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GEOMETRY OF HIGHER RANK VALUATIONS
AND
VARIATIONS OF NEWTON-OKOUNKOV BODIES

OMID AMINI AND HERNAN IRIARTE

ABSTRACT. The aim of this paper is to introduce a certain number of tools and results
suitable for the study of valuations of higher rank on function fields of algebraic varieties.
This will be based on a study of higher rank quasi-monomial valuations taking values in the
lexicographically ordered group R*.

We prove a duality theorem that gives a geometric realization of higher rank quasi-
monomial valuations as tangent cones of dual cone complexes. Using this duality, we provide
an analytic description of quasi-monomial valuations as multi-directional derivative operators
on tropical functions.

We consider moreover a refined notion of tropicalization in which we remember the initial
terms of power series on each cone of a dual complex, and prove a tropical analogue of the
weak approrimation theorem in number theory by showing that any compatible collection
of initial terms on cones of a dual cone complex is the refined tropicalization of a rational
function in the function field of the variety.

Endowing the value group R¥ with its Euclidean topology, we study then a natural topol-
ogy on spaces of higher rank valuations that we call the tropical topology. By using the
approximation theorem we provide an explicit description of the tropical topology on tan-
gent cones of dual cone complexes.

Finally, we show that tangent cones of dual complexes provide a notion of skeleton in
higher rank non-archimedean geometry. That is, generalizing the picture in rank one to
higher rank, we construct retraction maps to tangent cones of dual cone complexes, and use
them to obtain limit formulae in which we reconstruct higher rank non-archimedian spaces
with their tropical topology as the projective limit of their higher rank skeleta.

As an application of the above framework, we consider variations of the Newton-Okounkov
bodies associated to big line bundles over the spaces of top rank valuations. We show that
on the higher rank skeleta endowed with their tropical topology, this variation is continuous.
This goes in the direction of answering an open question in the literature stemming from the
pioneering work of Kaveh-Khovanskii and Lazarsfeld-Mustata about the regularity properties
of variations of Newton-Okounkov bodies.
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1. INTRODUCTION

The aim of this paper is to introduce a certain number of tools and results suitable for
the study of valuations of higher rank on function fields of algebraic varieties. This will be
based on finite type approximations of the valuation spaces under consideration via a theory
of higher rank skeleta developed in this paper, which provides a geometric interpretation of
higher rank valuations in terms of tangent cones of cone complexes.

The motivations behind the study undertaken here come

e on one side, from the theory of Newton-Okounkov bodies and their variations [Oko96,
KK12,LM09,Boul2,BC11,Amil4, CGGT18, CFK*17, KM19a, RW19, EH22, CMM21,
Bos21, HKW20], where it has been an open question to understand continuity and
wall-crossing behavior of convex bodies associated to big line bundles on a given
variety when the corresponding defining valuations vary.

e on the other side, from the recent works [AN20, AN22, AN23b] involving the hybrid
geometry of curves and their moduli spaces, in the constructions of higher rank hybrid
and tropical compactifications, and the development of a function theory in higher
rank tropical non-archimedean geometry.

In this paper, we propose an answer to the first by providing a suitable base space for
the study of families of Newton-Okounkov bodies. The second perspective highlights the
importance of higher rank non-archimedean and tropical geometries in the study of the as-
ymptotic geometry of multiparameter dependent families of complex varieties in connection to
asymptotic Hodge theory. In this regard, a framework for higher rank polyhedral geometry in-
timately related to the content of this paper is developed in the forthcoming companion [Iri23]
and [AN23a].

In the rest of this introduction, we provide an overview of our results and comment on the
links to the related works.

All through this paper we fix a field x that we can assume to be algebraically closed. For
a positive integer k € N, we set [k] .= {1,...,k}.

1.1. Valuations. We start by explaining the kind of valuations we consider in this paper.

Let (T, <) be a totally ordered abelian group and let K/k be a field extension. A valuation
v on K/k with values in I' is a map v: K — I" U {oo} which verifies the following properties
for any pair of elements a,b € K.

(1) v(a) =00 <= a=0.
(2) v(a+0b) > min{r(a),v(b)} and  v(ab) =v(a)+v(b).
(3) v(a) = 0 provided that a € k.

