “ 1 for each i.

We say that F‚ complete if dimU “ n. (This implies F0 “ U and Fn “ 0.)
A collection Fℓ of complete flags of U is said to be in general position if for each finite

collection C of subspaces of U, there is F‚ P Fℓ such that:
(General position property) For each 0 ď i ď dimU, we have

(6.1) codim
´

Z X Fi, Z
¯

“ min pdimZ, iq for each Z P C .

6.1. Flags induced by points on curves. We give an example of a collection of flags in
general position that will appear in our study. Let C be an irreducible proper curve over k
and let L be an invertible sheaf on C. Let U :“ H0pC, Lq be the space of global sections
of L and denote by n its dimension. For each point p on C and for each j “ 0, . . . , n, put
Fj
p :“ H0pC, Lp´jpqq. We have the filtration

Fn
p Ď Fn´1

p Ď ¨ ¨ ¨ Ď F0
p “ U.

Lemma 6.1. Notation as above, assume the characteristic of k is zero. Then, there is a finite
set S Ă C containing the singular locus of C such that

(1) for each p P C∖ S, the filtration F‚
p is a complete flag of U, and

(2) the collection Fℓ :“
␣

F‚
p

ˇ

ˇ p P C∖ S
(

is in general position.

Proof. The set S is the union of the singular locus of the curve C and the set of Weierstrass
points of the complete linear system of sections of L. Since charpkq is 0, for each p R S, the
filtration F‚

p is a complete flag.
As for the second statement, for each finite collection C of subspaces of U, just choose

p P C ∖ S such that p is not a Weierstrass point for the linear system pL,Zq for any Z P C ,
and put F‚ :“ F‚

p. Then (6.1) holds for each i ď n. □
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6.2. Realizability, I. Let V be a finite set. For each v P V , let Uv be a finite-dimensional
vector space over k. Set

U :“
à

vPV

Uv and UI :“
à

vPI

Uv for each I Ď V.

Let θI : U Ñ UI and θIąJ : UI Ñ UJ denote the natural surjections for J Ď I Ď V .
Recall from Section 2.8 that to each subspace W Ď U we associate the submodular function

ν˚
W : 2V Ñ Z, given by φpIq “ dimkpWIq for each I Ď V , with WI :“ θI pWq Ď UI .
Recall from Section 2.7 that to each J Ď V we associate the function ξJ : 2V Ñ Z with

ξJpIq “

#

0 if I Ğ J,

´1 if I Ě J.

By Proposition 2.6, the function ξJ is nonincreasing and submodular.
Given a finite sequence J of subsets J1, . . . , Jd of V , we put

ξJ :“
d
ÿ

i“1

ξJi
.

Then, ξJ is submodular and nonincreasing. Let εJ : 2V Ñ Zě0 be the counting function of J
defined by letting εJ pIq be the number of Ji in the sequence J which are equal to I. We have
the tautological identities:

d “ |J | “
ÿ

IĎV

εJ pIq and ξJ “

d
ÿ

i“1

ξJi
“

ÿ

IĎV

εJ pIqξI .

Given a subspace W Ď U with ν˚
W ` ξJ ě 0, our next result asserts that the UpMin

transform χ :“ UpMinpν˚
W ` ξJ q, defined by

χpIq :“ min
KĚI

´

ν˚
WpKq ` ξJ pKq

¯

for each I Ď V,

is realizable in the sense that it is the submodular function associated to a subspace W1 of U.
Moreover, W1 can be found even imposing certain conditions on it, necessary for us later on.

Theorem 6.2 (First realizability theorem). Let W be a finite collection of subspaces of U.
For each I Ď V , let mI P Zě0 and FℓI be a collection of complete flags of UI in general
position. Then, there are flags F‚

I,1, . . . ,F
‚
I,mI

P FℓI for each I Ď V such that for each W Ď U
in W, each sequence J of subsets J1, . . . , Jd of V such that ν˚

W ` ξJ ě 0, and each partition
eI “ peI,1, . . . , eI,mI

q of εJ pIq into nonnegative integers for each I Ď V , we have

(6.2) UpMinpν˚
W ` ξJ q “ ν˚

W1 for W1 :“ W X
č

IĎV

mI
č

r“1

θ´1
I

pF
eI,r
I,r q Ď U.

In particular, codim
`

W1,W
˘

“ |ξJ pV q| “ |J |.

Remark 6.3. In the applications given in this paper, Theorem 8.5 for instance, and the
results that lead to it, we have: |Ji| “ 1 for all i, k is algebraically closed of characteristic
zero, Uv is a space of sections of an invertible sheaf on a smooth proper curve over k, and the
flags in Fℓtvu are the complete flags F‚

p for general points p on the curve for each v P V , as in
Section 6.1. Since the proof is the same for the more general statement in the theorem, we
treat it in this level of generality. ˛
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The crux of the proof of Theorem 6.2 is the following lemma, which concerns the case
|J | “ 1, thus J “ tJu and ξJ “ ξJ .

Lemma 6.4. Let W Ď U be a subspace and J Ď V be a subset such that WJ ‰ 0. Let
χ “ UpMinpν˚

W ` ξJq. Let H Ă UJ be a hyperplane. For each I Ď V , put

ZIYJ
I :“ θIYJąJ

´

WIYJ X kerpθIYJąI q

¯

“ θIYJąJ

´

θIYJ pWq X kerpθIYJąI q

¯

Ď UJ .

Then, the following statements are equivalent:
(1) χ is the submodular function associated to W X θ´1

J
pHq Ď U.

(2) For each I Ď V such that ZIYJ
I ‰ 0, we have ZIYJ

I Ę H.

Proof. Put W1 :“ W X θ´1
J

pHq, and let φ :“ ν˚
W and φ1 :“ ν˚

W1 be the associated submodular
functions. Since φ is nondecreasing, we have

(6.3) χpIq “ minpφpIq, φpI Y Jq ´ 1q for each I Ď V.

If WJ Ď H, then φ1 “ φ, whence φ1 ‰ χ. Since ZJ
∅ “ WJ ‰ 0, neither (1) nor (2) holds.

Assume WJ Ę H. Then, for each I Ď V we have

(6.4) φ1pIq ď φ1pI Y Jq “ φpI Y Jq ´ 1.

Since also φ1 ď φ, we get from (6.3) that φ1 ď χ, with equality if and only if, for each I Ď V ,

(6.5) φ1pIq “ φpIq or φ1pIq “ φpI Y Jq ´ 1.

We now need to verify for each I Ď V that (6.5) holds if and only if

(6.6) ZIYJ
I “ 0 or ZIYJ

I Ę H.

Let I Ď V . Consider the diagram of short exact sequences:

0 ÝÝÝÝÑ Z 1
I ÝÝÝÝÑ θIYJ pW1q

θ
IYJąI

ÝÝÝÝÑ θI pW1q ÝÝÝÝÑ 0
§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ ZI ÝÝÝÝÑ θIYJ pWq
θ
IYJąI

ÝÝÝÝÑ θI pWq ÝÝÝÝÑ 0.

Clearly, Z 1
I “ ZI X θ´1

IYJąJ
pHq. Using φ ě φ1 and (6.4), and Snake Lemma,

1 “ φpI Y Jq ´ φ1pI Y Jq ě φpIq ´ φ1pIq ě 0,

with equality in the middle if and only if Z 1
I “ ZI . So, θIYJąJ pZIq Ď H if and only if

φ1pIq “ φpIq ´ 1. But θIYJąJ maps ZI isomorphically onto ZIYJ
I by definition. Thus,

(6.7) ZIYJ
I Ď H if and only if φ1pIq ‰ φpIq, if and only if φ1pIq “ φpIq ´ 1.

Furthermore, the exactness of the bottom row in the above diagram yields

(6.8) ZIYJ
I ‰ 0 if and only if φpIq ‰ φpI Y Jq, if and only if φpIq ď φpI Y Jq ´ 1.

If ZIYJ
I “ 0, then φ1pIq “ φpIq ´ 1 by (6.7) and φpIq “ φpI Y Jq by (6.8). Thus, (6.5)

holds.
Finally, assume ZIYJ

I ‰ 0. Then φpIq ď φpI Y Jq ´ 1 by (6.8). Since φ1 ď φ, it follows that
(6.5) holds if and only if φ1pIq “ φpIq, hence if and only if ZIYJ

I Ę H by (6.7). The proof is
complete. □
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Proof of Theorem 6.2. We do induction on the sum of the mI . If the sum is zero, there is
nothing to prove. Otherwise, let J Ď V such that mJ ą 0.

For each subspace W Ď U and I Ď V , let

ZIYJ
I pWq :“ θIYJąJ

`

WIYJ X kerpθIYJąI q
˘

Ď UJ .

Notice that ZJ
∅pWq “ WJ . Let ZJ be the collection of the subspaces ZIYJ

I pWq of UJ for
W P W and I Ď V . By hypothesis, there is a flag F‚ P FℓJ such that

(6.9) codim
´

Z X Fi, Z
¯

“ min
´

dimZ, i
¯

for each i ď dimkUJ and Z P ZJ .

For each W Ď U and i “ 0, . . . ,dimkUJ , define

Wi :“ W X θ´1
J

pFiq,

and let φi
W be its associated submodular function. Clearly,

(6.10) ZIYJ
I pWiq “ ZIYJ

I pWq X Fi for each I Ď V.

Then, Wi
J “ WJ X Fi ‰ 0 for each i ă dimkpWJq, allowing us to apply Lemma 6.4 to Wi.

It follows from (6.9) and (6.10) that either we have ZIYJ
I pWiq “ 0 or ZIYJ

I pWiq Ę Fi`1 for
each W P W, and hence φi`1

W “ UpMinpφi
W ` ξJq by Lemma 6.4. Applying Proposition 2.2

repeatedly, we get

(6.11) φi
W “ UpMinpν˚

W ` iξJq for each W P W and i P rdimkpWJqs.

Let ĂW be the collection of the Wi for W P W and i P rdimkpWJqs. In particular, W Ď ĂW.
Put m1

I :“ mI for I Ď V distinct from J and m1
J :“ mJ ´ 1. By induction hypothesis, there

are flags F‚
I,1, . . . ,F

‚
I,m1

I
P FℓI for each I Ď V such that for each W P ĂW, for each sequence J

of subsets J1, . . . , Jd of V such that ν˚
W ` ξJ ě 0, and for each partition eI “ peI,1, . . . , eI,m1

I
q

of εJ pIq into nonnegative integers, for each I Ď V , we have

(6.12) UpMinpν˚
W ` ξJ q “ ν˚

W2 for W2 :“ W X
č

IĎV

m1
I

č

r“1

θ´1
I

pF
eI,r
I,r q Ď U.

Put F‚
J,mJ

:“ F‚. Let W P W, and let J be a sequence of subsets J1, . . . , Jd of V such that
ν˚
W `ξJ ě 0. For each I Ď V , let eI “ peI,1, . . . , eI,mI

q be a partition of εJ pIq into nonnegative
integers. We need to prove (6.2).

Let k :“ eJ,mJ
. Notice that k ď εJ pJq ď dimWJ , because ν˚

W ` ξJ ě 0. Let rJ be the
subsequence obtained from J by removing k of the Ji equal to J . Then, ξJ “ ξ

rJ ` kξJ .
If k “ 0, then rJ “ J and also peJ,1, . . . , eJ,m1

J
q is a partition of εJ pJq. Then, (6.12) holds.

But W2 “ W1 because eJ,mJ
“ 0, and thus (6.2) holds.

If k ą 0, we have that Wk is in ĂW, and its submodular function φk
W satisfies, by (6.11) and

Proposition 2.2,

(6.13)
φk
W ` ξ

rJ “UpMinpν˚
W ` kξJq ` ξ

rJ “ UpMinpν˚
W ` kξJ ` ξ

rJ q

“UpMinpν˚
W ` ξJ q ě 0.

Since eI “ peI,1, . . . , eI,m1
I
q is a partition of ε

rJ pIq into nonnegative integers for each I Ď V , we
get that

UpMinpφk
W ` ξ

rJ q “ ν˚
W3 for W3 :“ Wk X

č

IĎV

m1
I

č

r“1

θ´1
I

pF
eI,r
I,r q Ď U.



36 OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

But W3 “ W1 because k “ eJ,mJ
, and UpMinpφk

W ` ξ
rJ q “ UpMinpν˚

W ` ξJ q by (6.13). Thus,
(6.2) holds in this case as well. □

6.3. Failure of nonnegativity. We state what happens if the nonnegativity assumption on
ν˚
W ` ξJ in Theorem 6.2 is relaxed. This will be used later in the proof of Proposition 7.9.

Proposition 6.5. Let W Ď U be a subspace and J a finite sequence of subsets of V such that

ν˚
WpJq ` ξJ pJq ď 0

for some nonempty subset J Ď V . For each I Ď V , let mI P Zě0 and FℓI be a collection
of complete flags of UI in general position. Then there are flags F‚

I,1, . . . ,F
‚
I,mI

P FℓI for all
I Ď V such that, for each partition eI “ peI,1, . . . , eI,mI

q of εJ pIq into nonnegative integers for
each I Ď V , putting

W1 :“ W X
č

IĎV

mI
č

r“1

θ´1
I

pF
eI,r
I,r q,

we have θvpW1q “ 0 for some v P V .

Proof. Put φ :“ ν˚
W. By hypothesis, there is a subsequence rJ of J such that φ ` ξ

rJ ě 0
and φpJq ` ξ

rJ pJq “ 0. By Theorem 6.2, there are F‚
I,1, . . . ,F

‚
I,mI

P FℓI for each I Ď V such
that, for each partition e1

I “ pe1
I,1, . . . , e

1
I,mI

q of ε
rJ pIq into nonnegative integers for each I Ď V ,

putting

W2 :“ W X
č

IĎV

mI
č

r“1

θ´1
I

pF
e1
I,r

I,r q,

we have
ν˚
W2 “ UpMinpφ` ξ

rJ q.

Then, θJ pW2q “ p0q.
Now, let eI “ peI,1, . . . , eI,mI

q be a partition of εJ pIq into nonnegative integers for each
I Ď V . Since rJ is a subsequence of J , for each I Ď V there is a partition e1

I “ pe1
I,1, . . . , e

1
I,mI

q

of ε
rJ pIq into nonnegative integers with e1

I,r ď eI,r for each r P rmIs. Then, W1 Ď W2, and
hence θJ pW1q “ p0q. Taking v P J , we conclude. □

6.4. Realizability, II: general hyperplanes. We will combine Theorem 6.2 with Theo-
rem 6.6 below in Section 7.7 to compute submodular functions of spaces of sections of sheaves
obtained by gluings. Recall V and U “

À

Uv from Section 6.2.

Theorem 6.6 (Second realizability theorem). Let W Ď U be a subspace and φ be its submod-
ular function. Let J be a sequence of subsets J1, . . . , Jd of V such that φ ` ξJ ě 0. For each
i “ 1, . . . , d and v P Ji, let Hi,v Ď Uv be a subspace of codimension at most 1. Assume that for
each collection S of subsets Si Ď Ji for i “ 1, . . . , d verifying the inequality

φ`

d
ÿ

i“1

ÿ

vPSi

ξv ě 0,

the space

WpS q :“ W X

d
č

i“1

č

vPSi

θ´1
v

pHi,vq
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has submodular function

φS :“ UpMin
´

φ`

d
ÿ

i“1

ÿ

vPSi

ξv

¯

.

Then,
À

vPJi
Hi,v is a proper subspace of UJi

for each i “ 1, . . . , d. Moreover, letting H be a
collection of general hyperplanes Hi Ă UJi

containing
À

vPJi
Hi,v for i “ 1, . . . , d, the space

WpH q :“ W X

d
č

i“1

θ´1
Ji

pHiq

has submodular function UpMinpφ` ξJ q.

We need the following lemma.

Lemma 6.7. Let W Ď U be a subspace and φ its submodular function. Let J Ď V such
that WJ ‰ 0. For each v P J , let Hv Ď Uv be a subspace of codimension at most 1, put
Wpvq :“ W X θ´1

v
pHvq, and let φv be its submodular function. Assume that

(6.14) either θvpWq “ 0, or φv “ UpMinpφ` ξvq.

Then,
À

vPJ Hv is a proper subspace of UJ . Moreover, letting H Ă UJ be a general hyperplane
containing

À

vPJ Hv, the space W1 :“ W X θ´1
J

pHq has submodular function φ1 satisfying

φ1 “ UpMinpφ` ξJq.

Proof. First of all, for each v P J such that θvpWq ‰ 0, we have Wpvq ‰ W by (6.14), whence
Hv Ă Uv is a hyperplane. Since WJ ‰ 0, we must have θvpWq ‰ 0 for some v P J , and hence
À

vPJ Hv is a proper subspace of UJ .
For each I Ď V , let

ZIYJ
I :“ θIYJąJ

´

WIYJ X kerpθIYJąI q

¯

Ď UJ .

By Lemma 6.4, we only need to prove that ZIYJ
I Ę H for any I Ď V such that ZIYJ

I ‰ 0.
If ZIYJ

I ‰ 0, then θJąvpZIYJ
I q ‰ 0 for some v P J . In particular, θvpWq ‰ 0. Since

ZIYv
v “ θJąvpZIYJ

I q,

and since (6.14) holds, it follows from Lemma 6.4 that ZIYv
v Ę Hv. Then, θJąvpZIYJ

I q Ę Hv.
For general H, we thus have that ZIYJ

I Ę H for any I Ď V such that ZIYJ
I ‰ 0. □

Proof of Theorem 6.6. Assume φ ` ξJ ě 0. Then, by Proposition 2.7, for each i “ 1, . . . , d
there is vi P Ji such that φ` ξvi ‰ 0. By hypothesis, W X θ´1

vi
pHi,viq has submodular function

UpMinpφ ` ξviq, whence Hi,vi Ă Uvi is a hyperplane. It follows that
À

vPJi
Hi,v is a proper

subspace of UJi
for each i “ 1, . . . , d.

Let S (resp. T ) be a collection of subsets Si Ď Ji (resp. Ti Ď Ji) for i P rds such that
Si X Ti “ ∅ for every i and

(6.15) φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d
ÿ

i“1

ξTi
ě 0.

Let H be a collection of general hyperplanes Hi Ă UTi
containing

À

vPTi
Hi,v for each i P rds

such that Ti ‰ ∅. (As above, (6.15) guarantees the existence of Hi.) We will prove by
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induction on
ř

|Ti| that the space

WpS ,T ;H q :“ WpS q X

d
č

i“1

θ´1
Ti

pHiq

has submodular function φS ,T given by

(6.16) φS ,T :“ UpMin
´

φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d
ÿ

i“1

ξTi

¯

.

The case where
ř

|Ti| “ 0, that is, all the Ti are empty, is our hypothesis. The case where
řd

i“1 |Ti| is maximum, that is, Ti “ Ji for every i, is our thesis.
Assume

ř

|Ti| ą 0. Without loss of generality, assume Td ‰ ∅. Let T 1 be the collection
of subsets T 1

i Ď Ji for i “ 1, . . . , d with T 1
i “ Ti for i ă d and T 1

d “ ∅. Assume (6.15) holds.
Then. we have

(6.17) φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d´1
ÿ

i“1

ξTi
ě 0.

