LIMIT CANONICAL SERIES

OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

ABsTRACT. We describe the limits of canonical series along families of curves degenerating
to a nodal curve which is general for its topology, in the weak sense that the branches
over nodes on each of its components are in general position. We define a fan structure on
the space of edge lengths on the dual graph of the limit curve, and construct a projective
variety parameterizing the limits, organized in strata associated to the cones of this fan. This
extends to all topologies the works by Eisenbud-Harris (Invent. Math. 87: 496—515, 1987)
on curves of compact type and Esteves—-Medeiros (Invent. Math. 149: 267—338, 2002) on
two-component curves.
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1.1. Overview. Let X be a stable curve of genus g on the boundary of the Deligne-Mumford
compactification .#, of the moduli of smooth curves .#, over an algebraically closed field k

of characteristic zero. In this paper, we address the following problem.

Problem 1.1. Describe the limits of the spaces of Abelian differentials along any family of

smooth curves degenerating to X .

Denote by G = (V, E) the dual graph of X, with vertices v € V in bijection with the
components C, of the normalization of X, and edges e € E in bijection with the nodes p® of
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X. We say that X is general in its topology, in the weak sense, if the collection of branches
on C, over nodes of X is general for each vertex v e V.

Our main results, Theorems 8.5 and 10.2, give a complete solution to the problem stated
above for a nodal curve X which is general in its topology, the first theorem describing and
the second parameterizing the limits.

In a nutshell, the solution is given as follows. For each vertex v € V', denote by 2, the space
of meromorphic differentials of C,, and put  := P Q,. A degeneration of smooth curves to X
gives rise, via tropicalization, to an edge length function ¢: F — R., on the dual graph of X.
This function corresponds to the singularity degrees of the total space of the degeneration at
the nodes p°. Additionally, we obtain a collection of g-dimensional subspaces W, < Q2 indexed
by real-valued functions h: V' — R, arising as limits of spaces of Abelian differentials along
the degeneration; see Section 4. These limit spaces exhibit a finite generation property: only
finitely many of them are needed to determine all the others. Geometrically, there is a tiling
of the standard simplex A, := {g € RY;| > q(v) = g}, each W), contributing with a tile, and
the spaces associated to the full-dimensional tiles generate the others. We say these spaces
form the fundamental collection of limit canonical series associated to the degeneration.

We consider all degenerations to X with a given edge length function ¢: E — R.,, and
give a complete description of the resulting fundamental collections of limit canonical series;
see Theorems 8.3 and 8.5. Moreover, as ¢ varies, we show that the answer does not vary for
¢ within the relative interior of certain rational polyhedral cones in Rgo, that we describe
explicitly; see Section 9.

We prove that these cones form a rational fan ¥ on the space of edge lenghts; see Sec-
tion 9.10. Furthermore, we show that the set of orbits GYW,,, for W, in the fundamental
collection associated to a degeneration to X, under the componentwise action of the algebraic
torus Gy, on (2, corresponds to a point on a projective variety V = | J, 5 Vo, stratified ac-
cording to 3; see Theorem 10.2. This projective variety V, which we call the variety of limit
canonical series, is our solution to Problem 1.1. The constructions are all effective and give
an explicit description of the limits.

Limits of linear series on curves of compact type were studied by Eisenbud and Harris in
the 80’s [EHS86] as a tool for understanding the moduli of curves .#,. Of special importance
is the case of canonical series. Eisenbud and Harris [EH87, Thm. 2.4] were able to describe
limits of canonical series on curves of compact type which are general in their topology. Going
beyond compact type, there is initial work by Coppens and Gatto [CGO1] for two-component
curves, and a more in-depth study by the second author and Medeiros [EM02| in the case the
two-component curve is general in its topology. The techniques in [EM02| were applied in
[ESO7] to describe limits of canonical series along families with constant edge length function
degenerating to curves with several components, but with the unexpected condition that each
two components intersect. As in [EHS87|, the limit curve was assumed to be general in its
topology.

The work in [EMO02] was specially thorough in the sense that all possible degenerations
to a given two-component curve were considered, and a variety parameterizing all limits of
canonical series was constructed and described in terms of a polyhedral decomposition of the
space of singularity degrees. It is with this thoroughness that we are able in the present paper
to extend the work in [EMO02] to all nodal curves X, with an arbitrary number of components,
meeting in whatever ways, as long as the branches over nodes on each component of X are
in general position. Moreover, it is worth noting that, even for two-component curves X,
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we go beyond what was done in [EMO02|, as we parameterize all limits of canonical series,
not just those which are aspects with focus on the components of X, following a terminology
introduced in [EH86] and employed in [EM02, ES07].

There are two recent developments that play a key role in our approach. In reverse chrono-
logical order:

e The first is the polyhedral approach developed in [AE24| to address the question of
describing limits of linear series. Making use of this approach in the present paper, we associate
to each degeneration to a nodal curve X of genus g, a certain tiling of A, by base polytopes of
integer polymatroids. The full-dimensional tiles in the tiling are in correspondence with the
limit canonical series W}, in the fundamental collection. They generate all the other limits by
a finite generation theorem proved in [AE24].

As the degeneration varies, so does the corresponding tiling. However, all such tilings are
coarsenings of a fundamental tiling of A, by what we call brick polytopes or simply bricks; see
Section 9.8. Thus, rather than parameterizing the limit canonical series by the multidegrees
of their divisors, as was done in previous works [EH87, EM02|, we parameterize them by the
bricks their associated polytopes contain.

This new approach allows us to associate to each family a multiset of fixed size, consisting
of the elements of the fundamental collection counted with multiplicities, each element being
counted precisely according to the number of bricks its associated polytope contains. This
novel perspective proves to be highly effective in organizing the arising data when considering
all degenerations to X at the same time, across all possible edge length functions.

Indeed, once the characterization of the fundamental collection is established in the paper
(Theorems 8.3 and 8.5), and the fan structure on the space of edge lengths is constructed
(Section 9), the approach outlined above leads to the definition of the variety V of limit
canonical series as a subvariety of a second variety expressed as a product, indexed by the
bricks, of certain torus quotients of Grassmannians. These are GIT quotients, the condition
that the base polytope of the subspace contains the brick being a new interpretation of a GIT
stability condition. This interpretation is formalized in Theorem A.2 in Appendix A.

In [AE24, §9.2|, we established a connection between our polyhedral approach to the
study of linear series and the theory of Chow quotients of Grassmannians, as initiated by
Kapranov [Kap93, GKZ94] and Lafforgue [Laf03], and further developed by Giansiracusa and
Wu [GW22|. In contrast, the construction of the variety V is not tied to a Chow quotient
but rather to a Mumford quotient. This construction shares some common features with the
work by Thaddeus [Tha99] on complete collineations, although he worked in a distinct and
more restricted setting. For further details, see Section 10 and Appendix A.

e The second development is recent work by Bainbridge, Chen, Gendron, Grushevsky and
Moller [BCGT'18], who study degenerations of single Abelian differentials (one-dimensional
subspaces of the g-dimensional space of Abelian differentials) on families of Riemann surfaces,
and construct a compactification of their moduli. This is done by considering tuples of mero-
morphic differentials on the components of stable curves X that satisfy certain pole, zero, and
residue conditions. Most notably, they discovered the global residue conditions by an applica-
tion of Stokes Formula; see Section 3.3. The pole and zero conditions, which were previously
known, impose constraints on the limit canonical series W), in the fundamental collection for
each degeneration to a stable curve X. These constraints are maximal when the branches on
the components of X over the nodes are in general position, but turn out to be not enough
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to determine the W,. After a careful study of the residue conditions in our companion work
[AEG24], we came to expect that adding the global residue conditions under the general po-
sition hypothesis could be the missing piece of puzzle to handle Problem 1.1 in this level of
generality. This led us on a long journey to establish what are now our Theorems 8.3 and 8.5.

We observe that in [BCGT18|, the authors work one differential at a time, the goal being
to find a meaningful compactification of the projective Hodge bundle over .#,. In particular,
the approach does not distinguish whether two limit tuples of differentials on a stable curve X
arise from the same degeneration to X. It would be interesting to investigate linear series of
canonical divisors of intermediate rank, thereby bridging the works done in loc. cit. and here.

Beyond the works and novel ideas mentioned above, this paper introduces two key inno-
vations that are essential for establishing our results, enabling us to go substantially beyond
what was known before.

e The first is the use of polymatroids in analyzing dimension counts, a critical step in
proving our characterization theorems. Polymatroids provide a geometric framework for or-
ganizing the data, resulting in an elegant and comprehensible setup, which we believe will be
of independent interest for further applications of combinatorial and tropical techniques in
degeneration problems. Without them, handling the intricate combinatorial arguments would
have been either unfeasible or extraordinarily challenging. In Section 1.10, we expand on this
by situating it within the broader context of recent groundbreaking work on the interactions
between combinatorics and complex geometry.

e The second is the canonical fan defined on the space of edge lengths of the dual graph of
a stable curve. We associate a fan to each brick, and deduce the canonical fan as a common
refinement of these fans. From the perspective of tropical geometry, each space of edge lengths
on a dual graph corresponds to a stratum in the moduli space of tropical curves of the given
genus; see [ACP15]. By combining the fan structures on the various strata associated with
different dual graphs, we can construct a new fan structure on the tropical moduli space. Our
results show that the structure of the variety of limit canonical series remains unchanged for
all edge lengths lying in the interior of a given cone. We conjecture that this new fan structure
on the tropical moduli space represents the tropicalization of a novel compactification of the
moduli space of curves, in the spirit of loc. cit., over which the varieties of limit canonical
series reside. A quick analysis suggests that this compactification will be a modification of
M, with many more divisors, described in terms of the fan structure. This connects well with
the broader open question posed by Eisenbud and Harris in [EH89] of extending their theory
in [EH86] to all stable curves. To the best of our knowledge, this is the first instance of a
fan structure on the space of edge lengths of a dual graph in relation to this open problem.
The fan we obtain seems to be a big refinement of the one by Abreu and Pacini [AP17], who
studied a tropical analogue of Maind’s moduli space of enriched curves [Mai9g].

Finally, we note that one of the main goals in [EM02, ES07, EH87| was to describe limits of
Weierstrass points. The description in the full generality considered in our setting is obtained
in Section 1.9, where other applications are suggested.

In the rest of this introduction, we present our main constructions and theorems. We use
the framework of tropical geometry, which proves particularly convenient in our setting for
handling all degenerations to a nodal curve with variable edge length functions. We refer to
the survey papers [BJ16] and [JP16] and the references therein for an introduction to the topic
and a sample of results.
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1.2. Submodular functions. They appear throughout this paper. For each finite set V, let
2V be the collection of subsets of V. A function ¢: 2V — R with ¢(2&) = 0 is called submodular
if for each two subsets I;, I, € V', we have

() +¢(Iz) = o(I1 v Is) + @(I N Iy).

Denote by RY the space of real-valued functions q: V — R. For each I € V and ¢ € RV, set
q(I) == >,,c; 9(v). To each submodular function ¢, we associate

P, = {q eRY } q(I) < p(I) for each I < V, with equality if [ = V},

the base polytope of the polymatroid on the ground set V defined by . It is easy to see that
P, has maximum dimension V| — 1 if and only if ¢ is simple, that is, p(I) + ¢(I¢) > (V)
for every proper nonempty subset I < V, where I°:=V ~ I (see [AE24, Prop. 2.7]).

Given a field k and a collection (U, ),ey of vector spaces over k, each finite-dimensional sub-
space W < @,y Uy, gives rise to a submodular function 13, satisfying 14y (I) = dimy 6, (W)
for each I < V', where §,: @,y Uy = @,c; Uy is the projection map. Submodular functions
of this form arise naturally from tropicalization of linear series [AE24].

1.3. Tropicalization and limit canonical series. Let K be an algebraically closed field
which is complete for a nontrivial non-Archimedean valuation v. Denote by R its valuation
ring, by m the maximal ideal of R, by k the residue field, and by A the value group. Let X
be a smooth proper curve of genus g over K, and denote by X™" the Berkovich analytification
of X. The points on X" are in bijection with the union of the closed points on X and the
valuations on the function field K(X) extending v.

Let ' be a skeleton of X™ associated to a semistable vertex set V. It is a metric graph.
Let G = (V, E) be the underlying graph and ¢: E — R. be the edge length function. When
the curve X is defined over a discrete valued subfield Ky, € K, there exists a stable model
X — Spec(Ry) for X over a finite extension K; of Ky, where R is the valuation ring of Kj,
and we can take for GG the dual graph of the stable reduction X of X, and for ¢ the function
assigning to each e € F the singularity degree of X at the corresponding node, normalized by
the degree of the field extension K;/Ky. The metric graph associated to (G, ) is well-defined
and naturally embeds in X" as a skeleton.

In any case, for each vertex v of G, the residue field of the corresponding valuation on K(X),
denoted k(v), has transcendental degree one over k. Let C, be the smooth proper curve over
k with field of functions k(v). Each edge e of G gives a point on C,, and another on C,,, where
u and v are the vertices connected by e. Identifying these points for each edge produces a
nodal curve X with dual graph G. We say (X,T") is (obtained by) the tropicalization of X.

Let H be the space of Abelian differentials of X, also refered to as the canonical series
of X. For each v € V, denote by €, the space of meromorphic differentials of C,, and put
Q= @,y Q. To each function h: V' — A we associate a g-dimensional subspace W), < §
defined by reduction of H relative to h, and called the limit canonical series associated to
h; see Section 4. If X is defined over a discrete valued field K, and admits a stable model
X — Spec(Ryp) over the valuation ring Ry of Ky with stable reduction X, and A is integer-
valued, the subspace W), < 2 can be identified with the restriction to X of the space of global

sections of
WX/Spcc(Ro)( - 2 h(v)Xv);
veV
the relative canonical sheaf of the stable model twisted by the vertical divisor — >} h(v)X, on
X. Here, X, is the component of X corresponding to v (whose normalization is C,).
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For each function h: V — A, we denote by vj: 2" — Z the submodular function associated
to Wi, = Q = @, {2 and by P« the corresponding base polytope. We say that the subspace
W, € Q is simple if v} is simple. We denote by FC(X) the collection of simple subspaces
W, < Q, and call it the fundamental collection of limit canonical series on X associated to
X. The following theorem implies that FC(X) is finite, and [AE24, Thm. 9.6] implies that
the spaces in FC'(X) generate all the other limit canonical series Wj,.

Theorem 4.11. The elements W, of FC(X) are precisely those limit canonical series whose
polytope P« is full-dimensional. They and their faces form a tiling of the standard simplex
A, inRY.

1.4. Level structures and their residue spaces. Each element of W}, is a tuple of mero-
morphic differentials on C,, for v € V. It is subject to certain residue conditions:

Theorem 5.1. Assume char(k) = 0. Then, for each h: V. — A, the residue map Res:  — kE
takes W, into the m-residue subspace G, < k®, where 7 is the level structure on G given by h.

We explain the statement. First, E is the set of arrows of G. Each edge of G can be oriented
in two ways, giving rise to two arrows. Each a € E is thus supported on a unique e € F, the
reverse arrow denoted a. We write a = wv if @ = u — v connects u to v, in which case we
call u the tail and v the head of a, and write e = {u,v}. For v e V, let E, < E be the set of
arrows with tail v.

Second, to each a = uv € E we associate the branch p® on C, above the node p® corre-
sponding to the underlying edge e = {u,v} € E. Denote by res,: {, — k the residue map at
p®. Collecting the maps res, for a € E yields a residue map:

(1.1) Res: 2 — k=

Third, a partition of V' is a collection of pairwise disjoint nonempty subsets whose union is V.
A level structure on G is the data of an ordered partition of V| i.e., a partition of V' equipped
with a total order on its elements. Equivalently, a level structure is the data m of a set V,
endowed with a total order <, and a surjection h = h,: V — V.. For each u,v € V, abusing
notation, we write u <, v if h(u) <, h(v). We refer to (G, ) as a level graph. Each function
h:V — R gives naturally rise to a level structure on G which we denote by 7.

It remains to explain the subspace G, < k®. Its introduction and the terminology are
motivated by the study of residues of meromorphic differentials in [BCGT18] and [TT22].
Given a level structure m on G, we call e = {u,v} € E vertical if h,(u) # h,(v) and horizontal
otherwise. An arrow a = u — v € E is called compatible with 7 or upward if u >, v. (Visually,
both — and >, point to v.) Its reverse arrow a is called downward. All the other arrows are
called horizontal. We denote by A, the set of upward arrows and by A, the set of downward
arrows. Figure 1 shows a level graph with two levels.

Put Y := kE. For each v € Y and a € E, denote by 1), the a-coordinate of 1. Define the
m-residue space of G, denoted G, as the subspace of Y consisting of those functions v which
verify the residue conditions (R1) through (R4), below:

(R1) Vanishing along downward arrows:
Yo =0 for every arrow a € A,.

(R2) Local residue conditions:

Z P, =0 for every ve V.

aclE,
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Ug  Us

Uy Uz %}

FIGURE 1. A level graph (G, 7) with two levels: V; = {1,2} with order 1 < 2.
The arrows ujuy, ugus, Uslly, Usls, usus are upward. The edge {ug, us} is hori-
zontal.

(R3) Rosenlicht conditions:
Vo + Yz =0 for each horizontal arrow a for .

(R4) Global residue conditions:
Z % =0

acAZ |

for each level n € V,. and each connected component = of the subgraph G[V},<_,] of G induced
on the set of vertices Vi< , S V of level smaller than n, with A%, < A, denoting the set of
upward arrows with tail of level n and head in Z=.

In Figure 1, taking n = 2, the set V,,~_» consists of the vertices u4 and us, with the induced
graph G[Vj<_ »] having no edges. Taking Z to be the singleton with vertex set {us}, the set
AE,Q has three arrows: wujus,usus,usus. The corresponding global residue condition is the
equation ¢u1u5 + Yusus + Yugus = 0.

The main content of the theorem is (R4). Tropicalization of o € H gives rise to a piecewise
integral affine map trop(a): I' — R and reduction of « relative to the tropicalization gives
an element & = (&y)pey € Q. By [BCGT18] for Riemann surfaces, and [TT22] in our more
general setting, Res(&) verifies (R4).

Given h: V — A, each 8 = (By)vey € W), comes from an o € H with trop(a)|v > h, with
By = @, if trop(a)(v) = h(v), and S, = 0 otherwise.

If there is o € H with trop(a)|, = h, then & € W, from which we deduce (R4) for each
element of Res(W},). If there is no such «, we use [AE24, Thm. 9.6] to obtain the result from
the previous special case (see Proposition 5.2).

1.5. Residue polytopes. For the trivial ordered partition of V' consisting of a single level,
Conditions (R1) and (R4) are vacuum, and the corresponding residue space is the first ho-
mology group H;(G, k), which is of dimension ¢(G) = |E| — |[V| + 1. We prove in [AEG24,
Thm. 1.1] that this holds more generally: dimy G, = g(G) for each ordered partition 7 of V.
Moreover, we show that G, is obtained from H;(G,k) by a process we call splitting, and it
arises as a certain limit of H;(G, k) in the Grassmannian of g(G)-dimensional subspaces of Y,
see [AEG24, Thm. 6.1]. This gives a new take on the global residue conditions.
For each level structure w on G, denote by

Yu: 2V — 7, Vo (I) = dimy 6, (Gr) for each I € V,

the submodular function associated to the m-residue space G, <€ Y, for the decomposition
Y = @,y Yo, where X, := k¥ for each v € V. By [AEG24, Thm. 1.2|, P, are the faces of
the polytope associated to the trivial ordered partition of V' that we call the residue polytope
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of G. The residue polytope of the complete graph on four vertices is depicted in azure in
Figure 9.

1.6. Characterization Theorem. We explained tropicalization and the way it yields a nodal
curve and certain spaces of meromorphic differentials on it. We change the perspective now.
Fix a nodal (connected projective) curve X of arithmetic genus g > 0 over an algebraically
closed field k of characteristic zero and let (G, E) be its dual graph. Consider smooth proper
curves X over non-Archimedean valued fields K with residue field k that tropicalize to (X,T'),
for I' a metric graph with underlying graph G. For each v € V, let C, be the normalization
of the component of X associated to v, and €2, be the space of meromorphic differentials on
C,. Put Q:= @,y . Our aim is to characterize the collections of g-dimensional subspaces
of Q that are of the form FC(X) for some X, see Theorem 8.5 below.
A slope function on GG is a function s: [E — Z which verifies

s(a) + s(a) € {—1,0} for each arrow a € E.

Given a slope function s, we denote by A, the set of arrows a € E with s(a) < 0 (equivalently,
either s(a) > 0, or s(a) = 0 and s(a) + s(a) = —1), and call the arrows in A, upward for s.
The reverse arrows are called downward for s; their set is denoted A,. If s(a) + s(a) = 0, we
say that a and the underlying edge are integer for s. Denote by E™ (resp. A™) the set of
integer vertical edges (resp. integer upward arrows).

Each function h: V — R yields a slope function sj,: E — Z defined by

h(u) — h(v
sp(a) == 0,h(a) == l()é()J
a
where ¢, is the length of the edge underlying a. We have A,, = A, , for 7, the level structure
induced by h.

A pair (s, 7) consisting of a slope function s and a level structure 7 on G is called a slope-
level pair provided that A, = A,. Given h: E — R, the pair (s, m) is thus a slope-level
pair.

To each slope function s we associate the function (,: 2V — Z defined by

G2V > Z, L) =|AISD+ ) s(a)  forall ISV,
a€k(I,I¢)
where E(1,1¢) is the set of arrows with tail in I and head in I¢, and where A (I,I¢) =
E(1,1°) n As. Our Proposition 3.16 states that (s is submodular.

To the slope-level pair (s,7) on G, we associate the submodular function 7 : 2V -7
defined by

for each a = uv € E,

N = Yx + 9+ Cs
where, as before, v, is the submodular function of G, < Y, and g: V — Z is the genus
function of X associating to each vertex v the genus g(v) of C,.
In addition, for each slope function s: £ — Z and v € V, we put

(1.2) Ly, = wv< M1+ s(a))pa)’

a€lk,
where w, is the sheaf of Abelian differentials on C,, and p® is the branch on C, over the node
of X corresponding to the underlying edge for each arrow a € E,. Viewing w, as a subsheaf of
the constant sheaf on €2, we view L, as a sheaf of meromorphic differentials whose divisors
of poles and zeros are constrained by the sum of (1 + s(a))p® over a € E,.
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By a partial gluing data for the L, we mean a collection ¢ = (04)qe i of isomorphisms

~

. = _ int
0" Ls,u‘pa = Lsﬂ,|pa for a = uv e A,

Then, we let L¢ be the subsheaf of the sum on X of the L,, defined by imposing equality
away from the nodes p® corresponding to integer edges e for s (Expl), Rosenlicht condition
(R3) at the node p® for horizontal e (Exp2), and gluing of the two sheaves L, and L;, at the
points p® and p? for each a = uv € A™ given by o, (Exp3); see Section 7.7.

Given a partial gluing o as above, we set

W (0) == Res (G,) n H(X, L¢) < Q.

s,

Our Theorem 8.5 gives a complete characterization of FC(X) for the X whose tropicaliza-
tion is (X, T') for a fixed I, or equivalently, a fixed edge length function ¢£: E — R. Moreover,
we show lated that FC(X) depends only on the associated set &, of slope-level pairs, rather
than on / itself, see Section 1.7.

Assume that char(k) is zero and X is general in its topology. Then, we prove that for
each h: V. — A, the subspace W), < € is simple if and only if the submodular function
Ns,.m, 1s positive and simple. In this case, there is a unique partial gluing data g, = g4(X)
for the sheaves L, , on C, defining the sheaf L on X, such that W, < HO(X, L) and
W, = W, (on), see Theorem 8.5.

We will explain below how the data of the partial gluing o, = 04(X) can be extracted
from X. Having done so, the theorem allows us to find the elements W), of the fundamen-
tal collection by just computing the submodular function 7y, », and checking whether it is
positive and simple. Furthermore, if this happens, then W, is completely determined by
the residue conditions, Theorem 5.1, by pole and zero conditions derived from the inclusion
W, € @ H%(C,, L, ), and the compatibility condition given by the gluing data g,. That
the elements in W), satisfy all these conditions is one thing, the main ingredient being The-
orem 5.1. That the conditions are enough requires the machinery developed in Section 6 to
handle general position conditions, with the main theorems being:

e the first Realizability Theorem 6.2, which allows us to compute the submodular function of
the subspace

W,r i=Res(G) () (@ HO(C,, Lsm)) cQ

veV

for slope-level pairs (s, ) such that 7, is positive (see Theorem 7.8);
e the second Realizability Theorem 6.6, which allows us to handle the gluing conditions as
we pass from \7/\\7577T to W, (), and establish that the submodular function of the subspace
W, (y) € Qis the UpMin transform UpMin(ns ) of 9, for any partial gluing data y for the
L, (see Theorem 7.12).

Once these theorems are established, the equality W, = W_"_ (o5,) boils down to the fact
that both spaces have dimension g.

Submodular functions play a crucial role in our dimension counts, and the UpMin transform
introduced in Section 2.4 is key. For each function ¢: 2V — R, the UpMin transform of ¢ is
the function

UpMin(¢)(I) = glg}go(K) forall Ic V.
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It transforms nonnegative submodular functions to nonnegative submodular functions (Propo-
sition 2.1), can be iterated (Proposition 2.2), and preserves and detects simpleness (Propo-
sition 2.10), fundamental properties we use over and over. To boot, it admits a beautiful
geometric meaning, see Proposition 2.3.

It remains to explain what the (g,); appearing in the theorem are precisely. In order to
do this, we fix isomorphisms Oc, (p“)]pa ~ k for each v € V and a € E,. Let wx be the

canonical sheaf on X, and fix isomorphisms wy| , = k for each e € E. Using them, we define

isomorphisms Ls’v|pa =~ k for each slope function s: [E — Z, each v € V and a € E,. By using
these isomorphisms, and abusing of notation, we may view any partial gluing data as and
element of [ ] . ame K. The partial gluing 0, = orn(X) appearing in Theorem 8.5 is then given
by

Oha = port@ for all a € A™

where e is the underlying edge of a and p. is the leading coefficient of the smoothing of the
node p°¢ in X, see Appendix B. It follows moreover from Theorem B.1 and Theorem 8.5 that
the data

(On.a)herv ;,acAlnt

appearing in the description of the fundamental collection for X varying among all smooth
curves over valued fields K tropicalizing to (X, I") is the same as

(05 hemv e i
for p varying in GL (k) = (kX)E.

1.7. The canonical fan of an augmented graph. Let G = (V, E) be a finite connected
graph and g: V — Z-q a function. We call (G, g) an augmented graph. For each edge length
function ¢: E — R.g, we consider the collection &, of slope-level pairs (s,7) on G such that:

(7) the submodular function 75, = v + g + (, is positive and simple, and

(77) there exists h: V — R such that (s, ) = (sp, 7).
Our next main result, Theorem 9.18, asserts that those ¢ € R for which &, = &, form the
relative interior of a rational polyhedral cone og, in R, and that the collection ¥ = (G, g)
of these cones, and their faces appearing in the boundary RZ) \RE, is a rational fan on RZ.
We call ¥ the canonical fan of (G, g).