In this paper we consider the additive group R*, for a fixed & € N, endowed with the
lexicographic order <. that we simplify to <. This is the order defined by saying = < v,
x = (x1,...,25) and y = (y1,...,yx), if either x = y or there is i € [k] such that z; = y; for
j <t and z; < y;. Moreover, we will suppose that K has finite transcendence degree over x,
that is, we assume the existence of a smooth connected variety X over k such that K is the
function field K(X) of X. The integer number k will be regarded as an upper bound for the
rank for the valuations considered in this paper. The idea to consider valuations of different
ranks simultaneously comes from practical situations in the study of degenerations of families
of algebraic varieties over higher dimensional bases.

Basic examples of valuations in this setting are the followings:

— (Monomial valuations). Let X = A? = Spec (k[X,Y]) and K = x(X,Y). For ,y € R,
there is a unique valuation

Vpy: K — RU{o0}
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called monomial valuation with respect to (z,y) and given by

Vey(f) =min{iz +jy | i #0},  f= > X'y € k[X,Y].
(i,5)ez?

Here and all through the paper, Ry is the set of non-negative real numbers.
— (Divisorial and flag valuations). Suppose X/k is a normal irreducible variety and let
F C X be a closed irreducible subvariety of codimension one. The order of vanishing along
F denoted by ordp is a rank one valuation on K = K(X), and any positive scalar multiple
of ordp is called a divisorial valuation. More generally, we can consider a flag of normal
irreducible subvarieties
Fi R22BR2--2F

where Fy = X and codimx (Fy) = ¢, ¢ € [k]. Each Fy thus defines a discrete valuation ordp,
over K (Fy_1). This gives rise to a flag valuation vr of rank k defined as

vr: K(X)* — RF
[ (OrdF1(f1)v Orsz(fQ)v s ,OI‘dFk (fk)>

—ord
where fi = f and f,y1 € K(Fp) is the restriction of fy - tZ—Ei Fea (2) to Fpyq for topq a

uniformizer for the valuation ordg,,,, see for example [LM09, KK12] for more details and for
the link to the theory of Newton-Okounkov bodies.
— (Quasi-monomial valuations) We can generalize the first example above by replacing

A? by any normal irreducible variety X and taking a simple normal crossing (SNC) divisor
D =DyU---UD, on X. This leads to the concept of quasi-monomial valuations, which
generalizes monomial, divisorial, and flag valuations, as we will see later in Theorem 4.12.

Consider the dual cone complez of the divisor D. This is a simplicial cone complex (X, D),
that sometime we abbreviate to X(D), in which there is a ray p; corresponding to each
component D; of D, and for each subset I C [r]|, each connected component (if any) of the
intersection Dy = (,c; D; gives rise to a face o with generating rays {p;}ic;. More details
can be found in Construction 2.6. Each face o of ¥(D) thus corresponds to a connected
component of Dy, for I C [r], that we denote by D,. In this case, we set I, = I identified as
the set of elements ¢ € [r| such that D; contains D,. The divisor D being SNC, D,, is normal
irreducible and has a generic point 7,. Moreover, we can choose local equations {z;};cr for
the components {D;};c; around 7,.

Just as we did for the case of monomial valuations, for the totally ordered abelian group
(I', <), we can pick a vector o = (a;)ier with a; € ', and define a unique valuation v, on

K = K(X) by requiring
va([T2) =3 anm:
i€l i€l

(1.1)

for any v = (y;) € Zfr. We can then naturally extend this, first, to the local ring Ox ,, by
taking the minimum over terms of a power series expansion (after passing to the local com-
pletion), and then to the full function field. This is the quasi-monomial valuation associated
to D and the weights . Further details can be found in Section 1.5 and Section 4.

We denote by .#%(D) = .#%(X,D) the set of all quasi-monomial valuations of rank
bounded by k with (T, <) = (R* <). For k = 1, we further simplify the notation to .# (D).
From the above description, it follows that elements of .# (D) are in bijection with the pairs
(0,@) with a = (@;)ier, € RY. This means . (D) can be naturally identified with 3(D).
The above sets come with a natural tower of projection maps

M (D) < M*(D) - M*"(D) « . #*(D) « ...
induced by the projection maps to the first j — 1 coordinates R — R/~ j =2, ... k.
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1.2. Tropicalization. Let X be a normal irreducible variety and let D be an SNC divisor on
X. The elements of the dual cone complex ¥(D) correspond to quasi-monomial valuations of
rank bounded by one on the function field K(X) of X. For each rational function f € K =
K(X), we thus get by evaluation a function

trop(f): X(D) — R, a €0 —vu(f),

called the tropicalization of f. This is a piecewise integral linear function on each cone o of
X(D).