By the induction hypothesis, WpS ,T 1;H 1q has submodular function φS ,T 1 , where

(6.18) φS ,T 1

:“ UpMin
´

φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d´1
ÿ

i“1

ξTi

¯

,

and H 1 is the subcollection of H where we exclude Hd.
Notice that, applying Proposition 2.2 to (6.16) and (6.18), we get

(6.19) φS ,T “ UpMin
´

φS ,T 1

` ξTd

¯

.

Notice as well that

(6.20) WpS ,T ;H q “ WpS ,T 1;H 1q X θ´1
Td

pHdq.

We would like to apply Lemma 6.7 to WpS ,T 1;H 1q. Now,

(6.21) WpS ,T 1;H 1q X θ´1
w

pHd,wq “ WpS w,T 1;H 1q

for each w P Td, where S w is the collection of subsets Sw
i Ď Ji for i “ 1, . . . , d with Sw

i “ Si

for i “ 1, . . . , d´ 1, and Sw
d “ Sd Y twu. By induction, for each w P Td such that

(6.22) φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d´1
ÿ

i“1

ξTi
` ξw ě 0,

the space WpS w,T 1;H 1q has submodular function φS w,T 1 given by

(6.23) φS w,T 1

:“ UpMin
´

φ`

d
ÿ

i“1

ÿ

vPSi

ξv `

d´1
ÿ

i“1

ξTi
` ξw

¯

.

Notice that (6.18) and (6.23) yield, by Proposition 2.2,

(6.24) φS w,T 1

“ UpMin
´

φS ,T 1

` ξw

¯

for each w P Td.
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Now, for each w P Td, it follows from (6.17) and (6.18) that (6.22) does not hold if and
only if there is I Ď V such that I contains w and φS ,T 1

pIq “ 0, hence, if and only if
θwpWpS ,T 1;H 1qq “ 0 (because φS ,T 1 is the submodular function of WpS ,T 1;H 1q). In
other words, (6.22) is equivalent to

θwpWpS ,T 1;H 1qq ‰ 0.

Using (6.21) and (6.24), we get that WpS ,T 1;H 1q X θ´1
w

pHd,wq has submodular function

UpMin
´

φS ,T 1

` ξw

¯

for each w P Td such that θwpWpS ,T 1;H 1qq ‰ 0.
On the other hand, it follows from (6.15) and Proposition 2.7 that there is w P Td such that

(6.22) holds, whence θwpWpS ,T 1;H 1qq ‰ 0, and in particular,

θTd
pWpS ,T 1;H 1qq ‰ 0.

Applying Lemma 6.7 to WpS ,T 1;H 1q, and using (6.19) and (6.20), we get that the space
WpS ,T ;H q has submodular function φS ,T . The proof is complete. □

7. Expected limits

We fix a nodal projective connected reduced curve X defined over an algebraically closed
field k. Let g be its (arithmetic) genus. Let G “ pV,Eq be its dual graph and E its arrow
set. Let Cv be the normalization of the component of X associated to each v P V . Each edge
e “ tu, vu in E with a “ uv and ā “ vu the arrows on e, gives a point pa P Cu and a point
pā P Cv whose identification is the node pe on X corresponding to e. Let g : V Ñ Zě0 be
the genus function assigning the genus gv of Cv to each v P V . For each v P V , denote by
ωv “ ωCv the sheaf of differentials on Cv, by Ωv the space of meromorphic differentials, and
and put Ω “

À

Ωv.
We fix an ordered partition π of V , yielding thus the level graph pG, πq. We fix as well a

slope function s : E Ñ Z; see Definition 3.11.
Recall the notation associated to the graph G, the level graph pG, πq and the slope function

s introduced in Section 3, particularly in Section 3.2 and Definition 3.11.
If ps, πq “ pB

ℓ
h, πhq for certain edge length function ℓ : E Ñ Rą0 and function h : V Ñ R,

then an arrow is upward for π if and only if it is upward for s, that is, As “ Aπ; see Remark 3.12.

Definition 7.1. We call ps, πq a slope-level pair on G if As “ Aπ. ˛

We assume from now on that ps, πq is a slope-level pair.

7.1. Sheaves on the curves Cv. For each vertex v P V , define the sheaf Ls,v on Cv by

(7.1) Ls,v :“ ωv

´

ÿ

aPEv

`

1 ` spaq
˘

pa
¯

.

Notice that 1 ` spaq ď 0 if and only if a P Ās,v. Define the divisors Ps,v and Ns,v on Cv by

(7.2) Ps,v :“
ÿ

aPEv∖Ās,v

`

1 ` spaq
˘

pa and Ns,v :“
ÿ

aPĀs,v

`

´ 1 ´ spaq
˘

pa.

The divisors Ps,v and Ns,v are both effective, and Ls,v “ ωvpPs,v ´ Ns,vq. We view Ls,v as
a subsheaf of the constant sheaf Ωv on Cv consisting of the meromorphic differentials with
divisors of poles and zeros bounded by Ps,v and Ns,v, respectively.
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7.2. The space xWs,π given by residue conditions. Consider the residue map Res: Ω Ñ

Υ “
À

Υv from Section 5.1, and the π-residue subspace Gπ Ă Υ from Section 3.3. Define

xWs,π :“ Res´1pGπq
č

˜

à

vPV

H0pCv, Ls,vq

¸

Ď Ω.

As we will see in Section 8, describing xWs,π is an important step in describing limit canonical
series on X. Theorem 7.8 gives the submodular function associated to xWs,π Ă Ω under certain
conditions.

Proposition 7.2. The subspace xWs,π Ă Ω is invariant by the action of GVπ
m .

Recall that GVπ
m Ď GV

m is the subgroup of ψ which verify ψu “ ψv for u, v of the same level.

Proof. The map Res: Ω Ñ Υ is GV
m-equivariant. In addition, the subspace

À

H0pCv, Ls,vq Ă

Ω is GV
m-invariant, whereas the subspace Gπ Ă Υ is only GVπ

m -invariant in general. The result
follows. □

7.3. Pole order and residue conditions. We will need the following basic result on residues.

Proposition 7.3. Let C be a smooth connected proper curve over an algebraically closed field
k and ω its canonical sheaf. Let p1, . . . , pm P C be distinct points and n1, . . . , nm positive
integers. Then, the image of the map

m
à

i“1

respi : H
0
´

C, ω
´

m
ÿ

i“1

nipi

¯¯

ÝÑ km, α ÞÑ presp1pαq, . . . , respmpαqq.

is the set of all vectors in km whose sum of coordinates is zero.

Proof. By the residue theorem,
ř

respipαq “ 0 for all meromorphic differentials α on C with
poles at most at the pi. By Riemann–Roch, for each pair of distinct elements i, j P rms, there
is a meromorphic 1-form on C for which pi and pj are the unique poles, both of order one.
This implies that the image of

À

respi contains all the vectors of the form ei ´ej for i, j P rms,
and the proposition follows. □

For each I Ď V , by a slight abuse of notation, we denote by θI both projection maps:

θI : Ω “
à

vPV

Ωv ÝÑ
à

vPI

Ωv “ ΩI and θI : Υ “
à

vPV

kEv Ñ
à

vPI

kEv “ ΥI .

Let Υ0
π Ď Υ be the vector subspace consisting of those ψ that verify Conditions (R1) and

(R2) in Section 3.3. For each I Ď V , let Υ0
π,I :“ θI pΥ0

π q Ď ΥI . We have Υ0
π “

À

Υ0
π,v. It is

easy to see that for each v P V , we have

dimΥ0
π,v “ maxt0, |Ev ∖ Āπ| ´ 1u.

Our next lemma is stated more generally than what we initially need it for, which is the
case where Pv “ Ps,v for all v and G “ Gπ. But this level of generality will be needed later.

Lemma 7.4. For each v P V , let Pv be an effective divisor on Cv having the same support as
Ps,v. Let G Ď Υ0

π be a vector subspace and put

W :“ Res´1pG q
č

´

à

vPV

H0pCv, ωvpPvqq

¯

Ă Ω.
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Then, for each I Ď V ,

dim θI pWq “ dim θI pG q `
ÿ

vPI

`

dimH0pCv, ωvpPvqq ´ dimΥ0
π,v

˘

“ dim θI pG q ` gpIq `
ÿ

vPI

degpPvq ´ |EI ∖ Āπ|.

Proof. To simplify, put Hv :“ H0pCv, ωvpPvqq for each v P V . Let J :“ Ic, the complement of
I. Let GI “ θI pG q and denote by G J the kernel of the surjection G Ñ GI , viewed as a subspace
of Υ0

π,J . We obtain an injective homomorphism of short exact sequences, and consider its
cokernel, denoted C:

0 ÝÝÝÝÑ GJ ÝÝÝÝÑ G ÝÝÝÝÑ GI ÝÝÝÝÑ 0
§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ Υ0
π,J ÝÝÝÝÑ Υ0

π ÝÝÝÝÑ Υ0
π,I ÝÝÝÝÑ 0

§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ CJ ÝÝÝÝÑ C ÝÝÝÝÑ CI ÝÝÝÝÑ 0

Let WI “ θI pWq and WJ “ kerpW Ñ WIq. By Proposition 7.3, the image under Res of the
sum

À

Hv is Υ0
π . Thus, composing Res with the cokernel, we get a surjective homomorphism

of short exact sequences whose kernel is the short exact sequence 0 Ñ WJ Ñ W Ñ WI Ñ 0:

0 ÝÝÝÝÑ WJ ÝÝÝÝÑ W ÝÝÝÝÑ WI ÝÝÝÝÑ 0
§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ
À

vPJ Hv ÝÝÝÝÑ
À

vPV Hv ÝÝÝÝÑ
À

vPI Hv ÝÝÝÝÑ 0
§

§

đ

§

§

đ

§

§

đ

0 ÝÝÝÝÑ CJ ÝÝÝÝÑ C ÝÝÝÝÑ CI ÝÝÝÝÑ 0.

The first equation in the lemma follows. To get the second one, we combine Riemann–Roch
with the fact that dimΥ0

π,v “ maxt0, |Ev ∖ Āπ| ´ 1u for each v P V . □

7.4. Submodular function pηs,π. Let γπ be the submodular function associated to the π-
residue space Gπ. Let ζs be the submodular function associated to s from Definition 3.13:

ζspIq “ |AspI
c, Iq| `

ÿ

aPEpI,Icq

spaq @ I Ď V.

Definition 7.5. Define the function pηs,π : 2
V Ñ Z by

pηs,πpIq :“ γπpIq ` gpIq ` ζspIq ` |Aint
s pIq|

“ γπpIq ` gpIq ` |AspI
c, Iq| ` |Aint

s pIq| `
ÿ

aPEpI,Icq

spaq @ I Ď V. ˛

Proposition 7.6. The function pηs,π is submodular of range g ` |Aint
s |.

Proof. The function γπ is submodular. Also, g is modular. Finally, pηs,π ´ γπ ´ g is modular
by Proposition 3.16. Then, pηs,π, being a sum of submodular functions, is submodular.
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The range of pηs,π is obtained by evaluating at I “ V , which gives, using Theorem 3.3 and
the genus formula g “ |E| ´ |V | ` 1 ` gpV q,

pηs,πpV q “ γπpV q ` gpV q ` |Aint
s | “ |E| ´ |V | ` 1 ` gpV q ` |Aint

s | “ g ` |Aint
s |. □

We have the following alternate description of pηs,π, which we will need later.

Proposition 7.7. Put

xW`
s,π :“ Res´1pGπq

č

´

à

vPV

H0pCv, ωvpPs,vqq

¯

Ă Ω.

Then, for each I Ď V , we have

pηs,πpIq “ dim θI pxW`
s,πq ´

ÿ

vPI

degpNs,vq.

Proof. We have

dim θI pxW`
s,πq ´

ÿ

vPI

degpNs,vq “ γπpIq ` gpIq `
ÿ

aPEI∖Ās

spaq `
ÿ

aPEIXĀs

p1 ` spaqq

“γπpIq ` gpIq `
ÿ

aPEI

spaq ` |EI X Ās|

“γπpIq ` gpIq `
ÿ

aPEpI,Icq

spaq ´ |AspIq ´Aint
s pIq| ` |AspI

c, Iq| ` |AspIq|

“γπpIq ` gpIq `
ÿ

aPEpI,Icq

spaq ` |Aint
s pIq| ` |AspI

c, Iq|.

The first equality above is obtained from Lemma 7.4 applied to G “ Gπ and Pv “ Ps,v for
each v, and the descriptions of the Ps,v and the Ns,v; the second is trivial; the third follows
from Lemma 3.15 as well as the trivial equalities ĀspI, I

cq “ AspI
c, Iq and |ĀspIq| “ |AspIq|;

the fourth is trivial. Clearly, the last sum is pηs,πpIq, which concludes the proof. □

7.5. Submodular function ν˚
xWs,π

. We now express the submodular function

ν˚
xWs,π

: 2V Ñ Z, I ÞÑ dim θI pxWs,πq,

assuming that the function pηs,π defined in the last section is nonnegative and the branches on
the curves Cv over the nodes of X are in general position.

Theorem 7.8. Assume charpkq “ 0 and that the branches over nodes on Cv for each v P V
are in general position. Assume pηs,πpIq ě 0 for all I Ď V . Then, we have

ν˚
xWs,π

“ UpMinppηs,πq.

In particular, dimxWs,π “ g ` |Aint
s |.

Proof. For each v P V and each point p on Cv, consider the filtration F‚
p of H0pCv, Ls,vq given

by Fj
p :“ H0pCv, Ls,vp´jpqq for j “ 0, . . . ,dimH0pCv, Ls,vq. Since charpkq “ 0, Lemma 6.1

yields that F‚
p is a complete flag for each p in general position, and that the collection Fℓv of

these flags of H0pCv, Ls,vq is in general position.
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As in Section 2.7, for each vertex v P V , denote by ξv : 2
V Ñ Z the function which takes

value ´1 on each subset I Ď V if I contains v, and value 0 otherwise. Put

(7.3) ξ :“
ÿ

vPV

degpNs,vqξv.

Put W :“ txW`
s,πu. For each v P V , put mv :“ |Ās,v|, and let e “ pev,1, . . . , ev,mv

q be the
partition of degpNs,vq with ev,j :“ 1 ` spajq for every j, where a1, . . . , amv

is any ordering of
the arrows in Ās,v. Proposition 7.7 yields that

(7.4) pηs,π “ ν˚
xW`

s,π

` ξ,

whence pηs,π ě 0 if and only if ν˚
xW`

s,π

` ξ ě 0. We may thus apply Theorem 6.2 to obtain the
first part of the theorem.

The second part follows from the first, by putting I “ V , which gives dimxWs,π “ pηs,πpV q,
and then applying Proposition 7.6. □

If pηs,π is not positive, for future use, we note the following result.

Proposition 7.9. Assume that charpkq “ 0 and the branches over nodes on Cv for each v P V

are in general position. If pηs,πpIq ď 0 for some nonempty I Ď V , then θvpxWs,πq “ 0 for some
v P V .

Proof. We follow the proof given to Theorem 7.8 but finish by applying Proposition 6.5. □

7.6. Submodular function ηs,π. Define the function ηs,π : 2V Ñ Z by

ηs,πpIq :“ γπpIq ` gpIq ` ζspIq “ pηs,πpIq ´ |Aint
s pIq|.

Proposition 7.10. The function ηs,π is submodular of range g. It is simple if and only if for
each nonempty proper subset I of V , we have

‚ either, γπpIq ` γπpIcq ą |E| ´ |V | ` 1,
‚ or, there is an integer vertical edge for s connecting I and Ic

Proof. The first claim is straightforward, as ηs,π is the sum of two submodular functions,
γπ and ζs, the latter by Proposition 3.16, and the modular function g. As for its range,
ηs,πpV q “ pηs,πpV q ´ |Aint

s | “ g by Proposition 7.6. This proves the first assertion.
As for the second, we first observe that for φ “ φ1 ` φ2 with φ1, φ2 submodular, φ is split

at I (that is, φpIq ` φpIcq “ φpV q) if and only if both φ1 and φ2 are split at I.
Since γπpV q “ |E| ´ |V | ` 1 by Theorem 3.3, for each nonempty proper subset I Ă V , we

have that γπ splits at I if and only if γπpIq ` γπpIcq “ |E| ´ |V | ` 1.
Also, since the function ζs ´φs is modular by Proposition 3.16, where φspIq :“ |Aint

s pIc, Iq|

for each I Ď V , we have that ζs splits at I if and only if φs splits at I. Since φs is nonnegative
with range 0, this happens if and only if both Aint

s pIc, Iq and Aint
s pI, Icq are empty, that is, no

vertical integer edge for s connects I and Ic. □

7.7. The expected space W
exp

s,πpϱq associated to a gluing ϱ. Viewing each Ls,v as a sub-
sheaf of the constant sheaf Ωv on Cv, and their sum as a subsheaf of the sum on X of the Ωv,
we consider the subsheaf on X

Lϱ
s Ď

à

vPV

Ls,v

defined by imposing
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(Exp1) equality away from the nodes pe corresponding to integer edges e for s;
(Exp2) Rosenlicht condition at the node pe corresponding to a horizontal edge e for s, that is,

the sum of the residues of the local differentials at the branches over pe is zero;
(Exp3) partial gluing of the two sheaves Ls,ta and Ls,ha

at the points pa and pā for each
a P Aint

s , i. e., the induced maps Lϱ
s|pe Ñ Ls,ta |pa and Lϱ

s|pe Ñ Ls,ha |pā differ by a given
isomorphism

ϱa : Ls,ta |pa Ñ Ls,ha |pā for each a P Aint
s .

We denote by ϱ “ pϱaqaPAint
s

the given collection of isomorphisms ϱa for a P Aint
s .

Definition 7.11. Given a collection ϱ “ pϱaqaPAint
s

, the expected space of limit canonical series
W

exp

s,π “ W
exp

s,πpϱq is defined as

W
exp

s,π “ W
exp

s,πpϱq :“ xWs,π XH0pX,Lϱ
sq Ă Ω. ˛

As the name suggests, we will see in Section 8 that the W
exp

s,π are limit canonical series on
X under certain conditions.

Theorem 7.12. Let ϱ “ pϱaqaPAint
s

where ϱa : Ls,ta |pa Ñ Ls,ha |pā is an isomorphism for each
a P Aint

s . Assume that
(1) charpkq “ 0 and the branches over nodes on Cv for each v P V are in general position,
(2) ηs,π ě 0, that is, ηs,π takes nonnegative values.

Then, the submodular function ν˚

W
exp

s,π
of the subspace W

exp

s,π “ xWs,π XH0pX,Lϱ
sq Ă Ω satisfies

ν˚

W
exp

s,π
“ UpMinpηs,πq.

Furthermore, if
(3) θvpW

exp

s,πq ‰ 0 for each v P V ,
then W

exp

s,π generates Lϱ
s at pe for each integer vertical edge e for s.