We prove this theorem as follows. First, we associate to each slope-level pair (s, 7) on G the
cone of edge length functions 6, and its closure oy , in R”, defined by imposing Condition (i4):

Gy = {z eRZ) | 3h: V - R with s, = s and 7, = 77}, Gym = Gom.
Our Theorem 9.2 gives an explicit description of o, in terms of the inequalities in (9.1). In
particular, this shows that o, , is rational polyhedral. Furthermore, Theorem 9.11 describes
the faces of o, as cones oy associated to slope-level pairs (s',7’) obtained from (s,m) by a
squashing process, see Section 9.5.

Then, we treat Condition (i) as follows. For each slope-level pair (s, 7) on G, let P, . be the
polytope associated to the submodular function UpMin(#; ). Proposition 2.10 yields that 7 ,
is positive and simple if and only if P; . is full-dimensional, thus, if and only if P . contains
a full-dimensional brick.
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A brick is a polytope B = A, defined as the set of all points ¢ € A, that verify the
inequalities

18(S)] < q(S) < [B(9)] VScV

for some € A,. By [AE24, Thm. 10.4], the collection of bricks is a tiling of A,. Furthermore,
the base polytope P of any polymatroid with integral vertices lying in A, is tiled by the set
of bricks included in P. We let Br, be the collection of full-dimensional bricks.

A slope-level pair (s,m) on G is called permissible if there exists an ¢ € RE; such that
(s,m) € &y, that is,

e 1), is positive and simple, and
e there is an £ € RE and an h: V — R such that (s, 7) = (sp, 7).

For each permissible (s, ), the polytope P is full-dimensional, it thus contains a brick in
Br,. Let PSL = PSL(G, g) be the set of permissible slope-level pairs for (G, g). We prove
that PSL is finite. We can write

PSL= | ) PSLB) where PSL(B):={(s,7)ePSL | P, 2B},
BeBry,

Theorem 9.14. Let B € Bry be a full-dimensional brick in A,. The collection of cones oy
for (s,m) € PSL(B) and all their faces which lie on the boundary R, ~ RE) form a rational
fan with support RE,.

Denote by Y the rational fan with support Rgo produced by this theorem.

Theorem 9.18. Notation as above, X is a rational fan with support Rgo. It satisfies

(1.3) Y= { ﬂ oB ’ og in X for all B € Brg}.
BeBr,

In other words, ¥ = /\Belﬁg Y 1s the meet of the fans Y5 associated to the full-dimensional
bricks B in A,.

1.8. Variety of limit canonical series. Having understood by Theorem 8.5 what the set of
FC(X) is, for smooth proper curves X over valued fields K tropicalizing to (X,T") for some
I', and having understood by Theorem 9.18 how these sets vary with ¢, we can put all the
FC(X) together in a parameter space.

Again, let X be a nodal curve of arithmetic genus g > 0 over an algebraically closed field
k of characteristic zero, whose branches over nodes are in general position on the components
of its normalization. Let G = (V, F) be its dual graph and g its genus function. Recall the
notation used above. We fix isomorphisms Oc, (p) o = k for each v € V and a € E,, and
wx . = k for each e € E. They induce isomorphisms L, ,|
s:E— Z, and each v € V and a € E,.

Let ¥ be the canonical fan of (G, g). As PSL is finite, there is a finite-dimensional subspace
U, = Q, for each vertex v € V such that H°(C,, L,,,) S %, for each (s,m) € PSL and each
veV. Put % := @ %, Then,

W, (y) c HY(X,LY) < @ H°(Cy,L,,) € P % =%
veV veV

~ k for each slope function

pa

for each (s, m) € PSL and each partial gluing data y for the L,
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Consider the Grassmannian Gr := Grass (g, %) of g-dimensional subspaces of % . For each
B € Bry, we define the brick locus

Gr® = GrassB(g, %) = {W cu | P 2 B},

where P,x & A, is the polytope associated to the submodular function 4.

The component-wise action of the torus GY, on Z = @,y %, induces a natural action of
G on Gr, with the diagonal Gy, — G acting trivially. Let T := Gr‘l/l/Gm be the quotient
torus. The brick locus Gr® is invariant under the action of T. We interpret the bricks as
stability chambers corresponding to the various linearizations of the action by T, and prove in
Theorem A.2 that the categorical quotient Gr® / T, a GIT quotient, exists and is projective.

For each cone o in ¥ that intersects RE, and each full-dimensional brick B € Br,, denote
by o the smallest cone in Y that contains . Define the map

®,: GE

(CDUBB)BE&-Q H GI‘B
BeBry T

whose B-component &8 : G — %‘”B is given as follows: Let (s,7) € PSL(B) be the unique

permissible slope-level pair such that o, , = og. We view each element p € GE(k) as a map
p: E — k* and consider its restriction to E™, viewed as a map from A™ to k* given by
a — p, with p, = p. for e the underlying edge of a. We associate to p the partial gluing data
y = y(s,p) for the L,,, which corresponds to the data (y, = p3@) e Aim via the isomorphisms
LS,U]pa ~kforveV and a € E,. Let Lg@’ﬁ’) be the resulting subsheaf of the sum @ Lj,, that
is,
: (—pa".1)
10 = () ker( @ Low — Loalye ® Loulye = k@k ——2 k).

a=uveAint weV

Then, @7 is defined by sending p to the orbit under T of W, (y(s, p)), where,

W (y(s, p) = Res (Gx) [ | HO(X, L") = @ H(Cy, Lyy) € % .
veV

For each cone o € ¥ that intersects RZ,. we set

>0

V-—Im(@)cHG—rB and V:=| ]V,
o o) = T 9 A o]
BeBr, oeEX

Using the squashing process of Section 9 and our study of the 7-residue spaces in [AEG24]
(see Section 1.5), we prove the following theorem.

Theorem 10.2. Let X be a nodal curve over an algebraically closed field k of characteristic
zero with branches over nodes in general position on the components of its normalization, and
let G be its dual graph. Then:

(1) The variety of limit canonical series V. parametrizes all fundamental collections asso-
ciated to any smooth proper curve X over a valued field K that tropicalizes to (X, T)
for any metric graph I over G.

(2) For each cone T of X meeting RE, we have that V, = |
projective variety.

oor Yoo In particular, V is a
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1.9. Applications. Let X be as before, and G = (V, E) its dual graph. One of the main goals
in [EH87, EM02, ES07] was to describe limits of Weierstrass points along smoothings of X,
that is, one-parameter families of smooth curves degenerating to X, for curves X, respectively,
of compact type, with two components, and whose each pair of components intersect (with
the restriction that the smoothing be regular, that is, with regular total space). We improve
on all these results by describing these limits in the full generality considered in this paper.

In fact, in order to do this, we need only part of the data of the fundamental collection of
simple limit canonical series.

We use a refinement of [EM02, Thm. 2.8|, which gives a formula for the limit Weierstrass
divisor in a smoothing of X. The formula requires the determination of the limit canonical
series which have foci on the components of X. It is actually enough to produce for each
v € V a limit canonical series whose restriction to the component associated to v has the
same rank, and adjust the so-called correction numbers accordingly; cf. [EM02, Rmk. 2.9].
This is the case of the simple limit canonical series W,;, whose polytopes contain a vertex of
the standard simplex Ag; see [AE24, Thm. 9.4|. The variety that parameterizes the limit
Weierstrass divisors is thus the image of the projection of the subvariety

V=UVUC H G;B

) BeBr,

onto the product indexed by the |V| bricks B € Br, which contain a vertex of A,. This
variety provides a broad generalization for all curves of the variety constructed in [EMO02| for
two-component curves.

Our next theorem describes how each point on this image determines the limit Weierstrass
divisor of any smoothing of X which gives rise to it. In the algebraic setting, its proof uses
the ideas above, and in the more general analytic setting considered in this paper, the proof
uses a refined extension of [EM02, Thm. 2.8| given in [AGR23, §A| using Berkovich geometry.

For each v € V, we call v-extremal the vertex ¢ of Ay with ¢(v) = g. For each a € E,,
denote by m, the maximum order of poles of the meromorphic differentials in %, at p*. Put
%z, = wv(ZaeEv mgp®). Then, %, < H°(C,,.%,). Finally, for each e € E, let m, := m, + ma,
with a and a the arrows lying over e.

Theorem 1.2. Let X be a smooth proper curve over a valued field K which tropicalizes to
X. For each v € V, let W(X,v) be the limit canonical series in the fundamental collection
FC(X) whose associated polytope contains the v-extremal vertex of Ay, and let R(X,v) be the
ramification divisor of the linear series of sections of £, induced by the projection of W (X, v)
in U,. Then, the limit Weierstrass divisor R(X) on X is given by

R(X) = D> R(X,v) + Y g(g+1—me)p-.
veV eckE

(We remark that the m, depend on the choice of the %, but the right-hand side in the
formula above does not.)

In the above theorem, we used only the “extremal” limit canonical series in the fundamental
collection. However, as observed already in [EO13], additional limits are needed, in general,
to describe the limits of canonical divisors.

In addition, by considering all limit canonical series in the fundamental collection, we can
define a rational map from X to a quiver Grassmannian, in the spirit of [ESV21|. This
construction can be used to describe a limit of the canonical map of X, extending the theory of
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admissible covers introduced by Harris and Mumford [HM82] to the setting of canonical maps.
Namely, each element W), in FC(X) defines a rational map X --» P(W;), well-defined away
from a finite set of points, precisely because W, belongs to FC(X). Combining them yields
a rational map from X to the product of the P(W}). Remarkably, this map factors through a
specific quiver Grassmannian, the one which parametrizes one-dimensional subrepresentations
of the dual of the representation formed by the W), of the quiver coming from the polyhedral
decomposition of A, by the polytopes P,«, given in Theorem 4.11. This factorized map can
be viewed as a limit of the canonical map of X.

1.10. Related work. The literature on degenerations of line bundles over families of curves
is extensive. We refer to [D’S79, OS79, AK79, AK80, Cap94, Pan96, Est01, MRV17, KP19],
among others. Part of the motivation for these works was to understand degenerations of
linear series, which, however, proved to be significantly subtler, with only a few partial results
known. Two theories are available today in restricted settings. The first, by Harris and
Mumford [HMS82], the theory of admissible covers, applies to degenerations of rank one linear
series. The second, systematized in the pioneering work by Eisenbud and Harris [EHS86],
the theory of limit linear series, applies for any rank but only to limit curves of compact
type. In |[EH89|, Eisenbud and Harris posed the problem of extending their theory to all
stable curves, a problem that remained largely unsolved to this day. Efforts were made, for
instance in [Ran85, Est98, Oss06, Oss19], but the ideas introduced were not further developed,
likely because the combinatorial framework was rather unwieldy. Our framework, introduced
in [AE24], provides a new combinatorial and polyhedral foundation for a program aimed at
tackling this problem, with the work presented in this paper as its first application.

On the combinatorial side, divisor theory for graphs was introduced in [BNO7| by Baker and
Norine, and later extended to tropical and hybrid settings. For a survey of these developments,
we refer to Baker and Jensen [BJ16] and Jensen and Payne [JP21]. The degeneration of
linear series from a tropical perspective has been explored in [JP22, AG22]. Notably, tropical
methods have been instrumental in studying the geometry of curves and their moduli spaces,
with a significant application in the recent work by Farkas, Jensen, and Payne [FJP20]. Recent
work on the degeneration of tropical line bundles include [AP20, AAPT23, MMUV22, CPS23].
Tropicalizations of the moduli space of admissible covers and the moduli space of weighted
stable curves have been studied in [CMR16] and [Ulil5, CHMRI16].
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ported by the "CAPES-COFECUB" programme (project number: Ma 1017/24), funded by
the French Ministry for Europe and Foreign Affairs, the French Ministry for Higher Education
and CAPES.

2. SUBMODULAR FUNCTIONS

Let V be a finite nonempty set. Denote by 2" the family of subsets of V. We study
properties of functions ¢: 2V — R.

Given two functions ¢, u: 2V — R, we write ¢ > p if o(I) = p(I) for every I < V.
Furthermore, we write ¢ > p if the inequalities are strict for proper subsets I, i.e., equality
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might hold only if I = @ or I = V. (It will be often the case for us that ¢ and u agree on &
or V.)

We call ¢: 2V — R nonnegative if ¢ > 0 and positive if ¢ > 0. We call ¢ nonincreasing if
o(J) = p(I) for J < I <V, and nondecreasing if the reverse inequalities hold.

For each I € V', we denote by I¢ the complement of I in V.

2.1. Submodular functions. We say a function ¢: 2" — R is submodular if o(@) = 0 and
o) +o(l2) = (I u L) + (I n Iy) for each I1,I, € V.

We call the quantity o(V') the range of . Similarly, a function pu: 2V — R is called supermod-
ular if u(@) = 0 and the inequalities above are all reversed; the quantity p(V') is called the
range of p. A function which is both supermodular and submodular is called modular. Modu-
lar functions on 2" are in bijection with RY: each ¢ € RV can be viewed as a modular function
q: 2V — R by putting ¢(I) := Y, .; q(v) for each I <V, with the convention ¢(@) = 0.

2.2. Adjoints. For each ¢: 2V — R with (@) = 0, let p*: 2V — R be the adjoint to
defined by
©*(I):=o(V)—p(V~I) foreach I C V.

It is easy to see that ¢ is submodular, resp. supermodular, if and only if ¢* is supermodular,
resp. submodular. Furthermore, ¢ and ¢* have the same range, and (¢*)* = ¢. For a modular
function ¢, we have ¢* = q.

If ¢ is submodular, then ¢* < ¢. Indeed, applying the submodularity inequality to I and
I¢, and using that ¢(@) = 0, we get that ¢*(I) < ¢(I) for each I < V; equality holds for
I=gand I =V.

2.3. Base polytopes. To each submodular function ¢: 2V — R we associate the base poly-
tope of the polymatroid associated to ¢

P, = {q eRY ‘ q(I) < p(I) VI <V, with equality if I = V},
or simply, the (base) polytope of .
2.4. The UpMin transform. Given ¢: 2" — R, define x: 2V — R by
x(I) = Ir?g}gp(K) foreach I c V.

We say that x is the UpMin transform of ¢ and write y = UpMin(yp).

Proposition 2.1. Let ¢: 2 — R. Then, UpMin(y) is nondecreasing. Also, if ¢ is submod-
ular and nonnegative, then so is UpMin(y).

Proof. The first statement is clear. As for the second, assume ¢ is submodular and ¢ > 0,
and put x := UpMin(p). Clearly, x is nonnegative and x(&) = 0. It remains to show that

x(1) + x(Iy) = x(I v L) + x(I; n 1) VI, I, V.
Now, for each pair of subsets K, Ko € V with K; 2 I; and K, 2 I, from the definition of y,
(K1 U Ks) =2 x([1uly) and (K n Ks) = x([1 n Iy).
Applying submodularity of ¢ to K7 and K,, we get
(K1) + o(K2) = o(K1 U Ks) + oK1 0 K3) =2 x(I v I2) + x(1 0 1),
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from which we deduce
X(1) +x(L2) = min (K) + min o(Kp) > x(1 v L) + x(h 0 L),

as required. O
Proposition 2.2. Let ¢, &: 2Y — R be functions with & nonincreasing. Then,

UpMin(UpMin(ep) + &) = UpMin(p + £).
Proof. Let puy be the UpMin transform of ¢, and ps be the UpMin transform of u; + &, so

pi(I) = %g}cp(K) and po(l) = 1}1{1g}<,u1(K) + §(K)) for each I < V.
We need to show that s is the UpMin transform of ¢ + &, that is,
pe(I) = %H} (go(K) + §(K)) for each I < V.
=)

From the very definition of the UpMin transform, for I € K < V we have

pa(I) < i (K) + §(K) < o(K) + £(K),
and so p(I) < UpMin((p + 5)([ ). We need to prove now the reverse inequality.
Given I < V, there is I < K; < V such that ps(f) = p(K7) + £(K7). There is similarly
K, € K, € V such that p;(K;) = ¢(K3). Thus,

pa(I) = p(K>) + £(K).
Since £ is nonincreasing, &(K;) = £(K3). So
p2(l) = o(Ks) + £(K>),
from which we deduce pz(I) = UpMin (¢ + £)([), finishing the proof. O
2.5. Geometric meaning of UpMin. Let A, be the standard simplex of width g, for g > 0:
A, = {q e RY, | q(V) = g} c R".
Proposition 2.3. Let ¢: 2V — R be a nonnegative submodular function of range g. Then,
Pupmine) = Po 0 Ay =Py, n RZO

Proof. Put x := UpMin(p). Clearly, x(I) < ¢(I) for each I < V| with equality if I = V. It
follows that P, < P,. Also, x(V ~ 1) < x(V), and thus

a(I) =q(V) = q(V 1) =2 x(V) =x(V 1) 20
for each ¢ € Py, yielding P, € A,. Finally, if ¢ € P, nRY, then we have ¢(I) < ¢(K) < ¢(K)
for each I € K < V, whence g € P,. O

Example 2.4. Consider the set V = {ug, u1, us, u3} and the submodular function ¢: 2V — 7Z
of range 3 defined by

SD(UU) = 90({u07ui}) = 57 @({u():ui;uj}) =4 for all distinct 7’7.7 € {17 27 3}7

e(I) =1 for all nonempty I < {uq,us,us}.
The polytope P, < R*, depicted in Figure 2, is the set of all points (go, ¢1,¢2,¢3) in R* with
do = 3— q1 — g2 — g3 that verify, for all pairs 7, j of distinct elements in {1, 2, 3}, the inequalities
-1<¢ <1, -2<¢q +q; <1 and —2< ¢ + ¢ + ¢ < 1. The function x = UpMin(y)
satisfies x(I) = 1 for each nonempty I < {uy,us,us}, and x(I) = 3 for each I < V containing
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Q

FIGURE 2. The polytope P, on the left is the one associated to the submodular
function ¢ defined in Example 2.4. The drawing shows its projection to R3,
using the last three coordinates. It has 7 visible and 4 hidden facets. The origin
O lies in the interior of P,. The red tetrahedron with vertices O, A, B and C
is the intersection of P, with Ay < R, (projected down again to R?): it is the
polytope P, associated to the UpMin transform y = UpMin(y). The rescaled
figure on the right shows the position of P, within Aj (the big tetrahedron in
blue with vertices O, XY, 7).

ug. The polytope Py, also depicted in Figure 2, is the set of all points (go,q1,¢2,¢3) € R,
with go = 3 — ¢4 — g2 — ¢3 that verify ¢; + ¢2 + g3 < 1. o

2.6. The DownSum transform. Given a function ¢: 2V — R, define the DownSum trans-
form of ¢ denoted DownSum(e): 2" — R by

DownSum(e)(]) = Z e(J) for each I < V.
JcI

Proposition 2.5. Let e: 2V — R. If e > 0, then DownSum(e) is supermodular and nonde-
creasing.

Proof. For each three subsets Iy, Is,J of V', we have that J € [y u Iy if J € I; or J € I3, and
J<c Iinlif J< I; and J € I5. This simple observation coupled with the fact that ¢ > 0
proves the supermodularity inequality of DownSum(e) for I and Is. O

2.7. The submodular function of a subset. For each subset J < V, denote by £;: 2V — Z

the function satisfying
0 ifIpJ
) =
&) {—1 if 12,
If J = {v} we abbreviate £, := &;.
Proposition 2.6. For each J SV, the function £; is submodular and nonincreasing.

Proof. This follows from Proposition 2.5 and the equality
&7 = —DownSum(1,),
where 1;: 2V — R is the characteristic function of .J, taking values 1 on J and 0 elsewhere. [

Proposition 2.7. Let p: 2V — Z be a nonnegative integer-valued submodular function, and
let JS V. Then, o +&; = 0 if and only if there is v € J such that ¢ + &, = 0.
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Proof. Since &5 = &, for each v € J, if p + &, = 0, then ¢ + &7 = 0. Conversely, assume
@+ &7 = 0. Suppose for the sake of contradiction that for each v € J, there is I, < V such
that ¢(I,) + &,(1,) < 0. Since ¢ > 0, we must have v € I,. And since ¢ is integer-valued, it
follows that ¢(I,) = 0 for each v € J. Let I := [ J1,. Since ¢ is submodular, we get

0<o(I) < ) ¢(l) =0,

ved

and hence ¢(I) = 0. But J < I,s0¢,(I) = —1, whence ¢(I)+£;(I) = —1, a contradiction. [J

2.8. Submodular functions of subspaces. Let k be a field. For each v € V, let U, be a
vector space over k. Put U := @,., U,. For each subset I < V, let U; := @,; U, and
denote by 6, : U — U the corresponding projection map.

Let W < U be a finite-dimensional vector subspace. For each I < V, put W; := 6,(W),
and denote by 15, ([) its dimension, that is, vy}, (I) = dimy (Wy).

Proposition 2.8. The function vi,: 2" — Z is submodular, nonnegative and nondecreasing.

Proof. Submodularity is direct, see [AE24, Prop. 8.1]. The rest is clear. O

2.9. Simpleness. A submodular function ¢: 2" — R is called simple if for each partition of
V into nonempty sets I and J, we have (1) + ¢(J) > (V). If |V| = 1, this is automatic.

Proposition 2.9. Let ¢: 2V — R be a submodular function and ©* its adjoint. Then, ¢ is
simple if and only if p* < @. In particular, if ¢ is simple and ¢* = 0, then ¢ > 0.

Proof. Immediate. O

Proposition 2.10. Let ¢: 2V — R be a nonnegative submodular function. If UpMin(yp) is
simple, then p is simple. The converse holds if v is positive with positive range.

Proof. Put x := UpMin(y). Since ¢ is submodular and nonnegative, so is y by Proposition 2.1.
Consider a partition of V' into nonempty subsets I and J. The proposition follows from the
following two assertions:

(1) I o(I) + o(J) = ¢(V), then x(I) + x(J) = x(V).

(2) The converse holds if ¢ is positive with positive range.

The first assertion follows from the inequalities

p(I) +¢(J) = x(I) + x(J) 2 x(V) = (V).
As for the second, we have x(I) = ¢(K) and x(J) = ¢(INV) for certain subsets K, N of V such
that I € K and J € N. Assume x(I)+x(J) = x(V). Since ¢ is submodular and nonnegative,
X(V) = o(K) + ¢(N) 2 (K v N) + o(K 0 N) = p(K v N) = (V) = x(V).

It follows that ¢(K) 4+ ¢(N) = (V) and (K n N) = 0. If ¢ is positive with positive range,
then K n N = &. Since I € K and J € N, we must have I = K and J = N, and hence
() + () = o(V). O
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3. GRAPHS

Let G = (V,E) be a finite graph with vertex set V and edge set E. If e € E connects
v,we V, we write e = {v,w}. Given a subset I < V, we denote by E(I) the set of edges in
E with both extremities in I. The induced subgraph on I, denoted G[I], is the subgraph of G
with vertex set I and edge set E(I). A connected component of G is an induced subgraph G[I]
which is connected and, in addition, there is no edge in GG that connects a vertex in I to one in
the complement I°. The genus of a connected graph G is the quantity ¢(G) := |E| — |V| + 1.

We denote by E the set of arrows of G: each edge e = {v, w} gives rise to two arrows v — w
and w — v in E. If e is a loop, i.e., v = w, we still have two arrows v < w, corresponding to
the two half edges issued from e.

If a is an arrow with orientation v — w, we call v the tail and w the head of a, and write
t, = v and b, = w, as well as a = vw. The arrow in E with the reverse orientation is denoted
a; it has tail w and head v.

Given a set of arrows A € E and subsets I, J € V, denote by A(I, J) the subset of arrows in
A with tail in I and head in J. We abbreviate A(I) := A(I,I) and A; := A(I,V); see Figure 3
for an example. If I = {v}, a singleton, we simply write A,. Clearly, A; is the disjoint union
of the A, for v e I, that is, A; = | |,; A..

3.1. Submodular functions arising from digraphs. An orientation ¢ of G is a map
¢: E — E that associates to each edge e of G one of the two arrows in E arising from e. A
digraph H = (V, A) is a graph G = (V, E) with an orientation ¢ of its edges so that A = ¢(F).

Proposition 3.1. Let H = (V, A) be a finite digraph. Let o, o1, po: 2V — Z be defined by
o(I) == [AD)| + AU D), o) =AU D), @a(]) = —[A(D)],
for each I < V. Then, ¢ is modular, and @1 and o are submodular.

Proof. All of the assertions can be reduced to the case where A has only one element, and
then proved by a case analysis. Also, observe that ¢; = ¢ + 9; thus, if ¢ is modular, ¢; is
submodular if and only if so is ¢s. g

3.2. Level structures on graphs. In this paper, an ordered set is a set with a total order
on its elements. We view a subset of R as ordered with the total order induced by that of R.
We add few more terminology to those in Section 1.4.

Recall that a level structure on the graph G = (V, E) is the data 7 of an ordered partition
of the vertex set V. Equivalently, a level structure is the data of a set V, endowed with a
total order <, and a surjection h = h,: V — V.. This way, we can view V, as the unordered
partition underlying the level structure. The surjection h = h,: V — V. takes then each
vertex to the part it belongs to. We refer to either (G, ) or (G,h) as a level graph, and call
h the associated level function. For each vertex v € V, h(v) is called the level of v. For each
pair of vertices u,v € V, abusing notation, we write u <, v if h(u) <, h(v). If the ordered
partition 7 or the function h is understood from the context, we abbreviate (G,7) and (G, h)
to G, leaving 7 and h implicit.

A function h: V — R induces the ordered partition w = 7, of V such that h = th, for an
order-preserving injection ¢: V; — R. Abusing notation, we call (G, h) a level graph, and h
its level function.

An edge e = {u,v} in G is horizontal if u and v belong to the same part in the partition,
that is, if h(u) = h(v); otherwise, we call it vertical. We denote the set of vertical edges by
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E.. Its complement, E¢ = E \ E,, is the set of horizontal edges. Denote by E, the subset of
E consisting of arrows on vertical edges, thus called vertical. The complement E¢ = E \E; is
the set of arrows on horizontal edges, thus called horizontal.

We use the level structure to define a bipartition of E,. An arrow u — v on a vertical
edge in E; is compatible with the level structure if u >, v. (Visually, the arrow — and the
order >, point to v.) Denote by A, the set of arrows on vertical edges compatible with the
level structure. We refer to the elements of A, as upward arrows. (Visually, we think of
the level as depth, so the upward arrows on vertical edges point to the vertex with smaller
depth.) Its complement in E, is denoted A,; the elements of A, are called downward arrows.
Equivalently, A, = {a | a € A.}. This way we obtain a bipartition E, = A, L A,.