In this paper we provide an extension of this picture to the case of higher rank quasi-
monomial valuations. This will be based on a duality theorem we state in the next section
which will allow to give a geometric meaning to the space .#%(D) and the tropicalization
map

trop(f): .4*(D) — RF, a€o—vy(f),

for a € ((Rk)io)lﬁ, where > refers to the lexicographical order.

1.3. Tangent cone bundles and duality theorem. The first contribution of this paper
is the duality theorem below which provides a geometric realization of the set .#*(D) of
quasi-monomial valuations of rank bounded by k as a tangent cone bundle on (D).

Consider the projection map .#*(D) — .# (D) which allows to view .#*(D) as a bundle
over 4 (D) = 3(D). We have the following geometric characterization of this bundle.

Theorem 1.1 (Duality theorem). There is an isomorphism of bundles over .# (D) ~ (D)

AM*(D) —— TCF'%(D)

(1.2) i i

M (D) —=—— X(D)

where TCK=15(D) is defined as the set of all elements of the form (z;wy, ..., wy_;) where
- the base point z is a point of (D), and
- Wy, ..., W,_1 1S an ordered set of tangent vectors to X(D) at x such that we have

T+ ew; + 2wy + - + "w, € X(D),
for any r € [k — 1] and any small enough € > 0.

For a more precise meaning to the above taken sum, we refer to Section 2.4. We call
TC*1%(D) the tangent cone bundle of ©(D) of order k — 1.

Using the above correspondence, we give an explicit realization of higher rank quasi-
monomial valuations as directional derivative operators defined in terms of the corresponding
tangent vectors. In order to do this, we equip the cone complex ¥ (D) with its structure
sheaf Oxpy which is the sheaf of tropical functions. These are continuous functions whose
restrictions on each cone o of ¥ coincide with a piecewise integral linear function defined on
that cone.

A rational function f € K = K(X) induces a global section trop(f) of the structure sheaf.

Theorem 1.2 (Duality Theorem, analytic form). Let (x;w) be an element of the tangent
cone TC¥=1S(D) with w = (w1, ..., wg_1). The valuation vy, given by the duality theorem
above is described as

Vg K(X) — RF
f— (trop(f)(), Dw, trop(f)(2), - - -, Doy ..., trop(f) (%))

where
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e Dy, trop(f)(x) is the directional derivative of the function trop(f) at x in the direction
wy, and

o recursively, Dy, . w, trop(f)(x) is the directional derivative of Dy, ... ., trop(f)(z)
seen as a function on the variable w, in the direction wy41.

1.4. Topologies on the tangent cone of dual complexes. Notations as before, let k
be an integer and consider the tangent cone bundle TC¥~1%(D). There are four natural
topologies one can define on the tangent cone of a dual complex. They all coincide in the
case k = 1, but differ fundamentally for larger values of k. We now discuss these topologies.
First note that by the definition of the monomial valuations, we have an injection .#*(D) —
(RF)T,. Via the duality theorem, the two first topologies on the tangent cone TC*~1¥(D)
are induced by this injection. Namely,
e (Ordered topology) This is the topology on TC*1%(D) ~ .#*(D) induced by the ordered
topology of (R¥)xq.
o (Euclidean topology) This is the topology on TC*~'(D) induced by the Euclidean topology
of (R¥)»g C R¥. Equivalently, this is the topology induced by the Euclidean topology of $(D).
e (Hahn-Berkovich topology) This is the natural topology which appears usually in the context
of non-archimedean geometry, that is the coarsest topology which makes continuous all the
tropicalization maps

trop(f): TCF'2(D) = RE,,  fe K(X)
where RF_ refers to R* equipped with its lexicographically ordered topology. Note that this

lex
makes sense for any ordered abelian group I' as the value group for the space of valuations.
e (Tropical topology) This is arguably the most interesting topology one can define on the
tangent cone, as it happens to mix the properties of the Euclidean topology on R* with those
coming from the lexicographic order used in defining the valuations (see also Section 1.6). By

definition, this is the coarsest topology which makes continuous all the tropicalization maps
trop(f): TC*'2(D) = RF,  fe K(X)

in which R is equipped with its Euclidean topology. This topology might be called as well
the Hahn-Euclidean topology.