Proof. We assume (1) and (2) hold, and show the first statement. As in the proof of Theo-
rem 7.8, we apply Theorem 6.2, this time to the spaces

xW`
s,πrT s :“ Res´1pGπq

č

´

à

vPV

H0pCv, ωvpPs,v ´
ÿ

aPTv

paqq

¯

Ă Ω

for T Ď Aint
s , with Tv “ T X Ev. Since spaq ą 0 for each a P Aint

s , we have that Ps,v ´
ř

aPTv
pa

is effective with the same support as Ps,v. Whence, Lemma 7.4 can be applied to compute the
submodular function of xW`

s,πrT s, yielding

ν˚
xW`

s,πrT s
“ ν˚

xW`
s,π

`
ÿ

aPT

ξta .

Thus, using (1) as in the proof of Theorem 7.8, Theorem 6.2 yields that, for each pair of
subsets T, T 1 Ď Aint

s such that

ν˚
xW`

s,π

` ξ `
ÿ

aPT

ξta `
ÿ

aPT 1

ξha
ě 0,

where ξ “
ř

degpNs,vqξv as in (7.3), the subspace

xWs,πrT, T 1s :“ Res´1pGπq
č

´

à

vPV

H0
`

Cv, Ls,vp´
ÿ

aPTv

pa ´
ÿ

aPT 1
v

pāq
˘

¯

Ă Ω
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has submodular function

ν˚
xWs,πrT,T 1s

“ UpMin
´

ν˚
xW`

s,π

` ξ `
ÿ

aPT

ξta `
ÿ

aPT 1

ξha

¯

.

Now, as stated in (7.4), we have pηs,π “ ν˚
xW`

s,π

` ξ. Since pηs,π ě 0 from (2), Theorem 7.8 yields

ν˚
xWs,π

“ UpMinppηs,πq “ UpMinpν˚
xW`

s,π

` ξq.

Using Proposition 2.2, we conclude that

(7.5) ν˚
xWs,πrT,T 1s

“ UpMin
´

ν˚
xWs,π

`
ÿ

aPT

ξta `
ÿ

aPT 1

ξha

¯

as long as

(7.6) ν˚
xWs,π

`
ÿ

aPT

ξta `
ÿ

aPT 1

ξha
ě 0.

The last conclusion is fundamental for applying Theorem 6.6 to xWs,π, which we will do, as
follows. For each a P Aint

s , let Ja be the set of extremities of a. Order Aint
s at will, and consider

the sequence J of the Ja under the order. Then, the function ξJ coincides with the function
I ÞÑ ´|Aint

s pIq|. So ηs,π “ pηs,π ` ξJ . Applying Proposition 2.2, and using (2), we get

(7.7) ν˚
xWs,π

` ξJ “ UpMinppηs,πq ` ξJ ě UpMinpUpMinppηs,πq ` ξJ q “ UpMinpηs,πq ě 0.

For each a “ uv P Aint
s , define the subspaces

Ha,u :“ H0pCu, Ls,up´paqq Ď H0pCu, Ls,uq,

Ha,v :“ H0pCv, Ls,vp´pāqq Ď H0pCv, Ls,vq,

which have codimension at most 1. Then, for each collection S of subsets Sa Ď Ja for a P Aint
s ,

xWs,π X
č

aPAint
s

č

vPSa

θ´1
v

pHa,vq “ xWs,πrT, T 1s

and
ÿ

aPAint
s

ÿ

vPSa

ξv “
ÿ

aPT

ξta `
ÿ

aPT 1

ξha

for T :“ ta P Aint
s | ta P Sau and T 1 :“ ta P Aint

s | ha P Sau. Since (7.5) holds for each such T

and T 1, provided (7.6) holds, and we have (7.7), we may apply Theorem 6.6 to xWs,π. It yields
that there is a space Ha satisfying

(7.8) Ha,u ‘ Ha,v Ř Ha Ř H0pCu, Ls,uq ‘H0pCv, Ls,vq

for each a “ uv P Aint
s . Moreover, letting Ha be general for a P Aint

s , the submodular function
of

xWs,π X
č

aPAint
s

θ´1
Ja

pHaq

is UpMinpν˚
xWs,π

` ξJ q, which is equal to UpMinpηs,πq by Theorem 7.8 and Proposition 2.2.
Now, consider the action of the subtorus GVπ

m Ď GV
m on

À

Ls,v. For each fixed arrow
a “ uv P Aint

s , since Lϱ
s is one nondegenerate gluing of Ls,u at pa with Ls,v at pā, and since

u ąπ v, as ψ “ pψwqwPV runs over all k-points on GVπ
m , the sheaf ψ ¨ Lϱ

s runs through all such
gluings. Thus, for general ψ, the image of the map

H0pX,ψ ¨ Lϱ
sq ÝÑ H0pCu, Ls,uq ‘H0pCv, Ls,vq
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is contained in a general space Ha satisfying (7.8) for every a “ uv P Aint
s . In addition, since

xWs,π is GVπ
m -invariant by Proposition 7.2, we have

(7.9) ψ ¨ W
exp

s,π “ ψ ¨ xWs,π XH0pX,ψ ¨ Lϱ
sq “ xWs,π XH0pX,ψ ¨ Lϱ

sq.

It follows that

(7.10) ψ ¨ W
exp

s,π Ď xWs,π X
č

aPAint
s

θ´1
Ja

pHaq.

Now, on the one hand, by the generality of the Ha, the larger space has submodular function
UpMinpηs,πq, which has range g. And on the other hand, by definition, the dimension of Wexp

s,π

is at least dimxWs,π ´ |Aint
s |, which is equal to g by Theorem 7.8. Thus, equality holds in

(7.10), and hence the submodular function of Wexp

s,π is UpMinpηs,πq, finishing the proof of the
first statement of the theorem.

Assume now that also (3) holds. Then ν˚

W
exp

s,π
` ξha

ě 0 for each a P Aint
s . It follows from the

first statement of the theorem that ηs,π ` ξha
ě 0. Since ηs,π “ pηs,π ` ξJ , we get

pηs,π ` ξJ ` ξha
ě 0.

Using ν˚
xWs,π

“ UpMinppηs,πq and Proposition 2.2, we have that (7.6) holds and thus (7.5) holds
for T “ ∅ and T 1 “ tau, that is,

ν˚
xWs,πr∅,taus

“ UpMinpν˚
xWs,π

` ξha
q.

Applying Proposition 2.2 once again, we get

ν˚
xWs,πr∅,taus

` ξJ ě 0.

We apply now Theorem 6.6 to xWhr∅, taus. As before, using (7.9), it yields that for a general
ψ P GVπ

m , the intersection

xWs,πr∅, taus XH0
`

X,ψ ¨ Lϱ
s

˘

“
`

ψ ¨ W
exp

s,π

˘

X θ´1
ha

´

H0
`

Cha
, Ls,ha

p´pāq
˘

¯

is contained in a space that has submodular function given by

UpMin
`

ν˚
xWs,πr∅,taus

` ξJ
˘

“ UpMin
`

ν˚

W
exp

s,π
` ξha

˘

,

where we applied Proposition 2.2 again. Since the range of this function is g ´ 1, we must
have that

θ
ha

pψ ¨ W
exp

s,πq Ę H0
`

Ls,ha
p´pāq

˘

.

Since θha
pψ ¨ W

exp

s,πq “ θha
pW

exp

s,πq, it follows that W
exp

s,π generates Lϱ
s at the node corresponding

to a. Since a P Aint
s was arbitrary, the proof is complete. □

7.8. Failure of nonnegativity. We have the following complementary result.

Proposition 7.13. Assume charpkq “ 0 and that the branches over nodes on Cv for each
v P V are in general position. Let ϱ “ pϱaqaPAint

s
be a collection of isomorphisms ϱa : Ls,ta |pa Ñ

Ls,ha |pā for a P Aint
s . If ηs,πpIq ď 0 for some nonempty subset I Ď V , then θvpW

exp

s,πq “ 0 for
some v P V .
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Proof. Consider first the case where pηs,πpIq ď 0 for some nonempty I Ď V . In this case,
Proposition 7.9 yields that θvpxWs,πq “ 0 for some v P V . Since W

exp

s,π Ď xWs,π, it follows that
θvpW

exp

s,πq “ 0, as required.
We may thus assume pηs,π ě 0. Consider now the case where ηs,π ě 0. Since ηs,πpIq ď 0 for

some nonempty subset I Ď V , we get ηs,πpIq “ 0. Theorem 7.12 then yields θI pW
exp

s,πq “ 0,
whence θvpW

exp

s,πq “ 0 for each v P I.
In the remaining case, we have pηs,π ě 0 but ηs,πpIq ă 0 for some subset I Ď V (which has

to be nonempty). By definition, ηs,π “ pηs,π ` ξJ , where Ja is the set of extremities of a for
each a P Aint

s and J is the sequence of the Ja for some order for the a P Aint
s , as in the proof

of Theorem 7.12. Since pηs,π ě 0, we may assume, up to replacing I if needed, that there is a
proper subset S Ă Aint

s such that denoting by S the collection of Ja for a P S, we have

(7.11) pηs,π ` ξS ě 0

but
pηs,πpIq ` ξSpIq ` ξJb

pIq ă 0

for some b P Aint
s ∖ S. In particular, since ξJb

takes values ´1 and 0, we must have

(7.12) pηs,πpIq ` ξSpIq “ 0

Let LS,ϱ
s Ď

À

Ls,v be the subsheaf defined similar to Lϱ
s but we now impose only the gluing

data ϱa for a P S (thus, treating the integer vertical edges underlying the arrows in Aint
s ∖ S

as if they were noninteger). Then, Lϱ
s Ď LS,ϱ

s . As in the proof of Theorem 7.12, applying
Theorem 6.6 to xWs,π, it follows from (7.11) that xWs,π XH0pX,ψ ¨LS,ϱ

s q is contained in a space
with submodular function equal to

UpMin
´

pηs,π ` ξS

¯

for a general point ψ P GVπ
m . But then, θI

`

xWs,π XH0pX,ψ ¨ LS,ϱ
s q

˘

“ 0 by (7.12). Since

ψ ¨ W
exp

s,π “ ψ ¨
`

xWs,π XH0pX,Lϱ
sq
˘

Ď ψ ¨
`

xWs,π XH0pX,LS,ϱ
s q

˘

Ď xWs,π XH0pX,ψ ¨ LS,ϱ
s q,

it follows that θI pψ ¨ W
exp

s,πq “ 0, whence θI pW
exp

s,πq “ 0. Again, θvpW
exp

s,πq “ 0 for each v P I, as
required. □

8. Limit canonical series

Our aim in this section is to give a characterization of the fundamental collection of limit
canonical series FCpXq for a smooth curve X whose tropicalization has nodes in general
position; see Definition 4.10. This is the subject of Theorem 8.5.

We let X be a smooth proper connected curve of positive genus over an algebraically closed
field K which is complete for a nontrivial non-Archimedean valuation v with value group
Λ Ď R and residue field k. Let pX,Γq be a tropicalization of X. Here, X is a nodal connected
reduced proper curve over k and Γ is a metric graph with model pG, ℓq, where G “ pV,Eq is
the dual graph of X. Recall the notation from the beginning of Section 7.

Let H be the space of Abelian differentials on X. For each h : V Ñ Λ, we let Wh Ď Ω be
the reduction of H relative to h; see Definition 4.7. Recall that Wh depends on a choice of
sections a : Λ Ñ K∖ t0u of the valuation v which we now fix.
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8.1. Sheaves on residual curves. Each function h : V Ñ Λ gives rise to a slope-level pair
pπ, sq “ pπh, Bℓhq on G. Recall the sheaves Ls,v and divisors Ps,v and Ns,v from Section 7.1,
and the notation in Definition 3.11. In particular, Eint

s (resp. Aint
s ) denotes the set of integer

vertical edges (resp. upward arrows) for s.
The following two propositions, proved using Domination Property [AE24, Lem. 5.1], will

allow us to define a gluing of the sheaves Ls,v along the nodes pa and pā for a P Aint
s , using the

data of the space Wh.

Proposition 8.1. For each function h : V Ñ Λ, we have Wh Ď
À

H0pCv, Ls,vq, where s is
the slope function corresponding to h.

Proof. Let α P Mh and F :“ troppαq. By definition, for each v P V , we have F pvq “ hpvq

if and only if predhpαqqv ‰ 0, in which case predhpαqqv “ rαv. Recall that we denote by h as
well the admissible extension of h to Γ; see Definition 3.8 and Section 4.3. Since α P Mh, by
Domination Property [AE24, Lem. 5.1], we have F pxq ě hpxq for every x P Γ. Therefore, if
predhpαqqv ‰ 0, then for each unit outgoing tangent vector ν to Γ at v, we have slνF ě slνh.
Now, Slope Formula, Lemma 4.5, states that ordpν prαvq “ ´1 ` slνF . In addition, if ν is
parallel to an arrow a P Ev, we have pν “ pa and spaq “ ´slνh, the latter by Theorem 3.7.
Thus,

divprαvq ` Ph,v ´Nh,v “
ÿ

ν

`

´ slνh` slνF
˘

pν ě 0,

which shows that rαv P H0pCv, Lh,vq, as required. □

Proposition 8.2. Let h : V Ñ Λ be a function and s : E Ñ Z the corresponding slope function.
For each a “ uv P Aint

h and each Abelian differential α P Mh, the following two statements are
equivalent:

(1) predhpαqqu ‰ 0 and ordpaprαuq ` spaq ` 1 “ 0.
(2) predhpαqqv ‰ 0 and ordpāprαvq ` spāq ` 1 “ 0.

In other words, predhpαqqu does not vanish at pa as a section of Ls,u if and only if predhpαqqv
does not vanish at pā as a section of Ls,v

Proof. Let F “ troppαq. By symmetry, it will be enough to assume (1) and prove (2). As in
the proof of Proposition 8.1, since α P Mh, we have that F ě h pointwise. Also, the condition
predhpαqqu ‰ 0 is equivalent to F puq “ hpuq. Let ν be the unit tangent vector at u parallel to
a “ uv. By Slope Formula, Lemma 4.5, we have ordpaprαuq “ ´1 ` slνF , with slνF denoting
the outgoing slope of F at u along ν. Therefore, the condition ordpaprαuq`spaq`1 “ 0 implies
that slνh “ ´spaq “ slνF . Since hpuq “ F puq, the two functions F and h have to coincide on
a small interval on e containing u.

Now, since e P Eint
h , the function h is affine on e. Also, divpF q ` K ě 0 by Theorem 4.3,

which yields that divpF q ě 0 on the interior of e. Since F ě h and since F and h already
agree on an interval on e containing u, we must have that F and h coincide on e. This implies
F pvq “ hpvq, whence predhpαqqv ‰ 0. Also, letting ν̄ be the unit tangent vector at v parallel to
ā, applying Lemma 4.5 a second time, we conclude that ordpāprαvq “ ´1` slν̄F “ ´1` slν̄h “

´1 ´ spāq.
The last statement is clear from Proposition 8.1 and the definition of Ls,u and Ls,v in

Section 7.1. □
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8.2. Limit canonical series. We fix h : V Ñ Λ, and consider the reduction Wh of the space
of Abelian differentials of X. We let ps, πq be the slope-level pair associated to h (and ℓ).

For each vertical integer edge e “ tu, vu P Eint
s , with arrows a “ uv and ā “ vu, and each

β “ pβvqvPV P Wh, Proposition 8.2 says that βu vanishes at pa as a section of Ls,u if and only if
βv vanishes at pā as a section of Ls,v. This implies that Wh satisfies at least one nondegenerate
gluing condition at pe. Furthermore, there is a unique such gluing condition, or equivalently,
Wh generates Ls,u at pa (and Ls,v at pā), if and only if there is an element β P Wh such that
βuppaq ‰ 0 (and βvppāq ‰ 0).

This being said, consider the subsheaf

Lh Ď
à

vPV

Ls,v

defined by properties (Exp1) and (Exp2) in Section 7.7, and an analogue of (Exp3), taking
into account the observation made above on Wh, namely,

‚ equality away from the nodes pe corresponding to integer edges e for s;
‚ Rosenlicht condition at the node pe corresponding to a horizontal edge e for s; and
‚ a partial gluing of the two sheaves Ls,u and Ls,v at the points on X above pe for each
e “ tu, vu P Eint

s satisfied by all elements of Wh, that is, an isomorphism

ϱh,a “ ϱh,apXq : Ls,ta |pa Ñ Ls,ha |pā for each a P Aint
s

such that the induced maps Lh|pe Ñ Ls,ta |pa and Lh|pe Ñ Ls,ha |pā differ by it on
Wh Ď H0pX,Lhq.

Denote ϱhpXq :“ pϱh,aqaPAint
s

. Then, notation as in Section 7.7, we have that Lh “ LϱhpXq
s .

Notice that, as Wh depends on the fixed choice of section a of the valuation v, so does ϱhpXq,
and in particular, Lh. Theorem 8.3 below gives a sufficient condition for having unique such
gluings ϱh,a for a P Aint

s determined by Wh, in which case, Lh is completely determined by Wh.

Assume charpkq “ 0. It follows from Theorem 5.1 and Proposition 8.1 that Wh Ď xWs,π (see
Section 7.2). Since the gluing data ϱhpXq is compatible with Wh, we have Wh Ď H0pX,Lhq.
Thus Wh Ď W

exp

s,π “ W
exp

s,πpϱhpXqq :“ xWs,π XH0pX,Lhq. Equality holds under the conditions of
Theorem 7.12.

Theorem 8.3. Assume that

(1) charpkq “ 0 and the branches over nodes on Cv for each v P V are in general position,
(2) ηs,π ě 0, that is, ηs,π takes nonnegative values.

Then, Wh “ W
exp

s,π and ν˚
Wh

“ UpMinpηs,πq. Furthermore, if

(3) θvpWhq ‰ 0 for each v P V ,

then Wh generates Lh at pe for each integer vertical edge e, and therefore Lh is uniquely
determined from Wh.

Proof. It will be enough to show that Wh “ W
exp

s,π, as the remaining statements then follow
directly from Theorem 7.12.

As we observed above, Wh Ď W
exp

s,π. By Proposition 7.10, ηs,π has range g. It thus follows
from Theorem 7.12 that Wexp

s,π has dimension g. Since dimWh “ g as well, we get the equality
Wh “ W

exp

s,π. □
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8.3. Characterization of the fundamental collection. Recall that a nonzero finite di-
mensional subspace W Ă Ω is called simple if the corresponding submodular function ν˚

W is
simple. Notice that if ν˚

W is simple, then it is positive, that is, ν˚
W pIq ą 0 for each nonempty

subset I Ď V .
By Definition 4.10, the fundamental collection of limit canonical series is the collection of

simple Wh. Our next theorem describes this collection. Before stating the result, we need the
following lemma.

Lemma 8.4. There exists a positive constant B “ BpG, gq such that for each edge length
function ℓ : E Ñ Rą0 and each function h : V Ñ Λ with degpLs,vq ě 0 for every v P V , where
s “ B

ℓ
h is the corresponding slope function, we have that

|spaq| ď B for each a P E.