In figures, we draw horizontal edges horizontally and vertical edges vertically, with the
arrows in A, pointing upward. As the directions of the arrows are visually clear, we sometimes
drop them. Figure 3 illustrates a level graph G on the left, using a level function h: V' —
{1,2} < R. The part with smallest level is depicted on top. Thus, h(u;) = h(ug) = h(ug) >
h(us) = h(us), so, for example, u; >, uy. On the right, we depict the upward and horizontal
arrows of G

Ug  Us Uy Us
—_>

Uy Uz Uus Uy Ug U3

FIGURE 3. A level graph with two levels on the left, and the corresponding
upward and horizontal arrows on the right. The set E; for I = {us,us} is
depicted in red.

3.3. Residue spaces and residue conditions. We associate to a level graph (G, ) vector
spaces G, € Y which will play an important role in our study of canonical series; see Section 5.
We suppose that G is connected.

Let h = h,: V — V. be the corresponding level function. We fix a field k. Define Y =
Y := k¥, For each ¢ € X and a € E, denote by 9, the a-coordinate of 1. For each v € V, we
set X, := k. Then, we have the decomposition ¥ = @ Y.

Definition 3.2. Let (G, 7) be a level graph. We let G, < T be the subspace of the ¢ which
satisfy Conditions (R1) through (R4) in Section 1.4, and call it the (G, 7)-residue space, or
m-residue space for short if G is fixed. o

Theorem 3.3. The dimension of G, is the genus of G, that is,
dimy G, = |E| — |V]| + 1.

Proof. In the absence of horizontal edges, this can be obtained from [BCG'19, Prop. 6.3],
using Picard—Lefschetz Theory on a degenerating family of Riemann surfaces. The statement

in this general form is proved in [AEG24]. O
Definition 3.4. We define 7,: 2" — Z to be the submodular function associated to the
subspace G, € ¥ = @,y Yo, that is, v, == 1§ . o

The range of ~, is thus the genus of G. For future use, we note the following.
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Proposition 3.5. Let ' be an ordered partition of V' which is a coarsening of 7, that is, each
part of w is included in a part of ©'. Then, we have v = v,.

Proof. This is the second statement in [AEG24, Thm. 6.1]. O

3.4. Metric graphs. Given an edge length function /: E — R., on the edge set of the graph
G = (V, E), we denote by ¢, the real number /(e) associated to each e € E. We get a metric
graph I' by plugging an interval of length £, between the two extremities of each edge e. It is
a metric space endowed with the path metric. The pair (G, ¥) is called a model for T.

We extend ¢ to E by putting ¢, := £, for each arrow a € E on an edge e € F.

3.5. Divisor theory on metric graphs. Let I be a metric graph with model (G, ¢). Denote
by Div(T") the group of divisors on I', which is by definition the free Abelian group generated
by the points on I'. Write (z) for the generator associated to each point € ', so that

Div(T") = {Z N, () ’ S c T finite and n, € Z for all z € S}.
zeS

For each divisor D € Div(I") and = € T', denote by D(z) the coefficient of (x) in D, and
by supp(D) the support of D, that is, the set of points x with D(x) # 0. The degree of D,
denoted deg(D), is defined as

deg(D) = Z D(x).
zel’

A rational function on I' is a continuous function h: I' — R whose restriction to each edge
of I' is piecewise affine with integral slopes. The set of rational functions on I' is denoted
Rat(T"). The order of vanishing at x € I' of a rational function h € Rat(I"), denoted ord,(h),
is the sum of the incoming slopes of h at x. The divisor div(h) associated to h € Rat(T') is
then defined by

div(h) = Z ord,(h)(x).
zel’
Elements of this form in Div(I") are called principal. Two divisors Dy and D, are called linearly
equivalent, and we write Dy ~ D, if the difference D, — D, is principal.

3.6. Admissible divisors on metric graphs. We briefly review the theory of admissible
divisors on metric graphs from our work [AE24].

Let I be a metric graph with model (G,¢). A divisor D on I' is G-admissible, or simply
admissible if G is clear, if for each edge e of G, we have D(z) = 0 for every point x on the
interior of e with at most one possible exception for which we then have D(x) = 1. For each
collection Z of divisors on I', denote by o7;(Z) the subset of all G-admissible divisors D € 2.

A divisor D on I supported on the vertex set V is admissible. Moreover, if D’ is another
admissible divisor on I', then the sum D + D’ is also admissible.

3.6.1. Integer slopes. For each function h: V — R, define g,h: E — Z by setting

d,h(a) = [h(ta)g_af(ba)J for each a € E.

We call 0,h(a) the incoming integer slope of h at t, along a. It is actually the incoming slope
of a rational function on I' extending h; see Subsection 3.6.2.
The following is immediate.
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Proposition 3.6. For each function h: V — R, the sum d,h(a) + 0,h(a) is either 0 or —1,
depending on whether £, divides h(t,) — h(b,) or not, respectively.

3.6.2. Admissible extensions of functions. For each divisor D on I' and function h:V — R,
[AE24, Thm. 5.5| guarantees the existence and uniqueness of a rational function h: I' — R
extending h for which D + diV(/f\L) is admissible. The extension h is the same for all divisors
D supported on the vertices of G. We restate the theorem below only in this case, the only
one we need in this paper. (We will set D to be K, the canonical divisor; see (4.1).)

For each arrow a = uv € E of G on each edge e = {u,v} and ¢ € [0, £.], denote by x{ the
point of I' on e at a distance ¢ from u along e. Thus, zf = 2§ _,.

Theorem 3.7 (Admissible extension of a function). For each real-valued function h: V — R,
there is a unique rational function h: I' — R extending h such that div(h) is admissible.
Furthermore, h is characterized by the following properties:

(1) The incoming slope of h at each v eV along each arrow a € B, is d,h(a).

~

(2) For each arrow a € E and t € (0,4,), the divisor div(h) takes value 0 at x¢, unless
Ly —t is the remainder of the Buclidean division of h(t,) — h(ba) by £, in which case
it takes value 1.

Definition 3.8. We call the function i described above the admissible extension of h, and

~

denote by D), the admissible divisor div(h). o
The following result gives a description of the principal divisor Dj = div(’ﬁ).

Proposition 3.9. Let h: V — R be a function, and h: T — R its admissible extension. Then,
for each x € T, we have
(1) If x €V, then Dy(x) = X ,cp. 0,h(a).
(2) If x = & for an arrow a = uv, where r is the remainder of the Euclidean division of
h(u) — h(v) by by, and r # 0, then Dp(x) = 1.
(3) Otherwise, Dy(z) = 0.

Theorem 3.10 (Characterization of admissible divisors). Let D be a divisor on T’ supported
on the fuerticesAof G. Then, each admissible divisor D’ linearly equivalent to D is of the form
D’ = D +div(h) for the admissible extension h of a function h: V' — R. Furthermore, if T is
connected, h is unique up to addition by constants.

The upshot is a bijection between admissible divisors in the linear equivalence class of D
and level functions h: V' — R up to addition by constants.

3.7. Slope functions. The following definition is motivated by Proposition 3.6.
Definition 3.11. Let G = (V, E) be a graph. A function s: E — Z is called a slope function
if

s(a) + s(a) e {—1,0} for each arrow a € E.
Given a slope function s: E — Z, we denote by A, the set of arrows a € E with s(a) < 0
(equivalently, either s(a) > 0, or s(a) = 0 and s(a) + s(a) = —1), and call the arrows in A

upward for s. The reverse arrows are called downward for s; their set is denoted A,. All of
these arrows and their underlying edges are called wvertical for s; the remaining arrows and

Ior n,l € R with I > 0, writing n = | }] + 7 with 0 < r <[, 7 is the rest of the Euclidean division of n by .
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edges are called horizontal for s. If s(a) + s(a) = 0, we say that a and the underlying edge
are integer for s. Denote by E™ (resp. A™) the set of integer vertical edges (resp. integer
upward arrows). o

Remark 3.12. By Proposition 3.6, for each edge length function £: £ — R.(, and function
h:V — R, the function g,h: E — Z is a slope function. Furthermore, if s = g,h and m = m,,
the level structure induced by h, then A, = A, and A, = A,. Also, a = uv € A, is integer for
s if and only if ¢, divides h(u) — h(v). o

Definition 3.13. For each slope function s: E — Z, define ¢,: 2V — Z by
GI) = AI5D)+ > s(a) VISV o
a€E(I,I°)

Remark 3.14. If s = ¢,h for some edge length function /: £ — R., and function h: V — R,
then the function ¢, bears some similarity with the function i}, defined in [AE24, §4.2|, which
satisfies

E(I°,
i, (I) = |(2)| + Y gh(a) VICSV.
acE(I,I¢)

We know p}, is submodular by [AE24, Prop. 4.3]. Remarkably, so is (; by Proposition 3.16. ¢

Lemma 3.15. For each slope function s: E - Z and I =V,

Y, sla) =) sla) + A1) — AN

acE(I,I¢) ack;
Proof. Immediate from the fact that s(a)+ s(a) is 0 if a is integer for s, and —1 otherwise. [

Proposition 3.16. For each slope function s: E — Z, the functions (s — @1 and (s — @o are
modular, where o1(I) == |AP(I¢, I)| and po(I) == —|AP(T)| for each I = V. In particular, (,
s submodular.

Proof. For each I < V| from Lemma 3.15 we get

GI) = pa(I) = ) s(a) + |AD)| + |A(I°, 1))

aE]EI

Clearly, the function I — » g s(a) is modular. It thus follows from Proposition 3.1 that
(s — @9 is modular. The same proposition yields that 7 — ¢o is modular, whence (, — ¢ is
modular. The last statement follows from the fact that ¢, and ¢, are submodular, again by
Proposition 3.1. U

We state the following monotonicity property, which will be useful later in Section 9.8.
Proposition 3.17. Let s,s": E — 7Z be slope functions with s’ > s. Then, (s = (.

Proof. Since s’ = s, we only need to prove that for each subset I € V and arrow a € A,(I¢,1)
such that a ¢ Ay (I¢,I), we have s'(a) > s(a). But this is clear: since a € As(I° 1), we have
s(a) <0, and since a ¢ Ay (I° 1), we have s'(a) = 0. Hence, s'(a) > s(a), as claimed. O
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4. TROPICALIZATION

We discuss in this section tropicalization of differentials and of canonical series. We state
in particular the analogue to the theorem proved in our work [AE24| that tropicalization of
canonical linear series gives rise to tilings of simplices by polytopes.

We fix an algebraically closed field K which is complete for a nontrivial non-Archimedean
valuation v. For instance, K could be obtained from a discrete valuation ring (like the ring of
power series in one variable over a field) by taking the completion of the algebraic closure of
its field of fractions. Put A = v(K ~\ {0}), the value group of v. Denote by R the valuation
ring of v, and by m and k the maximal ideal and the residue field of R, respectively.

Let X be a smooth proper connected curve over K. Denote by X™ the Berkovich analyti-
fication of X. Recall that the points on X™ are in bijection with the union of the (closed)
points on X and the valuations on the function field K(X) that extend the valuation of K.
For each point x of X", denote by v, the corresponding valuation, by R, its valuation ring,
and by k() its residue field. Each rational function f on X gives rise to an evaluation map
evi: X — R U {+o0}, that sends = to v, (f).

We fix a semistable vertex set V for X', It is a finite set of type 2 points on X™ whose
complement X"\ V is a disjoint union of finitely many open annuli and infinitely many open
disks. The semistable vertex set V defines a skeleton T' for X™, the union in X" of V" and the
skeleta of the open annuli in X™ \. V. The canonical metric on each of these skeleta identifies
it with an open interval whose closure has one or two boundary points in V. This way, the
semistable vertex set defines a graph G = (V, E) and an edge length function {: E — R.q,
and we may view the skeleton I" as the metric graph associated to the pair (G, ¥¢) canonically
embedded in X™. Denote by 7: X" — I' the retraction map from X" to I'.

For each point x of type 2 on X", the field k(x) is of transcendental degree one over k;
let C, be the corresponding smooth proper curve over k. Each unit outgoing tangent vector
v e T,I gives a point on C, denoted p”. If x € V, and v is parallel to the arrow a = zv € E,
then we denote this point by p®.

Gluing the curves C, for v € V| by identifying the points p* on C, and p® on C,, for all
arrows a = vw € E, gives a nodal curve X whose dual graph is G. We say that the pair (X,T")
is obtained as a tropicalization of X.

4.1. Tropicalization of linear series and tilings of simplices. We first briefly discuss
tropicalization of divisors and spaces of linear series.

Let D be divisor of degree d on X. Let H be a vector subspace of dimension r + 1 of the
Riemann—Roch space of D:

Hc {feK(X) | div(f) + D = 0}.

The pair (D, H) defines a linear series g, on X.

The tropicalization of (D,H) gives rise to a set of rational functions on I', as follows.
Let 7(D) = > .cx D(x)7(x) be the divisor on I' obtained by the tropicalization of D. For
each nonzero rational function f € K(X), we denote by trop(f) the restriction to I' of the
evaluation map evg: X~ — R uU {£oo}. This is a rational function on I' and by Specialization
Lemma [AB15, Thm. 4.5], we have

7(D) + div(trop(f)) = 7(D + div(f)).

We enrich the tropicalization by adding a collection of k-vector subspaces U, < k(v)
associated to the vertices v of G as follows. First, we choose a homomorphism a: A — K~ {0}
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that is a section of the valuation v: K ~ {0} — A. Since A is divisible, a section exists. Put
ay := a(A) for A € A. Then, for each vertex v € V', the nonzero elements of the k-vector space
U, are the reductions of the nonzero functions f € H, which are the image in the residue field
k(v) of a;vl(f)f € R,; see [AB15, §4.4|. It is proved in [AB15, Lem. 4.3| that U, is a k-vector
space of dimension r + 1. We associate to the linear series (D, H) the k-vector space

U= @UU.

veV

Denote by Z the linear equivalence class of 7(D) on I'. Let &, be the subset of & consisting
of all A-rational divisors. Recall that a divisor is A-rational if its support consists only of A-
rational points, that is, points whose distances to vertices of V' are all in A.

Let D € 2, be a G-admissible divisor. In [AE24], we associate to D an (r + 1)-dimensional
subspace of U as follows. Since D € Z,, we can write D = div(h) + 7(D) for a rational
function h € Rat(I") such that A(V) < A. Denote by M}, the space of all functions f € H such
that trop(f)(v) = h(v) for v € V, that is,

M, := {f e H | trop(f)(v) = h(v) YveV}.

Then, we let W), be the image of red;,: M) — U, defined by letting redy(f), be the reduction
of a;(ly)f in k(v) for each f € H and v € V; this is reduction relative to h. The space W;, has
dimension 7 + 1 by [AE24, Lem. 7.9]. It depends only on D, rather than on h. This is the
(r + 1)-dimensional subspace of U associated to D. But since in this paper we are viewing
the function h as a level function, we prefer to use the notation W, in the sequel.

We may now associate to D the submodular function v : 2V — R given by v} = Uy, see
Proposition 2.8. Consider as well the corresponding polytope

Qp =Py = {geRY | q(I) < vj(I) VI €V, with equality if I = V}.

It is contained in the standard simplex A, ; < RY consisting of all the points ¢ € RY; with
q(V) =r + 1. We proved in [AE24, Thm. 8.4] the following theorem.

Theorem 4.1. The collection of polytopes Qy, associated to G-admissible divisors in Dy, where
9 is the linear equivalence class of the divisor (D), form a tiling of the standard simplex A, .

4.2. Tropicalization of differentials. For each point z of type 2 on I' © X™, denote by
), the space of meromorphic differentials of C,, and by g(z) its genus. Extending g by zero
over all the other points on I', we get the genus function g: I' — Z=o. We refer to (T, g) as
an augmented metric graph. By an abuse of notation, we denote as well by g the restriction
of the genus function to V', and refer to the pair (G, g) as an augmented graph.

Denote by K the canonical divisor of (I, g), defined by

(4.1) K = (2g(z) — 2 + val(z)) (z) = > (20(v) — 2 + val(v)) (v),

zel’ veV

where val(x) denotes the valence of z in I'. Denote by J# the linear equivalence class of K,
and by J£y € % the subset consisting of A-rational divisors. Since the edge lengths in G are
all in A, the vertices of G are A-rational, and thus K € J%}.

Denote by Qx the space of meromorphic differentials of X, and by H the g-dimensional
subspace of Abelian differentials. Let ||| be the Kihler norm on Qx that at each point z € X™
associates to each a € Qx a value [|a|,; € Rsg U {+0}. We refer to Temkin [Tem16, §6] for the
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definition of [|-|| in the general case, and to [TT22| in the case of curves. For each f € K(X)
and each point z € X™", the norm satisfies

[fale = e,

Also, ||, is 0, resp. +00, if x is a closed point of X which is a zero, resp. a pole, of a.

For each point z of type 2 on X™, the meromorphic differentials o € Qx with [laf, < 1
form thus a module over the valuation ring R,. This module is endowed with a natural map
to ., which becomes injective after tensoring with k(z). The image in €, of a differential
in the module is called its reduction. In any case, for each nonzero « € Qx, we have that
log ||| € A, and hence there is ¢ € K such that |«a|, = exp(v(c)), or equivalently |call, = 1,
and hence ca has nonzero reduction at x.

Definition 4.2 (Tropicalization of differentials). For each nonzero meromorphic differential
«a of X, the tropicalization of « is the function

trop(a): I' — R, x —> —log ||a|- o

Theorem 4.3. The tropicalization trop(«) of a meromorphic differential o € Qx is a rational
function on I'. It verifies the slope formula,

div(trop(«)) + K = 7(div(«)),
where div(«) is the divisor of a on X.

Proof. The first part is a consequence of [Tem16, Thm. 8.2.4]. The second is proved in [TT22,
Prop. 2.3.3] using [BT20, Lem. 3.3.2] (see as well [Amil4, KRZB16, BN16]). O

Definition 4.4. Let x € X™ be a point of type 2. Let a be a meromorphic differential on
X. We denote by a, the reduction of « at z, defined as the restriction of a;la to C, for
A = trop(a)(x). o

Note that &, is a meromorphic differential on the curve C,. It changes by a scalar when
the section a of v is changed, so it is well-defined up to scaling by an element of k*. For the
definition of reduction, we refer to [TT22, §2|. We have the following result [BT20, Lem. 3.3.2].

Lemma 4.5 (Slope Formula). Let x be a point of type 2 on T and o« a meromorphic differential
on X. For each unit outgoing tangent vector v € T,T" at x, the order of vanishing of &, at the
point p” is given by —1 + sl, F', where F' = trop(«) and sl, F' is the oulgoing slope of F at x
along v.

For each vertex v € V, let U, be the vector subspace of €, spanned by the meromorphic
differentials on C, which are reductions &, at v of Abelian differentials o € H. This is a
vector space of dimension g, as in [AB15, Lem. 4.3]. Put

Uzz@UvCQ:@Qv.

veV veV

The spaces U and Q are endowed with an action of k¥ := [],., k. For each element 9 € k"
and v € V, we denote by 1, the element in k given by the v-component of 1. Each v € k"
corresponds to an endomorphism of U, respectively, €2, given by componentwise multiplication
by ., v € V, which, abusing notation, we will also denote by 1.
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4.3. Reductions of differentials. We explain how to associate a g-dimensional subspace of
U to each A-rational G-admissible divisor on I linearly equivalent to K.

Recall that ¢ is the linear equivalence class of K, that £y, € ¢ is the subset of A-rational
divisors, and /5 (#y) S #) is the subset of G-admissible divisors.

Notice that K is A-rational because all the edge lengths in G are in A. Let .Z¢(K;A) be
the set of all functions h € Rat(I") such that div(h) + K is G-admissible and h(V) < A. Then,
() is the set of divisors of the form div(h) + K for h € F¢(K;A).

By Theorem 3.7, there is a bijection from % (K;A) to the collection of maps V' — A.
It is given by taking h € Fg(K;A) to h|,,, with inverse taking h: V' — A to its admissible

extension h. Abusing notation, we will not distinguish h € F¢(K;A) from hj,,.

For each h: V. — A, let M,, be the space of all Abelian differentials @ € H such that
trop(a)(v) = h(v) for every v € V. Recall that we fixed a section a: A — K ~ {0} of the
valuation v. Notice that trop(a;(lv)a)(v) > 0 for each a € M.

Definition 4.6 (Relative reduction map red;). The reduction map relative to h is the map

red,: M, —- U
defined as follows: For each a € My, let red,(a) be the element of U whose component
(redy(a)), is the reduction of a;(lv)oz to the curve C, for each v e V. o

Note that (redp(a)), = 0 if trop(a)(v) > h(v); otherwise, (redy(a)), = dy.

Definition 4.7 (Reduction of H relative to h). We define the reduction of the space of Abelian
differentials H relative to h as the subspace W), € U consisting of the reductions of oo € M,
relative to h, that is,

W, = {redh(a) ‘ ath} cUcQ.

We call W, the limit canonical series associated to h. o

Note that for each A € A, the space W), coincides with W),. This implies that W}, depends
only on D = K + div(h). However, since we will view h as a level function, we will mainly
use the notation W;, in what follows.

Remark 4.8. If we choose a nontrivial Abelian differential a of X, and set D := div(«), then
we are in the setting of Section 4.1 and we get an identification of the spaces W, defined above
with the spaces W), from Section 4.1, with A’ an appropriate translation of h using trop(«).
Nevertheless, it is fundamental that we treat the W) as spaces of meromorphic differentials
for the role residues will play later. o

A different choice of the section a produces a subspace which might be different from W,
but which lies on the same orbit of U by the natural action of G}, := [ [, k*. More precisely,
let  be the ordered partition associated to h, and let G/r = [Ty k* S G be the subgroup
consisting of those elements ¢: V' — k* which factor through the quotient map V' — V,, that
is, 1, = 1, whenever u and v belong to the same level, that is, whenever h(u) = h(v).

Proposition 4.9. The orbit GY=W,, is well-defined, that is, it does not depend on the choice
of the section a.

Proof. Let a’ be another section of the valuation map, so that aja,' has valuation zero for
every A € A. Let red}: M, — U be the reduction map with respect to this new section.
For each A\ € A, let 9, be the reduction of a&a;l in k. Then, for each a € My, we have
(red),(a)), = 1/),:(2) (redp(v)), for each v € V', and the statement follows. O
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4.4. The fundamental collection. Assume g > 0. For each h: V — A, we say that the
subspace W),  Q is simple if the corresponding submodular function vy, is simple.

Definition 4.10 (Fundamental collection of limit canonical series). Notation as above, we
denote by FC(X) the collection of simple subspaces W), € Q, and call it the fundamental
collection of limit canonical series on X associated to X. o

By the finite generation property [AE24, Thm. 9.6], the spaces in the fundamental collection
generate all the other limit canonical series W,.

Theorem 4.11. The elements Wy, of FC(X) are precisely those limit canonical series whose
corresponding polytope PZ,V*Vh is full-dimensional. They and their faces form a tiling of the
standard simplex A, in RY.

Proof. The first statement follows from [AE24, Prop. 2.7| (see § 3.1 in loc. cit.). The second
now follows directly from Theorem 4.1, using Remark 4.8. O

5. RESIDUE CONDITIONS

We fix a nodal projective connected reduced curve X defined over an algebraically closed
field k. Let G = (V, E) be its dual graph and E its arrow set. Let C, be the normalization
of the component of X associated to each v € V. Each edge e = {u,v} in F gives a point on
C,, denoted p*, and a point on C,, denoted p®, where a = uv and @ = vu are the arrows on
e, whose identification is the node p® on X corresponding to e. For each v € V', denote by €,
the space of meromorphic differentials on C,. Put Q := P Q,.

5.1. The residue map. For each vertex v of G and each point p on C,, denote by

res,: (0, — k
the residue map at p, associating to a meromorphic differential & on C, its residue at p. For
each arrow a € E,, denote by res, the residue map on the curve C, associated to the point p*:

res, = resy: 2, — k.

We put all the residue maps res, for a € E into a single map denoted by Res as follows.
Consider Y = k¥ = P, Y, Y, = kE for v € V, from Section 3.3. The sum of res, for a € E,
defines a map

Res, = Z res,: Q, — Y,.

acE,
Finally, the residue maps Res, for v € V define altogether
(5.1) Res := Z Res,: 2 — Y.
veV

5.2. Tropicalization and the residue conditions. Let X be a smooth proper connected
curve over an algebraically closed field K which is complete for a nontrivial non-Archimedean
valuation v with value group A € R and residue field k. Assume that (X, T’) is a tropicalization
of X for a metric graph I with model (G, ¥), for £: E — A an edge length function.

For each h: V' — A, we consider the corresponding level graph (G,h). Let 7 = m, and
recall the subspace G, € Y from Section 3.3 given by residue conditions (R1)-(R2)-(R3)-
(R4). Consider as well the subspace W), € Q arising from reduction relative to h of the space
H of Abelian differentials of X; see Section 4.3. We have the following theorem.
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Theorem 5.1. Assume char(k) = 0. Then, for each h: V' — A, the residue map Res: @ — k*
takes W, into the m-residue subspace G, < k%, where 7 is the level structure on G given by h.

For the proof, we review some background. The residue map Res has a counterpart on the
smooth curve X defined by Temkin and Tyomkin [TT22]:

Res: H —» K"
This morphism sends each Abelian differential o € H to the map
Res.(a): E - K, a — Res, (),

defined on each arrow a by the residue of the restriction of o to the oriented annulus in X™
associated to a. More precisely, we write « in a local coordinate z on the oriented annulus as
a formal Laurent series of the form Zj cjzj%, and the residue Res,(«) is the coefficient cy.
This is well-defined by Bojkovié¢ [Boj19].

The residue map Res is K-linear, and satisfies the following residue analogue of Slope
Formula (Lemma 4.5): For each vertex v and each arrow a € E,,

res,. (@) = Res,(a) VaeH.

Here, &, is the reduction of « at v, and Res,(«) is the reduction of Res,(«) € K, both defined
using the section a of the valuation map v.

By [TT22, Thm. 3.1.1], harmonicity holds at the vertices of G, that is Res.(«) belongs to
the first homology group H;(G,K) of G with coefficients in K. It follows that Res is a map
from H to H;(G,K) < K*.

Proof of Theorem 5.1. First, we note that all vectors in Res(W) satisfy Conditions (R1)
through (R3) in Section 3.3: (R1) is a consequence of Lemma 4.5, (R2) is the residue theorem
on smooth proper curves, and (R3) is the classical Rosenlicht condition (see [TT22]). Fur-
thermore, each = (B,)vev € Wy, satisfies 8 = red,(«) for some o € My,. If 8, # 0 for every
v eV, then trop(a)(v) = h(v) and 3, = (redh(a))v = q, for every vertex v € V. In this case,
the global residue conditions for 5 coincide with the ones established in [BCG™ 18] for the
twisted differential (& ).er, rather obtained in our level of generality from the harmonicity of
the residue map Res,(a): E — K by |[TT22, Rmk. 3.1.2|.

For W), in the fundamental collection FC'(X), since W}, is simple, there is 8 = (8, )vey with
By # 0 for all v € V| and thus a general element in Wj, has the same property. Therefore, in
this case, by linearity of Res, we obtain Res(W,,) € G,.