In this paper we provide an explicit description of the tropical topology. This is obtained
as a consequence of the tropical weak approximation theorem proved below.

1.5. Refined tropicalization and tropical weak approximation. Let D be an SNC
divisor on X. For each cone o € 3(D) and for each ¢ € I,, consider a local equation z; for
D; around 7,. The family {z;};c7, provides a system of local parameters for the local ring
9] X1, Obtained as the completion of Ox ,, at its maximal idea. Each element of the local ring
O X, admits an admissible expansion in the terminology of [JM12], that is, an expansion of
the form

(1.3) f= Z 052’3, cg € @X%,
BeY?

in which the right hand side is a convergent series with each coefficient cg either zero or a
unit element in O X,n,- (Here and in what follows, for 5 € Z" with coordinates f1, ..., B, the
notation z# stands for the product 2;" .. .zfr.)

The support of the admissible expansion is the set of all g € Zi" such that cg is not zero.

Although an element f has generally infinitely many admissible expansions, we will show
later that the set of initial terms of f is invariant under the choice of the expansion and the

local parameters. Here an initial term is an element of the support which is minimal for
the partial order <_, in which a vector x = (z;);ezr, is less than or equal to y = (y;)icr,

—Ccw



6 OMID AMINI AND HERNAN IRIARTE

if coordinate-wise we have z; < y;,7 € I,. We denote the initial terms of f by A?. Note
that the terms in A? form an antichain for the partial order <_ , that is any pair of distinct
elements in A7 is incomparable relative to < . The antichain A7 determines the restriction
of trop(f)|_, that is, we have

trop(f)(z) = min (z, 5)

BeAT

where the notation (x,y), z,y € R stands for the inner product Yic 1, Ti¥i, and the mini-
mum is taken over the finite set A‘}.

For a rational function f € K(X) which belongs to all the local rings O X.no, 0 € 2, we thus
get the refined tropicalization of f given by the collection Ay = {A? | o € X(D) with f €

o Xma}’ the family of antichains attached to f. Such a family verifies the following:
e (Coherence property) For any inclusion of faces 7 C o, we have the relation

T = I%lcln pr._ (A%).

Here pr __ is the projection map Rz — RI7,

Theorem 1.3 (Tropical weak approximation theorem). Let X be a smooth quasi-projective
variety over a field k and let D be an SNC divisor on X. Let A = {A%|oc € X(D)} be a
family consisting of finite sets A° C Zﬁf’ such that

o each A% is an antichain for the partial order <_,, for o € ¥(D)
e the family A wverifies the coherence property, that is for inclusion of faces T C o, we
have AT = min<_ pr__(A7).

o-T
Then, there exists a rational function f € K(X) such that for each cone o of (D), we have
f € Oxpy, and A7 = AF.

This result might be regarded as a tropical analogue of the weak approximation theorem
in number theory.
From the above theorem we deduce the following result.

Corollary 1.4. Let X be a smooth quasi-projective variety over a field k and let D be a
simple normal crossing divisor on X. Any tropical function F on the support of the dual cone
complex (D) is the tropicalization of a rational function f € K(X).

As a consequence of the above result and our analytic description of higher rank valuations
as multidirectional derivatives of tropical functions, we infer that both the Hahn-Berkovich
and tropical topology are intrinsic to the cone complex (D), that is, they can be defined more
generally for any rational cone complex Y. (The intrinsic nature of the two other topologies,
the ordered and the Euclidean, is obvious from the definition.)

The following theorem provides a description of the tropical topology. Let ¥ be a rational
cone complex and suppose D is a rational subdivision of it. Let k be a positive integer. A
set U C TCF 1Y is called a X-open itun TC* 15 is open in TC*~lo with respect to the
Euclidean topology for every cone o of X.