Proof. The condition in the lemma is equivalent to K ` divpphq ě 0, where ph is the admissible
extension of h to the metric graph Γ. This inequality gives bounds on the divisor of poles of
ph. Using Theorem 3.7, the result follows from [GK08, Lem. 1.8], which bounds the slopes of
ph in terms of its divisor of poles. □

For each h : V Ñ Λ, denote by psh, πhq the associated slope-level pair on G, and recall that
ηsh,πh

“ γπh
` g ` ζsh . By Proposition 7.10, ηsh,πh

is simple if and only if for each bipartition
pI, Jq of V :

(1) either, γπh
pIq ` γπh

pJq ą γπh
pV q “ |E| ´ |V | ` 1.

(2) or, there is an integer vertical edge for sh connecting a vertex of I to one of J .

Theorem 8.5 (Characterization of the fundamental collection). Assume charpkq is 0 and the
branches over nodes of X that lie on Cv are in general position for each v P V . Let Γ be
a metric graph with model pG, ℓq. Then, for each smooth proper curve X over a valued field
K which tropicalizes to pX,Γq, the fundamental collection FCpXq of simple limit canonical
series Wh coincides with the collection of spaces

W
exp

sh,πh
pϱhq :“ Res´1pGπh

q XH0pX,Lϱh
sh

q Ă Ω

for h : V Ñ Λ such that
‚ ηsh,πh

is positive, that is, ηsh,πh
pIq ą 0 for each nonempty I Ď V ; and

‚ ηsh,πh
is simple,

and for a unique partial gluing data ϱh. More precisely, for each h : V Ñ Λ, the subspace
Wh Ă Ω is simple if and only if ηsh,πh

is positive and simple, in which case there is a unique
partial gluing data ϱh “ ϱhpXq for the sheaves Lsh,v on Cv defining the sheaf Lϱh

sh
on X such

that Wh Ď H0pX,Lϱh
sh

q and, moreover, Wh “ W
exp

sh,πh
pϱhq.

Proof. Let B “ BpG, gq be the bound given by Lemma 8.4. There are only finitely many slope
functions s which verify

(8.1) |spaq| ď B for all a P E.
Therefore, there are only finitely many divisor Ps,v and Ns,v associated to slope functions
which verify the bounds in (8.1). For each smooth proper curve X over a valued field K with
value group Λ, and each h : V Ñ Λ, such that Wh is simple, we have degpLsh,vq ě 0, and so sh
verifies (8.1). Therefore, it is possible to assume that the branches over nodes on Cv for each
v P V are in general enough position to be able to apply Proposition 7.13 and Theorem 8.3
for all such h.



LIMIT CANONICAL SERIES 51

Namely, consider X over some valued field K with value group Λ which tropicalizes to
pX,Γq, for some metric graph Γ. Let h : V Ñ Λ such that Wh Ď Ω is simple. Then its
submodular function ν˚

Wh
is both simple and positive. Since Wh Ď W

exp

sh,πh
, the positivity of

ν˚
Wh

implies that of ν˚

W
exp

sh,πh

, and hence the positivity of ηsh,πh
by Proposition 7.13. Theorem 8.3

yields the equality Wh “ W
exp

sh,πh
and

(8.2) ν˚
Wh

“ UpMinpηsh,πh
q.

Furthermore, since ν˚
Wh

is positive, Theorem 8.3 yields that Lh is uniquely determined by Wh,
via the gluing data ϱhX. As ν˚

Wh
is simple, so is ηsh,πh

by (8.2) and Proposition 2.10. We have
proved that all the limit canonical series Wh in the fundamental collection are of the form
W

exp

sh,πh
pϱhXq for h : V Ñ Λ with ηsh,πh

positive and simple.
Let h1, . . . , hm : V Ñ Λ be all the functions with Wh1 , . . . ,Whm simple, as above. Let

psj , πjq “ pshj
, πhj

q. Let Psj ,πj
be the polytope associated to ηsj ,πj

. We know that ηsj ,πj
are

all simple and positive, and the corresponding polytopes Psj ,πj
are all the full dimensional

polytopes in the tiling of ∆g associated to X.
To finish, it will be enough to show that there is no slope-level pair psh, πhq associated to

some h : V Ñ Λ with h´hj non-constant for all j such that ηsh,πh
is positive and simple. For the

sake of a contradiction, suppose this is not the case, and pick such an h. Changing the curve X
to X 1, with the same dual graph G “ pV,Eq and same components Cv, v P V , we may assume
that the nodes are in general position on each component so that we can apply Theorem 8.3 to
h1, . . . , hm, and h. Let X1 be a smooth proper curve over K which tropicalizes to pX 1,Γq, the
same metric graph as that of X, see [ABBR15, Thm. 3.24]. Applying Theorem 8.3, we find
that W

exp

s1,π1
pϱ1

h1
q, . . . ,W

exp

sm,πm
pϱ1

hm
q,W

exp

sh,πh
pϱ1

hq, for ϱ1
hj

“ ϱhj
pX1q for all j and ϱ1

h “ ϱhpX1q, are
in the fundamental collection of X1. Since the polytopes Psj ,πj

already tile ∆g, Pηsh,πh
should be

one of them, and therefore, there exists j with h´hj constant, leading to a contradiction. □

Remark 8.6. Fixing isomorphisms OCvppaq|pa – k for each v P V and a P Ev, and isomor-
phisms ωX |pe – k for each e P E, we define isomorphisms Ls,v|pa – k for each slope function
s : E Ñ Z, each v P V and a P Ev. Using these isomorphisms, the partial gluing ϱh “ ϱhpXq

appearing in the theorem is given by

ϱh,a “ ρshpaq
e for all a P Aint

s

where e is the underlying edge of a and ρe is the leading coefficient of the smoothing of the
node pe in X, see Appendix B. The theorem states that this data can be also recovered from
the fundamental collection itself. ˛

9. Fan structure on the cone of edge lengths

Let G “ pV,Eq be a finite connected graph. Recall the relevant notation in Section 3.
Given a general nodal curveX with dual graphG, for each edge length function ℓ : E Ñ Rą0,

Theorem 8.5 describes the set of fundamental collections FCpXq of limit canonical series Wh

on X arising from curves X whose tropicalization is pX,Γq, where Γ is the metric graph
with model pG, ℓq. Different edge length functions may yield the same sets of fundamental
collections. Our aim in this section is to define a natural fan structure on the cone of edge
lengths RE

ě0 with relative open cones inside RE
ą0 parametrizing edge length functions for which

the sets of fundamental collections are the same.
For given ℓ P RE

ą0 and h : V Ñ R, though the expected space W
exp

sh,πh
pϱq introduced in

Definition 7.11 depends on the "gluing" ϱ, it does not really depend on ℓ and h but rather on



52 OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

the slope-level pair psh, πhq, which defines the residue space Gπh
and the sheaves Lsh,v. Also,

ηsh,πh
depends rather on sh and πh. We recall that it is the property that ηsh,πh

be positive and
simple that determines whether Wexp

sh,πh
pϱq belongs to a fundamental collection (for the right ϱ

arising from a tropicalization).
The focus of this section will be on the collection Sℓ of the pairs psh, πhq for h such that

ηsh,πh
is positive and simple. We will see that the ℓ giving the same collection Sℓ lie in the

interior of a polyhedral cone in RE
ě0, and the collection of these cones (and their faces in the

boundary RE
ě0 ∖RE

ą0) is a fan on RE
ě0.

9.1. Cone of edge lengths. Let ps, πq be a slope-level pair on G.

Definition 9.1 (Cone of edge lengths associated to a slope-level pair). We define

8σs,π :“
!

ℓ P RE
ą0

ˇ

ˇ D h : V Ñ R with B
ℓ
h “ s and πh “ π

)

and

σs,π :“ the closure of 8σs,π in RE
ě0.

We call σs,π the cone of edge lengths associated to ps, πq. ˛

Note that by definition, σs,π is empty if and only if 8σs,π is empty. We characterize the
nonempty cones σs,π in Theorem 9.2 and show that 8σs,π is the relative interior of σs,π.

To this purpose, it will be convenient in the sequel to define certain auxiliary graphs asso-
ciated to ordered partitions and slope-level pairs.

Given an ordered partition π “ pVπ,ăπq of V , let Gπ be the graph obtained by removing
all the edges of G which are horizontal with respect to π and identifying vertices that lie on
the same part of π. In our notation, we naturally identify the vertex and edge sets of Gπ with
Vπ and Eπ (the set of vertical edges for π), respectively, so Gπ “ pVπ, Eπq. We denote by Eπ

the set of arrows on Eπ; see Figure 5.

u6

u4
u5

u1 u2 u3

L2

L3

L1

L2

L3

L1

Figure 5. A level graph pG, πq on the left, Gπ “ pVπ, Eπq is given in the
middle, and G:

π “ pVπ, E
:
πq on the right. Ghost edges are dashed.

We consider the graph G:
π “ pVπ, E

:
πq obtained from Gπ by adding an edge between any

pair of vertices u, v in Vπ. Let E:
π be the set of all arrows on edges E:

π. We call the edges in
E:

π ∖ Eπ ghost edges and refer to arrows supported on them as ghost arrows; see Figure 5.
Given a slope-level pair ps, πq, extend s to a function E:

π Ñ Z Y t´8u that we still denote
s by abuse of notation, by putting for each ghost arrow a “ uv,

spaq :“

#

´8 if u ăπ v,

0 otherwise.
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Also, we let Gint
s,π :“ pVπ, E

int
s q be the spanning subgraph of Gπ consisting of the edges in

Es “ Eπ which are integer for s. Notice that Gint
s,π contains no ghost edges. Clearly, both Gπ

and Gint
s,π are spanning subgraphs of G:

π.
Given an edge length function ℓ : E Ñ Rą0, its restriction to Eπ Ď E defines an edge

length function on the edges of Gπ that we extend to E:
π by putting ℓe “ 1 for all ghost edges

e P E:
π ∖ Eπ.

We say that an edge length function ℓ P RE
ą0 is compatible with a slope-level pair ps, πq on

G if for each circuit q in G:
π, we have

ÿ

aPq

ℓaspaq ď 0, with equality if and only if the arrows in q are all in Gint
s,π.(9.1)

Equivalently, ℓ is compatible with ps, πq if for each finite sequence of oriented paths p1, . . . , pk
in G with tpi`1

ĺπ hpi for i “ 1, . . . , k, and pk`1 “ p1, we have

k
ÿ

i“1

ÿ

aPpi

ℓaspaq ď 0,

with equality if and only if each pi contains only integer arrows for s, and tpi`1
and hpi belong

to the same part of the ordered partition π for i “ 1, . . . , k; see Figure 6.

p1

p3

p2

Figure 6. A sequence of three oriented paths p1, p2, p3 in the level graph
pG, πq satisfying tpi`1

ĺπ hpi for i “ 1, 2, 3.

Notice that since spaq “ 0 for a horizontal arrow a, the lengths of horizontal edges for s are
not constrained by the inequalities (9.1). Also, if the arrows in q are all in Gint

s,π, so is for the
circuit q̄, defined by the reversed arrows ā for a P q, and since

ÿ

aPq

ℓaspaq `
ÿ

aPq̄

ℓaspaq “
ÿ

aPq

ℓa
`

spaq ` spāq
˘

“ 0,

equality holds automatically in (9.1) for all circuits in Gint
s,π. It is thus the "only if" part in

(9.1) which constrains the lengths ℓa.
In the sequel, it will be helpful to define the following auxiliary polyhedral cone

Cs,π :“
!

ℓ P RE
ě0

ˇ

ˇ inequalities (9.1) hold for all circuits q in G:
π

)

, and set

8Cs,π :“
!

ℓ P RE
ą0

ˇ

ˇ ℓ is compatible with ps, πq

)

Ď Cs,π X RE
ą0.

Notice that 0 P Cs,π. Moreover, 8Cs,π might be empty even though Cs,π is not. Also, if 8Cs,π is
nonempty, it is the relative interior of Cs,π.
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Theorem 9.2. Let ps, πq be a slope-level pair on G. Then, 8σs,π is the set of edge length
functions ℓ : E Ñ Rą0 which are compatible with ps, πq, that is, 8σs,π “ 8Cs,π. In particular, 8σs,π
is nonempty if and only if σs,π “ Cs,π, in which case 8σs,π is the interior of σs,π.

Proof. Let ℓ P 8σs,π. Then, there is h : V Ñ R such that B
ℓ
h “ s and πh “ π. Let p1, . . . , pk be

paths in G satisfying tpi`1
ĺπ hpi for i “ 1, . . . , k, with pk`1 “ p1. Then,

k
ÿ

i“1

ÿ

aPpi

ℓaspaq ď

k
ÿ

i“1

ÿ

aPpi

`

hptaq ´ hphaq
˘

“

k
ÿ

i“1

`

hptpiq ´ hphpiq
˘

“hptp1q ´ hphpkq `

k´1
ÿ

i“1

`

hptpi`1
q ´ hphpiq

˘

ď 0,

with equality if and only if ℓaspaq “ hptaq ´ hphaq for each arrow a in each pi, and also
hptpi`1

q “ hphpiq for each i “ 1, . . . , k. Equivalently, equality holds if and only if each pi
contains only integer arrows for s, and tpi`1

and hpi belong to the same part of π for each
i “ 1, . . . , k. Thus, ℓ is compatible with ps, πq, as stated.

Conversely, let ℓ : E Ñ Rą0 be a function compatible with ps, πq. Let x :“ xℓ,s : E:
π Ñ

R Y t´8u be defined by xpaq :“ ℓaspaq for each a P E:
π. Then, xpaq ` xpāq ď 0 for all a P E:

π.
Furthermore, the compatibility inequalities (9.1) can be rewritten in the form

ÿ

aPq

xpaq ď 0 for each circuit q in G:
π.

By Subintegrability Lemma C.1, proved in Appendix C, applied to G:
π, there is a function

h : Vπ Ñ R such that

(9.2) xpaq ď hpuq ´ hpvq

for each a “ uv P E:
π, with equality if and only if either xpaq ` xpāq “ 0, or there is a circuit

z in G:
π containing a such that

ř

bPz xpbq “ 0.
Composing with the projection V Ñ Vπ, we view h as a function from V to R. We claim

that s “ B
ℓ
h on E. Indeed, for each edge e “ tu, vu, applying (9.2) to the two arrows a “ uv

and ā “ vu P E over e, we get

(9.3) spaq ď
hpuq ´ hpvq

ℓe
ď ´spāq.

Now, since s is a slope function, spaq ` spāq is equal to 0 or ´1. In the former case, a is
an integer arrow for s, and equalities holds in (9.3), whence spaq “ B

ℓ
hpaq. In the latter

case, we show that hpuq ´ hpvq ă ´ℓespāq, which implies B
ℓ
hpaq “ spaq, as required. Indeed,

suppose by contradiction that hpuq ´ hpvq “ ´ℓaspāq, that is, equality holds in (9.2) for ā.
Since xpaq ` xpāq “ ´ℓe ă 0, there must exist a circuit z in G:

π containing ā such that
ř

bPz xpbq “ 0. But then, by compatibility of ℓ with the pair ps, πq, the arrow ā has to be an
integer edge for s, a contradiction. We conclude the equality s “ B

ℓ
h on E.

It remains to show that π “ πh. First, since h factors through Vπ, it is constant on each
part of π. Conversely, let u, v P Vπ be distinct vertices, and suppose without loss of generality
that u ąπ v. Consider the ghost arrow uv P E:

π. By definition of x, we have xpuvq “ 0.
Therefore, by (9.2) applied to the arrow uv, we have hpuq ě hpvq. We prove that hpuq ą hpvq

concluding the proof.
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Suppose by contradiction that hpuq “ hpvq, and consider now both ghost arrows uv, vu P E:
π.

As xpuvq “ 0 “ hpuq ´ hpvq, and xpuvq ` xpvuq “ ´8, there must exist a circuit z in G:
π

containing the ghost arrow uv such that
ř

bPz xpbq “ 0. But then, compatibility of ℓ with the
pair ps, πq implies that z contains no ghost arrow, leading to a contradiction. □

We get the following immediate corollary.

Corollary 9.3. Each nonempty cone σs,π is a rational polyhedral cone in RE
ě0.

Remark 9.4. Though our interest is in the cones σs,π, it is more practical to work with the
cones Cs,π, which our Theorem 9.2 allows. In any case, our next main result, Theorem 9.11,
yields that Cs,π “ σs1,π1 for some slope-level pair ps1, π1q. Thus, the collection of the nonempty
σs,π is the collection of the cones Cs,π. ˛

9.2. Dimension. The following proposition gives the dimensions of the cones introduced in
Section 9.1.

Proposition 9.5. Let ps, πq be a slope-level pair for the graph G “ pV,Eq. Then,

(9.4) dim Cs,π ď |E| ´ gpGint
s,πq.

If 8σs,π ‰ ∅, then equality holds.

Proof. Each inequality (9.1) for q in G:
π is an equality for all ℓ P Cs,π if q is in Gint

s,π. It follows
that the codimension of Cs,π is at least the dimension of the cycle space of the graph Gint

s,π,
which proves the inequality (9.4). On the other hand, if 8σs,π ‰ ∅, then it follows from the
equality 8σs,π “ 8Cs,π proved in Theorem 9.2 that equality holds for all ℓ P 8σs,π in (9.1) only for
q in Gint

s,π. Then, in this case, (9.4) is an equality. □

9.3. Essential circuits. Let ps, πq be a slope-level pair. Not all circuits z in G:
π are needed

to define Cs,π, but only those verifying properties (Ess1)-(Ess2)-(Ess3), given below. Indeed,
let z be a circuit in G:

π.
First, if z contains a downward ghost arrow, then

ř

aPz ℓaspaq “ ´8 for every ℓ P RE
ě0.

Thus, to define Cs,π we need only consider the inequalities (9.1) arising from circuits q in G:
π

which verify
(Ess1) All the ghost arrows in q, if any, are upward.

Also, note that if an arrow b “ uv in Eπ “ Es satisfies spbq “ 0, then, since it is vertical
for s, we have spb̄q “ ´1, and hence b is noninteger for s and u ąπ v. Now, if the circuit z

contains b, replacing b with the (upward) ghost arrow uv P E:
π, we obtain a new circuit z1 in

G:
π for which

(9.5)
ÿ

aPz1

ℓaspaq “
ÿ

aPz

ℓaspaq for all ℓ P RE
ě0.

Thus, to define Cs,π we need only consider the inequalities (9.1) arising from those circuits q

in G:
π that verify

(Ess2) The circuit q does not contain any arrow a P Eπ with spaq “ 0.
Finally, assume z verifies (Ess1). Assume as well that z contains two distinct (upward)

ghost arrows u1v1 and u2v2 which overlap, more precisely, which satisfy u1 ąπ u2 ľπ v1 ąπ v2.
If u2 “ v1, we replace u1v1 and u2v2 in z with the upward ghost arrow u1v2 to obtain a

circuit z1 satisfying (9.5) and containing less ghost arrows than z; see Figure 7 on the left.
Clearly, the inequality (9.1) for q “ z is implied by that for q “ z1.
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u1

v2

u2 “ v1
p

u1

v2

u2

v1

p1p2

Figure 7. The replacements used in (Ess3). Blue ghosts in z are replaced by
red ones.