By the finite generation property [AE24, Thm. 9.6, the spaces in the fundamental collection
generate all the other spaces W;,. That is, denoting by gbzl: Wy, — W, the k-linear map
between the spaces Wy, and W), for each b/, h: V' — A defined in [AE24, §8.3|, each element
3 € W, is a linear combination of elements of the form ¢! (3') for 8’ € Wy, with Wy, in FC(X).
Now, as we have seen above, denoting by 7/ = m;, the level structure induced by h’, we have
Res(B’) € G for these /. Thus, the theorem follows from Proposition 5.2 below. (|

Proposition 5.2. Let h,h/: V — A be functions with induced level structures m and ',
respectively. Let 3' € Wy such that Res(f') € G. Then Res(¢} (') € G-

Proof. If B!, = 0 for every minimizer of h’ — h, then ¢/ (3') = 0, whence the statement is clear;
see [AE24, §8.3]. We may thus suppose there is a minimizer u for i’ — h such that 3], # 0.
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Since Wy, = W, for every constant A\ € A, we may assume h'(u) = h(u). Then, there

is a sequence vy, ...,v, € V \ {u} and positive constants \; € A for ¢ = 1,...,m, such that,
putting hg := h and h; := h;_; + \;1,, for i =1,...,m, we have

e h,, =N, and

e for each i = 1,...,m, no vertex v € V satisfies h;_1(v;) < hi—1(v) < hi(v;).

(The second condition means that v; is moved from its level in (G, h;—1) to a level below in
(G, hi) not exceeding any level of (G, h;—1) below that of v;.)

Since ], # 0, and since h;(u) = h'(u) = h(u) for all i = 0,...,m, we have gzﬁZ; o qﬁZJ # 0
for all ¢ > j > k. Then qb%’ = qbZ(l) o (;5;”; 0---0 ¢ZZZ_1 by [AE24, Prop. 8.10]. Proceeding by
induction on m, we may thus assume that ' = h + A1, for some w € V \ {u} and some
positive A € A, and that there is no vertex v with h(w) < h(v) < h(w) + .

Let 8 = (Bo)vev = ¢} (B') € Wy. Then, 8, = A, for v # w, and f3,, = 0.

For each n € A, let Vj,_,, (resp. Vi,<,,) be the set of vertices v with h(v) = n (resp. h(v) < n).
Analogously for Vj,_,, and V. Since there is no v with h(w) < h(v) < h(w) + A, for each n
in the image of h, we have

(Vhr<n, Vh/:n) if h(w) > n or h(w) <n — A,
(Viens Vien) = (Vieen U {w}, Vieop N {w}) if h(w) = n— A,
(Vh’<m Vh’:n v {w}) if h(w) =nN.

The vectors in Res(W,,) satisfy conditions (R1) through (R3) in Section 3.3, so we only need
to check (R4), that is, we need to show that for each connected component = of G[Vj<,], we
have

(5.2) D res.(B,) =0,

a€E(Vir—n, E)

where a runs through the (upward) arrows connecting a vertex of level n in Vj,_,, to a vertex in
=. We proceed by a case analysis, according to the three cases for (Vh<n, Vh:n) listed above.

e In the first case, h(w) > n or h(w) < n — A, we have V), = Viy_,, and V}_,, = Vjy_,,. In
this case, Z is a connected component of G[Vj,] as well, and the arrows a appearing in the
sum are the ones connecting Vj/_, to Z. Also, since h(w) # n, we have ¢ = B,ia for all these
arrows a. Since Resy/ (5') € G/, we have

Mowes(B) =) resi(Bl) =0,

aEE(‘/}L:'m E) (lEIE(Vvh/:n7 E)
as required.

e In the second case, h(w) = n — X\ (and hence h'(w) = n), we have Vi, = Viy_, U {w},
and Vj,—, = Vi, ~ {w}. If w is not a vertex of =, then = is as well a connected component of
G|V} <n], which is moreover not connected to w. It follows that the upward arrows connecting
Vi—n to E are the same as those connecting Vj,—, to =. In addition, since h(w) # n, for each
such arrow a, we have 3¢, = Béa, whence (5.2) holds as before.

Suppose now that w is a vertex of Z. Let Z4,...,Z,, be the connected components of
the graph obtained from = by removing the vertex w (and the edges that connect w to the
other vertices of Z). Note that w belongs to Vj,_,, and each Z; is a connected component of
G[Vi<n]. Let aq,...,a; be the arrows of E,, with head another vertex of Z. Let by,...,bs be

the horizontal arrows in E7, with tail w and heads w,, ..., ws € Vj/_,, respectively. Then, the
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FI1GURE 4. The second case appearing in the proof of Proposition 5.2, with
W(w) = h(w) + A = n. The level graph given by h’ is depicted on the left
and the one by h on the right. We have s = k = 1, with horizontal b; in red
and upward a; in blue depicted on the left. Both have tail w. The connected
component = in G[Vj~,] on the right consists of the two blue vertices and the
top azure vertex. b; becomes upward for h on the right, and a; becomes
horizontal.

reverse arrows by = wyw, ..., by = wyw become upward for h, connecting vertices of Vj,_, to
w; see Figure 4. This gives the following characterization of the arrow set E(V}_,, Z):

(5.3) EWVien, Z) = E(Viy, Z1) U W EVivp, Zn) U by, b} N {an, - ., ag )
Since Resy (8') € G, ' satisfies the global residue conditions for the level graph (G, h')
and the connected components Zy,...,E,, of G[Vj/.,], that is,
Z resa(ﬁ,:a) =0, forj=1,....,m
aeE(Vh/:n,Ej)

Summing up these equations, separating the arrows aq,...,a; with tail w, and using that
B = By, for every arrow a whose tail is not w, gives

resq, (B.,) + Z Z res,(B,) =

J=1 aeE(V,,_,,Z;)
a¢{ar,...,ar}

(5.4)

)
g
i

Given that 3’ has vanishing residues along downward arrows for h’ and satisfies the global
residue conditions for the remaining components of G[Vj,, ], the local residue condition at w,
which 3’ satisfies as well, yields

k s

D resq, (Bl,) + Y resy, (B),) = 0.

i=1 i=1
Moreover, ' satisfies Rosenlicht conditions at the horizontal edges by, ..., bs, yielding

S

Z resy, (B, Z res;, Btb Z resy, (ﬁtﬁz)'

i=1 i=1 i=1
Therefore, we have

k
Z res,, (G Zresb ﬁtb

Combining this with Equation (5.4) we get

Z resp, Btb ) + Z Z res,(Bt,) =

'] 1 CLEE(‘/}L n"_‘J)
a¢{ay,...,ar}
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Given the characterization (5.3) of E(V},—,, =), this is precisely (5.2).

e Finally, in the third case, h(w) = n, and so hA'(w) = n + A. Then, Z is a connected
component of G[Vjy_,| as well and w ¢ Vjy_,. Thus, §’ satisfies the global residue condition
for =2, and ] = 3, for each v € V},_,, whence

Z res,(Bt,) = Z resa(ﬁéa) =
ack(V,/_,5) ack(V,/_,5)
Let ay,...,ar be the upward arrows for h connecting w to =Z. Note that
E(Vien, ZE) = E(Vi—n, 2) u{ag, ..., ar}.

Since S, = 0, we have res,, (8y) = 0 for all i = 1,...,s. Therefore,

D1 resd(B,) Zresa Bu)+ D, resa(By,) =

(ZEE(Vh:ny ) i=1 G’EE(‘/}L n"—)

which is (5.2). The proof is complete. O

6. GENERAL POSITION CONDITIONS

Fix a field k. Let n be a nonnegative integer and let U be a vector space of finite dimension
over k. A flag F* of length n in U is a decreasing filtration of vector subspaces of U

F*: F'cFlc...cF° with codim(F*, F*!) = 1 for each i.

We say that F* complete if dim U = n. (This implies F* = U and F" = 0.)
A collection F?¢ of complete flags of U is said to be in general position if for each finite
collection % of subspaces of U, there is F* € F¥ such that:

(General position property) For each 0 < i < dim U, we have
(6.1) codim(z A Z) — min(dim Z, i) for each Z € %.

6.1. Flags induced by points on curves. We give an example of a collection of flags in
general position that will appear in our study. Let C be an irreducible proper curve over k
and let L be an invertible sheaf on C. Let U := H°(C, L) be the space of global sections

of L and denote by n its dimension. For each point p on C and for each j = 0,...,n, put
; . 0 . .
FJ = H°(C, L(—jp)). We have the filtration
FrcFrlc...cF)=U.

Lemma 6.1. Notation as above, assume the characteristic of k is zero. Then, there is a finite
set S < C containing the singular locus of C such that

(1) for each pe C NS, the filtration ¥} is a complete flag of U, and

(2) the collection Ft := { F}

pe C~ S} is in general position.

Proof. The set S is the union of the singular locus of the curve C and the set of Weierstrass
points of the complete linear system of sections of L. Since char(k) is 0, for each p ¢ S, the
filtration F} is a complete flag.

As for the second statement, for each finite collection % of subspaces of U, just choose
p € C ~ S such that p is not a Weierstrass point for the linear system (L, Z) for any Z € €,
and put F* := F;. Then (6.1) holds for each i < n. O
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6.2. Realizability, I. Let V' be a finite set. For each v € V, let U, be a finite-dimensional
vector space over k. Set
U:= @Uw and U; = @Uv for each I C V.

veV vel

Let 6,: U — Uy and 6,_,: Uy — U; denote the natural surjections for J < I < V.

I>J
Recall from Section 2.8 that to each subspace W € U we associate the submodular function
v 2V — 7Z, given by ¢(I) = dimy(W;) for each I €V, with W; := 6,(W) < U;.
Recall from Section 2.7 that to each J € V we associate the function &;: 2V — Z with
0 iflIpJ
I) =
&) {—1 if 2.
By Proposition 2.6, the function &; is nonincreasing and submodular.
Given a finite sequence J of subsets Ji,...,Jg of V, we put

d
£7:= )&
im1

Then, ¢ is submodular and nonincreasing. Let €;: 2" — Z=, be the counting function of J
defined by letting € 7(I) be the number of J; in the sequence J which are equal to I. We have
the tautological identities:

d
d=|J|= > es(I) and & =) & =) er(Dér
=1

Icv Icv

Given a subspace W < U with 15, + £ > 0, our next result asserts that the UpMin
transform y := UpMin(s; + £7), defined by

x(I) = }1{121} (I/{l;v(K) + fg(K)) for each I €'V,

is realizable in the sense that it is the submodular function associated to a subspace W’ of U.
Moreover, W can be found even imposing certain conditions on it, necessary for us later on.

Theorem 6.2 (First realizability theorem). Let W be a finite collection of subspaces of U.
For each I < V, let m; € Z=y and Fl; be a collection of complete flags of U; in genmeral
position. Then, there are flags ¥y ,,..., ¥}, € Fy for each I =V such that for each W < U
in W, each sequence J of subsets Jy,...,Jq of V such that v, + €7 = 0, and each partition

er = (er1,...,erm,) of e7(I) into nonnegative integers for each I <V, we have
mr
(6.2) UpMin (v + €7) = v for W =Wn ﬂ ﬂ o~ (F}) < U.
IcVr=1

In particular, codim(W', W) = |¢7(V)] = [T |.

Remark 6.3. In the applications given in this paper, Theorem 8.5 for instance, and the
results that lead to it, we have: |J;| = 1 for all i, k is algebraically closed of characteristic
zero, U, is a space of sections of an invertible sheaf on a smooth proper curve over k, and the
flags in Fly,) are the complete flags I} for general points p on the curve for each v € V, as in
Section 6.1. Since the proof is the same for the more general statement in the theorem, we
treat it in this level of generality. o
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The crux of the proof of Theorem 6.2 is the following lemma, which concerns the case

|j|=1, thUSJZ{J} andéjsz.

Lemma 6.4. Let W < U be a subspace and J S V be a subset such that Wy # 0. Let
x = UpMin(v + &). Let H < Uy be a hyperplane. For each I <V, put

Ziv = b0 <WIuJ N ker(HIuJ>I)) =Gy (GIUJ(W) N ker(eluJ>I)) c Uy

Then, the following statements are equivalent:
(1) x is the submodular function associated to W n 6~ (H) < U.
(2) For each I =V such that ZI°7 # 0, we have Z}%7 & H.

Proof. Put W' := W n 67 1(H), and let ¢ := 15, and ¢ := 13}, be the associated submodular
functions. Since ¢ is nondecreasing, we have

(6.3) X(I) = min(e(I), (I v J)—1) foreach I V.

If W; € H, then ¢’ = ¢, whence ¢’ # x. Since ZJ = W, # 0, neither (1) nor (2) holds.
Assume W; & H. Then, for each I € V we have

(6.4) ) <Tud)=plulJ)—1.
Since also ¢’ < ¢, we get from (6.3) that ¢’ < x, with equality if and only if, for each I € V,
(6.5) PI)=pI) or  PI)=plu])-1.
We now need to verify for each I < V' that (6.5) holds if and only if
(6.6) Zi*7 =0 or Z{°7 £ H.
Let I < V. Consider the diagram of short exact sequences:
4
0 Z 0,,,(W) —==5 (W) —— 0
0,
0 Z ., (W) 222 g (w) —— 0.
Clearly, Zj = Z; n 61 (H). Using ¢ > ¢ and (6.4), and Snake Lemma,

L=o(IulJ)=¢(Tu])=e)—-¢'I)=0,
with equality in the middle if and only if Z; = Z;. So, 6, ,(Z;) < H if and only if
¢'(I) = (I)— 1. But §, ,_, maps Z; isomorphically onto Z{’ by definition. Thus,

(6.7) Z1°7 < H if and only if ¢/(I) # ¢(I), if and only if /(1) = (1) — 1.
Furthermore, the exactness of the bottom row in the above diagram yields
(6.8) Z;v7 #0 ifandonlyif @(I)# @(IuJ), ifandonlyif (1)<l uJ)—1.

If ZIv/ =0, then ¢/'(I) = p(I) — 1 by (6.7) and ¢(I) = ¢(I U J) by (6.8). Thus, (6.5)
holds.

Finally, assume Z7°7 # 0. Then o(I) < ¢(I U J) — 1 by (6.8). Since ¢’ < ¢, it follows that
(6.5) holds if and only if /(1) = ¢(I), hence if and only if ZI“/ & H by (6.7). The proof is
complete. ]
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Proof of Theorem 6.2. We do induction on the sum of the m;. If the sum is zero, there is
nothing to prove. Otherwise, let J € V such that m; > 0.
For each subspace W € U and I € V, let

ZIIUJ(W) =0, (WIuJ N ker(equ>1)) c U

Notice that ZJ(W) = W,. Let 27 be the collection of the subspaces ZI“/(W) of U, for
W e W and I < V. By hypothesis, there is a flag F* € F¢; such that

(6.9) codim(Z N F?, Z) = min(dim Z, z) for each ¢ < dimy U; and Z € %5.
For each W< U and ¢ = 0,...,dimy Uy, define
W=W n o7 1(F),
and let iy be its associated submodular function. Clearly,
(6.10) Z1YT (W = Z1%7 (W) n F* for each I C V.

Then, W5 = W; n F" # 0 for each i < dimy(W,), allowing us to apply Lemma 6.4 to W'.
It follows from (6.9) and (6.10) that either we have Z{¥/(W') = 0 or Z;*/(W') & F**! for
each W € W, and hence ¢i;' = UpMin(ply, + &) by Lemma 6.4. Applying Proposition 2.2

repeatedly, we get
(6.11) ¢y = UpMin(15y +i&;) for each W e W and i € [dimy (W,)].

Let W be the collection of the W' for W € W and i € [dimy(W,)]. In particular, W < W.
Put m} := m; for I < V distinct from J and m’; := m; — 1. By induction hypothesis, there

are flags F7,,...,F}, ., € F; for each I = V such that for each W € W, for each sequence J

'y Imy
of subsets .Ji,...,Jg of V such that v + &7 > 0, and for each partition e; = (er1,...,erm)
of e 7(I) into nonnegative integers, for each I < V| we have

(6.12) UpMin(jy +&7) = v for W' =W~ [] [ )67 (FF) < U.
IcV r=1
Put ¥, =F°. Let W €W, and let J be a sequence of subsets Ji, ..., J;s of V such that
vy +&7 = 0. Foreach I €V, let e; = (e 1,...,erm,) be a partition of € 7(I) into nonnegative

integers. We need to prove (6.2).

Let k := ey,,. Notice that k < e7(J) < dim W,, because v + &7 > 0. Let J be the
subsequence obtained from J by removing k of the J; equal to J. Then, {7 = §5 + k&

If k =0, then J = J and also (e, ..., esm,) is a partition of €7(.J). Then, (6.12) holds.
But W” = W’ because e,,, = 0, and thus (6.2) holds.

If k > 0, we have that W* is in W, and its submodular function %, satisfies, by (6.11) and
Proposition 2.2,

oty + &5 =UpMin(1gy, + k&) + €5 = UpMin(viy + k&; + £5)

6.13

(6.13) =UpMin(vjy + £7) = 0.

Since e; = (er,1,- - -, €rm;) is a partition of € (/) into nonnegative integers for each I = V, we
get that

my
UpMin(gly +&5) = viyn  for  W”:=Wen ()[4 1(F) < U
IcVr=1
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But W” = W’ because k = €,,,, and UpMin(py + £5) = UpMin(15y + £7) by (6.13). Thus,
(6.2) holds in this case as well. O

6.3. Failure of nonnegativity. We state what happens if the nonnegativity assumption on
vy + €7 in Theorem 6.2 is relaxed. This will be used later in the proof of Proposition 7.9.

Proposition 6.5. Let W < U be a subspace and J a finite sequence of subsets of V' such that
vi(J) +&5(J) <0

for some nonempty subset J < V. For each I <V, let my € Z=og and Fl; be a collection
of complete flags of Ur in general position. Then there are flags ¥ ,,...,F; € Flp for all
I €V such that, for each partition ey = (erq,...,erm,) of eg7(I) into nonnegatwe integers for
each I €V, putting

W=Wa () ()67 ),
IcV r=1
we have §,(W') =0 for someveV.

Proof. Put ¢ = 15;. By hypothesis, there is a subsequence J of J such that p+87 =20

and ¢(J) + £5(J) = 0. By Theorem 6.2, there are F},,...,F;, € Fir for each I < V such
that, for each partition €} = (e} y,...,e},,,) of 5(I) into nonnegatlve integers for each I < V/,
putting
=Wn ﬂ ﬂ 0! e”
IcVr=1
we have

vy = UpMin(p + £5).
Then, §,(W") = (0).

Now, let e; = (er1,...,€rm,) be a partition of £7(I) into nonnegative integers for each
I < V. Since J is a subsequence of 7, for each I < V there is a partition er="(€er1,- € m)
of £ 7(I) into nonnegative integers with ej . < e;, for each r € [m;]. Then, W < W”, and
hence 6,(W’) = (0). Taking v € J, we conclude. O

6.4. Realizability, II: general hyperplanes. We will combine Theorem 6.2 with Theo-
rem 6.6 below in Section 7.7 to compute submodular functions of spaces of sections of sheaves
obtained by gluings. Recall V and U = @ U, from Section 6.2.

Theorem 6.6 (Second realizability theorem). Let W € U be a subspace and ¢ be its submod-
ular function. Let J be a sequence of subsets Jy,...,Jg of V such that p + &7 = 0. For each
t=1,...,d andve J;, let H;, < U, be a subspace of codimension at most 1. Assume that for
each collection & of subsets S; € J; fori=1,...,d verifying the inequality

the space
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has submodular function
d
0”7 = UpMin(go + Z Z fv).
=1 ’UES,;
Then, C—DUEJI, H;, is a proper subspace of Uy, for each i =1,...,d. Moreover, letting 7 be a
collection of general hyperplanes H; < Uy, containing @ H;, fori=1,...,d, the space

veJi
d

W(A) =W n ()60, (H,)
=1

has submodular function UpMin(¢ + £7).
We need the following lemma.

Lemma 6.7. Let W < U be a subspace and ¢ its submodular function. Let J < V such
that Wy # 0. For each v € J, let H, < U, be a subspace of codimension at most 1, put
W(v) :=W n 671 (H,), and let ©° be its submodular function. Assume that

(6.14) either (W) =0, or ¢"=UpMin(p+&,).
Then, @,c;Hy is a proper subspace of Uy. Moreover, letting H < U; be a general hyperplane
containing P, . ; H,, the space W' := W n GJ_l(H) has submodular function ¢’ satisfying

veJ
¢ = UpMin(p + &).

Proof. First of all, for each v € J such that § (W) # 0, we have W(v) # W by (6.14), whence
H, c U, is a hyperplane. Since W; % 0, we must have 6, (W) % 0 for some v € J, and hence
@,es Hy is a proper subspace of Uj.

For each I € V, let

ZIIUJ = 0]uJ>J (WIUJ N ker(QIuJ>I)) = UJ'

By Lemma 6.4, we only need to prove that Z!“/ & H for any I < V such that Z/“7 # 0.
If ZIv7 0, then 0,_ (ZF°7) # 0 for some v € J. In particular, §, (W) # 0. Since

J>v
21 = b, (2,
and since (6.14) holds, it follows from Lemma 6.4 that Z!“* & H,. Then, 0,  (Z}’) € H,.
For general H, we thus have that Z{“/ & H for any I < V such that ZI%/ # 0. O

Proof of Theorem 6.6. Assume ¢ + €7 = 0. Then, by Proposition 2.7, for each i = 1,...,d
there is v; € J; such that ¢ + £, # 0. By hypothesis, W n QJ:I(HW) has submodular function
UpMin(p + &,,), whence H;,, < U, is a hyperplane. It follows that PDe 7, Hi, is a proper
subspace of Uy, for each i =1,...,d.

Let .7 (resp. .7) be a collection of subsets S; < J; (resp. T; < J;) for i € [d] such that
S; nT; = & for every i and

d d
(6.15) e+ > &+ D=0
=1

=1 veSi

Let J# be a collection of general hyperplanes H; < Uz, containing @, o, H;, for each i € [d]
such that T; # @. (As above, (6.15) guarantees the existence of H;.) We will prove by
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induction on )} |T;| that the space
d
W(S, T ) ) A ﬂ ~1(H,)
has submodular function ¢ given by

(6.16) Ulen((p + Z Z & + Z §T)

i=1veS;

The case where Y. |T;| = 0, that is, all the T; are empty, is our hypothesis. The case where
Z;‘i=1 |T;| is maximum, that is, T; = J; for every i, is our thesis.

Assume ] |T;| > 0. Without loss of generality, assume T, # @&. Let .7’ be the collection
of subsets T} < J; for i = 1,...,d with T/ = T, for i < d and T = @. Assume (6.15) holds.
Then. we have

(6.17) <P+ZE&+ZET/

i=1veS;

By the induction hypothesis, W(#,.7"'; ") has submodular function ¢”+7", where

(6.18) —Ulen(g@—i—Z Z &+ ZfTI)’

i=1veS;

and S#’ is the subcollection of %7 where we exclude Hy.
Notice that, applying Proposition 2.2 to (6.16) and (6.18), we get

(6.19) "7 = UpMin(gpy’y/ + de)-

Notice as well that

(6.20) W(S, T,H)=W(S, T ") n eTj(Hd).

We would like to apply Lemma 6.7 to W (.7, '; 7#"). Now,

(6.21) W(S, T 07 (Hy) = WY, T )

for each w € Ty, where . is the collection of subsets S" < J; for ¢ = 1,...,d with S} = 5;

fori=1,...,d—1,and Sy = S; U {w} By induction, for each w € Ty such that

(6.22) ¢+ZZSU+E§T+§M/

i=1veS;
the space W(.", .7"'; #"') has submodular function ¢”*7" given by
(6.23) 77" = UpMin o + Z e+ 2 e+ €u)-

i=1veS;
Notice that (6.18) and (6.23) yield, by Proposition 2.2,

(6.24) 77 = UpMin(p”7 +¢,)

for each w € Tj.
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Now, for each w € Ty, it follows from (6.17) and (6.18) that (6.22) does not hold if and
only if there is I < V such that I contains w and ¢”>7'(I) = 0, hence, if and only if
0,(W(7,T" ")) = 0 (because ¢”+7" is the submodular function of W(.#,.7"; #")). In
other words, (6.22) is equivalent to

0,(W(s, 7";.7)) # 0.
Using (6.21) and (6.24), we get that W(.%, 7'; #”") n 1 (Hg,,) has submodular function

UpMin (go’y’y' + §w)

for each w € Ty such that §, (W (7, 7'; ")) # 0.
On the other hand, it follows from (6.15) and Proposition 2.7 that there is w € T}, such that
(6.22) holds, whence 6, (W (7, 7";.5")) # 0, and in particular,

6, (W(.s, 7" ")) # 0.

Applying Lemma 6.7 to W(.7, 7; #”), and using (6.19) and (6.20), we get that the space
W(.%, 7 ; ) has submodular function ¢”+7. The proof is complete. O

7. EXPECTED LIMITS

We fix a nodal projective connected reduced curve X defined over an algebraically closed
field k. Let g be its (arithmetic) genus. Let G = (V, E) be its dual graph and E its arrow
set. Let C, be the normalization of the component of X associated to each v € V. Each edge
e = {u,v} in E with @ = wv and @ = vu the arrows on e, gives a point p* € C,, and a point
p® € C, whose identification is the node p® on X corresponding to e. Let g: V — Z-, be
the genus function assigning the genus g, of C, to each v € V. For each v € V, denote by
w, = wg, the sheaf of differentials on C,, by €, the space of meromorphic differentials, and
and put Q = P Q,.

We fix an ordered partition 7 of V', yielding thus the level graph (G, 7). We fix as well a
slope function s: [E — Z; see Definition 3.11.

Recall the notation associated to the graph G, the level graph (G, 7) and the slope function
s introduced in Section 3, particularly in Section 3.2 and Definition 3.11.

If (s,m) = (0,h,m,) for certain edge length function £: E — R., and function h: V — R,
then an arrow is upward for 7 if and only if it is upward for s, that is, A, = A,; see Remark 3.12.

Definition 7.1. We call (s,7) a slope-level pair on G if A, = A,. o
We assume from now on that (s,7) is a slope-level pair.

7.1. Sheaves on the curves C,. For each vertex v € V, define the sheaf L, on C, by
(7.1) L, = wv< M1+ S(a))pa).
ack,
Notice that 1 + s(a) < 0 if and only if a € A, ,. Define the divisors P,, and N, on C, by
(7.2) P, = Z (1 + s(a))p® and Ng, = Z (—1—=s(a))p”
GEEU\AS,U aEAs,v

The divisors P;, and Ny, are both effective, and L;, = w,(Ps, — Ns,). We view L, as
a subsheaf of the constant sheaf 2, on C, consisting of the meromorphic differentials with
divisors of poles and zeros bounded by F;, and Nj,, respectively.



40 OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

7.2. The space \/7\\7&,r given by residue conditions. Consider the residue map Res: 0 —
Y =@ Y, from Section 5.1, and the m-residue subspace G, < Y from Section 3.3. Define

Ws,‘n’ = ReS_l(gﬂ) ﬂ <@ HO(CU,L&@)) c 0.
veV

As we will see in Section 8, describing WM is an important step in describing limit canonical
series on X. Theorem 7.8 gives the submodular function associated to W, . < {2 under certain
conditions.