Theorem 1.5 (Characterization of the tropical topology). Notations as above, we have

(1) For each rational subdivision > of 3, the f]—open sets of TC*=1% are open with respect
to the tropical topology. B

(2) The union of all ¥X-open sets, ¥ a rational subdivision of ¥, form a basis of opens sets
for the tropical topology.
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1.6. Variations of Newton-Okounkov bodies. The above spaces of valuations and the
tropical topology are the right topological spaces for the problem of understanding the vari-
ations of Newton-Okounkov bodies, as we explain now.
Let X be a smooth projective variety of dimension d and let L = O(F) be a big line bundle
over X. Consider the graded algebra
H, = H,

n>0

where H,, := H°(X,O(nE)) is a finite dimensional x-vector subspace of K(X).
Each valuation v of rank d on K(X) gives rise to the corresponding Newton-Okounkov
body in R? denoted by A, and defined by

AV::U{”Sf)yfeHn}.

n>0

Let D be a simple normal crossing divisor on X and consider the tangent cone TC4~13(D).
We denote by TC?~'S(D) the subspace of TCY 1% (D) consisting of those valuations (via the
duality theorem) which are of rank d. Consider the space BC(RY) of compact subsets of R?
endowed with the Hausdorff distance. We get a map

A: TC*'%(D) — BC(RY)

4 (z;w) — A

Ve, w*

As an application of the materials presented above, we prove the following result.

Theorem 1.6. Notations as above, the Newton-Okounkov body map (1.4) is continuous when
TCY'Y(D) is endowed with the tropical topology.

The proof of this theorem will be given in Section 7. The result implies that the possible
discontinuities with respect to the Euclidean topology which might appear in the variation
of Newton-Okounkov bodies are captured by tropical topology and its explicit description
provided in Theorem 1.5. Using the results of [LM09, Section 4.2] on the existence of a global
Newton-Okounkov body defined over the big cone, it is possible to extend this theorem to
a joint continuity of the variations of the Newton-Okounkov bodies when both the big line
bundle and the valuation vary, see Remark 7.6.

We note that among the four natural topologies on TC*'%(D), tropical topology is the
only one for which this general statement holds. This can be verified through basic examples.

1.7. Spaces of higher rank valuations. Given a variety X over s, the birational analyti-
fication of X of bounded rank k is the set

Xk = () K(X)* — RF | v is a valuation}

that we endow with the coarsest topology which makes continuous all the evaluation maps,
for any f € K(X)*,

evy: XPink Rk
vi— v(f).

Here, we equip R¥ with its Euclidean topology. Moreover, we define the following subspaces
of Xbir,k

Xk = {v € XP"F | v has a center in X}

XoF = {ve XPIF |y does not have any center in X}
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that we endow with the topology induced by that of X% Recall that for a variety X and
a valuation v: K(X) — T, the center of v, if it exists, is the unique point z € X such that v
is non-negative over Ox , and strictly positive over its maximal ideal.

Notice that XP™"*F = X2F | X®F and XPF = X3 if X is proper. In the terminology
of Foster and Ranganathan [FR16b], the space XP™F coincides with the subspace of all
valuations defined over the generic point in the Hahn analytification of X endowed with
the extended Euclidean topology. Note that XP™! coincides with the birational part of the
Berkovich analytification X2 of X. Moreover, the notation X®* is used in analogy to the
analytic space X7 of Berkovich [Ber96] and Thuillier [Thu07], where the circle is a reminder
that we are considering only the birational parts.

We can actually go further and introduce a flag of subspaces of XPF called the centroidal
flag which interpolates between X®F and XP"™*. This is done as follows. For 0 < r < k, we
consider the set

FTXPk = {1y € XPF | proj,(v) has a center in X }

where proj,.(v) is the composition of v with the projection R*¥ — R” to the first k coordinates.
In other words,
ngbir,k — projr_ng’k.
This gives a decreasing filtration
bk — g0 ybink o gl ybink o | gk ybink _ k.

For an SNC divisor D on the variety X, the space TC*~1¥(D) endowed with its tropical
topology naturally fits inside X®*. As we will next explain, tangent cone bundles provide a
higher rank notion of skeleton for the above spaces of valuations.