If u2 ąπ v1, we remove u1v1 and u2v2 from z, resulting in two oriented paths p1 and p2,
with p1 starting at v1 and ending at u2, and p2 starting at v2 and ending at u2. Then, we add
the upward ghost arrow u2v1 to p1 to get a circuit z1, and add the upward ghost arrow u1v2
to p2 to get a circuit z2; see Figure 7 on the right. Then, we get

ÿ

aPz

ℓaspaq “
ÿ

aPz1

ℓaspaq `
ÿ

aPz2

ℓaspaq for all ℓ P RE
ě0.

Both z1 and z2 have less ghost arrows than z. And, the inequality (9.1) for q “ z is implied
by those for q “ z1 and q “ z2.

In any case, it follows by induction on the number of ghost arrows that we need only consider
circuits q in G:

π which verify
(Ess3) The ghost arrows in q do not overlap.

Definition 9.6 (Essential circuit for a slope-level pair). Let ps, πq be a slope-level pair. A
circuit q in G:

π is called essential if it verifies (Ess1)-(Ess2)-(Ess3), listed above. ˛

Notice that circuits q in Gint
s,π are all essential. From the above discussion we obtain:

Proposition 9.7. Let ps, πq be a slope-level pair on G. Then, the cone Cs,π is given in RE
ě0

by the inequalities (9.1) for all essential circuits q in G:
π.

9.4. Active circuits. Let ps, πq be a slope-level pair on G. For each circuit z in G:
π, define

the hyperplane

Hz :“
!

ℓ P RE
ˇ

ˇ

ˇ

ÿ

aPz

ℓaspaq “ 0
)

.

Since
ř

aPz ℓaspaq ď 0 for all ℓ P Cs,π, we have that Hz is a supporting hyperplane for Cs,π,
meaning that Cs,π lies in one of the two closed half-spaces defined by Hz. Thus, Cs,π XHz is a
face of Cs,π.

Definition 9.8 (Active circuits for a slope-level pair). A circuit z in G:
π is called active for a

slope-level pair ps, πq if
‚ z is not in Gint

s,π, and
‚ the intersection Cs,π XHz contains an edge length function ℓ P RE

ą0. ˛

Note that, in general, the intersection Cs,π XHz may not be a proper face of Cs,π. However,
if z is active for ps, πq and Cs,π “ σs,π, then, by Theorem 9.2, the intersection Cs,π XHz will be
a proper face of Cs,π (and it will coincide with σs,π XHz).
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9.5. Squashing process. Let ps, πq be a slope-level pair on G. Our next result asserts that
for an essential circuit z in G:

π which is active for ps, πq, the face Cs,π XHz is of the form Cs1,π1

for a slope-level pair ps1, π1q defined by a squashing process that we describe in this section.
First, we need the following lemma.

Given a circuit z in G:
π verifying (Ess1), we say that an arrow a “ xy P Eπ is covered by a

ghost of z if there is a ghost arrow uv P z such that u ľπ x and y ľπ v. (Note that both a
and ā are covered by a ghost uv of z if u ľπ x, y ľπ v.)

Lemma 9.9. Let z be a circuit in G:
π which is active for ps, πq. Let b P Eπ be an arrow covered

by a ghost of z. Then, the following hold:
‚ We have spbq ď 0 with equality only if b̄ R z.
‚ If in addition z is essential for ps, πq, and also b̄ is covered by a ghost of z, then b, b̄ R z.

Note that since z is active for ps, πq, there is ℓ P Cs,π with ℓ ą 0 such that

(9.6)
ÿ

aPz

ℓaspaq “ 0.

In particular, z automatically verifies (Ess1).

Proof. Write b “ xy with x, y P Vπ. Let uv P z be a ghost covering b. We prove first that
spbq ď 0. Consider the oriented path p from u to v in G:

π composed by the ghost arrow ux if
u ‰ x, the arrow b, and the ghost arrow yv if y ‰ v; see Figure 9.5 on the left. Replace the
ghost arrow uv in z by p to obtain the circuit q. Then,

ÿ

aPq

ℓaspaq “ ℓbspbq `
ÿ

aPz

ℓaspaq “ ℓbspbq,

because all ghosts of q are upward and (9.6) holds. Since ℓ P Cs,π, it follows that ℓbspbq ď 0.
Since ℓ ą 0, we have spbq ď 0.

u

v

y

x
b

u

v

x

y

b

p1

p2

Figure 8. The replacements used in the proof of the first statement of
Lemma 9.9. Ghost arrows are dashed. The path p which replaces the ghost
arrow uv in z is depicted in blue on the left. The circuits q1 and q2 are depicted
in red and blue on the right, respectively.

Assume now that spbq “ 0. Since b is in Eπ, it is vertical and so we have spb̄q “ ´1. This
implies that b is upward, i.e., x ąπ y. Assume for the sake of a contradiction that b̄ P z. Let
p1 and p2 be the paths on z from v to y and from x to u, respectively. Let q1 be the circuit
in G:

π obtained by adding to p1 the upward ghost arrow yv if y ‰ v. Let q2 be the circuit
obtained by adding to p2 the upward ghost arrow ux if u ‰ x; see Figure 9.5 on the right.
Since ℓ P Cs,π, we get the inequalities

ÿ

aPp1

ℓaspaq “
ÿ

aPq1

ℓaspaq ď 0 and
ÿ

aPp2

ℓaspaq “
ÿ

aPq2

ℓaspaq ď 0.
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But then
0 “

ÿ

aPz

ℓaspaq “
ÿ

aPp1

ℓaspaq ` ℓbspb̄q `
ÿ

aPp2

ℓaspaq ď ´ℓb ă 0,

leading to a contradiction. This proves the first statement.
As for the second statement, if b and b̄ are covered by ghosts of z, it follows from the first

part of the lemma that spbq, spb̄q ď 0. But, spbq`spb̄q ě ´1. Thus, either spbq “ 0 or spb̄q “ 0.
If spbq “ 0, then b̄ R z by the first statement. If in addition z is essential for ps, πq, then

b R z by (Ess2), as required.
In the other case, when spb̄q “ 0, we conclude in the same way. □

Given a circuit z of G:
π which is both essential and active for ps, πq, we define a slope-level

pair ps1, π1q on G such that Cs1,π1 is the face Cs,π XHz of Cs,π; see Proposition 9.10.
The function s1 : E Ñ Z is defined by

s1paq :“

$

’

&

’

%

spaq ` 1 if ā is a noninteger arrow for s in z,

spaq ` 1 if a and ā are covered by the same ghost of z and spāq “ 0,

spaq otherwise.

In particular, s1paq “ spaq if a R Eπ. Notice as well that Lemma 9.9 yields that the two
conditions implying s1paq “ spaq ` 1 in the above definition do not simultaneously hold.

We define the ordered partition π1 of V as a the following coarsening of π: For each ghost
arrow uv P z, we replace all parts of π containing vertices w with u ľπ w ľπ v by their union.
Since the ghost arrows in z do not overlap by our assumption (Ess3), we get a well-defined
ordered partition of V that we denote by π1.

We say that the pair ps1, π1q is obtained by squashing ps, πq relative to the active essential
circuit z.

9.6. Faces, I. Notation as in the previous section.

Proposition 9.10. Let ps, πq be a slope-level pair on G. Let z be a circuit of G:
π which is

essential and active for ps, πq. Let ps1, π1q be the pair obtained by squashing ps, πq relative to
z. Then, the following holds.

(1) The pair ps1, π1q is a slope-level pair on G.
(2) The cone Cs1,π1 is the intersection of Cs,π with the hyperplane Hz in RE, that is,

Cs1,π1 “ Cs,π X

!

ℓ P RE
ˇ

ˇ

ÿ

aPz

ℓaspaq “ 0
)

.

In particular, Cs1,π1 is a face of Cs,π.

The proof of this result is given in Sections 9.6.1 and 9.6.2, below.

9.6.1. ps1, π1q is a slope-level pair. We prove first that s1 is a slope function. Indeed, let a P E
such that s1paq ‰ spaq. Then, a P Eπ and s1paq “ spaq ` 1. We need only prove that a is not
integer for s, and s1pāq “ spāq.

By definition, s1paq “ spaq ` 1 only in two cases:
- First, we may have that a is a noninteger arrow for s and ā P z. But then, a R z because

z is a circuit, and a and ā are not covered by ghosts of z by Lemma 9.9. Thus, s1pāq “ spāq

by definition.
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- Second, we may have that a and ā are covered by a ghost of z and spāq “ 0. Then,
a, ā R z by Lemma 9.9. Also, spaq “ ´1 because a P Eπ, and hence a is not integer for s, and
s1pāq “ spāq by definition.

This proves that s1 is a slope function.
It remains to prove that ps1, π1q is a slope-level pair. For this, we must prove that an arrow

a P E is upward for s1 if and only if it is upward for π1. In other words, for each arrow a “ xy
of G, we must prove that s1pāq ă 0 if and only if x ąπ1 y.

First, if s1pāq ă 0, then also spāq ă 0, and hence x ąπ y. Then, x ľπ1 y, with equality if
and only if a and ā are covered by the same ghost of z. Thus, if equality were the case, then
Lemma 9.9 would yield spaq, spāq ď 0. Since spāq ă 0, we would get spaq “ 0 and spāq “ ´1.
But then, we would obtain s1pāq “ spāq ` 1 “ 0 by definition, leading to a contradiction. We
conclude that x ąπ1 y, as required.

Conversely, we suppose x ąπ1 y, and show that s1pāq ă 0. From the construction of π1, we
get x ąπ y, and hence spāq ă 0. Also, a and ā are not covered by the same ghost of z. Now,
since spāq ă 0, we must have s1pāq ď 0. If we had equality, s1pāq “ 0, then we would get
spāq “ ´1, and, by definition of ps1, π1q, the arrow a would be noninteger for s and in z. But
then, since s is a slope function, we would get spaq “ 0, and z would not verify (Ess2). We
conclude that s1pāq ă 0, as required.

9.6.2. Cs1,π1 “ Cs,π XHz. We prove now the second statement of the proposition.
For each circuit q in G:

π, let q1 denote the contraction of q in G:

π1 , defined as follows. A
ghost arrow a “ uv in q remains in q1 if the two vertices u, v remain in different parts of π1;
otherwise, it is removed. Moreover, each arrow a P Eπ which is in q remains an arrow in q1

provided a and ā are not covered by the same ghost of z; otherwise, a is removed. In the
latter case, we have spaq ď 0 by Lemma 9.9. In any case, for each ℓ P RE

ą0, we get

(9.7)
ÿ

aPq

ℓaspaq ď
ÿ

aPq1

ℓas
1paq.

If q “ z, then all ghost arrows in z are removed. By Lemma 9.9, every nonghost arrow a
in z remains an arrow in z1. In addition, since ā R z, because z is a circuit, s1paq “ spaq by
definition. In this case, we have equality in (9.7) for each ℓ P RE

ą0:

(9.8)
ÿ

aPz

ℓaspaq “
ÿ

aPz1

ℓas
1paq.

Furthermore, whether a nonghost a P z is integer for s or not, a will be integer for s1. Thus,
z1 will be in Gint

s1,π1 .

We prove first that Cs1,π1 Ď Cs,π X Hz. Let ℓ P Cs1,π1 and q be a circuit in G:
π. Since

ℓ P Cs1,π1 it follows from (9.7) that
ř

aPq ℓaspaq ď 0. Thus, ℓ P Cs,π. In addition, since z1 is in
Gint

s1,π1 , it follows from (9.8) that
ř

aPz ℓaspaq “ 0, that is, ℓ P Hz. This proves the inclusion
Cs1,π1 Ď Cs,π XHz.

We prove now the reverse inclusion. Let ℓ P Cs,π XHz. We need only prove that

(9.9)
ÿ

aPq1

ℓas
1paq ď 0

for every circuit q1 in G:

π1 that verifies (Ess1) in G:

π1 .
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Since ℓ P Hz, it follows from (9.8) that

(9.10)
ÿ

aPz1

ℓas
1paq “ 0.

Viewing each q1 and z1 as cycles, we may write the sum q1 `z1 as a sum of pairwise compatible
circuits q1

1, . . . , q
1
s in G:

π1 . No new ghost arrows are introduced, so all the q1
i verify (Ess1). If

we prove (9.9) for each such q1
i instead of q1, we will have it for q1 as well, because of (9.10).

We may thus assume that ā R z1 for each a P q1.
The circuit q1 is a contraction of a circuit q in G:

π: We keep all the nonghost arrows of q1,
and add ghost arrows which are either contracted to the ghost arrows of q or removed. The
nonghost arrows a in q are not contracted and satisfy ā R z; thus s1paq “ spaq by definition.
Let N be the number of downward ghost arrows of q. These are removed when contracting
to q1 as q1 satisfies (Ess1).

If N “ 0, then equality holds in (9.7). Since ℓ P Cs,π, we get (9.9), as required. Assume
N ą 0. We will proceed by descending induction on N . Let uv be a downward ghost arrow
in q. Since it does not appear in q1, and z satisfies (Ess1), there is a ghost arrow xy in z such
that x ĺπ v ăπ u ĺπ y. Consider the closed path p in G:

π made up of all the arrows of q

except uv, all the arrows of z except xy, and the upward ghost arrows xv if x ‰ v and uy if
u ‰ y. Its contraction p1 to G:

π1 , viewed as a cycle, is q1 ` z1. Since z has only upward ghost
arrows, p has less downward ghost arrows than q. Writing p as a sum of pairwise compatible
circuits q1, . . . , qs in G:

π, as before, we need only prove (9.9) for the contractions q1
i of the qi

instead of q1. Since each qi has less downward arrows that q, we apply induction to finish the
proof.

Proof of Proposition 9.10. We have established the two statements in the proposition. □

9.7. Faces, II. Here is our main theorem on the faces of the cone of edge lengths.

Theorem 9.11. Let ps, πq be a slope-level pair on G and F a face of Cs,π intersecting RE
ą0.

Then, there is a slope-level pair ps1, π1q on G such that F “ Cs1,π1 “ σs1,π1, and the following
properties are verified:

(F1) π1 is a coarsening of π,
(F2) s ď s1, and
(F3) Eint

s1 Ě Eint
s .

In particular, if 8σs,π is nonempty, then each face of σs,π intersecting RE
ą0 is σs1,π1 for some

slope-level pair ps1, π1q on G satisfying (F1)-(F2)-(F3).

Proof. If F intersects 8σs,π, then by Theorem 9.2, Cs,π “ σs,π and 8σs,π is the interior of Cs,π.
Since F is a face of Cs,π, we must have F “ Cs,π, and hence we may put ps1, π1q :“ ps, πq.

Assume now that F does not intersect 8σs,π. Then, there is an essential circuit z in G:
π which

is not in Gint
s,π such that F Ď Hz. Since F contains ℓ P RE

ą0, the circuit z is active for ps, πq.
Then, Proposition 9.10 yields that F is a face of Cs1,π1 for the pair ps1, π1q associated to z by
the squashing process.

By definition of the pair ps1, π1q, properties (F1) and (F2) hold. As for (F3), an arrow a P Eπ

which is integer for s is present in Gπ1 . Indeed, if not, then a and ā would be covered by the
same ghost of z, and hence spaq, spāq ď 0 by Lemma 9.9. Since a is integer for s, we would
get spaq “ spāq “ 0, that is, a would be horizontal for s, contradicting a P Eπ. Also, since

0 “ spaq ` spāq ď s1paq ` s1pāq ď 0,
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we must have a P Eint
s1 , showing (F3).

Now, if F intersects 8σs1,π1 , as before we get F “ Cs1,π1 “ σs1,π1 . Otherwise, we proceed as
above, getting a slope-level pair ps2, π2q such that F is a face of Cs2,π2 , and such that π2 is a
coarsening of π1, s1 ď s2, and Eint

s2 Ě Eint
s1 . Clearly, π2 is a coarsening of π, and we have s ď s2

and Eint
s2 Ě Eint

s . And, we restart this cycle of reasoning. This process will eventually end, and
we obtain the theorem. □

We obtain the following refined characterization of the facets.

Theorem 9.12 (Characterization of facets). Let ps, πq be a slope-level pair on G with nonempty
σs,π. Let F be a facet of σs,π meeting RE

ą0. Then, there exists an essential circuit z in G:
π which

is active for ps, πq such that, denoting by ps1, π1q the slope-level pair associated to z by squash-
ing, we have

‚ F “ σs1,π1, and
‚ gpGint

s1,π1q “ gpGint
s,πq ` 1.

Theorem 9.11 implies that there is a sequence of circuits whose consecutive squashings lead
to a slope-level pair that defines the facet. The content of the above theorem is that this can
be done by a single squashing.

Proof. Since σs,π “ Cs,π by Theorem 9.2, it follows from Proposition 9.7 that σs,π is given by the
inequalities (9.1) for essential circuits. Thus F “ σs,σ XHz for an essential circuit z in G:

π not
in Gint

s,π. Since there is ℓ P F with ℓ ą 0, it follows that z is active for ps, πq. Proposition 9.10
then implies that F “ Cs1,π1 for the slope-level pair ps1, π1q obtained by squashing ps, πq relative
to z.

We claim that gpGint
s1,π1q ą gpGint

s,πq. Indeed, z is not in Gint
s,π, but the contracted circuit z1

in G:

π1 is in Gint
s1,π1 , as we observed in the proof of Proposition 9.10. Since F “ σs,σ X Hz

and F is a facet of σs,σ, it follows that z1 is not in the cycle space of Gint
s1,π1 generated by the

circuits contracted from Gint
s,π. As no arrow of any circuit in Gint

s,π is actually contracted, that
is, Eint

s Ď Eint
s1 , we get our claim.

We show now that the cone σs1,π1 in not empty. Assume by contradiction that σs1,π1 “ ∅.
Then, the proof of Theorem 9.11 yields that F Ď Cs2,π2 for some slope-level pair ps2, π2q derived
by squashing ps1, π1q relative to a circuit z1 in G:

π1 which is essential and active for ps1, π1q. As
proved above, gpGint

s2,π2q ą gpGint
s1,π1q. Now, Proposition 9.5 implies that

dimF ď |E| ´ gpGint
s2,π2q and dimσs,π “ |E| ´ gpGint

s,πq.

But, gpGint
s2,π2q ą gpGint

s1,π1q ą gpGint
s,πq, contradicting the fact that F has codimension one in σs,π.

We conclude that σs1,π1 ‰ ∅, whence F “ σs1,π1 by Theorem 9.2. Applying Proposition 9.5,
we get

1 “ codimpF, σs,πq “ dimσs,π ´ dimσs1,π1 “ gpGint
s1,π1q ´ gpGint

s,πq ě 1,

from which we deduce that gpGint
s1,π1q “ gpGint

s,πq ` 1, as required. □

9.8. Fans associated to bricks. Let g P Zě0. Consider the standard simplex ∆g in RV of
width g. Each β P ∆g defines the polytope Bβ consisting of the set of all points q P ∆g that
verify the inequalities

tβpSqu ď qpSq ď rβpSqs @ S Ď V.