Proposition 7.2. The subspace \/7\\75,,7 < Q is invariant by the action of GYr.
Recall that G/~ < GY is the subgroup of ¥ which verify 1, = 1, for u, v of the same level.

Proof. The map Res: Q — Y is GJ-equivariant. In addition, the subspace @ H°(C,, Ls,,) <
Q) is G -invariant, whereas the subspace G, < Y is only GYr-invariant in general. The result
follows. 0

7.3. Pole order and residue conditions. We will need the following basic result on residues.

Proposition 7.3. Let C be a smooth connected proper curve over an algebraically closed field

k and w its canonical sheaf. Let py,...,pn € C be distinct points and nq,...,n,, positive
integers. Then, the image of the map

m m

P res,: H (C,w(Z nip,»)> — k™, a — (resy, (@), ..., res,, (a)).

i=1 i=1

is the set of all vectors in k™ whose sum of coordinates is zero.

Proof. By the residue theorem, > res,, () = 0 for all meromorphic differentials o on C' with
poles at most at the p;. By Riemann—Roch, for each pair of distinct elements i, j € [m], there
is a meromorphic 1-form on C for which p;, and p; are the unique poles, both of order one.
This implies that the image of @ res,, contains all the vectors of the form e; —e; for i, j € [m],
and the proposition follows. ]

For each I < V, by a slight abuse of notation, we denote by 6, both projection maps:
@:Qz@ﬂv—»@ﬂszI and Q:Tz@kE“—»@kEv:TI'

veV vel veV vel
Let XY < Y be the vector subspace consisting of those 1 that verify Conditions (R1) and
(R2) in Section 3.3. For each I € V, let X0, == (X)) € X;. We have X} = @Y. It is

easy to see that for each v € V', we have

dim Y°, = max{0, |E, \ A, — 1}.

v

Our next lemma is stated more generally than what we initially need it for, which is the
case where P, = P, for all v and ¢ = G,. But this level of generality will be needed later.

Lemma 7.4. For eachv eV, let P, be an effective divisor on C, having the same support as
P,,. Let ¢ = X be a vector subspace and put

W = Res™ (%) ﬂ(@ HO(CU,wv(Pv))) c Q.

veV
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Then, for each I €V,
dim 6,(W) = dim 6, (%) + > (dim H°(Cy,w,(P,)) — dim X?,)

vel
= dim 6,(%) + g(I) + > _ deg(P,) — [E; \ A,|.

vel

Proof. To simplify, put H, := H°(C,,w,(P,)) for each v e V. Let J := I, the complement of
I. Let 9 = 6,(¢4) and denote by ¥ the kernel of the surjection 4 — %, viewed as a subspace
of TO . We obtain an injective homomorphism of short exact sequences, and consider its
Cokernel denoted C:

0 g’ g gr 0
| | |

0 T;r{J T’ TQJ 0
| | |

0 c’ C Cr 0

Let Wy = 6,(W) and W’ = ker(W — Wy). By Proposition 7.3, the image under Res of the
sum P H, is Y. Thus, composing Res with the cokernel, we get a surjective homomorphism
of short exact sequences whose kernel is the short exact sequence 0 — W/ — W — W; — 0:

o— W — w _— W —— 0

The first equation in the lemma follows. To get the second one, we combine Riemann-Roch
with the fact that dim X}, = max{0, |E, \ A;| — 1} for each ve V. O

7.4. Submodular function 7, ,. Let 7, be the submodular function associated to the m-
residue space G,. Let (, be the submodular function associated to s from Definition 3.13:

GO =405 D[+ Y, s(a) VISV
acE(1,I¢)

Definition 7.5. Define the function 7, ,: 2" — Z by

o (1) = e (I) + g(I) + C(I) + | AT (D))

= 7(D) + g(I) + [A(I, D] + [AM™(D]+ > s(a) VISV o
acR(1,I¢)

Proposition 7.6. The function 7). is submodular of range g + |A™|.

Proof. The function ~, is submodular. Also, g is modular. Finally, 75, — v, — g is modular
by Proposition 3.16. Then, 7)., being a sum of submodular functions, is submodular.
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The range of 7); . is obtained by evaluating at I = V', which gives, using Theorem 3.3 and
the genus formula g = |E| — |[V|+ 1 + g(V),

Dsx(V) = %(V) + 9(V) + [AJ] = |[E] = [V| + 1+ g(V) + |AJ] = g + |A]"]. 0
We have the following alternate description of 7, ,, which we will need later.

Proposition 7.7. Put

Wi, = Res(Gy) ﬂ(@v H(Cyw,(P))) = .

Then, for each I <V, we have

Proof. We have
dim 6, (W7,) = Dldeg(Ny,) = (D) + o)+ > s(a)+ Y. (1+s(a))

vel acB Ay acErnA,
=) +g(I) + D] s(a) + [Er 0 Ay
CLE]E[
(D) +o()+ D>, sla)—[A(]) = AM(D)] + |AJI° )] + |AL(T)]
acR(1,I¢)
=D +a()+ >, sla)+ AN+ A D).
aeR(I,I¢)

The first equality above is obtained from Lemma 7.4 applied to ¢4 = G, and P, = P, for
each v, and the descriptions of the P, and the N,,; the second is trivial; the third follows
from Lemma 3.15 as well as the trivial equalities A, (I,I°) = A,(I°, 1) and |A,(I)| = |A(T)];
the fourth is trivial. Clearly, the last sum is 7 (1), which concludes the proof. O

7.5. Submodular function V;‘AV . We now express the submodular function

8,7

vi 2V > 7, I~ dim@,(wsm),

Wi n
assuming that the function 7). defined in the last section is nonnegative and the branches on

the curves C, over the nodes of X are in general position.

Theorem 7.8. Assume char(k) = 0 and that the branches over nodes on C, for each veV
are in general position. Assume N (I) =0 for all I < V. Then, we have

V;‘AVM = UpMin(7s ).

In particular, dim WM =g+ |AM|.

Proof. For each v € V' and each point p on C,, consider the filtration F) of HO(CU, L,,) given
by Fg) = H°(C,, Ly, (—jp)) for j = 0,...,dim H°(C,, L,,). Since char(k) = 0, Lemma 6.1
yields that F} is a complete flag for each p in general position, and that the collection F, of
these flags of H°(C,, L,,) is in general position.
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As in Section 2.7, for each vertex v € V, denote by &,: 2" — Z the function which takes
value —1 on each subset I € V' if I contains v, and value 0 otherwise. Put

(7.3) £i= ) deg(N.y)&o-

veV
Put W = {Wjﬂ} For each v € V, put m, = |As,|, and let ¢ = (€,1,...,€,.m,) be the
partition of deg(N,,) with e,; := 1 + s(a;) for every j, where ai,...,a,, is any ordering of
the arrows in Ay ,. Proposition 7.7 yields that
(74) ﬁs,ﬂ' = V\%;ﬂ + fv

whence 7; » = 0 if and only if V\’}kAW + & > 0. We may thus apply Theorem 6.2 to obtain the

first part of the theorem.
The second part follows from the first, by putting I = V', which gives dim Wy, = 7, -(V),
and then applying Proposition 7.6. (|

If 75 » is not positive, for future use, we note the following result.

Proposition 7.9. Assume that char(k) = 0 and the branches over nodes on C,, for eachv eV

—~~

are in general position. If N)s(I) < 0 for some nonempty I < V', then 6 (W;,) = 0 for some
veV.

Proof. We follow the proof given to Theorem 7.8 but finish by applying Proposition 6.5. [

7.6. Submodular function 7, ,. Define the function 7 ,: 2 — Z by
Moa(D) = 9 (D) + 8(1) + G(I) = Aun () — [AT(T)].
Proposition 7.10. The function 1, s submodular of range g. It is simple if and only if for
each nonempty proper subset I of V', we have
o either, v:(I) +v:(1°) > [E| = [V + 1,
e or, there is an integer vertical edge for s connecting I and I¢

Proof. The first claim is straightforward, as 7, is the sum of two submodular functions,
v, and (,, the latter by Proposition 3.16, and the modular function g. As for its range,
Nsx(V) = s (V) — |AM| = g by Proposition 7.6. This proves the first assertion.

As for the second, we first observe that for ¢ = ¢ + @9 with ¢, o submodular, ¢ is split
at I (that is, p(I) + ¢(I¢) = p(V)) if and only if both ¢, and ¢, are split at 1.

Since v, (V) = |E| — |V| + 1 by Theorem 3.3, for each nonempty proper subset I < V', we
have that v, splits at I if and only if v.(I) + 7. (I¢) = |E| — |V]| + 1.

Also, since the function (, — ¢, is modular by Proposition 3.16, where @, (I) := |A(I¢, I)|
for each I € V', we have that (, splits at I if and only if ¢, splits at I. Since ¢, is nonnegative
with range 0, this happens if and only if both A™* (¢, T) and A™(I, I°) are empty, that is, no
vertical integer edge for s connects I and I¢. O

7.7. The expected space W’ (¢) associated to a gluing ¢. Viewing each L, as a sub-
sheaf of the constant sheaf €2, on C,, and their sum as a subsheaf of the sum on X of the Q,,
we consider the subsheaf on X
L¢P L,
veV
defined by imposing
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(Expl) equality away from the nodes p° corresponding to integer edges e for s;

(Exp2) Rosenlicht condition at the node p® corresponding to a horizontal edge e for s, that is,
the sum of the residues of the local differentials at the branches over p¢ is zero;

(Exp3) partial gluing of the two sheaves Ly, and L, at the points p* and p® for each
a € A i e. the induced maps LY. — L and Lg| . — Ly, | . differ by a given
isomorphism

yva pll
0a: Lst, |pa = Les. |p& for each a € A™.
We denote by ¢ = (0a)qeam the given collection of isomorphisms g, for a € A"

Definition 7.11. Given a collection ¢ = (04)qe Aine, the expected space of limit canonical series
W = W, (o) is defined as

st,:r = W;;(g) = Ws,ﬂ N HO(X, Lg) < Q. <

As the name suggests, we will see in Section 8 that the W, are limit canonical series on
X under certain conditions.

Theorem 7.12. Let ¢ = (0a)aeaim where 0q: Ly, |pa — Lgy.| . is an isomorphism for each
a € AM. Assume that
(1) char(k) = 0 and the branches over nodes on C, for each v € V are in general position,
(2) nsx =0, that is, ns. takes nonnegative values.

Then, the submodular function v of the subspace W = V/\\fs’,, N HY(X, L?) < Q satisfies

p&

I/{;,::r = UpMin(ns ).
Furthermore, if
(8) 6,(W,,) #0 for eachveV,
then Ws‘Tr generates L¢ at p° for each integer vertical edge e for s.

Proof. We assume (1) and (2) hold, and show the first statement. As in the proof of Theo-
rem 7.8, we apply Theorem 6.2, this time to the spaces

W;ﬂ[T]:zRes_l( Wﬂ(@HO Cy, wy(Psy ZP )

veV a€eT,
for T'< AY*, with T,, = T' " E,. Since s(a) > 0 for each a € AT, we have that P, — >, p*
is effective with the same support as P;,. Whence, Lemma 7.4 can be applied to compute the
submodular function of W{_[T], yielding
V%IW[T] = V\%Iﬂ + Z &a.
aeT

Thus, using (1) as in the proof of Theorem 7.8, Theorem 6.2 yields that, for each pair of
subsets T, 7" = A™ such that

Vi TEF D Gt ) &, 20

aeT aeT’

where £ = > deg(N;,)&y as in (7.3), the subspace

Ws,ﬂ[T,T'] := Res (G, ﬂ(@HO Cy, Ls.o(— Z p* — Z p° )

veV aeT, aeT)
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has submodular function
Vi ir = UpMin (V\?v;ﬂ +E+ D G+ D fha>.
aeT acT”’

Now, as stated in (7.4), we have 7, » = V%, + . Since 75, = 0 from (2), Theorem 7.8 yields

Wi,
V;‘AVM = UpMin(7s ) = UpMin(V;AV;W +&).
Using Proposition 2.2, we conclude that
(7.5) V\%s,ﬁ[T,T’] = UpMin (V{?AVM + Z ., + Z §ha)
aeT aeT’

as long as
(7.6) v+ D bt ) &, 20,

aeT aeT”

The last conclusion is fundamental for applying Theorem 6.6 to V/\\fm, which we will do, as
follows. For each a € A™ let J, be the set of extremities of a. Order A™ at will, and consider
the sequence J of the J, under the order. Then, the function 4 coincides with the function
I— —|AP(I)]. So ns» = Nsx + €. Applying Proposition 2.2, and using (2), we get

(7.7) V;‘AV” + &7 = UpMin(7)s ) + {7 = UpMin(UpMin(7; ) + £7) = UpMin(n; ) = 0.
For each a = uv € A™, define the subspaces
How = H%(Cu, Lou(—p") € H*(Cu, Lsa),
H,, = H°(C,, L, ,(—p")) € H°(C,, L),
which have codimension at most 1. Then, for each collection . of subsets S, < J, for a € A

Wern () [) 07 (How) = Wer[T, T']

acAirt ves,

Z 2§v=2€ta+25ha

acAint veS, aeT acT’
for T := {ae A™|t, € S,} and T" == {a € A" |p, € S,}. Since (7.5) holds for each such T

and 7", provided (7.6) holds, and we have (7.7), we may apply Theorem 6.6 to Wy . It yields
that there is a space H, satisfying

(78) Ha,u("BHa,v _—,Ct Ha :Cf—- HO(CuvLSﬂL) ®H0(CU?LS,U)

for each a = uv € A™. Moreover, letting H, be general for a € A™, the submodular function
of

and

Wern [ 071 (H,)
acAirt

is UpMin(v%;  + {7), which is equal to UpMin(7, ) by Theorem 7.8 and Proposition 2.2.

Now, consider the action of the subtorus GYr < GY on P L,,. For each fixed arrow
a = uv € A™ since L? is one nondegenerate gluing of L, at p* with L, at p®, and since

U >, v, as ¥ = (Y )wey runs over all k-points on GYr, the sheaf ¢ - L2 runs through all such
gluings. Thus, for general 1, the image of the map

HO(X7w : Lg) - HO(CU7L5,U) @HO(Cva Ls,’u)
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is contained in a general space H, satisfying (7.8) for every a = uv € A™. In addition, since

o~

W, . is GYr-invariant by Proposition 7.2, we have

(7.9) bW =W n HOX, - L8) = W, n HO(X, 4 - LY).
It follows that
(7.10) YW S W [ 61 (H,).

acAirt

Now, on the one hand, by the generality of the H,, the larger space has submodular function
UpMin(#;,), which has range g. And on the other hand, by definition, the dimension of W

is at least dim \/7\\73’” — |A"t| " which is equal to g by Theorem 7.8. Thus, equality holds in
(7.10), and hence the submodular function of W’ is UpMin(#, ), finishing the proof of the
first statement of the theorem.

Assume now that also (3) holds. Then v + &, = 0 for each a € AM™. It follows from the
first statement of the theorem that 7, . + &, > 0. Since N = Nsx + &7, We get
Nsm + &7 +&p, = 0.
Using v&, = UpMin(#);,x) and Proposition 2.2, we have that (7.6) holds and thus (7.5) holds
for T = @ and T' = {a}, that is,

V\iik\vs,r[z,{a}] = UpMin(V\%m +&p,)-

Applying Proposition 2.2 once again, we get
= > 0.
W lodan) T8

We apply now Theorem 6.6 to Wh[g, {a}]. As before, using (7.9), it yields that for a general
1 € GV, the intersection

Worlo, ()] 0 HO(X, 0 12) = (4 W) ~ 6, (H0(Cy,. Lo, (1))
is contained in a space that has submodular function given by
UpMin(V\*Tvs,,,[&{a}] + £j) = UpMin(u\’,"V?: + éba),

where we applied Proposition 2.2 again. Since the range of this function is ¢ — 1, we must
have that

b (0 W) & Ly, (—7).
Since Oy, (v - W) = 05, (W), it follows that W generates L? at the node corresponding

8,
to a. Since a € A™ was arbitrary, the proof is complete. O

7.8. Failure of nonnegativity. We have the following complementary result.

Proposition 7.13. Assume char(k) = 0 and that the branches over nodes on C, for each
v €V are in general position. Let p = (Qa)aeALm be a collection of isomorphisms o, Lgy, ]pa —

L. o fora e AP, If ny(I) <0 for some nonempty subset I =V, then 6,(W. ) = 0 for
someveV.
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Proof. Consider first the case where 7, () < 0 for some nonempty I < V. In this case,

—~

Proposition 7.9 yields that 6,(W,.) = 0 for some v € V. Since W < \/7\\7577” it follows that
6,(W,,) = 0, as required.

We may thus assume 7, > 0. Consider now the case where 7, = 0. Since 7, ,(I) < 0 for
some nonempty subset I < V, we get n,,(I) = 0. Theorem 7.12 then yields 6, (W) = 0,
whence 6,(W) = 0 for each v € I.

In the remaining case, we have 75, = 0 but 7, (1) < 0 for some subset I < V' (which has
to be nonempty). By definition, 1, = 75 + {7, where J, is the set of extremities of a for
each a € A™ and J is the sequence of the J, for some order for the a € A™, as in the proof
of Theorem 7.12. Since 75, > 0, we may assume, up to replacing I if needed, that there is a
proper subset S < A" such that denoting by S the collection of J, for a € S, we have

(711) 7’7\8,# + 55 = 0

but
Nse(1) + &s(I) + €5, (1) <0

for some b e A™ < S. In particular, since &, takes values —1 and 0, we must have

(712> ﬁs,ﬂ(I> + §S(I) =0

Let L9¢ < @ L,, be the subsheaf defined similar to L¢ but we now impose only the gluing
data g, for a € S (thus, treating the integer vertical edges underlying the arrows in A™ < S
as if they were noninteger). Then, L¢ < L3¢. As in the proof of Theorem 7.12, applying
Theorem 6.6 to Wsm it follows from (7.11) that \/7\\/517T N HO(X v - L59) is contained in a space
with submodular function equal to

UpMin (7« + )
for a general point ¢ € GYr. But then, 6, (WM N HY(X,¢ - L?)) = 0 by (7.12). Since
YW=y (Wep 0 HY(X, L9)) €4+ (W 0 HO(X,L59)) € W, 0 HO(X, 9 - L59),

it follows that 6, (¢ - W) = 0, whence 6,(W,) = 0. Again, §,(W_’,) = 0 for each v € I, as
required. ]

8. LIMIT CANONICAL SERIES

Our aim in this section is to give a characterization of the fundamental collection of limit
canonical series FC(X) for a smooth curve X whose tropicalization has nodes in general
position; see Definition 4.10. This is the subject of Theorem 8.5.

We let X be a smooth proper connected curve of positive genus over an algebraically closed
field K which is complete for a nontrivial non-Archimedean valuation v with value group
A € R and residue field k. Let (X,T") be a tropicalization of X. Here, X is a nodal connected
reduced proper curve over k and I" is a metric graph with model (G, ¥), where G = (V, E) is
the dual graph of X. Recall the notation from the beginning of Section 7.

Let H be the space of Abelian differentials on X. For each h: V — A, we let W, < Q be
the reduction of H relative to h; see Definition 4.7. Recall that W, depends on a choice of
sections a: A — K ~ {0} of the valuation v which we now fix.
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8.1. Sheaves on residual curves. Each function h: V' — A gives rise to a slope-level pair
(m,s) = (m,0,h) on G. Recall the sheaves L, and divisors P, and Ny, from Section 7.1,
and the notation in Definition 3.11. In particular, E'™ (resp. A™) denotes the set of integer
vertical edges (resp. upward arrows) for s.

The following two propositions, proved using Domination Property [AE24, Lem. 5.1|, will
allow us to define a gluing of the sheaves L, along the nodes p* and p® for a € A™, using the
data of the space Wj.

Proposition 8.1. For each function h: V — A, we have W), € @ H®(C,, L,,), where s is
the slope function corresponding to h.

Proof. Let o« € M, and F := trop(«). By definition, for each v € V, we have F(v) = h(v)
if and only if (redj(a))y # 0, in which case (redj(«)), = &p. Recall that we denote by h as
well the admissible extension of h to I'; see Definition 3.8 and Section 4.3. Since a € My, by
Domination Property [AE24, Lem. 5.1], we have F(z) > h(z) for every x € I'. Therefore, if
(redp(a))y # 0, then for each unit outgoing tangent vector v to I' at v, we have sl, F > sl h.

Now, Slope Formula, Lemma 4.5, states that ord, (c&w,) = —1 + sl,F. In addition, if v is
parallel to an arrow a € E,, we have p¥ = p® and s(a) = —sl,h, the latter by Theorem 3.7.
Thus,

div(dy) + Phy — Ny = Y (= slh +sL,F)p” =0,

v

which shows that &, € HY(C,, Ly,,), as required. O

Proposition 8.2. Let h: V — A be a function and s: & — Z the corresponding slope function.
For each a = uwv € A and each Abelian differential o € My, the following two statements are
equivalent:

(1) (redp())u # 0 and ordpe(d,) + s(a) +1 = 0.
(2) (redp())y # 0 and ordpys (&) + s(a) +1 = 0.

In other words, (redy(c)). does not vanish at p* as a section of L., if and only if (red,(c)),
does not vanish at p* as a section of Ly,

Proof. Let F' = trop(a). By symmetry, it will be enough to assume (1) and prove (2). As in
the proof of Proposition 8.1, since o € My, we have that F' > h pointwise. Also, the condition
(redp(a)), # 0 is equivalent to F'(u) = h(u). Let v be the unit tangent vector at u parallel to
a = wv. By Slope Formula, Lemma 4.5, we have ord,.(c,) = —1 + sl F, with sl, F' denoting
the outgoing slope of F' at u along v. Therefore, the condition ordp. (&) + s(a)+1 = 0 implies
that sl,h = —s(a) = sl, F. Since h(u) = F(u), the two functions F' and h have to coincide on
a small interval on e containing wu.

Now, since e € E™, the function & is affine on e. Also, div(F) + K > 0 by Theorem 4.3,
which yields that div(F) = 0 on the interior of e. Since F' > h and since F' and h already
agree on an interval on e containing u, we must have that F' and h coincide on e. This implies
F(v) = h(v), whence (red,(a)), # 0. Also, letting  be the unit tangent vector at v parallel to
a, applying Lemma 4.5 a second time, we conclude that ordys(&,) = —1+slpF = —1+sl;h =
—1—s(a).

The last statement is clear from Proposition 8.1 and the definition of L,, and L,, in
Section 7.1. O
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8.2. Limit canonical series. We fix h: V' — A, and consider the reduction W, of the space
of Abelian differentials of X. We let (s, ) be the slope-level pair associated to h (and /).
For each vertical integer edge e = {u,v} € E" with arrows a = uv and @ = vu, and each
B = (Bv)vev € Wy, Proposition 8.2 says that /3, vanishes at p® as a section of L, ,, if and only if
B, vanishes at p® as a section of Lg,. This implies that W), satisfies at least one nondegenerate
gluing condition at p®. Furthermore, there is a unique such gluing condition, or equivalently,

W, generates L, at p* (and L, at p®), if and only if there is an element 5 € W), such that
Bu(p®) # 0 (and B,(p®) # 0).
This being said, consider the subsheaf

L, c @ Ls,v

veV

defined by properties (Expl) and (Exp2) in Section 7.7, and an analogue of (Exp3), taking
into account the observation made above on W,,, namely,

e cquality away from the nodes p® corresponding to integer edges e for s;

e Rosenlicht condition at the node p® corresponding to a horizontal edge e for s; and

e a partial gluing of the two sheaves L,, and L, at the points on X above p® for each
e = {u,v} € E'™ satisfied by all elements of W, that is, an isomorphism

Oh,a = Qh,a(X): Ls,ta

such that the induced maps Lh|pe — Ls,ta|pa and Lh|pe — L&ha|pa differ by it on
W, € HY(X, Ly,).

Denote 0,(X) = (0na)aeam. Then, notation as in Section 7.7, we have that L, = LX),
Notice that, as W), depends on the fixed choice of section a of the valuation v, so does g,(X),
and in particular, L. Theorem 8.3 below gives a sufficient condition for having unique such
gluings gy, , for a € A™ determined by W, in which case, Ly, is completely determined by W,.

for each a € A™

— Ly,

e P

Assume char(k) = 0. It follows from Theorem 5.1 and Proposition 8.1 that Wj, < Ws,ﬂ (see
Section 7.2). Since the gluing data g,(X) is compatible with W;,, we have W), € H(X, L;,).
Thus W, € W, = W, (0n(X)) == \/7\75777 n H°(X, Ly,). Equality holds under the conditions of
Theorem 7.12.

Theorem 8.3. Assume that

(1) char(k) = 0 and the branches over nodes on C, for each v € V are in general position,
(2) nsr =0, that is, 1, takes nonnegative values.

Then, W, = W, and 15y, = UpMin(n, ). Furthermore, if

(3) (W) #0 for eachveV,

then Wy, generates Ly at p® for each integer vertical edge e, and therefore Ly is uniquely
determined from Wy,

Proof. Tt will be enough to show that W, = W7,
directly from Theorem 7.12.

As we observed above, W, € W_". By Proposition 7.10, 7, » has range g. It thus follows
from Theorem 7.12 that W has dimension g. Since dim W), = g as well, we get the equality

S,

Wi = W =

as the remaining statements then follow
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8.3. Characterization of the fundamental collection. Recall that a nonzero finite di-
mensional subspace W < (1 is called simple if the corresponding submodular function vy, is
simple. Notice that if v, is simple, then it is positive, that is, v}, (I) > 0 for each nonempty
subset I € V.

By Definition 4.10, the fundamental collection of limit canonical series is the collection of
simple W;,. Our next theorem describes this collection. Before stating the result, we need the
following lemma.

Lemma 8.4. There exists a positive constant B = B(G,g) such that for each edge length
function £: E — R and each function h: V. — A with deg(Ls,) = 0 for every v € V, where
s = 0,h is the corresponding slope function, we have that

|s(a)] < B for each a € E.

Proof. The condition in the lemma is equivalent to K + div(ﬁ) > 0, where h is the admissible
extension of h to the metric graph I'. This inequality gives bounds on the divisor of poles of
h. Using Theorem 3.7, the result follows from |[GKO08, Lem. 1.8], which bounds the slopes of

% in terms of its divisor of poles. O

For each h: V' — A, denote by (sp,, 7)) the associated slope-level pair on G, and recall that
Nspn = Vrw + 8 + Cs,. By Proposition 7.10, 7, , is simple if and only if for each bipartition
(I,J) of V:

(1) either, vz, (I) +m, (J) > 9z, (V) = [E| = [V] + 1.
(2) or, there is an integer vertical edge for s, connecting a vertex of I to one of J.