1.8. Tangent cone bundles as higher rank skeleta. We start by recalling some basic
definitions in birational geometry. Let X be a smooth variety over k. A log-smooth compact-
ification of X is a proper variety Y containing X as an open subvariety such that Y\ X is a
simple normal crossing divisor on Y. A morphism between log-smooth compactifications Y’
and Y is a morphism f: Y’ — Y between the underlying varieties such that f~1(X) = X and
[l is an isomorphism. The category of log-smooth compactifications of X will be denoted
by LSCx.

A compactified log-smooth pair is the data of a pair Y = (Y, D) consisting of a proper variety
Y and a simple normal crossing divisor D C Y together with a birational map ¢: Y --» X
such that the divisor D can be decomposed as D = D° + D where D° and D do not have
any component in common, and such that

(¢) the domain of definition of ¢ is Y \ Dy, that is,
p:YND*¥ — X

is well-defined and Y . D*° is the maximum open set with this property.
(43) the pair (Y \ D*,D°|,. ,.) is a log-smooth pair for X, i..,
morphism from Y ~ D> to X and the restriction

YN (D°UD™) — X N (D)

®ly_pee 18 @ proper

is an isomorphism.

Morphisms between compactified log-smooth pairs can be defined in a natural way. The
category of compactified log smooth pairs will be denoted by CLSP x.

For a compactified log-smooth pair Y = (Y, D), we denote by X(Y) = (Y, D) the dual
cone complex associated to the divisor D on Y. We denote by TC*~1%(Y) the corresponding
tangent cone bundle that we endow with the tropical topology.
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Given a compactified log-smooth pair Y = (Y, D) over X, as above, the decomposition

D = D° U D* gives the subcomplex %(D°) inside 3(Y) which we denote by 2(Y°).
The centroidal filtration of TC¥~'(Y) is by definition the filtration

FOTCk1n(Y) D #lTck1n(Y) D - D FrFTChIN(Y)
given for 0 < r < k by
FTCH1R(Y) = {(:U, (wi,...,wp—1)) € TCH15%(Y) | (z; (w1, ..., wr_1)) € TCT_lE(?O)}.
We prove the following theorem.

Theorem 1.7. Notations as above, for each compactified log-smooth pair Y = (Y, D) over
X, there is a continuous retraction

ro s XPok— e I(Y).
Moreover, the deduced continuous map
e XPWE 5 lim TCPIR(Y)
o
YcCLSPx
is a homeomorphism. In addition, the limit are compatible with the centroidal filtration on
the analytic spaces and on tangent cone bundles. That s, for each 0 < r < k, we get a
homeomorphism _
FrXPk o im ZTTCRIR(Y).
A
YcCLSPx
We note that the above theorem shows that tangent cones with their tropical topology
should be regarded as the higher rank analogue of skeletons in non-archimedean geometry.
Also, remark that the theorem suggests that the space X birk can be regarded as the tangent
cone TCF1XPInL of XPInlin the Berkovich analytification X2°.
The statements of the above theorem hold as well in the case where the spaces in consid-
eration are equipped with the Hahn-Berkovich topology. Due to mized nature of the tropical

topology, the arguments in the proof in the case of the tropical topology become more subtle.
In particular, we discover a somehow surprising Topology-Mixing Lemma 8.9.

1.9. Related work. In this final section, we make a comparison of our results with the
existing ones in the literature.

The contributions of this paper can be regarded as part of the recent attempts to generalize
the framework of tropical and non-archimedean geometry to higher rank valuations.

Analytification of varieties based on valuations has been developed in the pioneering works
of Berkovich [Ber12] and Huber [Hub94]. Both spaces are intimately linked with tropical
geometry, in the former by means of usual tropicalization and in the latter by means of adic
tropicalization [Fos16]. More recently, Kedlaya [Ked15] and Foster-Ranganathan [FR16b,
FR16a] introduced an alternative analytification directly linked to the one of Berkovich based
on higher rank valuations. This last point of view is similar to the one we have adopted as
the setting for formulating our results in this paper.