We refer to Bβ as the brick defined by β; see [AE24, §10.2] and Appendix A.
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By [AE24, Thm. 10.4], the collection of bricks Bβ for β P ∆g is a tiling of ∆g. Furthermore,
the base polytope P of any polymatroid with integral vertices in ∆g is tiled by the set of bricks
included in P. Denote by Brg the collection

Brg :“
!

Bβ

ˇ

ˇ β P ∆g and Bβ is full-dimensional
)

.

For each slope-level pair ps, πq on G, recall the submodular function γπ associated to the
π-residue space Gπ Ă Υ; see Section 3.3. Recall as well the submodular function ζs associated
to s by Definition 3.13. Whereas γπ has range gpGq, the function ζs has range 0. Assume
g ě gpGq, and fix a genus function g : V Ñ Zě0 of range g ´ gpGq.

Consider the submodular function

ηs,π :“ ηs,πpgq :“ γπ ` g ` ζs,

and let Ps,π denote the base polytope associated to the submodular function UpMinpηs,πq.

Definition 9.13 (Permissible slope-level pairs). A slope-level pair ps, πq is permissible if
‚ the set 8σs,π Ă RE

ą0 is nonempty, and
‚ the submodular function ηs,π is positive and simple.

Denote by PSL “ PSLpGq the collection of all permissible slope-level pairs on G. ˛

Since there are finitely many ordered partitions π, and the slopes taken by s with ηs,π
positive and simple are all bounded by a constant by Lemma 8.4, the set PSL is finite. Since
each Ps,π is full-dimensional, we can write

PSL “
ď

BPBrg

PSLpBq where PSLpBq :“
␣

ps, πq P PSL
ˇ

ˇ Ps,π Ě B
(

.

Theorem 9.14. Let B P Brg be a full-dimensional brick in ∆g. The collection of cones σs,π
for ps, πq P PSLpBq and all of their faces which lie on the boundary RE

ě0∖RE
ą0 form a rational

fan with support RE
ě0.

Definition 9.15. For each full-dimensional brick B P Brg, we denote by ΣB the fan produced
by the above theorem. ˛

We need the following lemma.

Lemma 9.16. Let B P Brg be a full-dimensional brick in ∆g. For each ℓ P RE
ą0 there is a

unique ps, πq P PSLpBq such that ℓ P 8σs,π. In particular, the cones 8σs,π for ps, πq P PSLpBq

are pairwise disjoint.

Proof. We derive this as a consequence of our tiling theorem, Theorem 4.11. Thus, let X be
a nodal connected reduced curve proper over an algebraically closed field k whose associated
dual graph is G “ pV,Eq. Assume the branches over its nodes are in general position on the
normalizations of its components.

Let ℓ P RE
ą0 and denote by Γ the metric graph associated to pG, ℓq. There exists a complete

algebraically closed non-Archimedean field K with residue field k and value group Λ “ R, and
a smooth proper curve X over K whose tropicalization is pX,Γq, see [ABBR15, Thm. 3.24].
For each function h : V Ñ R, let Wh be the associated reduction of the space of Abelian
differentials on X. By Theorem 4.11, for each B P Brg, there is a function h : V Ñ R
such that the base polytope of Wh contains B. Then, Wh is simple, and thus ηs,π ě 0 by
Proposition 7.13, where ps, πq :“ pB

ℓ
h, πhq. Then, Theorem 8.3 yields that the submodular

function associated to Wh is UpMinpηs,πq, and hence Ps,π Ě B. Since Wh is simple, so is ηs,π
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by Proposition 2.10. Therefore, ps, πq P PSLpBq. Since ps, πq “ pB
ℓ
h, πhq, we have ℓ P 8σs,π by

definition, as required. This proves the existence.
To prove the uniqueness, note that if ℓ P 8σs1,π1 for another slope-level pair ps1, π1q P PSLpBq,

then there is a function h1 : V Ñ R with ps1, π1q “ pB
ℓ
h1, πh1q and Ps1,π1 Ě B. But then the

base polytope of Wh1 contains B as well. By Theorem 4.11, the base polytopes of Wh and
Wh1 will then coincide, and hence h1 ´ h is constant by [AE24, Prop. 8.9]. It follows that
ps, πq “ ps1, π1q. □

Proof of Theorem 9.14. Lemma 9.16 yields that
ď

ps,πqPPSLpBq

8σs,π “ RE
ą0,

and that the union is disjoint.
Let ps, πq P PSLpBq. Then σs,π ‰ ∅. By Theorem 9.11, a face F of σs,π meeting RE

ą0 is
equal to σs1,π1 for a slope-level pair ps1, π1q satisfying Conditions (F1)-(F2)-(F3) therein. Now,
since π1 is a coarsening of π, it follows from Proposition 3.5 that γπ1 ě γπ. Also, since s1 ě s,
by Proposition 3.17, we have ζs1 ě ζs. We infer that ηs1,π1 ě ηs,π. It follows that the polytope
Ps1,π1 contains the polytope Ps,π, and hence contains B. We conclude that ps1, π1q P PSLpBq.
This shows that, for each ps, πq P PSLpBq, each face of the cone σs,π that meets RE

ą0 is equal
to σs1,π1 for a certain ps1, π1q P PSLpBq.

Furthermore, let ps, πq, ps1, π1q P PSLpBq be such that the intersection Z :“ σs,πXσs1,π1 XRE
ą0

is nonempty. For each ℓ P Z, let F and F 1 be the faces of σs,π and σs1,π1 that contain ℓ in
their relative interiors, respectively. As we showed above, F “ σs2,π2 and F 1 “ σs3,π3 for
certain ps2, π2q, ps3, π3q P PSLpBq. But then Lemma 9.16 yields ps2, π2q “ ps3, π3q, whence
F “ F 1. It follows that Z is contained in the union of the common faces of σs,π and σs1,π1 ,
whence contained in a common face F , since Z is convex. As seen above, F “ σs2,π2 for some
ps2, π2q P PSLpBq. Since Z “ F X RE

ą0, it follows that σs,π X σs1,π1 “ σs2,π2 .
The upshot is that the collection C of cones σs,π for ps, πq P PSLpBq verifies the following

three properties:
‚ If σ is in C and F is a face of σ that meets RE

ą0, then F belongs to C .
‚ If σ and τ are in C and the intersection σ X τ X RE

ą0 is nonempty, then σ X τ is a
common face of σ and τ , and belongs to C .

‚ The collection C covers RE
ě0.

It is easy to conclude now. □

9.9. Permissible collections of slope-level pairs. Given a subset S Ď PSL, we define

σS :“
č

ps,πqPS

σs,π.

For S “ tps, πqu, a singleton, we obtain σS “ σs,π. The following proposition is immediate
from Theorem 9.2.

Proposition 9.17. For each subset S Ď PSL, the set σS is a rational polyhedral cone in RE
ě0

provided that it is nonempty.

9.10. The meet of the fans associated to all full-dimensional bricks. For each edge
length function ℓ : E Ñ Rą0, let Sℓ Ď PSL be defined by

Sℓ :“
!

ps, πq P PSL
ˇ

ˇ ℓ P 8σs,π

)

“

!

pB
ℓ
h, πhq

ˇ

ˇ ηB
ℓ
h,πh

is positive and simple
)

.
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Figure 9. The polytope Ps0,π0
is the one in azure, in the simplex ∆3 “ OXY Z

of width three in R4, with vertices O “ p3, 0, 0, 0q, X “ p0, 3, 0, 0q, Y “

p0, 0, 3, 0q and Z “ p0, 0, 0, 3q. The figure shows the projection to R3 given by
the last three coordinates. The polytopes in brown, red, blue, and green are
the four bricks which contain each one of the four vertices of ∆3.

Denote by
S : RE

ą0 ÝÑ 2PSL, ℓ ÞÑ Sℓ

the corresponding map. Notice that σSℓ
is nonempty, as it contains ℓ. Consider the collection

of all the rational cones σSℓ
for ℓ P RE

ą0, and denote by Σ “ ΣpG, gq the collection of these
cones and all of their faces on the boundary RE

ě0 ∖RE
ą0.

For fans Σ1, . . . ,Σm with the same support in RV , we define their meet, denoted
Ź

Σi, to
be the fan obtained by taking all the nonempty intersections σ1 X ¨ ¨ ¨ X σm for cones σi P Σi

for i “ 1, . . . ,m. Note that the meet has the same support as the Σi.

Theorem 9.18. Notation as above, Σ is a rational fan with support RE
ě0. It is given by

(9.11) Σ “

!

č

BPBrg

σB
ˇ

ˇ σB in ΣB for B P Brg
)

.

In other words, Σ “
Ź

BPBrg ΣB is the meet of the fans ΣB associated to the full-dimensional
bricks B in ∆g.

Proof. In order to prove the theorem, it is enough to show the equality (9.11), as its right-hand
side is a fan. It will be thus enough to show that the collection of cones in Σ meeting RE

ą0 is
the collection of cones in the meet

Ź

ΣB meeting RE
ą0.

A cone in Σ meeting RE
ą0 is σSℓ

“
Ş

ps,πqPSℓ
σs,π for some ℓ P RE

ą0. Each cone σs,π above
belongs to ΣB for each brick B P Brg contained in the base polytope Ps,π. Furthermore,
Lemma 9.16 yields that for each brick B P Brg, there is ps, πq P Sℓ such that Ps,π Ě B. Thus
the cone σSℓ

belongs to
Ź

ΣB.
Conversely, consider a cone σ P

Ź

ΣB meeting RE
ą0. Then, σ “

Ş

BPBrg σsB,πB
for certain

psB, πBq P PSLpBq. Let ℓ P 8σ be in the relative interior of σ. Then the collection Sℓ

coincides with the set of all psB, πBq. Indeed, for each B P Brg, we have 8σ Ď 8σsB,πB
, and hence

psB, πBq P Sℓ. On the other hand, given ps, πq P Sℓ, there is B P Brg such that Ps,π Ě B.
But then ps, πq P PSLpBq, and hence psB, πBq “ ps, πq by Lemma 9.16. It follows that
σ “

Ş

BPBrg σsB,πB
“ σSℓ

, finishing the proof of the theorem. □
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Example 9.19. LetK4 “ pV,Eq be the complete graph on 4 vertices with zero genus function,
g “ 0. Thus, as in Example 2.4, we have V “ tu0, u1, u2, u3u andE “ te0,1, e0,2, e0,3, e1,2, e1,3, e2,3u,
where ei,j is the unique edge connecting ui and uj for each i, j. We will simplify by putting
ℓi,j :“ ℓei,j for each i, j. We let ai,j be the unique arrow from ui to uj for all i, j; thus ai,j “ aj,i,
and ai,j and aj,i are the arrows on ei,j for all i, j such that 0 ď i ă j ď 3.

Let k be a field. The first slope-level pair ps0, π0q we consider is the trivial one: s0 “ 0
and π0 :“ tV u. Its associated cone is the full RE

ě0. The slope function ζs0 is zero, whence
ηs0,π0

“ γπ0
. The residue space Gπ0

Ď kE is the one given by local and Rosenlicht residue
conditions and corresponds to the first homology group of K4 with k-coefficients; there are
no vanishing or global residue conditions. We have γπ0

ptuiuq “ 2 and γπ0
ptui, ujuq “ 3 for all

distinct i, j. Clearly, UpMinpηs0,π0
q “ ηs0,π0

, and thus Ps0,π0
Ď ∆3 is the polytope that contains

all bricks except those 4 which contain each a vertex of ∆3. It is depicted in azure in Figure 9.
For each i “ 0, 1, 2, 3, let Bi be the brick of ∆3 which contains the point with i-th coordinate

equal to 3 (and vanishing remaining coordinates). These are depicted in brown, red, blue, and
green, respectively, in Figure 9. From what we discussed above, PSLpBq “ tps0, π0qu for each
B distinct from B0,B1,B2,B3. Also, for each such B, the fan ΣB is that defined by RE

ě0 and
its faces.

The second slope-level pair ps, πq we consider satisfies the following:

Vπ “
␣

tu0u, tu1, u2, u3u
(

, with tu0u ąπ tu1, u2, u3u; and
spai,jq “ 0 if i, j P t1, 2, 3u or i “ 0 and j “ 2, 3, and
spa1,0q “ spa2,0q “ spa3,0q “ ´spa0,1q “ ´1.

Then, As “ te0,1, e0,2, e0,3u and Aint
s “ te0,1u. We denote the associated cone by σ01 Ď RE

ě0; it
is given by two inequalities ℓ0,1 ď ℓ0,2 and ℓ0,1 ď ℓ0,3. The associated submodular functions
γπ and ζs satisfy

γπptu1, u2, u3uq “ 1, γπptu0uq “ 2, γπptu0, uiuq “ 3 for i “ 1, 2, 3,

from which the other values of γπ can be derived, and

ζsptu0uq “ 1, ζspIq “ 0 for each I Ď V with I ‰ tu0u.

Then, ηs,π “ γπ ` ζs and UpMinpηs,πq can be derived; in fact, one checks that ηs,π “

UpMinpηs,πq and

ηs,πptu0uq “ 3, ηs,πptuiuq “ ηs,πptu1, u2, u3uq “ 1 for each i “ 1, 2, 3,

from which the other values of ηs,π can be derived. Finally, it is clear that the associated
polytope is defined in ∆3 by a single condition: qpu1q ` qpu2q ` qpu3q ď 1, and hence it is the
brick B0, depicted in brown, with vertices OABC in Figure 9.

By symmetry, choosing u2 and u3 instead of u1, we get two other slope-level pairs whose
associated polytope is B0, with associated slope-level cones denoted σ02 and σ03 given by the
inequalities ℓ0,2 ď ℓ0,1, ℓ0,3 and ℓ0,3 ď ℓ0,1, ℓ0,2, respectively. Notice that σ01, σ02, σ03 and their
faces form a fan with support RE

ě0, therefore, we get a description of the fan ΣB0
as the

product of the fan RE∖E0

ě0 and the fan on RE0

ě0 obtained by a barycentric subdivision, where
E0 :“ te0,1, e0,2, e0,3u; see Figure 10. The smallest cone in ΣB0

that meets RE
ą0, which is also

the common face of the cones σ0i , is the cone given by the equalities ℓ0,1 “ ℓ0,2 “ ℓ0,3. The
corresponding slope-level pair can be obtained by successively squashing the slope-level pair
ps, πq above relative to the active circuits z1 “ a2,0a0,1 and z2 “ a3,0a0,1 in any order: it yields
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Figure 10. The fan ΣB0
is the product of the fan RE∖E0

ě0 , and the fan given on
the left, obtained as the barycentric subdivision of RE0

ě0 in three 3-dimensional
cones σ01, σ02, and σ03, depicted in red, blue, and green.

ps0, πq, where s0pa0,iq “ 1 for i “ 1, 2, 3 and all arrows are integer for s0. The slope function
associated to s0 is larger than ζs; we have

ζs0ptu0uq “ 3, ζs0ptu0, uiuq “ 2 for i “ 1, 2, 3,

ζs0ptu0, ui, ujuq “ 1 for 1 ď i ă j ď 3,

and ζs0pIq “ 0 for other subset I Ď V . Then, ηs0,π is the function φ in Example 2.4, which, as
pointed out there, is quite different from its UpMin transform.

By symmetry, the remaining fans ΣB1
, ΣB2

, and ΣB3
have a similar description. This gives

a description of the fan ΣpK4q. It is not difficult to see that all the cones in ΣpK4q that meet
RE

ą0 have a face in common, which is the ray consisting of constant edge length functions. ˛

10. The variety of limit canonical series

We fix a nodal connected proper curve X over an algebraically closed field k. Let g be its
(arithmetic) genus and G “ pV,Eq be its dual graph. Assume g ą 0. Recall the relevant nota-
tion from the beginning of Section 7. In this section, we construct the variety of (fundamental
collections of) limit canonical series on X

Let Σ be the canonical fan of pG, gq. The set PSL of permissible slope-level pairs is finite
is finite. Therefore, there is a finite-dimensional subspace Uv Ă Ωv for each vertex v P V such
that H0pCv, Ls,vq Ď Uv for each ps, πq P PSL and each v P V . Put U :“

À

Uv.

10.1. Grassmannians and bricks. We will consider the Grassmannian of g-dimensional
subspaces of U , denoted by Gr :“ Grass

`

g,U
˘

.
As in Section 9.8, let Brg denote the collection of all full-dimensional bricks Bβ for β P ∆g.

For each full-dimensional brick B P Brg, we define the brick locus

GrB :“ GrassBpg,U q :“
!

W Ď U
ˇ

ˇ Pν˚
W

Ě B
)

,

where Pν˚
W

Ď ∆g is the base polytope associated to the submodular function ν˚
W; see Section 2

and Appendix A. By Theorem A.2, the brick locus GrB is in an open subvariety of Gr.
Furthermore, the component-wise action of the torus GV

m on U “
À

vPV Uv induces a
natural action of GV

m on Gr, with the diagonal Gm ãÑ GV
m acting trivially. Let T :“ GV

m

L

Gm

be the quotient torus. The brick locus GrB is invariant under the action of T.

Proposition 10.1. The categorical quotient GrB
L

T exists and is projective.

Proof. This is Theorem A.2. □
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10.2. Strata associated to cones in Σ and the variety of limit canonical series. We
assume the characteristic of k is zero. We assume the branches pa for a P Ev are in general
position on the curve Cv, for each v P V , and fix isomorphisms OCvppaq|pa – k. In addition,
for each edge e P E, we fix an isomorphism ω|pe – k, where ω is the canonical sheaf on X.

For each permissible slope-level pair ps, πq, recall the submodular function ηs,π “ γπ `g`ζs,
where γπ is the submodular function of the π-residue space Gπ Ď Υ, g is the genus function
of X, and ζs is the slope submodular function; see Section 7.6. The associated polytope to
UpMinpηs,πq in ∆g is denoted Ps,π.

To each full-dimensional brick B P Brg, we associated the fan ΣB, defined by the cones
σs,π for permissible slope-level pairs ps, πq in PSLpBq, verifying 8σs,π ‰ ∅ and Ps,π Ě B; see
Definitions 9.13 and 9.15.

By Lemma 9.16, for each cone σ P ΣB meeting RE
ą0, there is a unique ps, πq P PSLpBq such

that σ “ σs,π. We can thus put

Gσ :“ Gπ, Eint
σ :“ Eint

s and Aint
σ :“ Aint

s ,

the π-residue space, the set of edges and the set of upward arrows which are integer for s,
respectively. There is a unique upward arrow in Aint

σ over each e P Eint
σ .