Theorem 8.5 (Characterization of the fundamental collection). Assume char(k) is 0 and the
branches over nodes of X that lie on C, are in general position for each v € V. Let I' be
a metric graph with model (G,¢). Then, for each smooth proper curve X over a valued field
K which tropicalizes to (X,T"), the fundamental collection FC(X) of simple limit canonical
series Wy, coincides with the collection of spaces

W m(0n) = Res™(Gr,) 0 HY(X, LE) < Q
for h: V.— A such that

® Ns,.m 1S positive, that is, 0, r, (I) > 0 for each nonempty I < V; and
® 7Ns..m 15 stmple,

exp

ShyTh

and for a unique partial gluing data o,. More precisely, for each h: V. — A, the subspace
W, < Q is simple if and only if s, x, s positive and simple, in which case there is a unique
partial gluing data o, = on(X) for the sheaves L, , on C, defining the sheaf L on X such
that W, = HY(X, L&) and, moreover, Wy, = W," (o).

Proof. Let B = B(G, g) be the bound given by Lemma 8.4. There are only finitely many slope
functions s which verify

(8.1) |s(a)] < B for all a € E.

Therefore, there are only finitely many divisor P,, and Ny, associated to slope functions
which verify the bounds in (8.1). For each smooth proper curve X over a valued field K with
value group A, and each h: V' — A, such that W), is simple, we have deg(Ls, ,) = 0, and so s,
verifies (8.1). Therefore, it is possible to assume that the branches over nodes on C, for each
v € V are in general enough position to be able to apply Proposition 7.13 and Theorem 8.3
for all such h.
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Namely, consider X over some valued field K with value group A which tropicalizes to
(X,T), for some metric graph I'. Let h: V' — A such that W, < Q is simple. Then its
submodular function 14y, is both simple and positive. Since W, € W~ the positivity of

Wy, implies that of v+ , and hence the positivity of 7, , by Proposition 7.13. Theorem 8.3

Sh>Th

yields the equality W, = W, and

Sh,Th
(8.2) vy, = UpMin(ns, r,)-

Furthermore, since vy, is positive, Theorem 8.3 yields that Ly, is uniquely determined by W,
via the gluing data . As v, is simple, so is 7, », by (8.2) and Proposition 2.10. We have
proved that all the limit canonical series W), in the fundamental collection are of the form
W, o (0%) for h: V — A with 7,, -, positive and simple.

Let hy,...,hy,: V. — A be all the functions with Wy, ,..., W, simple, as above. Let
(s5,m5) = (8n;,mn,;). Let Py o be the polytope associated to 7, .. We know that n, . are
all simple and positive, and the corresponding polytopes P, . are all the full dimensional
polytopes in the tiling of A, associated to X.

To finish, it will be enough to show that there is no slope-level pair (s, ) associated to
some h: V — A with h—h; non-constant for all j such that 7, », is positive and simple. For the
sake of a contradiction, suppose this is not the case, and pick such an h. Changing the curve X
to X', with the same dual graph G = (V, E) and same components C,, v € V| we may assume
that the nodes are in general position on each component so that we can apply Theorem 8.3 to
hi,...,hm, and h. Let X’ be a smooth proper curve over K which tropicalizes to (X’,T’), the
same metric graph as that of X, see [ABBR15, Thm. 3.24]. Applying Theorem 8.3, we find
that W' (04,), s Wo o (0h.)s Wi r,(0), for g, = o, (X') for all j and ¢, = on(X'), are
in the fundamental collection of X'. Since the polytopes P, . already tile Ay, P, should be
one of them, and therefore, there exists j with h — h; constant, leading to a contradiction. [

Remark 8.6. Fixing isomorphisms O¢, (p“)|pa =~ k for each v € V and a € E,, and isomor-
phisms wy ]pc =~ k for each e € F/, we define isomorphisms LS,U|pu =~ k for each slope function

s:E — Z, each v e V and a € E,. Using these isomorphisms, the partial gluing g, = 0,(X)
appearing in the theorem is given by

Oha = p@ for all a e A™

where e is the underlying edge of a and p, is the leading coefficient of the smoothing of the
node p¢ in X, see Appendix B. The theorem states that this data can be also recovered from
the fundamental collection itself. o

9. FAN STRUCTURE ON THE CONE OF EDGE LENGTHS

Let G = (V, E) be a finite connected graph. Recall the relevant notation in Section 3.

Given a general nodal curve X with dual graph G, for each edge length function ¢: E — R,
Theorem 8.5 describes the set of fundamental collections FC(X) of limit canonical series W,
on X arising from curves X whose tropicalization is (X,T'), where I' is the metric graph
with model (G,¢). Different edge length functions may yield the same sets of fundamental
collections. Our aim in this section is to define a natural fan structure on the cone of edge
lengths Rgo with relative open cones inside RE parametrizing edge length functions for which
the sets of fundamental collections are the same.

For given ¢ € RE, and h: V — R, though the expected space WShym(Q) introduced in
Definition 7.11 depends on the "gluing" g, it does not really depend on £ and h but rather on

exp
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the slope-level pair (sp,, ), which defines the residue space G,, and the sheaves Ly, ,. Also,
Ns,.x, depends rather on s, and m,. We recall that it is the property that 7,, », be positive and
simple that determines whether W, _ (o) belongs to a fundamental collection (for the right o
arising from a tropicalization).

The focus of this section will be on the collection &, of the pairs (sp, 7)) for h such that
Ns,.m, 18 positive and simple. We will see that the ¢ giving the same collection &, lie in the
interior of a polyhedral cone in R, and the collection of these cones (and their faces in the

boundary RZ) \ RE)) is a fan on R

ShyTh

9.1. Cone of edge lengths. Let (s,7) be a slope-level pair on G.
Definition 9.1 (Cone of edge lengths associated to a slope-level pair). We define

Gy = {eeREO | 3h: V - R with §,h = s and m, =7r} and

0sr = the closure of g, in Rgo.
We call o, . the cone of edge lengths associated to (s, ). o

Note that by definition, o, . is empty if and only if &, . is empty. We characterize the
nonempty cones oy, in Theorem 9.2 and show that J, . is the relative interior of o ..

To this purpose, it will be convenient in the sequel to define certain auxiliary graphs asso-
ciated to ordered partitions and slope-level pairs.

Given an ordered partition m = (V,<,) of V, let G, be the graph obtained by removing
all the edges of G which are horizontal with respect to m and identifying vertices that lie on
the same part of 7. In our notation, we naturally identify the vertex and edge sets of G, with
V. and E, (the set of vertical edges for ), respectively, so G, = (Vy, E,;). We denote by E,
the set of arrows on F,; see Figure 5.

. L, L,
A
1
’
1
Il '
U 1o M
Uy 5 L2 :LQI
v
1
‘\|
.y
Uy U2 Uus Ls Ly

FIGURE 5. A level graph (G,7) on the left, G, = (V,, E) is given in the
middle, and GI = (V,, El) on the right. Ghost edges are dashed.

We consider the graph GI = (V,, El) obtained from G, by adding an edge between any
pair of vertices u,v in V,. Let El be the set of all arrows on edges EI. We call the edges in
E! \E, ghost edges and refer to arrows supported on them as ghost arrows; see Figure 5.

Given a slope-level pair (s, 7), extend s to a function El — Z U {—o0} that we still denote
s by abuse of notation, by putting for each ghost arrow a = uwv,

_ if
s(a)::{ oo if u <, v,

0 otherwise.
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Also, we let G‘snfr = (Vy, E™) be the spanning subgraph of G, consisting of the edges in
FE, = E, which are integer for s. Notice that Glsnfr contains no ghost edges. Clearly, both G
and Glsnfr are spanning subgraphs of G1.

Given an edge length function ¢: E — R., its restriction to E, S FE defines an edge
length function on the edges of G that we extend to E! by putting £, = 1 for all ghost edges
ee Bl \ E,.

We say that an edge length function ¢ € R, is compatible with a slope-level pair (s,n) on
G if for each circuit ¢ in G, we have

(9.1) Z lqs(a) < 0, with equality if and only if the arrows in ¢ are all in G

agq
Equivalently, ¢ is compatible with (s, 7) if for each finite sequence of oriented paths p1, ..., pk
in G with t,,,, <: b, fori=1,...,k, and pr4+1; = p1, we have
k
Z Z lys(a) <0,
i=1aep;

with equality if and only if each p; contains only integer arrows for s, and t,,,, and b,, belong
to the same part of the ordered partition 7 for ¢ = 1,...,k; see Figure 6.

p1
P2
‘%)

FIGURE 6. A sequence of three oriented paths pj,pa,ps in the level graph
(G, ) satistying t,,,, <x b, fori=1,2,3.

Notice that since s(a) = 0 for a horizontal arrow a, the lengths of horizontal edges for s are
not constrained by the inequalities (9.1). Also, if the arrows in g are all in G, so is for the
circuit g, defined by the reversed arrows a for a € ¢, and since

> las(a) + Zeas(a) = Y la(s(a) + s(a)) =0,

equality holds automatically in (9.1) for all circuits in G%. It is thus the "only if" part in
(9.1) which constrains the lengths /.

In the sequel, it will be helpful to define the following auxiliary polyhedral cone

Cor = {6 e RE, ’ inequalities (9.1) hold for all circuits ¢ in GL}, and set

)
)

Com = {E e RZ, | ¢ is compatible with (5,77)} c C,r N RE.

Notice that 0 € C; . Moreover, (ofsy,r might be empty even though C;, is not. Also, if (0757,, is
nonempty, it is the relative interior of C, ..
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Theorem 9.2. Let (s,m) be a slope-level pair on G. Then, 6, is the set of edge length

functions £: E — R.q which are compatible with (s, ), that is, 5= = Csr. In particular, G .
is nonempty if and only if 05 = Csr, in which case s, is the interior of oy .

Proof. Let £ € 6, . Then, there is h: V' — R such that g,h = s and m, = . Let p1,...,px be
paths in G satisfying t,,,, < b,, for ¢ = 1,...,k, with pyp41 = p1. Then,

i1
k k k

2 20 bas(a) < 35 D7 (hlte) = hiba)) = X (h(t) = h(vy)

1=1aep; i=1aep; =1
k—1
:h‘(tpl) - h‘(hpk> + Z (h(tpi+1) - h(hpl)) < 07
i=1

with equality if and only if ¢4s(a) = h(t,) — h(b,) for each arrow a in each p;, and also
h(t,,,) = h(bp,) for each ¢ = 1,...,k. Equivalently, equality holds if and only if each p;
contains only integer arrows for s, and t,,, and b, belong to the same part of 7 for each
i =1,...,k. Thus, ¢is compatible with (s, ), as stated.

Conversely, let £: E — R., be a function compatible with (s,7). Let z = z,,: El —
R U {—o0} be defined by z(a) := £,s(a) for each a € El. Then, z(a) + x(a) < 0 for all a € El.
Furthermore, the compatibility inequalities (9.1) can be rewritten in the form

Z x(a) <0 for each circuit ¢ in GI.

agq

By Subintegrability Lemma C.1, proved in Appendix C, applied to GI, there is a function
h: V. — R such that

(9.2) z(a) < h(u) — h(v)

for each a = uv € El, with equality if and only if either z(a) + z(a) = 0, or there is a circuit
5 in Gl containing a such that e (b)) = 0.

Composing with the projection V — V;, we view h as a function from V to R. We claim
that s = g,h on E. Indeed, for each edge e = {u,v}, applying (9.2) to the two arrows a = uv
and a = vu € E over e, we get

(9.3) s(a) <

Now, since s is a slope function, s(a) + s(a) is equal to 0 or —1. In the former case, a is
an integer arrow for s, and equalities holds in (9.3), whence s(a) = ,h(a). In the latter
case, we show that h(u) — h(v) < —fcs(a), which implies ¢,h(a) = s(a), as required. Indeed,
suppose by contradiction that h(u) — h(v) = —fgs(a), that is, equality holds in (9.2) for a.
Since z(a) + x(a) = —f. < 0, there must exist a circuit 5 in GI containing @ such that
Yube; £(b) = 0. But then, by compatibility of £ with the pair (s, ), the arrow @ has to be an
integer edge for s, a contradiction. We conclude the equality s = 0,h on E.

It remains to show that m = m;,. First, since h factors through V;, it is constant on each
part of m. Conversely, let u, v € V. be distinct vertices, and suppose without loss of generality
that u >, v. Consider the ghost arrow uv € E!l. By definition of z, we have x(uv) = 0.
Therefore, by (9.2) applied to the arrow uv, we have h(u) = h(v). We prove that h(u) > h(v)
concluding the proof.
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Suppose by contradiction that h(u) = h(v), and consider now both ghost arrows uv, vu € El.

As z(uv) = 0 = h(u) — h(v), and z(uv) + z(vu) = —o0, there must exist a circuit 5 in Gl
containing the ghost arrow uv such that >, .. z(b) = 0. But then, compatibility of £ with the
pair (s,7) implies that 5 contains no ghost arrow, leading to a contradiction. O

We get the following immediate corollary.
Corollary 9.3. Each nonempty cone o, is a rational polyhedral cone in RE,.

Remark 9.4. Though our interest is in the cones o, it is more practical to work with the
cones Cs r, which our Theorem 9.2 allows. In any case, our next main result, Theorem 9.11,
yields that Cs . = oy for some slope-level pair (s, 7’). Thus, the collection of the nonempty
05 is the collection of the cones C; .. o

9.2. Dimension. The following proposition gives the dimensions of the cones introduced in
Section 9.1.

Proposition 9.5. Let (s, ) be a slope-level pair for the graph G = (V, E). Then,

(9.4) dimC, . < |E| - g(GJ%).

If 6, # @, then equality holds.

Proof. Each inequality (9.1) for ¢ in GI is an equality for all £ € C, , if ¢ is in Gt Tt follows

8,7 '
that the codimension of C; . is at least the dimension of the cycle space of the graph Gf;jfr,
which proves the inequality (9.4). On the other hand, if 6;, # &, then it follows from the
equality &, = éM proved in Theorem 9.2 that equality holds for all £ € &, in (9.1) only for

g in G%. Then, in this case, (9.4) is an equality. O

9.3. Essential circuits. Let (s, 7) be a slope-level pair. Not all circuits 5 in GI are needed
to define Cs ., but only those verifying properties (Essl)-(Ess2)-(Ess3), given below. Indeed,
let 5 be a circuit in GI.

First, if 5 contains a downward ghost arrow, then Y, . f,s(a) = —oo for every ¢ € RE.

ags
Thus, to define C,, we need only consider the inequalities (9.1) arising from circuits g in G

which verify
(Essl) All the ghost arrows in q, if any, are upward.
Also, note that if an arrow b = wv in E, = E; satisfies s(b) = 0, then, since it is vertical

for s, we have s(b) = —1, and hence b is noninteger for s and u >, v. Now, if the circuit 3
contains b, replacing b with the (upward) ghost arrow uv € El, we obtain a new circuit 3’ in

G! for which
(9.5) D las(a) = > Las(a) for all £ e RE,.

aes’ ages

Thus, to define C;, we need only consider the inequalities (9.1) arising from those circuits g
in GI that verify

(Ess2) The circuit g does not contain any arrow a € E, with s(a) = 0.

Finally, assume 3 verifies (Essl). Assume as well that 3 contains two distinct (upward)
ghost arrows uyv; and uqve which overlap, more precisely, which satisfy w; >, uy >, v >, vs.

If uy = v1, we replace u;v; and ugvy in 5 with the upward ghost arrow w;vs to obtain a
circuit 3" satisfying (9.5) and containing less ghost arrows than 3; see Figure 7 on the left.
Clearly, the inequality (9.1) for ¢ = 3 is implied by that for ¢ = 3’
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FIGURE 7. The replacements used in (Ess3). Blue ghosts in 5 are replaced by
red ones.

If us >, vy, we remove ujv; and wsve from z, resulting in two oriented paths p; and po,
with p; starting at v; and ending at us, and py starting at ve and ending at us. Then, we add
the upward ghost arrow usv; to p; to get a circuit 5, and add the upward ghost arrow u;vs
to pa to get a circuit 3o; see Figure 7 on the right. Then, we get

Z lys(a) = Z lys(a) + Z lys(a) for all £ e RE,.

aes ags agz2

Both 3; and 3, have less ghost arrows than 5. And, the inequality (9.1) for ¢ = 5 is implied
by those for ¢ = 51 and g = 3».

In any case, it follows by induction on the number of ghost arrows that we need only consider
circuits ¢ in GI which verify

(Ess3) The ghost arrows in ¢ do not overlap.

Definition 9.6 (Essential circuit for a slope-level pair). Let (s,7) be a slope-level pair. A
circuit ¢ in G1 is called essential if it verifies (Ess1)-(Ess2)-(Ess3), listed above. o

Notice that circuits g in G are all essential. From the above discussion we obtain:

Proposition 9.7. Let (s,m) be a slope-level pair on G. Then, the cone Cs, is given in ]Rgo
by the inequalities (9.1) for all essential circuits q in GI.

9.4. Active circuits. Let (s, ) be a slope-level pair on G. For each circuit 5 in GI, define
the hyperplane

H, = {KG RE‘ Zﬁas(a) = O}.

Since },e, las(a) < 0 for all £ € C;r, we have that Hj is a supporting hyperplane for C; .,
meaning that C, lies in one of the two closed half-spaces defined by H;. Thus, C; . n H} is a
face of Cs ..

Definition 9.8 (Active circuits for a slope-level pair). A circuit 3 in G is called active for a
slope-level pair (s, ) if

int
8,7

e 5 isnot in G, and

e the intersection C; . N H; contains an edge length function ¢ € RZ. o

Note that, in general, the intersection C, , n H; may not be a proper face of C, .. However,
if 5 is active for (s, ) and C, » = 0,, then, by Theorem 9.2, the intersection C, » n H; will be
a proper face of C, . (and it will coincide with o, , N Hy).
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9.5. Squashing process. Let (s,7) be a slope-level pair on G. Our next result asserts that
for an essential circuit 5 in G} which is active for (s, ), the face C; » N Hy is of the form Cy
for a slope-level pair (s',7") defined by a squashing process that we descrlbe in this section.
First, we need the following lemma.

Given a circuit 5 in GI verifying (Essl), we say that an arrow a = xy € E, is covered by a
ghost of 5 if there is a ghost arrow uv € 5 such that u >, x and y >, v. (Note that both a
and a are covered by a ghost uv of 5 if u >, z,y >, v.)

Lemma 9.9. Let 5 be a circuit in GI which is active for (s,n). Let b € E, be an arrow covered
by a ghost of 5. Then, the following hold:

o We have s(b) < 0 with equality only if b¢ 5.

e Ifin addition 3 is essential for (s, ), and also b is covered by a ghost of 5, then b,b ¢ 5.

Note that since 5 is active for (s, ), there is £ € Cs , with £ > 0 such that

(9.6) D as(a) =

acj
In particular, 5 automatically verifies (Essl).

Proof. Write b = zy with x,y € V. Let uv € 5 be a ghost covering b. We prove first that
s(b) < 0. Consider the oriented path p from u to v in GI composed by the ghost arrow ux if
u # x, the arrow b, and the ghost arrow yv if y # v; see Figure 9.5 on the left. Replace the
ghost arrow wv in 5 by p to obtain the circuit g. Then,

Z lys(a) = bps(b) + Z lys(a) = lps(b),

agq agz
because all ghosts of ¢ are upward and (9.6) holds. Since ¢ € C; ., it follows that £,s(b) < 0.
Since ¢ > 0, we have s(b) < 0.
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F1GURE 8. The replacements used in the proof of the first statement of
Lemma 9.9. Ghost arrows are dashed. The path p which replaces the ghost
arrow wv in 3 is depicted in blue on the left. The circuits ¢; and go are depicted
in red and blue on the right, respectively.

Assume now that s(b) = 0. Since b is in E,, it is vertical and so we have s(b) = —1. This
implies that b is upward, i.e., >, 3. Assume for the sake of a contradiction that b € 5. Let
p1 and py be the paths on 5 from v to y and from z to u, respectively. Let ¢; be the circuit
in G! obtained by adding to p; the upward ghost arrow yv if y # v. Let ¢» be the circuit
obtained by adding to ps the upward ghost arrow ux if u # z; see Figure 9.5 on the right.
Since ¢ € C, », we get the inequalities

Z lys(a) = Z lys(a) <0 and 2 lys(a) = Z lys(a) <0

aep1 agq1 aep2 agqa
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But then
0= Zﬁas(a) = 2 los(a) + Lys(b) + Z lys(a) < =4, <0,
acs aepy aep2

leading to a contradiction. This proves the first statement.

As for the second statement, if b and b are covered by ghosts of 3, it follows from the first
part of the lemma that s(b), s(b) < 0. But, s(b) +s(b) = —1. Thus, either s(b) = 0 or s(b) = 0.

If s(b) = 0, then b ¢ 5 by the first statement. If in addition 5 is essential for (s, ), then
b¢ 5 by (Ess2), as required.

In the other case, when s(b) = 0, we conclude in the same way. O

Given a circuit 5 of GI which is both essential and active for (s, 7), we define a slope-level
pair (s/,7") on G such that Cy . is the face C;» N Hy of Cs r; see Proposition 9.10.

The function s’: E — Z is defined by

s(a) +1 if a is a noninteger arrow for s in 3,
s'(a) = { s(a) + 1 if a and a are covered by the same ghost of 5 and s(a) = 0,
s(a) otherwise.

In particular, s'(a) = s(a) if a ¢ E,. Notice as well that Lemma 9.9 yields that the two
conditions implying s'(a) = s(a) + 1 in the above definition do not simultaneously hold.

We define the ordered partition 7’ of V' as a the following coarsening of 7: For each ghost
arrow uv € 5, we replace all parts of 7 containing vertices w with v >, w >, v by their union.
Since the ghost arrows in 5 do not overlap by our assumption (Ess3), we get a well-defined
ordered partition of V' that we denote by «’.

We say that the pair (s',7) is obtained by squashing (s, ) relative to the active essential
circuit 3.

9.6. Faces, I. Notation as in the previous section.

Proposition 9.10. Let (s, 7) be a slope-level pair on G. Let 5 be a circuit of GI which is
essential and active for (s,m). Let (s',7') be the pair obtained by squashing (s, ) relative to
5. Then, the following holds.

(1) The pair (s',7') is a slope-level pair on G.

(2) The cone Cy  is the intersection of Csr with the hyperplane Hy in RE | that is,

Con =Cor 0 {E e RF ’ Z lys(a) = O}.

acs
In particular, Cy » is a face of Cs r.

The proof of this result is given in Sections 9.6.1 and 9.6.2, below.

9.6.1. (s',7') is a slope-level pair. We prove first that s’ is a slope function. Indeed, let a € E
such that s'(a) # s(a). Then, a € E, and s'(a) = s(a) + 1. We need only prove that a is not
integer for s, and s'(a) = s(a).

By definition, s'(a) = s(a) + 1 only in two cases:

- First, we may have that a is a noninteger arrow for s and a € 5. But then, a ¢ 5 because
5 is a circuit, and a and @ are not covered by ghosts of 5 by Lemma 9.9. Thus, s'(a) = s(a)
by definition.
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- Second, we may have that a and a are covered by a ghost of 5 and s(a) = 0. Then,
a,a ¢ 5 by Lemma 9.9. Also, s(a) = —1 because a € E,, and hence a is not integer for s, and
s'(a) = s(a) by definition.

This proves that s’ is a slope function.

It remains to prove that (s, 7’) is a slope-level pair. For this, we must prove that an arrow
a € E is upward for s’ if and only if it is upward for 7/. In other words, for each arrow a = zy
of G, we must prove that s'(a) < 0 if and only if >, y.

First, if s'(a) < 0, then also s(a) < 0, and hence x >, y. Then, z >, y, with equality if
and only if a and a are covered by the same ghost of 5. Thus, if equality were the case, then
Lemma 9.9 would yield s(a), s(a) < 0. Since s(a) < 0, we would get s(a) = 0 and s(a) = —1.
But then, we would obtain s'(a) = s(a) + 1 = 0 by definition, leading to a contradiction. We
conclude that x >, y, as required.

Conversely, we suppose = >, y, and show that s'(a) < 0. From the construction of 7/, we
get x >, y, and hence s(a) < 0. Also, a and a are not covered by the same ghost of 5. Now,
since s(a) < 0, we must have §'(a) < 0. If we had equality, s'(a) = 0, then we would get
s(a) = —1, and, by definition of (s’,7’), the arrow a would be noninteger for s and in 5. But
then, since s is a slope function, we would get s(a) = 0, and 5 would not verify (Ess2). We
conclude that s'(a) < 0, as required.

9.6.2. Cy v = Csr n H;. We prove now the second statement of the proposition.

For each circuit q in GI, let ¢’ denote the contraction of g in GL, defined as follows. A
ghost arrow a = uv in ¢ remains in ¢’ if the two vertices u, v remain in different parts of 7';
otherwise, it is removed. Moreover, each arrow a € E, which is in ¢ remains an arrow in ¢’
provided a and @ are not covered by the same ghost of 5; otherwise, a is removed. In the
latter case, we have s(a) < 0 by Lemma 9.9. In any case, for each £ € RE, we get

>0
(9.7) Z lys(a) < Z 0,8 (a).
aeq aeq/
If g = 5, then all ghost arrows in 5 are removed. By Lemma 9.9, every nonghost arrow a
in 5 remains an arrow in 3’. In addition, since a ¢ 3, because 3 is a circuit, s'(a) = s(a) by
definition. In this case, we have equality in (9.7) for each ¢ € RE:

(9.8) Z lys(a) = Z 0,5 (a).

aej ae;,’

Furthermore, whether a nonghost a € 3 is integer for s or not, a will be integer for s’. Thus,
3" will be in G'* ..
We prove first that Cy S Cor n H;. Let £ € Cy and g be a circuit in Gjr. Since
¢ e Cy v it follows from (9.7) that Zaeq lys(a) < 0. Thus, £ € Cs,. In addition, since 3’ is in
ut, it follows from (9.8) that Y ... fus(a) = 0, that is, £ € H;. This proves the inclusion

Cow S Con 0 H,.

We prove now the reverse inclusion. Let £ € C; . n H;. We need only prove that

(9.9) > las'(a) <0

agq’

for every circuit ¢’ in G', that verifies (Ess1) in G!,.



60 OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

Since ¢ € Hy, it follows from (9.8) that

(9.10) D Las'(a) = 0.

aez’

Viewing each ¢’ and 3 as cycles, we may write the sum ¢’ + 3’ as a sum of pairwise compatible
circuits ¢1,...,q, in G’L. No new ghost arrows are introduced, so all the g] verify (Essl). If
we prove (9.9) for each such ¢/ instead of ¢’, we will have it for ¢’ as well, because of (9.10).
We may thus assume that a ¢ 3’ for each a € ¢’

The circuit ¢’ is a contraction of a circuit ¢ in GI: We keep all the nonghost arrows of ¢,
and add ghost arrows which are either contracted to the ghost arrows of ¢ or removed. The
nonghost arrows a in ¢ are not contracted and satisfy a ¢ 3; thus s'(a) = s(a) by definition.
Let N be the number of downward ghost arrows of ¢q. These are removed when contracting
to ¢' as ¢ satisfies (Essl).