For each v P V , put

Lσ,v :“ Ls,v “ ωv

´

ÿ

aPEv

`

1 ` spaq
˘

pa
¯

,

and note that, by the choice of the Uv, we have
À

H0pCv, Lσ,vq Ď U .
Using the isomorphisms ω|pe – k and OCta

ppaq|pa – k to obtain isomorphisms Lσ,ta |pa – k

for all arrows a P E, we may define, for each function y : Aint
σ Ñ kˆ,

Ly
σ :“ Ly

s “
č

aPAint
σ

Ker
´

à

vPV

Lσ,v ÝÑ Lσ,ta |pa ‘ Lσ,ha |pā – k ‘ k
p´y´1

a ,1q
ÝÝÝÝÝÑ k

¯

.

Also, for each point ρ on GE
m, we define yps, ρq : Aint

σ Ñ kˆ by yps, ρqa :“ ρspaq
e for each a P Aint

σ

with e the edge underlying a. Define the map

ΦB
σ : GE

m ÝÑ
GrB

T
by ΦB

σ pρq :“ GV
mWσpyps, ρqq where

(10.1) Wσpyps, ρqq :“ Res´1pGσq
č

H0pX,Lyps,ρq
σ q Ď

à

vPV

H0pCv, Lσ,vq Ď U .

Since σ is rational, there is ℓ P ZE
ą0 such that ℓ P 8σ. As explained in Appendix B, for

each ρ P GE
m, there is a degeneration to X with singularity degrees given by ℓ and leading

coefficients given by ρ. Consider the associated tropicalization of the geometric generic fiber
of the degeneration. It follows from the discussion in Appendix B and Theorem 8.5 that the
limit canonical series whose associated base polytope contains B is Wσpyps, ρqq. Since the
associated submodular function is UpMinpηs,πq, thus independent of ρ, it follows that ΦB

σ ,
which does not depend on the choice of ℓ P 8σ, is a well-defined morphism of schemes for each
B P Brg and σ P ΣB.

Let Σ “ ΣpG, gq be the meet of the ΣB as B runs in Brg. For each cone σ in Σ meeting RE
ą0,

and each full-dimensional brick B P Brg, denote by σB the smallest cone in ΣB that contains
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σ. Define

Φσ : G
E
m

`

ΦB
σB

˘

BPBrg
ÝÝÝÝÝÝÝÑ

ź

BPBrg

GrB

T
, and put Vσ :“ ImpΦσq Ă

ź

BPBrg

GrB

T
.

For each ℓ P RE
ą0, there is a unique σ P Σ such that ℓ P 8σ. Conversely, for each σ P Σ, since

σ is rational, there is ℓ P ZE
ą0 such that ℓ P 8σ. As before, combining Theorem 8.5 with the

discussion in Appendix B, we see that a point on Vσ parameterizes the collection of GV
m-orbits

of the spaces in the fundamental collection FCpXq of limit canonical series associated to the
tropicalization of a smooth curve X to pX,Γq, where Γ is the metric graph associated to the
pair pG, ℓq, or equivalently, to a degeneration to X having singularity degrees given by ℓ, for
all ℓ P ZE

ą0 with ℓ P 8σ. Conversely, each such collection is parameterized by a point on Vσ.
Thus, the union V of the Vσ is the parameter space for the collections of GV

m-orbits of the
spaces in the fundamental collections of limit canonical series associated to all tropicalizations
yielding X, or equivalently, all smoothings of X. We call V the variety of limit canonical
series.

10.3. Projectivity. Notation as before. We show that V is closed in the product of the
GrB{T for B P Brg, hence projective by Proposition 10.1.

Theorem 10.2. Let X be a nodal curve over an algebraically closed field k of characteristic
zero with branches over nodes in general position on the components of its normalization, and
let G be its dual graph. Then:

(1) The variety of limit canonical series V parametrizes all fundamental collections asso-
ciated to any smooth proper curve X over a valued field K that tropicalizes to pX,Γq

for any metric graph Γ over G.
(2) For each cone τ of Σ meeting RE

ą0, we have that Vτ “
Ť

σĚτ Vσ. In particular, V is a
projective variety.

Proof. The partial gluing ϱh “ ϱhpXq appearing in Theorem 8.5 is given by

ϱh,a “ ρshpaq
e for all a P Aint

s

where e is the underlying edge of a and ρe is the leading coefficient of the smoothing of the
node pe in X, see Appendix B.

It follows from this description and Theorem 8.5 that the data

pϱh,aqhPRV ,aPAint
sh

appearing in the description of the fundamental collection for X varying among all smooth
curves over valued fields K tropicalizing to pX,Γq is the same as the data

pρshpaq
a qhPRV ,aPAint

sh

given by ypsh, ρq, for ρ varying in GE
mpkq “

`

kˆ
˘E. This proves the first statement.

To prove the second, it is enough to prove the equality Vτ “
Ť

σĚτ Vσ. Let σ and τ be
cones in Σ meeting RE

ą0 with σ Ě τ . We show first that Vτ Ě Vσ. We use the notation in
Section 10.2. In particular, for each B P Brg, we denote by σB and τB the smallest cones in
ΣB that contain σ and τ , respectively.
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Let ρ P GE
mpkq and ℓ P 8σ with ℓe P N for each e P E. Let ρ1 P GE

mpkrrtssq be such that
ρ1
e “ ρet

ℓe for each e P E. We only need to prove that

(10.2) lim
tÑ0

Φτ pρ1q “ Φσpρq.

Take B P Brg and let ps, πq P PSLpBq be the slope-level pair such that σB “ σs,π. Up to
changing ℓ to an integer multiple, we may assume there is h : V Ñ Z be such that s “ B

ℓ
h.

Since τ is a face of σ, we have that τB is a face of σB, and hence it follows from Theorem 9.11
that there is a slope-level pair ps1, π1q P PSLpBq such that τB “ σs1,π1 . Furthermore, π1 is a
coarsening of π, and we have that s1 ě s and Eint

τB
Ě Eint

σB
. Since s “ B

ℓ
h, we have

(10.3) ℓas
1paq “ ℓaspaq ` ℓaps1paq ´ spaqq ě hptaq ´ hphaq

for each a P Aint
τB

, with equality if and only if a P Aint
σB

.
Finally, let x P GV

mpktttuuq given by xv :“ t´hpvq for each v P V . Then,

x
´

Res´1pGτBq
č

H0pX,Lyps1,ρ1q
τB

q

¯

“ Res´1pxGτBq
č

H0pX,Ly
τB

q

where y : Aint
τB

Ñ k is the function given by

ya :“ ρs
1paq
e tℓas

1paq´hptaq`hphaq

for each a P Aint
τB

with e the edge underlying a. On the one hand, since (10.3) holds for each
a P Aint

τB
with equality if and only if a P Aint

σB
, we have

lim
tÑ0

H0pX,Ly
τB

q “ H0pX,Lyps,ρq
σB

q.

On the other hand, it follows from [AEG24, Thm. 6.1] that

lim
tÑ0

Res´1pxGτBq “ Res´1pGσB
q.

Then, (10.2) holds.
We show that the closure of Vτ is contained in the union of the Vσ, σ Ě τ .
Let ℓ1 P 8σ with ℓ1

e P N for each e P E. Let ρ1 P GE
mpkrrtssq. Let n : E Ñ Zě0, e ÞÑ ne, such

that for each e P E, we have ρ1
e “ tneµe for µe P krrtss with µep0q ‰ 0. Let ρ P GE

mpkq be given
by ρe “ µep0q for each e P E. Let σ be the cone of Σ containing ℓ :“ Nℓ1 ` n for all large
enough N P N. Clearly σ Ě τ . We claim (10.2).

Indeed, for each B P Brg, as before, let ps, πq and ps1, π1q be slope-level pairs in PSLpBq

such that σB “ σs,π and τB “ σs1,π1 , and such that π1 is a coarsening of π, and we have that
s ď s1 and Eint

τB
Ě Eint

σB
. Up to changing ℓ1 to an integer multiple, and replacing t by a high

enough power, we may assume there are h, h1 : V Ñ Z such that s “ B
ℓ
h and s1 “ B

ℓ1 ph
1q.

Then,

nes
1paq “ ℓaspaq ` ℓaps1paq ´ spaqq ´Nℓ1

as
1paq ě hptaq ´ hphaq ´Nph1ptaq ´ h1phaqq

for each a P Aint
τB

with underlying edge e, with equality if and only if a P Aint
σB

.
Finally, let x, y P GV

mpktttuuq given by xv :“ t´hpvq and yv :“ t´hpvq`Nh1pvq for each v P V .
Then,

y
´

Res´1pGτBq
č

H0pX,Lρ1

τB
q

¯

“ Res´1pxGτBq
č

H0pX,Lz
τB

q,

where z : Aint
τB

Ñ k is the function satisfying

za :“ µs1paq
e tnes1paq´hptaq`hphaq`Nph1ptaq´h1phaqq
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for each a P Aint
τB

with e the edge underlying a. As before,

lim
tÑ0

Res´1pxGτBq “ Res´1pGσB
q and lim

tÑ0
H0pX,Lz

τB
q “ H0pX,Lyps,ρq

σB
q.

Then, (10.2) holds, and the theorem follows. □

Example 10.3. Let X be the union of four general lines L0, L1, L2, L3 on the plane. Each
component is smooth and rational, and contains three branches over nodes, which are thus
in general position. Its dual graph, G “ pV,Eq, is the complete graph on 4 vertices with
genus function zero, g “ 0. In Example 9.19, we described the canonical fan Σ of K4, and
we observed it has a ray τ which is a face of any cone in the meet which intersects RE

ą0. It
thus follows from Theorem 10.2 that the variety of limit canonical series V is irreducible, the
closure of Vτ .

The ray τ is the one where all lengths are equal. Smoothings with edge length function ℓ
constant equal to 1 are obtained by pencils L0L1L2L3 ´ tF where F is a quartic meeting each
Li away from the branches over the nodes for each i. Notation as in Example 9.19, we let
pi,j :“ pai,j for each distinct i, j P t0, 1, 2, 3u.

Fix a line Lj . Then Li{Lr is a local equation for Li at pi,j for each distinct i, j, r. We have
Li

Lr

Lj

Ls

“ t
F

L2
rL

2
s

,

for each i, j, r, s such that ti, j, r, su “ t0, 1, 2, 3u. Let x1, x2, x3 be homogeneous coordinates
for P2

k. We may assume Li “ xi for i “ 1, 2, 3 and L0 “ x1`x2`x3. Write F “
ř

ai,j,rx
i
1x

j
2x

r
3.

With these choices, the leading coefficients for the smoothing L1L2L3L4 ´ tF are

ρ0,1 “a0,4,0 ` a0,2,2 ` a0,0,4 ´ pa0,3,1 ` a0,1,3q, ρ1,2 “ a0,0,4

ρ0,2 “a4,0,0 ` a2,0,2 ` a0,0,4 ´ pa3,0,1 ` a1,0,3q, ρ1,3 “ a0,4,0,

ρ0,3 “a4,0,0 ` a2,2,0 ` a0,4,0 ´ pa3,1,0 ` a1,3,0q, ρ2,3 “ a4,0,0.

So we see that we get the whole GE
m of leading coefficients as we vary F . ˛
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Appendix A. Torus actions on Grassmannians

Let k be an algebraically closed field and V be a finite set. For each v P V , let Uv be
a finite-dimensional vector space over k and denote by dv its dimension. Let d : V Ñ Z the
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function v ÞÑ dv and put U :“
À

Uv. Let n be any nonnegative integer and Gr :“ Grasspn,Uq,
the Grassmannian of vector subspaces of U of dimension n.

For each subspace W Ď U and subset S Ď V , let WS Ď
À

vPS Uv denote the image of W
under the corresponding projection θS : U Ñ US :“

À

vPS Uv. To each subspace W Ď U, we
associate its adjoint modular pair pνW, ν

˚
Wq, satisfying the equations

ν˚
WpSq “ dimWS “ dimW ´ νWpV ∖ Sq for all S Ď V,

and the corresponding polytope

QW “

!

q P RV
ˇ

ˇ

ˇ
νWpSq ď qpSq ď ν˚

WpSq @S Ď V
)

;

see [AE24, §8]. The largest possible polytope is achieved for W with projection maps W Ñ US

of maximal rank, equal to minpdimW, dpSqq, with dpSq “
ř

vPV dv. So, if dimW “ n, then
QW Ď Qn,d where

Qn,d :“
!

q P RV
ˇ

ˇ

ˇ
qpV q “ n and qpSq ď minpn, dpSqq @ S Ď V

)

.

A.1. Plücker coordinates. Consider the Plücker embedding of Gr, that is, the association
of the one-dimensional subspace

ŹnW of
ŹnU to each n-dimensional subspace W Ď U. To

describe
ŹnU, let QZ

n,d Ď Qn,d be the subset of integer-valued functions. For each r P QZ
n,d,

sending v to rv, let
Źr U denote the tensor product over v P V of the

Źrv Uv. Then,
ľn

U “
à

rPQZ
n,d

ľr
U.

Thus, for each k-point W of Gr, there are xr “ xWr P
Źr U for r P QZ

n,d whose sum is a
generator of the subspace

ŹnW of
ŹnU. The xr are the “Plücker coordinates” of W .

Proposition A.1. If xWr ‰ 0, then r P QW. Conversely, if r is a vertex of QW, then xWr ‰ 0.

Proof. Clearly, xWr ‰ 0 only if ν˚
WpSq ě rpSq for each S Ď V , and hence r P QW.

Conversely, by [AE24, Prop. 2.7], a vertex r of QW is the unique point of the base polytope
of a π-splitting of νW for a maximal ordered partition π of V . Let v1, . . . , vb be the ascending
sequence of the elements of V compatible with the order in which the singleton tviu appear
in π. Then, there is a filtration W “ Wb Ě Wb´1 Ě ¨ ¨ ¨ Ě W1 Ě W0 “ 0 such that the kernel
of the projection of Wi to Uvi is Wi´1 and the image has dimension ri for each i “ 1, . . . , b. It
is now easy to show that xWr ‰ 0. □

It will be necessary to compose the Plücker embedding with the m-th Veronese embedding,
for each m P N. We call the composition the m-th Plücker embedding of Gr. The resulting
“Veronese–Plücker coordinate” of W are

(A.1)
ź

rPQZ
n,d

xsrr

for all nonnegative functions s : QZ
n,d Ñ Zě0, r ÞÑ sr with spQZ

n,dq “ m, that is, the sum of sr
for r P QZ

n,d equals m.
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A.2. The torus action. The torus GV
m acts naturally on the Grassmannian Gr, with the

action of the diagonal Gm ãÑ GV
m being trivial. Let T :“ GV

m

L

Gm be the quotient torus.
For each β P RV with βpV q P Z, let Bβ be defined as the set of all functions q P RV verifying

tβpSqu ď qpSq ď rβpSqs @ S Ď V.

We call Bβ the brick associated to β.
The maximum dimension of a brick Bβ is |V | ´ 1, achieved if and only if βpSq R Z for any

nonempty proper S Ă V . If so, we call Bβ full-dimensional.
By (a direct generalization of) [AE24, Thm. 10.4], the collection of Bβ for β P Qn,d form a

tiling of Qn,d. For each full-dimensional brick B Ď Qn,d, let

GrB “

!

W Ď U
ˇ

ˇ QW Ě B
)

Ď Gr.

(If QW Ě B, then dimW “ n.)

Theorem A.2. For each full-dimensional brick B Ď Qn,d, GrB is a T-invariant open subset
of Gr whose categorical quotient GrB

L

T exists and is projective.

Proof. We will show that GrB
L

GV
m is a GIT-quotient which is an orbit space. Let q P B̊, the

interior of B, be such that qv P Q for each v P V . Let m P N be such that pv :“ qvm is an
integer for each v P V .

Let xr P
Źr U for r P QZ

n,d be the “Plücker coordinates” of W. The corresponding “coor-
dinates” for the m-th Plücker embedding are the products (A.1) for all nonnegative integer-
valued functions s : QZ

n,d Ñ Z with spQZ
n,dq “ m.

Consider the following linearization to the symmetric product Smp
ŹnUq of the action of

GV
m on Gr: The action of t P GV

mpkq changes the “coordinates” (A.1) of W to the “coordinates”
ź

vPV

t
ř

srrv´pv
v

ź

rPQZ
n,d

xsrr .

Notice that the inverse of
ś

tpvv is multiplying all the “coordinates,” hence the action of GV
m

on Smp
ŹnUq induces the natural action of GV

m on Gr.
It is now enough to prove that the semistable locus of Gr for this linear action is equal

to the stable locus, and also equal to GrB. We will use Hilbert–Mumford Criterion. We
must argue that, given W P Grpkq, we have W P GrBpkq if and only if for each nonconstant
µ : V Ñ Z, there is a map s : QZ

n,d Ñ Zě0 such that

(1) spQZ
n,dq “ m;

(2) xr ‰ 0 for each r P QZ
n,d such that sr ą 0;

(3)
ř

srrvµv ď
ř

pvµv (with strict inequality if W P GrBpkq).
Assume first that W P GrBpkq. Then, we have B Ď QW. Therefore, q is a convex linear

combination of the vertices of QW, that is, q “
ř

yrr for a certain y : QZ
n,d Ñ Qě0 with

ypQZ
n,dq “ 1 such that yr ‰ 0 only if r is a vertex of QW.

Fix a nonconstant µ : V Ñ Z. Suppose by sake of contradiction that for each r P QZ
n,d such

that xr ‰ 0, we have m
ř

rvµv ě
ř

pvµv. (This is a negation of (3) for s : QZ
n,d Ñ Zě0 with

sr “ m.) Then,
ř

rvµv ě
ř

qvµv for each vertex r of QW by Proposition A.1, and hence

(A.2)
ÿ

r,v

yrrvµv ě
ÿ

v

qvµv,
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with equality if and only if
ř

rvµv “
ř

qvµv for every vertex r of QW. But the equality holds
in (A.2), since q “

ř

yrr. Therefore, QW is contained in the hyperplane pµ, ¨q “
ř

qvµv. Since
B Ď QW, this is only possible if µ is constant, a contradiction.

Conversely, if for each nonconstant µ : V Ñ Z, there is s : QZ
n,d Ñ Zě0 satisfying (1), (2)

and (3), then consider the case where µ “ 1S for a nonempty proper subset S Ă V . Then,
there is s : QZ

n,d Ñ Zě0 satisfying (1) and (2) such that
ÿ

r

srrpSq ď mqpSq.

Now, if sr ą 0, then xr ‰ 0 by (2), thus r P QW by Proposition A.1, whence νWpSq ď rpSq. It
follows that νWpSq ď qpSq. As this holds for each nonempty proper subset S Ă V , it follows
that q P QW, and hence W P GrB. □

Appendix B. Smoothing and gluing

Let X be a nodal reduced connected proper curve over an algebraically closed field k of
characteristic zero whose singularities are nodes. Let G be the dual graph of X, with vertex
set V and edge set E. Let E be the arrow set of G. For each v P V , let Xv be the corresponding
irreducible component of X and Cv its normalization. For each a “ uv P E, let pa be the
branch on Cu above the node pe of X corresponding to the edge e P E underlying a.

We describe all the fractional ideal limits Th of the structure sheaf along families of smooth
curves degenerating to X, by computing the sheaves of fractional ideals Th,v each Th generates
on the Cv and the gluing of the Th,v that defines Th.