If N =0, then equality holds in (9.7). Since ¢ € C; ., we get (9.9), as required. Assume
N > 0. We will proceed by descending induction on N. Let uv be a downward ghost arrow
in g. Since it does not appear in ¢, and 3 satisfies (Essl), there is a ghost arrow zy in 5 such
that © <; v <; u <, y. Consider the closed path p in GI made up of all the arrows of q
except uv, all the arrows of 5 except zy, and the upward ghost arrows xv if z # v and wuy if
u # y. Its contraction p’ to GL,, viewed as a cycle, is ¢’ + 5’. Since 5 has only upward ghost
arrows, p has less downward ghost arrows than g. Writing p as a sum of pairwise compatible
circuits qi, . ..,qs in GI, as before, we need only prove (9.9) for the contractions q; of the g¢;
instead of ¢’. Since each g; has less downward arrows that ¢, we apply induction to finish the
proof.

Proof of Proposition 9.10. We have established the two statements in the proposition. O
9.7. Faces, II. Here is our main theorem on the faces of the cone of edge lengths.

Theorem 9.11. Let (s, m) be a slope-level pair on G and F a face of Cy. intersecting RE,.
Then, there is a slope-level pair (s', ') on G such that F' = Cy » = oy, and the following
properties are verified:

(F1) @ is a coarsening of m,

(F2) s < s, and

(F3) EX o EM.
In particular, if G5, is nonempty, then each face of oy, intersecting REO is Oy n for some
slope-level pair (s',7") on G satisfying (F1)-(F2)-(F3).

Proof. If F intersects 0, ., then by Theorem 9.2, C; . = 0, and &, is the interior of C, ..
Since F is a face of C; , we must have F' = C; ,, and hence we may put (s',7’) := (s, 7).

Assume now that F' does not intersect &, .. Then, there is an essential circuit 5 in Gj, which
is not in G such that F < H;. Since F contains ¢ € RE, the circuit 5 is active for (s, 7).
Then, Proposition 9.10 yields that F is a face of Cy + for the pair (¢, 7’) associated to 5 by
the squashing process.

By definition of the pair (s', 7"), properties (F1) and (F2) hold. As for (F3), an arrow a € E,
which is integer for s is present in GGv. Indeed, if not, then a and @ would be covered by the
same ghost of 5, and hence s(a), s(a) < 0 by Lemma 9.9. Since a is integer for s, we would
get s(a) = s(a) = 0, that is, a would be horizontal for s, contradicting a € E,. Also, since

0=s(a)+s(a) < s'(a) + §'(a) <0,
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we must have a € E*, showing (F3).

Now, if F' intersects oy ., as before we get F' = Cy = 0y . Otherwise, we proceed as
above, getting a slope-level pair (s”,7”) such that F is a face of Cyr ,», and such that 7" is a
coarsening of 7/, s’ < ¢”, and E'}' © EM*. Clearly, 7" is a coarsening of 7, and we have s < s”
and E%' D E™. And, we restart this cycle of reasoning. This process will eventually end, and
we obtain the theorem. O

We obtain the following refined characterization of the facets.

Theorem 9.12 (Characterization of facets). Let (s, ) be a slope-level pair on G with nonempty
0sr. Let F be a facet of o, . meeting RE,. Then, there exists an essential circuit 5 in G which
is active for (s, ) such that, denoting by (s', ') the slope-level pair associated to 5 by squash-
ing, we have

o F'=o0y ., and
9G] = g(GE) + 1.
Theorem 9.11 implies that there is a sequence of circuits whose consecutive squashings lead

to a slope-level pair that defines the facet. The content of the above theorem is that this can
be done by a single squashing.

Proof. Since o5 = C, » by Theorem 9.2, it follows from Proposition 9.7 that o, . is given by the
inequalities (9.1) for essential circuits. Thus F' = oy, N H for an essential circuit 3 in G} not
in G™ . Since there is £ € F' with ¢ > 0, it follows that 5 is active for (s, 7). Proposition 9.10
then implies that F' = Cy . for the slope-level pair (s’, 7’) obtained by squashing (s, ) relative
to 3.

\%Ve claim that g(G%°.) > g(G¥%). Indeed, 3 is not in GI"t, but the contracted circuit 3’
in GL is in Gi}}fﬂ/, as we observed in the proof of Proposition 9.10. Since F' = o,, n H,
and F is a facet of oy, it follows that 3" is not in the cycle space of Gi;,‘fﬂ, generated by the
int
8,

circuits contracted from GY"t. As no arrow of any circuit in Gt is actually contracted, that
is, E™ < B we get our claim.

We show now that the cone oy, in not empty. Assume by contradiction that oy » = @.
Then, the proof of Theorem 9.11 yields that F' € Cy v for some slope-level pair (s”, 7”) derived
by squashing (s’, 7’) relative to a circuit 3’ in GL, which is essential and active for (s, 7). As
proved above, g(GU' ) > g(G3" ). Now, Proposition 9.5 implies that

dim F < |[E| — g(G%») and dimo,, = |E| — g(GY%).
But, g(G2' ) > g(G%".) > g(G), contradicting the fact that F' has codimension one in oy .
We conclude that oy » # @, whence F' = oy by Theorem 9.2. Applying Proposition 9.5,
we get
1 = codim(F, 0, ,) = dimo,, — dimoy » = g(GJ') — g(GL) = 1,

from which we deduce that g(G%",) = g(Gi") + 1, as required. O

s’

9.8. Fans associated to bricks. Let g € Z-o. Consider the standard simplex A, in RV of
width g. Each 8 € A, defines the polytope By consisting of the set of all points ¢ € A, that
verify the inequalities

1B(9)] < q(S) < [B(9)] vScV.
We refer to B as the brick defined by f3; see [AE24, §10.2] and Appendix A.
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By |AE24, Thm. 10.4], the collection of bricks By for 5 € A, is a tiling of A,. Furthermore,
the base polytope P of any polymatroid with integral vertices in A, is tiled by the set of bricks
included in P. Denote by Br, the collection

Br, = {Bﬁ |BeA, and By is full-dimensional }

For each slope-level pair (s,7) on G, recall the submodular function ~, associated to the
m-residue space G, < Y'; see Section 3.3. Recall as well the submodular function {, associated
to s by Definition 3.13. Whereas v, has range g(G), the function (; has range 0. Assume
g = g(@), and fix a genus function g: V — Z, of range g — g(QG).

Consider the submodular function

Ns,w = ns,ﬂ(g) = Tr + g + Cs7
and let Py, denote the base polytope associated to the submodular function UpMin(7; ).

Definition 9.13 (Permissible slope-level pairs). A slope-level pair (s, ) is permissible if
e the set §,, = RE; is nonempty, and
e the submodular function 7, , is positive and simple.
Denote by PSL = PSL(G) the collection of all permissible slope-level pairs on G. ©

Since there are finitely many ordered partitions 7, and the slopes taken by s with 7.
positive and simple are all bounded by a constant by Lemma 8.4, the set PSL is finite. Since
each P, is full-dimensional, we can write

PSL= | ) PSL(B) where PSL(B):= {(s,7)ePSL | P, 2B}
BeBr,

Theorem 9.14. Let B € Bry be a full-dimensional brick in A,. The collection of cones oy
for (s, m) € PSL(B) and all of their faces which lie on the boundary RE)\RE form a rational
fan with support RE,.

Definition 9.15. For each full-dimensional brick B € Br,, we denote by ¥g the fan produced
by the above theorem. o

We need the following lemma.

Lemma 9.16. Let B € Br, be a full-dimensional brick in A,. For each ¢ € RE, there is a
unique (s,m) € PSL(B) such that ¢ € 6, . In particular, the cones 65, for (s,m) € PSL(B)
are parrwise disjoint.

Proof. We derive this as a consequence of our tiling theorem, Theorem 4.11. Thus, let X be
a nodal connected reduced curve proper over an algebraically closed field k whose associated
dual graph is G = (V, E). Assume the branches over its nodes are in general position on the
normalizations of its components.

Let £ € RE and denote by T the metric graph associated to (G, £). There exists a complete
algebraically closed non-Archimedean field K with residue field k and value group A = R, and
a smooth proper curve X over K whose tropicalization is (X,I'), see [ABBR15, Thm. 3.24].
For each function h: V — R, let W}, be the associated reduction of the space of Abelian
differentials on X. By Theorem 4.11, for each B € Br,, there is a function h: V. — R
such that the base polytope of W, contains B. Then, W), is simple, and thus 7, > 0 by
Proposition 7.13, where (s,m) := (0,h, 7). Then, Theorem 8.3 yields that the submodular
function associated to Wj, is UpMin(n; ), and hence P, . 2 B. Since W), is simple, so is 7 -
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by Proposition 2.10. Therefore, (s,7) € PSL(B). Since (s, ) = (J,h, ), we have £ € &, , by
definition, as required. This proves the existence.

To prove the uniqueness, note that if £ € 6y . for another slope-level pair (s',7’) € PSL(B),
then there is a function h': V — R with (¢/,7") = (,h, 7)) and Py © B. But then the
base polytope of W), contains B as well. By Theorem 4.11, the base polytopes of W, and
W, will then coincide, and hence h' — h is constant by [AE24, Prop. 8.9]. It follows that
(s,m) = (¢,7). O

Proof of Theorem 9.14. Lemma 9.16 yields that

o E
U Osr = R>07

(s,m)ePSL(B)
and that the union is disjoint.

Let (s,m) € PSL(B). Then o,, # @. By Theorem 9.11, a face F of o,, meeting RZ is
equal to oy .+ for a slope-level pair (s', 7’) satisfying Conditions (F1)-(F2)-(F3) therein. Now,
since 7’ is a coarsening of 7, it follows from Proposition 3.5 that v, = .. Also, since s’ > s,
by Proposition 3.17, we have (s > (,. We infer that 1y . > 1, .. It follows that the polytope
P, .- contains the polytope Py ., and hence contains B. We conclude that (s, 7’) € PSL(B).
This shows that, for each (s, 7) € PSL(B), each face of the cone oy, that meets R is equal
to oy for a certain (s',7') € PSL(B).

Furthermore, let (s, 7), (s, 7) € PSL(B) be such that the intersection Z := 0, » "oy » NRE,
is nonempty. For each £ € Z, let F and F’ be the faces of o,, and oy, that contain ¢ in
their relative interiors, respectively. As we showed above, F' = og . and F' = ggn . for
certain (s”,7"), (", 7") € PSL(B). But then Lemma 9.16 yields (s”,7") = (s”,7"), whence
F = F'. 1t follows that Z is contained in the union of the common faces of o, . and oy .,
whence contained in a common face F', since Z is convex. As seen above, F' = gy . for some
(s",7") € PSL(B). Since Z = F n RE, it follows that o, N 0y = Oy .

The upshot is that the collection € of cones o, . for (s,7) € PSL(B) verifies the following
three properties:

e If 0 isin ¢ and F is a face of o that meets RZ,, then F belongs to ¢ .

e If 0 and 7 are in ¢ and the intersection o N 7 N RE is nonempty, then o N 7 is a
common face of o and 7, and belongs to %.
e The collection € covers RZ.

It is easy to conclude now. O

9.9. Permissible collections of slope-level pairs. Given a subset S € PSL, we define

For S = {(s,m)}, a singleton, we obtain og = o5 ,. The following proposition is immediate
from Theorem 9.2.

Proposition 9.17. For each subset S € PSL, the set os is a rational polyhedral cone in RE
provided that it is nonempty.

9.10. The meet of the fans associated to all full-dimensional bricks. For each edge
length function £: F — R.g, let 6, € PSL be defined by

&, = {(S,W) ePSL | L€ (°7M} = {(@h,wh) | No,hm, 18 positive and simple}.
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FIGURE 9. The polytope Py, -, is the one in azure, in the simplex Ay = OXY Z
of width three in R*, with vertices O = (3,0,0,0), X = (0,3,0,0), Y =
(0,0,3,0) and Z = (0,0,0,3). The figure shows the projection to R?® given by
the last three coordinates. The polytopes in brown, red, blue, and green are
the four bricks which contain each one of the four vertices of As.

Denote by
&: RE, —s 2755, (-6,

the corresponding map. Notice that og, is nonempty, as it contains £. Consider the collection
of all the rational cones og, for £ € RE;, and denote by ¥ = (G, g) the collection of these
cones and all of their faces on the boundary RZ, \ RZ.

For fans ¥y, ...,%,, with the same support in RV, we define their meet, denoted A ¥;, to
be the fan obtained by taking all the nonempty intersections o7 N --- N o, for cones o; € ¥;

for i = 1,...,m. Note that the meet has the same support as the ;.

Theorem 9.18. Notation as above, ¥ is a rational fan with support Rgo. It is given by

(9.11) Y= { ﬂ oB ‘ og in Xg for Be Brg}.
BeBr,

In other words, ¥ = /\BeBrg B is the meet of the fans g associated to the full-dimensional
bricks B in A,.

Proof. In order to prove the theorem, it is enough to show the equality (9.11), as its right-hand
side is a fan. It will be thus enough to show that the collection of cones in ¥ meeting RZ,, is
the collection of cones in the meet /A ¥p meeting RZ.

A cone in ¥ meeting RY, is g, = (5. 1)e, s for some £ € RE,. Each cone o, above
belongs to ¥g for each brick B € Br, contained in the base polytope P, .. Furthermore,
Lemma 9.16 yields that for each brick B € Br,, there is (s, ) € &, such that P, . 2 B. Thus
the cone og, belongs to /\ Xg.

Conversely, consider a cone o € A ¥ meeting RE,. Then, o = mBequ Osy.mp fOT certain
(sg,m8) € PSL(B). Let £ € & be in the relative interior of o. Then the collection &,
coincides with the set of all (s, 7g). Indeed, for each B € Br,, we have 6 < &, y, and hence
(sB,m8) € &;. On the other hand, given (s,7) € &, there is B € Br, such that P, 2 B.
But then (s,7) € PSL(B), and hence (sg,m8) = (s,7) by Lemma 9.16. It follows that
o= ﬂBequ Osp.mp = 0@,, finishing the proof of the theorem. 0
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Example 9.19. Let K, = (V, E) be the complete graph on 4 vertices with zero genus function,
g = 0. Thus, as in Example 2.4, we have V' = {ug, u1, us, u3} and E = {eg 1, €02, €03, €12, €13, €23},
where e; ; is the unique edge connecting u; and u; for each 7, j. We will simplify by putting
l;j =L, for each 7, 5. Welet a;; be the unique arrow from u; to u; for all 4, j; thus a; ; = a;;,
and a,; and a;; are the arrows on e; ; for all 4, j such that 0 < < j < 3.

Let k be a field. The first slope-level pair (sg, ) we consider is the trivial one: sy = 0
and 7y := {V}. Its associated cone is the full RZ). The slope function ¢, is zero, whence
Nsome = Ym- The residue space G, < k" is the one given by local and Rosenlicht residue
conditions and corresponds to the first homology group of Ky with k-coefficients; there are
no vanishing or global residue conditions. We have 7, ({u;}) = 2 and ., ({ui, u;}) = 3 for all
distinct 4, j. Clearly, UpMin (s, x,) = Msy.mo, and thus Py, -, © Aj is the polytope that contains
all bricks except those 4 which contain each a vertex of As. It is depicted in azure in Figure 9.

For each i = 0,1, 2, 3, let B; be the brick of Az which contains the point with ¢-th coordinate
equal to 3 (and vanishing remaining coordinates). These are depicted in brown, red, blue, and
green, respectively, in Figure 9. From what we discussed above, PSL(B) = {(so, 7o)} for each
B distinct from Bg, B1, By, B3. Also, for each such B, the fan Yy is that defined by Rgo and
its faces.

The second slope-level pair (s, 7) we consider satisfies the following:

Vi Z{{Uo}, {U17U2,U3}}, with  {uo} > {u1,ug, us}; and
s(a;j) =01ifi,j€{1,2,3} ori=0and j =2,3, and
S((IL()) = 8((1270) = 8((1370) = —S(ao,l) = —].

Then, As = {1, €02, €03} and A™ = {e;;}. We denote the associated cone by of < RE; it
is given by two inequalities {p1 < o2 and o1 < fp3. The associated submodular functions
v, and ( satisfy

f}/ﬂ({ulvu%uif}) =1, 771'({11’0}) =2, ’Yﬂ({umui}) =3 fori=1,23,
from which the other values of v, can be derived, and
Cs({uo}) =1, (s(I) =0 for each I < V with I # {ug}.

Then, 75~ = 7= + (s and UpMin(n,,) can be derived; in fact, one checks that n,, =
UpMin(ns ) and

HS,W({UO}) =3, 778,#({“2’}) = nsm({ubu%ui‘)}) = 1 for each i = 1,2, 3,

from which the other values of 7, can be derived. Finally, it is clear that the associated
polytope is defined in A3 by a single condition: g(u1) 4+ q(uz) + ¢(u3) < 1, and hence it is the
brick By, depicted in brown, with vertices OABC in Figure 9.

By symmetry, choosing u, and ug instead of u;, we get two other slope-level pairs whose
associated polytope is By, with associated slope-level cones denoted o5 and of given by the
inequalities fo2 < £o,1,€0,3 and fo3 < £o,1, 02, respectively. Notice that o‘f,og,og and their
faces form a fan with support RZ,, therefore, we get a description of the fan Yp, as the
product of the fan RZ;™ and the fan on RZj obtained by a barycentric subdivision, where
Ey == {ep1, €02, €03}; see Figure 10. The smallest cone in ¥g, that meets REO, which is also
the common face of the cones of, is the cone given by the equalities ly1 = lp2 = £p3. The
corresponding slope-level pair can be obtained by successively squashing the slope-level pair
(s, m) above relative to the active circuits 51 = agpao1 and 52 = azpap; in any order: it yields
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FIGURE 10. The fan g, is the product of the fan RgaE", and the fan given on
the left, obtained as the barycentric subdivision of ]Rg% in three 3-dimensional
cones 07, 09, and o9, depicted in red, blue, and green.

(s°,7), where s°(ag;) = 1 for i = 1,2,3 and all arrows are integer for s. The slope function
associated to s is larger than (,; we have

Cs"({UO}) =3, Cso({uo,ui}) =2fori=1,2,3,
Co({uo, uiu}) =1 for 1 <i<j<3,

and (o (1) = 0 for other subset I < V. Then, ny , is the function ¢ in Example 2.4, which, as
pointed out there, is quite different from its UpMin transform.

By symmetry, the remaining fans ¥g,, ¥g,, and Xg, have a similar description. This gives
a description of the fan ¥(K4). It is not difficult to see that all the cones in 3(K4) that meet
RZ, have a face in common, which is the ray consisting of constant edge length functions. o

10. THE VARIETY OF LIMIT CANONICAL SERIES

We fix a nodal connected proper curve X over an algebraically closed field k. Let g be its
(arithmetic) genus and G = (V, E) be its dual graph. Assume g > 0. Recall the relevant nota-
tion from the beginning of Section 7. In this section, we construct the variety of (fundamental
collections of) limit canonical series on X

Let ¥ be the canonical fan of (G, g). The set PSL of permissible slope-level pairs is finite
is finite. Therefore, there is a finite-dimensional subspace %, < 2, for each vertex v € V such
that HY(C,, L,,,) S %, for each (s,7) € PSL and each ve V. Put % := P %,.

10.1. Grassmannians and bricks. We will consider the Grassmannian of g-dimensional
subspaces of %, denoted by Gr := Grass (g, %)

As in Section 9.8, let Br, denote the collection of all full-dimensional bricks Bg for 5 € A,.
For each full-dimensional brick B € Br,, we define the brick locus

Gr® = GrassB(g, %) = {W cU | P 2 B},

where P,z © A, is the base polytope associated to the submodular function 14y; see Section 2
and Appendix A. By Theorem A.2, the brick locus Gr® is in an open subvariety of Gr.

Furthermore, the component-wise action of the torus G, on Z = @,y %, induces a
natural action of GY, on Gr, with the diagonal Gy, — G, acting trivially. Let T := GY, /G,
be the quotient torus. The brick locus GrP? is invariant under the action of T.

Proposition 10.1. The categorical quotient GrB/T exists and is projective.

Proof. This is Theorem A.2. ]
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10.2. Strata associated to cones in ¥ and the variety of limit canonical series. We
assume the characteristic of k is zero. We assume the branches p® for a € E, are in general
position on the curve C,, for each v € V, and fix isomorphisms Oc, (pa)|pa =~ k. In addition,

for each edge e € E, we fix an isomorphism w

e = k, where w is the canonical sheaf on X.

For each permissible slope-level pair (s, ), recall the submodular function 7, = =+ g+,
where -, is the submodular function of the m-residue space G, < Y, g is the genus function
of X, and (, is the slope submodular function; see Section 7.6. The associated polytope to
UpMin(ns,») in A, is denoted P .

To each full-dimensional brick B € Br,, we associated the fan ¥g, defined by the cones
0s » for permissible slope-level pairs (s,7) in PSL(B), verifying 6, . # @ and P, 2 B; see
Definitions 9.13 and 9.15.

By Lemma 9.16, for each cone o € ¥.g meeting RE, there is a unique (s, 7) € PSL(B) such
that o = 0, . We can thus put

Gy =G, E™:=F"™ and A™:=A™

(e

the m-residue space, the set of edges and the set of upward arrows which are integer for s,
respectively. There is a unique upward arrow in A™ over each e € EM.
For each v € V, put

La,v = Ls,v = Wu( Z (1 + S(a’))pa>7
acE,
and note that, by the choice of the %,, we have (® H°(Cy, L,.) S % .

Using the isomorphisms w]pe =~ k and Oc, (p“)]pa =~ k to obtain isomorphisms L,¢ | , = k

pa

for all arrows a € E, we may define, for each function y: A" — k>,

L= = ] Ker(@D Low — Loty ® Loy,

acAint veV

;k@kﬂk).

pfl

Also, for each point p on GE, we define y(s, p): A™ — k* by y(s, p)q := p>@ for each a € A
with e the edge underlying a. Define the map

GrB

% GL — by ®P(p) = GLW,(y(s.p)) where

(10.1) W, (y(s,p)) == Res(G,) [ | H(X, L¥?) = @ H*(Cy, Lo,) € %
veV

Since o is rational, there is £ € ZE, such that ¢ € 5. As explained in Appendix B, for

each p € GE, there is a degeneration to X with singularity degrees given by ¢ and leading
coefficients given by p. Consider the associated tropicalization of the geometric generic fiber
of the degeneration. It follows from the discussion in Appendix B and Theorem 8.5 that the
limit canonical series whose associated base polytope contains B is W,(y(s, p)). Since the
associated submodular function is UpMin(7;,,), thus independent of p, it follows that ®B,
which does not depend on the choice of £ € &, is a well-defined morphism of schemes for each
B e Bry and 0 € Xp.

Let ¥ = 3(G, g) be the meet of the X as B runs in Br,. For each cone o in ¥ meeting RZ,
and each full-dimensional brick B € Bry, denote by og the smallest cone in ¥g that contains
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o. Define

((P]OSB) BeBry

GrB GrB
H ; , and put V, :=Im(®,)c H T
BeBr, BeBr,

®, . GE

m

For each ¢ € RE,, there is a unique o € ¥ such that £ € §. Conversely, for each o € X, since
o is rational, there is ¢ € ZE such that £ € §. As before, combining Theorem 8.5 with the
discussion in Appendix B, we see that a point on V,, parameterizes the collection of GY -orbits
of the spaces in the fundamental collection FC(X) of limit canonical series associated to the
tropicalization of a smooth curve X to (X,T'), where T is the metric graph associated to the
pair (G, /), or equivalently, to a degeneration to X having singularity degrees given by ¢, for
all £ € ZE, with ¢ € 5. Conversely, each such collection is parameterized by a point on V.

Thus, the union V of the V, is the parameter space for the collections of GY-orbits of the
spaces in the fundamental collections of limit canonical series associated to all tropicalizations
yielding X, or equivalently, all smoothings of X. We call V the variety of limit canonical
series.

10.3. Projectivity. Notation as before. We show that V is closed in the product of the
GrB/T for B € Bry, hence projective by Proposition 10.1.

Theorem 10.2. Let X be a nodal curve over an algebraically closed field k of characteristic
zero with branches over nodes in general position on the components of its normalization, and
let G be its dual graph. Then:

(1) The variety of limit canonical series V parametrizes all fundamental collections asso-
ciated to any smooth proper curve X over a valued field K that tropicalizes to (X,T)
for any metric graph I' over G.

(2) For each cone T of X meeting RE, we have that V, = |
projective variety.

V,. In particular, V is a

02T

Proof. The partial gluing g, = 0,(X) appearing in Theorem 8.5 is given by
Oha = p(@ for all a € A™

where e is the underlying edge of a and p,. is the leading coefficient of the smoothing of the
node p¢ in X, see Appendix B.

It follows from this description and Theorem 8.5 that the data
(Qh,a)heRV,CLEA;‘}‘Lt

appearing in the description of the fundamental collection for X varying among all smooth
curves over valued fields K tropicalizing to (X, T") is the same as the data

(th(“) )heRV ,ac Aint

given by y(s, p), for p varying in GZ (k) = (kX)E. This proves the first statement.

To prove the second, it is enough to prove the equality V, = | J oor Vo Let o and 7 be
cones in ¥ meeting RE, with 0 2 7. We show first that V, 2 V,. We use the notation in
Section 10.2. In particular, for each B € Bry, we denote by og and 75 the smallest cones in
> that contain ¢ and 7, respectively.
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Let p € GE(k) and ¢ € & with £, € N for each e € E. Let p' € GE(k[[t]]) be such that
pl, = pet'e for each e € E. We only need to prove that

(10.2) lim .(p') = B, (p).

Take B € Br, and let (s,7) € PSL(B) be the slope-level pair such that og = 0, .. Up to
changing ¢ to an integer multiple, we may assume there is h: V' — Z be such that s = q,h.
Since 7 is a face of o, we have that 75 is a face of og, and hence it follows from Theorem 9.11
that there is a slope-level pair (s, 7') € PSL(B) such that 75 = oy . Furthermore, 7’ is a
coarsening of , and we have that s’ > s and E* © EM. Since s = 0,h, we have

(10.3) 08’ (a) = Las(a) + Lo (s’ (a) — s(a)) = h(t.) — h(ba)

for each a € A", with equality if and only if a € AR
Finally, let z € GV (k{{t}}) given by x, := t ") for each v € V. Then,

. (Res—1 (G) [ H (X, Lg}f“ﬂ”)) — Res ' (¢G.,) [ | H(X. L)

where y: A — k is the function given by

_ (@) ghas’ (@) =h(t) +h(ba)

for each a € AX" with e the edge underlylng a. On the one hand, since (10.3) holds for each
a € A with equality if and only if a € AX", we have

lim HY(X,LY) = HY(X, LYs7)).
On the other hand, it follows from [AEG24, Thm. 6.1] that
%in% Res ! (2G,,) = Res™(G,,).

Then, (10.2) holds.

We show that the closure of V. is contained in the union of the V,, 0 2 7.

Let ¢ € & with ¢, € N for each e € E. Let p' € GE(k[[t]]). Let n: E — Zx, e — n,, such
that for each e € E, we have p,, = t"p, for u. € k[[t]] with u.(0) # 0. Let p € GE(k) be given
by pe = pe(0) for each e € E. Let o be the cone of X containing ¢ := N¢' + n for all large
enough N € N. Clearly ¢ 2 7. We claim (10.2).

Indeed, for each B € Bry, as before, let (s,7) and (s',7") be slope-level pairs in PSL(B)
such that og = 0y, and 78 = 0y v, and such that 7’ is a coarsening of 7, and we have that
s < s and EX* 2 EM. Up to changing ¢’ to an integer multiple, and replacing ¢ by a high
enough power, we may assume there are h,h': V' — Z such that s = g,h and 5" = 0, (h’).
Then,

nes'(a) = las(a) + la(s'(a) — s(a)) — N{s'(a) = h(ta) — h(ba) — N(I'(ta) — 1'(ba))
for each a € A" with underlying edge e, with equality if and only if a € A%
Finally, let z,y € GY (k{{t}}) given by z, := t ") and y, = t"H+NV () for each v e V.
Then,

y(Res G [ H(X. LE,) ) = Res ™ (¢G,) [ |HO(X. L3,),
where z: AiTr: — k is the function satisfying

2y = MZ/(a)tnES’(a)—h(fa)+h(ba)+N(h'(fa)—h’(ha))
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for each a € AR with e the edge underlying a. As before,
lim Res '(2G,,) = Res (G,,) and lim HY(X,L%) = HY(X, LY*7)).
Then, (10.2) holds, and the theorem follows. O

Example 10.3. Let X be the union of four general lines Lg, L1, Ly, L3 on the plane. Each
component is smooth and rational, and contains three branches over nodes, which are thus
in general position. Its dual graph, G = (V, E), is the complete graph on 4 vertices with
genus function zero, g = 0. In Example 9.19, we described the canonical fan ¥ of K, and
we observed it has a ray 7 which is a face of any cone in the meet which intersects RZ;. It
thus follows from Theorem 10.2 that the variety of limit canonical series V is irreducible, the
closure of V..

The ray 7 is the one where all lengths are equal. Smoothings with edge length function /¢
constant equal to 1 are obtained by pencils LyLiLsLs —tF where F' is a quartic meeting each
L; away from the branches over the nodes for each ¢. Notation as in Example 9.19, we let
pi,j == p™ for each distinct 7,5 € {0, 1,2, 3}.

Fix a line L;. Then L;/L, is a local equation for L; at p; ; for each distinct 4, j,7. We have

L; L; F

L.L, L1212
for each i, j,r, s such that {7, j,r, s} = {0,1,2,3}. Let a1, x5, x3 be homogeneous coordinates
for Pi. We may assume L; = x; fori = 1,2,3 and Ly = x1 +x2+x3. Write F' = )] ai,jwazﬁxé—azg.
With these choices, the leading coefficients for the smoothing L LoL3L, — tF are

o =040 + G022 + G004 — (G031 + d013), P12 = 40,04
Po2 =400 + G202 + Gopa — (a301 + a103), P1,3 = Q0,405
P03 =400 + Q220 + G040 — (a310 + a130), P23 = Q4,00-
So we see that we get the whole GE of leading coefficients as we vary F. o
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APPENDIX A. TORUS ACTIONS ON GRASSMANNIANS

Let k be an algebraically closed field and V' be a finite set. For each v € V, let U, be
a finite-dimensional vector space over k and denote by d, its dimension. Let d: V' — Z the
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function v — d, and put U := @ U,. Let n be any nonnegative integer and Gr := Grass(n, U),
the Grassmannian of vector subspaces of U of dimension n.

For each subspace W < U and subset S < V, let Wg < @, U, denote the image of W
under the corresponding projection 6,: U — Ug := @,cg U,. To each subspace W < U, we
associate its adjoint modular pair (vw, 14y ), satisfying the equations

v (S) =dimWg = dimW —vw(V N S)  forall ScV,

and the corresponding polytope
Qu = {geRY [my(8) < o(8) < wiu(S) vS eV}

see |[AE24, §8]. The largest possible polytope is achieved for W with projection maps W — Ug
of maximal rank, equal to min(dim W, d(S)), with d(S) = >, o, dy. So, if dim W = n, then
Qw < Qn ¢ where

Q4= {q eRY ‘ q(V)=n and ¢(S) < min(n,d(5)) VS c V}.

A.1. Pliicker coordinates. Consider the Pliicker embedding of Gr, that is, the association
of the one-dimensional subspace A"W of A" U to each n-dimensional subspace W < U. To
describe A" U, let Q%yd C Q. be the subset of integer-valued functions. For each r € Q%’d,
sending v to 7, let /\" U denote the tensor product over v € V of the A\ U,. Then,

Nu=>d AU

TEQ%,d

Thus, for each k-point W of Gr, there are 2, = 2" € N\'U for r € Q% , whose sum is a

generator of the subspace /\" W of A" U. The z, are the “Pliicker coordinates” of W.
Proposition A.1. IfxY # 0, then r € Qw. Conversely, if r is a vertex of Qw, then z\V # 0.

Proof. Clearly, zV # 0 only if 14(S) = r(9) for each S < V, and hence 7 € Qw.

Conversely, by [AE24, Prop. 2.7|, a vertex r of Qw is the unique point of the base polytope
of a m-splitting of 1y for a maximal ordered partition 7 of V. Let vy, ..., v, be the ascending
sequence of the elements of V' compatible with the order in which the singleton {v;} appear
in w. Then, there is a filtration W = W, 2 W,_; 2 --- 2 W; 2 W, = 0 such that the kernel
of the projection of W; to U,, is W;_; and the image has dimension r; for each ¢ = 1,...,b. It
is now easy to show that " # 0. t

It will be necessary to compose the Pliicker embedding with the m-th Veronese embedding,
for each m € N. We call the composition the m-th Pliicker embedding of Gr. The resulting
“Veronese—Pliicker coordinate” of W are

(A1) [ =

TEQ‘Z‘W

for all nonnegative functions s: Q% ; — Zs, r — s, with s(Q% ;) = m, that is, the sum of s,
for r e Qﬁd equals m.
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A.2. The torus action. The torus GY acts naturally on the Grassmannian Gr, with the
action of the diagonal Gy, — G being trivial. Let T := GXI/Gm be the quotient torus.
For each 8 € RV with 3(V) € Z, let Bg be defined as the set of all functions g € RV verifying

18(S)] < q(S) < [B(S)] VScV.

We call Bg the brick associated to 3.

The maximum dimension of a brick Bs is |V| — 1, achieved if and only if 3(S) ¢ Z for any
nonempty proper S < V. If so, we call Bg full-dimensional.

By (a direct generalization of) [AE24, Thm. 10.4], the collection of By for € Q,, 4 form a
tiling of Q,, 4. For each full-dimensional brick B < Q,, 4, let

Gr® —{WcU|Qv2BfcGr
(If Qw 2 B, then dimW = n.)

Theorem A.2. For each full-dimensional brick B < Q,, 4, GrP is a T-invariant open subset
of Gr whose categorical quotient GrB/T exists and is projective.

Proof. We will show that Gr® / G is a GIT-quotient which is an orbit space. Let g € ]03, the
interior of B, be such that ¢, € Q for each v € V. Let m € N be such that p, := ¢,m is an
integer for each v e V.

Let z, € \'U for r € di be the “Pliicker coordinates” of W. The corresponding “coor-
dinates” for the m-th Pliicker embedding are the products (A.1) for all nonnegative integer-
valued functions s: Q% ; — Z with 5(Q% ;) = m.

Consider the following linearization to the symmetric product S™ (/" U) of the action of
G on Gr: The action of t € G)Y (k) changes the “coordinates” (A.1) of W to the “coordinates”

[T T

veV TEQ% d

Notice that the inverse of []# is multiplying all the “coordinates,” hence the action of G,
on S™(/\" U) induces the natural action of G on Gr.

It is now enough to prove that the semistable locus of Gr for this linear action is equal
to the stable locus, and also equal to GrP. We will use Hilbert-Mumford Criterion. We
must argue that, given W € Gr(k), we have W € GrB(k) if and only if for each nonconstant
w:'V — 7Z, there is a map s: Q%’d — 7 such that

(1) s(Qrg) =m;
(2) z, # 0 for each r € Q% ; such that s, > 0;
(3) 8,7 gty < ) pojty (with strict inequality if W e GrB(k)).

Assume first that W € Gr2(k). Then, we have B € Qw. Therefore, ¢ is a convex linear
combination of the vertices of Qw, that is, ¢ = > y,r for a certain y: Q%,d — Q=0 with
y(Q% ) = 1 such that y, # 0 only if r is a vertex of Q.

Fix a nonconstant p: V' — Z. Suppose by sake of contradiction that for each r € Q% 4 such
that x, # 0, we have m > 7y, = Y, pyity. (This is a negation of (3) for s: di — Z=o with
s, =m.) Then, > r,u, = D qup, for each vertex r of Qw by Proposition A.1, and hence

(A.2) Z YrTyfly = 2 vy,
v v
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with equality if and only if > r,u, = Y, g, for every vertex r of Qw. But the equality holds
in (A.2), since ¢ = > y,r. Therefore, Qw is contained in the hyperplane (u, ) = >} q,u,. Since
B < Quw, this is only possible if p is constant, a contradiction.

Conversely, if for each nonconstant p: V' — Z, there is s: Qid — 7o satisfying (1), (2)
and (3), then consider the case where i = 1g for a nonempty proper subset S < V. Then,
there is s: Q% ; — Zx satisfying (1) and (2) such that

Z s,1(S) < mgq(9).

Now, if s, > 0, then z, # 0 by (2), thus r € Qw by Proposition A.1, whence vy (S) < r(5). It
follows that vw(S) < ¢(S). As this holds for each nonempty proper subset S V| it follows
that ¢ € Qw, and hence W € GrB. O

APPENDIX B. SMOOTHING AND GLUING

Let X be a nodal reduced connected proper curve over an algebraically closed field k of
characteristic zero whose singularities are nodes. Let G be the dual graph of X, with vertex
set V and edge set E. Let E be the arrow set of G. For each v € V, let X, be the corresponding
irreducible component of X and C, its normalization. For each a = uv € E, let p* be the
branch on C,, above the node p® of X corresponding to the edge e € E underlying a.

We describe all the fractional ideal limits 7}, of the structure sheaf along families of smooth
curves degenerating to X, by computing the sheaves of fractional ideals T} , each T}, generates
on the C, and the gluing of the 7}, , that defines Tj,.

B.1. Smoothings. Let /D be the versal deformation of X. The versal deformation comes
with an identification of the special fiber of /D with X, thus we may view X € %. As
explained in [DM69, pp. 79-81] and reviewed in [EMO02, pp. 288-9|, we have that D is the
power series ring over k in variables t., for e € E, and sy, ..., s, for a certain integer [, chosen
in such a way that for each e = {u,v} € E, letting a = uv and @ = vu be the arrows supported
on e, we have an isomorphism of D-algebras,

Ye: Og e —> D[[za, za]]/(Zaza — te)-

We will assume that z, = 0 (resp. z; = 0) is the formal local equation of the component X,
(resp. X, ). Letting 2, and z; denote the elements of @cg’pe corresponding to z, and zz, we have
that z, restricts to a local parameter z, of @Cu,p“a whereas, Z; restricts to a local parameter
Zg of @vapé.

Let ¢: E — N be an edge length function. For convenience, for each arrow a € E, we
put ¢, = £, where e is the underlying edge. Let p € GE(k). Fix a local homomorphism
D — K[[t]] taking t. for each e € E to a power series &, € k[[t]] with leading term p,tée.
Consider the induced Cartesian diagrams:

X — Z E— ¢
| d |
Spec(k) —— Spec(k[[t]]) —— Spec(D).

Denoting by Z, and Z; the pullbacks under the map 2 — ¥ of Z, and Z;, respectively, we
have 2,2; = & in Oy e for each e € E.



76 OMID AMINI, EDUARDO ESTEVES, AND EDUARDO GARCEZ

The map p is a flat projective map to Spec(k[[t]]) whose generic fiber Z;, is smooth and
whose special fiber 2 is isomorphic to X. We call such a map a smoothing of X. Conversely,
by the versal property of € /D, every smoothing of X arises the way we described. We call £,
the singularity degree of p at p® for each e € E, and say the resulting function ¢: £ — Z-g is
the associated edge length function. And we call the p. the leading coefficients of p. Clearly,
though ¢ does not depend on the choices we made, the leading coefficients do. We describe
how the limits T}, of the structure sheaf along p depend on the p, for ¢ fixed.

The components X, are Cartier divisors of Z~ away from the nodes p°. If p is regular, that
is, 2" is regular, equivalently, if all the £, are equal to 1, then the components X, are Cartier
divisors of 2.

B.2. Gluings. Keep the setup above. Let q: 2 — 2 be the semistable model of p, and
]3 = pq. The special fiber 3?6 of p is obtained from 27 by splitting apart the branches p® and
p over each node p°, and connecting them by a chain of /., — 1 ratlonal curves. The model
2 is regular, so all the components of 3&”0 are Cartier divisors of 2.

Let T be the metric graph associated to the pair (G,¢). Let V(I') be the collection of all
points on I' at integer distances from vertices of G. Clearly, V' < V(I"). For each v € V(I'),
let X, be the corresponding component of % (abusing notation, if v € V).

For each function h: V — Z, let h:T — R be its unique admissible extension; see Sec-
tion 3.7. Put D, = div(}\z). Then D, is G-admissible and is supported on V(I') by Proposi-

tion 3.9. Put
Reos(- 3 i)
veV ()

For each v € V(I'), the degree of the restriction 771|X is Dy (v). Also, by Proposition 3.9, for

each edge e € F, the restriction 7~71|X has degree 0 for each v € V(I') N\ V on e, with the
possible exception of a single v, for which the degree is 1. By [EP16, Thm. 3.1], the sheaf

77L = q*ﬁ

is p-flat, and its restriction to each fiber of p has degree 0. Moreover, its restriction to the
generic fiber %, is trivial.

Clearly, we may and will identify T with the structure sheaf Oy, and 7, with the sheaf of
ideals of nZp in 2" for each function with constant values n. For each h: V — Z, we may and
will pick A, = min{h(v) |v € V(G)}, and view T, as a subsheaf of T, , thus as a fractional
ideal.

For each h: V — Z and arrow a = uv € E, put

(B.1) s(a) = sp(a) == g,h(a) = Vz(u)—h(@J )

Notice that s(a) + s(a) = 0 if ¢, divides h(u) — h(v) and s(a) + s(a) = —1 otherwise. Let e
be the edge underlying a. We claim that the formal stalk of T, at p° is the fractional ideal

(BQ) (th(u)ga—s(a) 7 th(v)’g;(a)+1)'

Indeed, the formal stalk of 7, at p® is a fractional ideal contained in the possibly larger
fractional ideal (t"<), where h, := min(h(u), h(v)). Assume h(v) < h(u). As shown in [CEGOS,
§3, p. 14], the formal stalk of 7, at p° is the fractional ideal

S(a)+14h(v) 35(0) yh(v)+re(a)
(B.3) (Z "t t )
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where ry(a) := h(u) — h(v) — s(a)le. It is now easy to check, using Z,Z2; = &, that (B.3) is
equal to (B.2). An analogous argument works when h(v) < h(u).
Notice that

(th(u)ga—s(a)) _ (th(v) (tfe)s(a)ga—s(a)) _ (th(v)gg(a)) _ (th(v)ggs(a))

if /. divides h(u) — h(v), or equivalently, s(a) + s(a) = 0; in particular, 7, is principal at p® in
this case.

For each u € V, the sheaf of fractional ideals ¢t~"“)T, generates a sheaf of fractional ideals
T}, of C,. Given the above description of 7}, for each a = uv € E, the element 275 of the

(v)—h(u) g;(a)ﬂ

formal stalk of ¢, at p° is sent to z,*@ whereas t" is sent to 0. It follows

that, as sheaves of fractional ideals,

(B.4) T = Oc,( Y sn(a)p").

ackE,,

As in [EMO02, p. 292|, we let T}, be the image of the composition

—h(v)
T (" JveV) @t—h( ) D T

veV veV

Then, T}, is a sheaf of fractional ideals of X isomorphic to 7|y . It is thus a fractional ideal
limit, that is, a limit which is a fractional ideal, of the structure sheaf along p. As in loc. cit.,
it can be argued that all such limits arise this way. Clearly, 7}, generates T}, , for each v e V.
As the T}, are described above in (B.4), to describe the subsheaf T}, we need only describe it
formally locally at the p® where T}, is principal, that is, for e = {u, v} € E such that £, divides
h(u) — h(v).

Let k(v) be the field of rational functions of C, for each v € V. For each arrow a = uv € E,
let 1A<a denote the field of fractions of @Cu,p“; it contains the field of fractions of O¢, ,«, which
is k(u).

Thus, for each e € E, we may and will view any local description of a sheaf of fractional
ideals of X at p® in k X ka, where a and a are the arrows supported on e. In particular, for
each h: V — Z, the formal stalk of T}, at p® in K, x kg is the fractional ideal (Za s(a ),pe_s(a) zg(a))
if s(a) + s(a) = 0 and ((Ea_s(a), 0), (0, 2&_8(&))) otherwise.

For each arrow a = uv € E, we use the local parameter Z, to establish an isomorphism
(’)Cu(mp“)|pa ~ k for each m € Z, by viewing Oc, (mp®) as the sheaf of fractional ideals of C,
whose formal stalk at p® is the fractional ideal generated by z,™, and taking z,;™ to 1. Then,
for each e = {u, v} € E, using these isomorphisms for the arrows a = uv and @ = vu supported
on e, if s(a) + s(a) = 0 then the stalk of T} at p® is the kernel of the surjective composition

—s(a)
) ) k

(B.5) Oc. (5()p") @ Oc, (s(@)p")e k@k

Notice the symmetry above: if we exchanged a and @ the kernel would not change.

As the p. vary, the collection of sheaves T}, for h: V' — Z varies, ultimately depending thus
on the free choice of p € GL (k). Also, by Nakayama Lemma, an isomorphism Oc, (p®)|ps =
corresponds to choosing a formal local parameter of C,, at p® for each arrow a = uv € E. We
have chosen above the formal local parameters z, for C, at p® and z; for C, at p®. Different
choices z/ and Zz, can be expressed as power series z. = p,Z, + -+ and Z. = pzz; + --- for
Pas Pa € k*, and we obtain the same subsheaf T}, of @ T}, by replacing p. by papepa for each
ee E.
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When £ is regular, the sheaves T}, rather their isomorphism classes, have been called
“twisters." In this case, the Ty, for the characteristic functions 1, of the vertices v of V' form
what Maino called an enriched structure on X in [Mai98|, where she described their moduli.
To summarize, we state:

Theorem B.1. Let {: E — Z-q be an integer-valued edge length function. For each integer-
valued function h: V. — Z, let s,: E — Z be defined by (B.1) and let T, be the sheaf of
fractional ideals of X given by (B.4) for each w e V. Then there is a collection of morphisms

@0 = (Pen)nezv: G — H Quotgy 75, ,»
heZV

where Quot stands for Grothendieck “Quot” scheme, such that, for each element p = (pe)ecE €
GE(k), the sheaves of fractional ideals of X given by the vy 1(p) are the fractional ideal limits
of the trivial sheaf along a smoothing of X with edge length function £ and leading coefficients
pe. More precisely, for each p € Gm(k), the subsheaf Ty, < P T}, associated to @ep(p) is
defined by imposing that the stalk of T}, at p® is the kernel of (B.5) for each e = {u,v} € E
such that £, divides h(u) — h(v).

The definition of ¢, depends on the choices made but its image does not.

Finally, for each v € V| let w, be the canonical sheaf of C, for each v € V. Let Q, be the
space of meromorphic differentials of C,. We view w, as a sheaf of meromorphic differentials of
C,, that is, as a subsheaf of the constant sheaf associated to €2,. Let w be the canonical sheaf
of X. Put Q := @ Q,. We view w as the sheaf of meromorphic differentials — a subsheaf of the
sum of the constant sheaves associated to the 2, — satisfying Rosenlicht residue conditions
at the nodes, namely, the sum of the residues at the two branches over each node is zero.
Putting Lj == w® T}, for each h: V — Z, we may and will view L, as a sheaf of meromorphic
differentials as well, a subsheaf of @ Ly, by (B.4), where

Ly, = wv( Z (1+ @h(a))p“) for each v eV,
ack,,
the sheaf of meromorphic differentials satisfying zero and pole conditions determined by the
divisor Y (1 + d,h(a))p®. The collection of the L; can be described by the gluing conditions
(B.5) encoded in .

In Section 1.3, we explained how to pass from the above setup of a smoothing p of X to
the associated tropicalization of the geometric generic fiber X of p. The above sheaves L;, are
the one introduced in Section 8.2. The gluings there were carried out by the data g,(X) of
certain isomorphisms. These are induced by the leading coefficients p after trivializations at
branches of nodes are chosen.

APPENDIX C. SUBINTEGRABILITY LEMMA

Let G = (V, E) be a finite graph, and E its set of arrows. Recall the notation in Section 3.

A path in G is a collection p of arrows of G that can be ordered, aq,...,ax, in such a way
that by, = t,,,, fori=1,...,k — 1. If in addition the tails of the a; are pairwise distinct, and
ba, = ta,, then we call p a (elementary) circuit in G, and call aq,...,a; an admissible order
for p.

A cycle 5 € H1(G,7Z) is a function 5: E — Z satisfying 5(a) = —3(a) for each a € E and
Z 5(a) =0 foreachveV.

ack,
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Its positive support, which we denote by supp, (5), is the set of arrows a € E such that 5(a) > 0.
Given a spanning subgraph G’ of G, we view the cycles 5 € H1(G',Z) as forming a subgroup
of H1(G,Z) by extending them by zero to all E.

A circuit ¢ in G can and will be identified with its corresponding cycle 5 € Hi(G,Z), the
unique cycle 5 satisfying supp, (3) = ¢ and 35(a) = 1 for each a € q.

For each cycle 5 € Hi1(G,Z), let 5: E — Z denote the function satisfying 5(a) = 3(a) for
each a € E; it is also a cycle. Moreover, if 5 is a circuit, then also 3 is a circuit; if aq, ..., ag
is an admissible order for 5, then ag,...,a; is an admissible order for 3.

Two circuits 51 and 3o are called consistent in their orientations if there is no a € E with
a € 3 and a € 39, that is, 51 N 52 = @. Each cycle 5 € H1(G,Z) can be written as a sum of
circuits pairwise consistent in their orientations. Moreover, each circuit contained in supp, (3)
is a summand of one of these sums.

In this section we prove the following lemma.

Lemma C.1 (Subintegrability in graphs). Let G = (V, E) be a finite connected graph. Let
z: E— Ru{—w} be a function such that

xz(a) + z(a) <0 for each a € E  and Z x(a) < 0 for each circuit 5 in G.
aes
Then, there is a function h: V — R such that
z(a) < h(u) — h(v)

for each a = wv € B, with equality if and only if either x(a) + x(a) = 0 or there is a circuit 3
containing a such that 3. x(b) = 0.

Note that the sum ;.. z(a) is nonpositive for every circuit g in G if and only if the sum
> z(a)3(a) over the positive support supp, (5) of 5 is nonpositive for every cycle 5 € H1(G,Z).
If this is the case, >}z (a)3(a) = 0 for a cycle 5 if and only if 3, ., z(a) = 0 for each circuit ¢
contained in supp, (3).

Proof of Lemma C.1. Let 3 and 33 be two circuits in G with

Z z(a) = Z z(a) = 0.

agz ag3z2
We claim that for each arrow a € E such that a € 5, and a € 3., we have z(a) + z(a) = 0.
Indeed, let 5 :== 51 + 52. We have

0= z(a)s(a) = Y z(a) + Y x(a) = > (z(a)+ x(a))

acy aez aes2 agz1M32
=— 2 (z(a) +z(a)) = 0.
acz1 M52
Then the inequalities are all equalities, that is, z(a) + z(a) = 0 for each a € 51 N 32.
Let F'(x) be the set of all arrows a € E with z(a) + xz(a) < 0. Let S(z) be the set of all
circuits 5 in G with
Z z(a) < 0.
ags
We proceed by induction on the size s(z) == |F(z)|+ |S(z)|. If s(x) = 0, we get z(a) = —z(a)
for each a € E, and 3} ., x(a) = 0 for each circuit 3 in the graph. It is a standard fact that in
this case we can find a function h: V' — R such that h(u) — h(v) = x(a) for each a = uv € E.
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Let s be a positive integer. Suppose the statement in the lemma holds for each = with
|F'(z)| + |S(x)| smaller than s. Let x: E — R u {—o0} be a function verifying the conditions
of the lemma with s(z) = s. We claim that F'(x) is nonempty. Indeed, otherwise, we would
have z(a) + z(a) = 0 for all a € E. But then, for each circuit 5 in G, we would have

0> > a(a) == @) = - z(a) > 0.
agj agj agj
This would imply that S(x) = @, contradicting the positivity of s.

Let a € F(x). Let S, resp. Sz, be the set of circuits in the graph G that contain a, resp. a.
By the claim in the beginning of the proof, at least one of the two sets, S, or Sz, say S, without
loss of generality, is entirely included in S(z). Indeed, otherwise, we would find two circuits
51 and 35 excluded from S(z) with a € 5; and @ € 33. This would imply z(a) + z(a) = 0,
contradiction.

Let —e be the maximum of z(a) + z(a) and the quantities ;... 2(b) for circuits 5 € S,. We
have € > 0. Define 2/: E — R U {—0} by 2/(a) := z(a) + ¢, and 2/(b) = z(b) for every b e E
different from a. By the choice of €, we have z/(b) + 2/(b) < 0 for each b € E, and for each
circuit 3z in the graph,

Dla(b) <0

bes
Furthermore, since 2/ > x, we have F/(z') € F(x) and S(2’) € S(x). On the other hand, either
a'(a) +2'(a) = 0, or there exists 3 € S, with >, 2’(b) = 0. This means [F/(z')| + |S(z")| < s.
Applying the hypothesis of our induction to z’, we get a function h: V — R such that for
each edge b = uv € E, we have 2/(b) < h(u) — h(v). Since z < 2/, it follows that

(C.1) x(a) < h(u) — h(v) for each a = uv € E.
To prove the remainder of the lemma, assume (C.1) holds. If z(a)+x(a) = 0 fora = uv € E,

then
= z(a) + 2(a) < (h(w) — h(v)) + (h(v) — h(u)) =0,
) — h(v) = —z(a). Also, if 3., z(a) = 0 for a circuit 5 in G, then

0= z(a) < Y (h(ta) = h(ba)) =0,

ags; aes

0
and hence z(a) = h(u

and hence z(a) = h(u) — h(v) for each a = uv € 3.

On the other hand, given a = uv € E such that a € F(x) and S, € S(z), there is € > 0 such
that, defining 2/: E — R u {—o0} by 2/(a) = z(a) + € and 2/(b) := x(b) for b # a, we have
x'(b) < h(y) — h(w) for each b = yw € E but a ¢ F(2') or S, & S(2’). Then, as shown above,
x'(a) = h(u) — h(v), and hence z(a) < h(u) — h(v), as required. O
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