B.1. Smoothings. Let C {D be the versal deformation of X. The versal deformation comes
with an identification of the special fiber of C {D with X, thus we may view X Ď C . As
explained in [DM69, pp. 79–81] and reviewed in [EM02, pp. 288–9], we have that D is the
power series ring over k in variables te, for e P E, and s1, . . . , sl, for a certain integer l, chosen
in such a way that for each e “ tu, vu P E, letting a “ uv and ā “ vu be the arrows supported
on e, we have an isomorphism of D-algebras,

ψe : pOC ,pe
–

ÝÑ Drrza, zāss{pzazā ´ teq.

We will assume that za “ 0 (resp. zā “ 0) is the formal local equation of the component Xv

(resp. Xu). Letting pza and pzā denote the elements of pOC ,pe corresponding to za and zā, we have
that pza restricts to a local parameter z̄a of pOCu,pa , whereas, pzā restricts to a local parameter
z̄ā of pOCv ,pā .

Let ℓ : E Ñ N be an edge length function. For convenience, for each arrow a P E, we
put ℓa :“ ℓe, where e is the underlying edge. Let ρ P GE

mpkq. Fix a local homomorphism
D Ñ krrtss taking te for each e P E to a power series ξe P krrtss with leading term ρet

ℓe .
Consider the induced Cartesian diagrams:

X ÝÝÝÝÑ X ÝÝÝÝÑ C
§

§

đ

p

§

§

đ

§

§

đ

Specpkq ÝÝÝÝÑ Specpkrrtssq ÝÝÝÝÑ SpecpDq.

Denoting by rza and rzā the pullbacks under the map X Ñ C of pza and pzā, respectively, we
have rzarzā “ ξe in pOX ,pe for each e P E.
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The map p is a flat projective map to Specpkrrtssq whose generic fiber Xη is smooth and
whose special fiber X0 is isomorphic to X. We call such a map a smoothing of X. Conversely,
by the versal property of C {D, every smoothing of X arises the way we described. We call ℓe
the singularity degree of p at pe for each e P E, and say the resulting function ℓ : E Ñ Zą0 is
the associated edge length function. And we call the ρe the leading coefficients of p. Clearly,
though ℓ does not depend on the choices we made, the leading coefficients do. We describe
how the limits Th of the structure sheaf along p depend on the ρe for ℓ fixed.

The components Xv are Cartier divisors of X away from the nodes pe. If p is regular, that
is, X is regular, equivalently, if all the ℓe are equal to 1, then the components Xv are Cartier
divisors of X .

B.2. Gluings. Keep the setup above. Let q : ĂX Ñ X be the semistable model of p, and
rp :“ pq. The special fiber ĂX0 of rp is obtained from X0 by splitting apart the branches pa and
pā over each node pe, and connecting them by a chain of ℓe ´ 1 rational curves. The model
ĂX is regular, so all the components of ĂX0 are Cartier divisors of ĂX .

Let Γ be the metric graph associated to the pair pG, ℓq. Let V pΓq be the collection of all
points on Γ at integer distances from vertices of G. Clearly, V Ď V pΓq. For each v P V pΓq,
let Xv be the corresponding component of ĂX0 (abusing notation, if v P V ).

For each function h : V Ñ Z, let ph : Γ Ñ R be its unique admissible extension; see Sec-
tion 3.7. Put Dh :“ divpphq. Then Dh is G-admissible and is supported on V pΓq by Proposi-
tion 3.9. Put

rTh :“ O
ĂX

´

´
ÿ

vPV pΓq

phpvqXv

¯

.

For each v P V pΓq, the degree of the restriction rTh|Xv
is Dhpvq. Also, by Proposition 3.9, for

each edge e P E, the restriction rTh|Xv
has degree 0 for each v P V pΓq ∖ V on e, with the

possible exception of a single v, for which the degree is 1. By [EP16, Thm. 3.1], the sheaf

Th :“ q˚
rTh

is p-flat, and its restriction to each fiber of p has degree 0. Moreover, its restriction to the
generic fiber Xη is trivial.

Clearly, we may and will identify T0 with the structure sheaf OX , and Tn with the sheaf of
ideals of nX0 in X for each function with constant values n. For each h : V Ñ Z, we may and
will pick hmin :“ minthpvq | v P V pGqu, and view Th as a subsheaf of Thmin

, thus as a fractional
ideal.

For each h : V Ñ Z and arrow a “ uv P E, put

(B.1) spaq :“ shpaq :“ B
ℓ
hpaq :“

Z

hpuq ´ hpvq

ℓa

^

.

Notice that spaq ` spāq “ 0 if ℓa divides hpuq ´ hpvq and spaq ` spāq “ ´1 otherwise. Let e
be the edge underlying a. We claim that the formal stalk of Th at pe is the fractional ideal

(B.2)
`

thpuq
rz´spaq
a , thpvq

rz
spaq`1
ā

˘

.

Indeed, the formal stalk of Th at pe is a fractional ideal contained in the possibly larger
fractional ideal ptheq, where he :“ minphpuq, hpvqq. Assume hpvq ď hpuq. As shown in [CEG08,
§3, p. 14], the formal stalk of Th at pe is the fractional ideal

(B.3)
`

rz
spaq`1
ā thpvq, rz

spaq

ā thpvq`rℓpaq
˘

,
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where rℓpaq :“ hpuq ´ hpvq ´ spaqℓe. It is now easy to check, using rzarzā “ ξe, that (B.3) is
equal to (B.2). An analogous argument works when hpvq ď hpuq.

Notice that
`

thpuq
rz´spaq
a

˘

“
`

thpvqptℓeqspaq
rz´spaq
a

˘

“
`

thpvq
rz
spaq

ā

˘

“
`

thpvq
rz

´spāq

ā

˘

if ℓe divides hpuq ´ hpvq, or equivalently, spaq ` spāq “ 0; in particular, Th is principal at pe in
this case.

For each u P V , the sheaf of fractional ideals t´hpuqTh generates a sheaf of fractional ideals
Th,u of Cu. Given the above description of Th, for each a “ uv P E, the element rz´spaq

a of the
formal stalk of t´hpuqTh at pe is sent to z̄´spaq

a , whereas thpvq´hpuq
rz
spaq`1
ā is sent to 0. It follows

that, as sheaves of fractional ideals,

(B.4) Th,u “ OCu

´

ÿ

aPEu

shpaqpa
¯

.

As in [EM02, p. 292], we let Th be the image of the composition

Th
pt´hpvq | vPV q
ÝÝÝÝÝÝÝÝÑ

à

vPV

t´hpvqTh ÝÝÝÝÝÝÝÑ
à

vPV

Th,v.

Then, Th is a sheaf of fractional ideals of X isomorphic to Th|X . It is thus a fractional ideal
limit, that is, a limit which is a fractional ideal, of the structure sheaf along p. As in loc. cit.,
it can be argued that all such limits arise this way. Clearly, Th generates Th,v for each v P V .
As the Th,v are described above in (B.4), to describe the subsheaf Th we need only describe it
formally locally at the pe where Th is principal, that is, for e “ tu, vu P E such that ℓe divides
hpuq ´ hpvq.

Let kpvq be the field of rational functions of Cv for each v P V . For each arrow a “ uv P E,
let pka denote the field of fractions of pOCu,pa ; it contains the field of fractions of OCu,pa , which
is kpuq.

Thus, for each e P E, we may and will view any local description of a sheaf of fractional
ideals of X at pe in pka ˆ pkā, where a and ā are the arrows supported on e. In particular, for
each h : V Ñ Z, the formal stalk of Th at pe in pkaˆpkā is the fractional ideal pz̄

´spaq
a , ρ´spaq

e z̄
spaq
ā q

if spaq ` spāq “ 0 and ppz̄
´spaq
a , 0q, p0, z̄

´spāq
ā qq otherwise.

For each arrow a “ uv P E, we use the local parameter z̄a to establish an isomorphism
OCupmpaq|pa – k for each m P Z, by viewing OCupmpaq as the sheaf of fractional ideals of Cu

whose formal stalk at pa is the fractional ideal generated by z̄´m
a , and taking z̄´m

a to 1. Then,
for each e “ tu, vu P E, using these isomorphisms for the arrows a “ uv and ā “ vu supported
on e, if spaq ` spāq “ 0 then the stalk of Th at pe is the kernel of the surjective composition

(B.5) OCupspaqpaqpa ‘ OCvpspāqpāqpā ÝÝÝÝÝÑ k ‘ k
p´ρ

´spaq
e ,1q

ÝÝÝÝÝÝÝÑ k.

Notice the symmetry above: if we exchanged a and ā the kernel would not change.
As the ρe vary, the collection of sheaves Th for h : V Ñ Z varies, ultimately depending thus

on the free choice of ρ P GE
mpkq. Also, by Nakayama Lemma, an isomorphism OCuppaq|pa – k

corresponds to choosing a formal local parameter of Cu at pa for each arrow a “ uv P E. We
have chosen above the formal local parameters z̄a for Cu at pa and z̄ā for Cv at pā. Different
choices z̄1

a and z̄1
ā can be expressed as power series z̄1

a “ ρaz̄a ` ¨ ¨ ¨ and z̄1
ā “ ρāz̄ā ` ¨ ¨ ¨ for

ρa, ρā P k˚, and we obtain the same subsheaf Th of
À

Th,v by replacing ρe by ρaρeρā for each
e P E.
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When X is regular, the sheaves Th, rather their isomorphism classes, have been called
“twisters." In this case, the T´1v

for the characteristic functions 1v of the vertices v of V form
what Mainò called an enriched structure on X in [Mai98], where she described their moduli.
To summarize, we state:

Theorem B.1. Let ℓ : E Ñ Zą0 be an integer-valued edge length function. For each integer-
valued function h : V Ñ Z, let sh : E Ñ Z be defined by (B.1) and let Th,u be the sheaf of
fractional ideals of X given by (B.4) for each u P V . Then there is a collection of morphisms

φℓ “ pφℓ,hqhPZV : GE
m ÝÑ

ź

hPZV

QuotÀTh,v
,

where Quot stands for Grothendieck “Quot” scheme, such that, for each element ρ “ pρeqePE P

GE
mpkq, the sheaves of fractional ideals of X given by the φℓ,hpρq are the fractional ideal limits

of the trivial sheaf along a smoothing of X with edge length function ℓ and leading coefficients
ρe. More precisely, for each ρ P Gmpkq, the subsheaf Th Ď

À

Th,v associated to φℓ,hpρq is
defined by imposing that the stalk of Th at pe is the kernel of (B.5) for each e “ tu, vu P E
such that ℓe divides hpuq ´ hpvq.

The definition of φℓ depends on the choices made but its image does not.
Finally, for each v P V , let ωv be the canonical sheaf of Cv for each v P V . Let Ωv be the

space of meromorphic differentials of Cv. We view ωv as a sheaf of meromorphic differentials of
Cv, that is, as a subsheaf of the constant sheaf associated to Ωv. Let ω be the canonical sheaf
of X. Put Ω :“

À

Ωv. We view ω as the sheaf of meromorphic differentials — a subsheaf of the
sum of the constant sheaves associated to the Ωv — satisfying Rosenlicht residue conditions
at the nodes, namely, the sum of the residues at the two branches over each node is zero.
Putting Lh :“ ωb Th for each h : V Ñ Z, we may and will view Lh as a sheaf of meromorphic
differentials as well, a subsheaf of

À

Lh,v by (B.4), where

Lh,v :“ ωv

´

ÿ

aPEu

p1 ` B
ℓ
hpaqqpa

¯

for each v P V,

the sheaf of meromorphic differentials satisfying zero and pole conditions determined by the
divisor

ř

p1 ` B
ℓ
hpaqqpa. The collection of the Lh can be described by the gluing conditions

(B.5) encoded in φℓ.
In Section 1.3, we explained how to pass from the above setup of a smoothing p of X to

the associated tropicalization of the geometric generic fiber X of p. The above sheaves Lh are
the one introduced in Section 8.2. The gluings there were carried out by the data ϱhpXq of
certain isomorphisms. These are induced by the leading coefficients ρ after trivializations at
branches of nodes are chosen.

Appendix C. Subintegrability lemma

Let G “ pV,Eq be a finite graph, and E its set of arrows. Recall the notation in Section 3.
A path in G is a collection p of arrows of G that can be ordered, a1, . . . , ak, in such a way
that hai

“ tai`1
for i “ 1, . . . , k ´ 1. If in addition the tails of the ai are pairwise distinct, and

hak
“ ta1

, then we call p a (elementary) circuit in G, and call a1, . . . , ak an admissible order
for p.

A cycle z P H1pG,Zq is a function z : E Ñ Z satisfying zpaq “ ´zpāq for each a P E and
ÿ

aPEv

zpaq “ 0 for each v P V.
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Its positive support, which we denote by supp`pzq, is the set of arrows a P E such that zpaq ą 0.
Given a spanning subgraph G1 of G, we view the cycles z P H1pG1,Zq as forming a subgroup
of H1pG,Zq by extending them by zero to all E.

A circuit q in G can and will be identified with its corresponding cycle z P H1pG,Zq, the
unique cycle z satisfying supp`pzq “ q and zpaq “ 1 for each a P q.

For each cycle z P H1pG,Zq, let z̄ : E Ñ Z denote the function satisfying z̄paq “ zpāq for
each a P E; it is also a cycle. Moreover, if z is a circuit, then also z̄ is a circuit; if a1, . . . , ak
is an admissible order for z, then āk, . . . , ā1 is an admissible order for z̄.

Two circuits z1 and z2 are called consistent in their orientations if there is no a P E with
a P z1 and ā P z2, that is, z1 X z̄2 “ ∅. Each cycle z P H1pG,Zq can be written as a sum of
circuits pairwise consistent in their orientations. Moreover, each circuit contained in supp`pzq

is a summand of one of these sums.
In this section we prove the following lemma.

Lemma C.1 (Subintegrability in graphs). Let G “ pV,Eq be a finite connected graph. Let
x : E Ñ R Y t´8u be a function such that

xpaq ` xpāq ď 0 for each a P E and
ÿ

aPz

xpaq ď 0 for each circuit z in G.

Then, there is a function h : V Ñ R such that

xpaq ď hpuq ´ hpvq

for each a “ uv P E, with equality if and only if either xpaq ` xpāq “ 0 or there is a circuit z
containing a such that

ř

bPz xpbq “ 0.

Note that the sum
ř

aPq xpaq is nonpositive for every circuit q in G if and only if the sum
ř

xpaqzpaq over the positive support supp`pzq of z is nonpositive for every cycle z P H1pG,Zq.
If this is the case,

ř

xpaqzpaq “ 0 for a cycle z if and only if
ř

aPq xpaq “ 0 for each circuit q

contained in supp`pzq.

Proof of Lemma C.1. Let z1 and z2 be two circuits in G with
ÿ

aPz1

xpaq “
ÿ

aPz2

xpaq “ 0.

We claim that for each arrow a P E such that a P z1 and ā P z2, we have xpaq ` xpāq “ 0.
Indeed, let z :“ z1 ` z2. We have

0 ě
ÿ

aPz

xpaqzpaq “
ÿ

aPz1

xpaq `
ÿ

aPz2

xpaq ´
ÿ

aPz1Xz̄2

pxpaq ` xpāqq

“ ´
ÿ

aPz1Xz̄2

pxpaq ` xpāqq ě 0.

Then the inequalities are all equalities, that is, xpaq ` xpāq “ 0 for each a P z1 X z̄2.
Let F pxq be the set of all arrows a P E with xpaq ` xpāq ă 0. Let Spxq be the set of all

circuits z in G with
ÿ

aPz

xpaq ă 0.

We proceed by induction on the size spxq :“ |F pxq| ` |Spxq|. If spxq “ 0, we get xpaq “ ´xpāq

for each a P E, and
ř

aPz xpaq “ 0 for each circuit z in the graph. It is a standard fact that in
this case we can find a function h : V Ñ R such that hpuq ´ hpvq “ xpaq for each a “ uv P E.
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Let s be a positive integer. Suppose the statement in the lemma holds for each x with
|F pxq| ` |Spxq| smaller than s. Let x : E Ñ R Y t´8u be a function verifying the conditions
of the lemma with spxq “ s. We claim that F pxq is nonempty. Indeed, otherwise, we would
have xpaq ` xpāq “ 0 for all a P E. But then, for each circuit z in G, we would have

0 ě
ÿ

aPz

xpaq “ ´
ÿ

aPz

xpāq “ ´
ÿ

aPz̄

xpaq ě 0.

This would imply that Spxq “ ∅, contradicting the positivity of s.
Let a P F pxq. Let Sa, resp. Sā, be the set of circuits in the graph G that contain a, resp. ā.

By the claim in the beginning of the proof, at least one of the two sets, Sa or Sā, say Sa without
loss of generality, is entirely included in Spxq. Indeed, otherwise, we would find two circuits
z1 and z2 excluded from Spxq with a P z1 and ā P z2. This would imply xpaq ` xpāq “ 0,
contradiction.

Let ´ϵ be the maximum of xpaq `xpāq and the quantities
ř

bPz xpbq for circuits z P Sa. We
have ϵ ą 0. Define x1 : E Ñ R Y t´8u by x1paq :“ xpaq ` ϵ, and x1pbq “ xpbq for every b P E
different from a. By the choice of ϵ, we have x1pbq ` x1pb̄q ď 0 for each b P E, and for each
circuit z in the graph,

ÿ

bPz

x1pbq ď 0.

Furthermore, since x1 ě x, we have F px1q Ď F pxq and Spx1q Ď Spxq. On the other hand, either
x1paq ` x1pāq “ 0, or there exists z P Sa with

ř

bPz x
1pbq “ 0. This means |F px1q| ` |Spx1q| ă s.

Applying the hypothesis of our induction to x1, we get a function h : V Ñ R such that for
each edge b “ uv P E, we have x1pbq ď hpuq ´ hpvq. Since x ď x1, it follows that

(C.1) xpaq ď hpuq ´ hpvq for each a “ uv P E.
To prove the remainder of the lemma, assume (C.1) holds. If xpaq`xpāq “ 0 for a “ uv P E,

then
0 “ xpaq ` xpāq ď

`

hpuq ´ hpvqq ` phpvq ´ hpuq
˘

“ 0,

and hence xpaq “ hpuq ´ hpvq “ ´xpāq. Also, if
ř

aPz xpaq “ 0 for a circuit z in G, then

0 “
ÿ

aPz

xpaq ď
ÿ

aPz

`

hptaq ´ hphaq
˘

“ 0,

and hence xpaq “ hpuq ´ hpvq for each a “ uv P z.
On the other hand, given a “ uv P E such that a P F pxq and Sa Ď Spxq, there is ϵ ą 0 such

that, defining x1 : E Ñ R Y t´8u by x1paq :“ xpaq ` ϵ and x1pbq :“ xpbq for b ‰ a, we have
x1pbq ď hpyq ´ hpwq for each b “ yw P E but a R F px1q or Sa Ę Spx1q. Then, as shown above,
x1paq “ hpuq ´ hpvq, and hence xpaq ă hpuq ´ hpvq, as required. □
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