Higher rank tropicalization has been studied by Aroca [Arol0], Banerjee [Banl5|, Foster-
Ranganathan [FR16b, FR16a], Kaveh-Manon [KM19a, KM19b], Escobar-Harada [EH22|, and
Joswig-Smith [JS23]. Our work can be regarded as the geometric version of higher rank
tropicalization. A framework for higher rank polyhedral and tropical geometry related to the
set-up introduced in this paper will appear in the forthcoming paper [Iri23]. Tangent cone
bundles we introduce in this paper and their refinements play a central role in that work.
Higher rank inner products spaces and their associated Voronoi tilings are introduced in the
work [AN23a] and are used to describe metric degenerations of real and complex tori endowed
with a polarization.
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Geometric tropicalization in rank one has been studied by Hacking-Keel-Tevelev [HKT09],
Thuillier [Thu07], Abramovich-Caporaso-Payne [ACP15], and more recently by Ulirsch [Uli17]
and Gross [Grol8], among others.

A more general framework for tropicalization has been developed in the work of Lorscheid
on blueprints [Lorl5], and in the works of Giansiracusa-Giansiracusa [GG16, GG14] and
Maclagan-Rincon [MR20]. Because of the level of generality in those works, higher rank
tropicalization can be treated using any of the former two frameworks. Tropicalization with
values in hyperfields is studied by Viro [Virl0], Jun [Jun21] and Jell-Scheiderer-Yu [JSY22].

The link between skeletons and tropicalizations in rank one has been thoroughly stud-
ied in the works of Gubler-Rabinoff-Werner [GRW17, GRW16], Macpherson [Mac20], and
Baker-Payne-Rabinoff [BPR16]. Since skeletons play a central role in connecting complex
and non-archimedean geometry, in the study of one-parameter families of complex manifolds,
we expect that higher rank analogues of skeleta introduced in this paper, and their polyhedral
counterparts further developed in [Iri23], will play a central role in the study of multiparame-
ter families of complex manifolds. A systematic study of multiparameter families of Riemann
surfaces is undertaken in the series of works [AN20, AN22, AN23b].

The link between tangent cones of dual cone complexes and higher rank valuations estab-
lished in the paper allows to illuminate the recent work of Kaveh and Manon [KM19a] on
Khovanskii bases. In that work, the authors show how to associate to prime cones appearing
in the tropicalization of subvarieties of affine spaces higher rank valuations on the coordinate
ring of the variety with a finitely generated semigroup. By the work of Gubler-Rabinoftf-
Werner [GRW17, GRW16], a prime cone appearing in the tropicalization of a variety can be
viewed naturally in the Berkovich analytification of that variety. Moreover, a prime cone can
be embedded in a dual cone complex associated to a simple normal crossing divisor. In this re-
gard, the valuations defined by Kaveh and Manon are examples of quasi-monomial valuations
studied in this paper. Combined with the duality theorem, this allows to view Kaveh-Manon
valuations as points living in the tangent cone of appropriate dual cone complexes, giving
them an analytic description. We refer to [RW19, Bos21, BLMM17, BFF*18,TW20, EH22] for
further results on the connection between tropical geometry, toric degenerations and Khovan-
skii bases.

The origin of limit theorems goes back to the work of Zariski [Zar39,Zar44] on resolution of
singularities in dimension two and three using Riemann-Zariski spaces. For tropicalizations,
this has been shown in rank one by Payne [Pay09] and Foster-Gross-Payne [FGP14]. For geo-
metric tropicalizations, this appears in the work by Kontsevich and Tschinkel [KT02] (unpub-
lished), Jonsson-Mustata [JM12], Boucksom-Favre-Jonsson [BFJ16], and Boucksom-Jonsson
[BJ18]. We have been particularly inspired by the work of [JM12] in establishing our limit the-
orems. A higher rank version of [FGP14] has been obtained by Foster-Ranganathan [FR16b]
in the situation with the Hahn-Berkovich topology. Our limit theorem suggests the statement
of the limit theorem in [FR16b] should remain valid for tropicalizations also with respect to
the tropical topology of the space of higher rank valuations. Relative Riemann-Zariski spaces
are studied by Temkin [Tem11, Tem10]. We refer to the book of Fujiwara-Kato [FK13] for a
detailed discussion of Riemann-Zariski spaces and their applications in rigid geometry.

A version of the duality theorem for the valuative tree was proved by Favre and Jonsson
in [FJ04]. For curves over non-trivially valued fields, this theorem should be compared with
the description of tangent directions at points of type 2 in the Berkovich analytification as
valuations of rank two on the function field of the curve, a result which can be traced back
to Bosch-Liitkebohmert [BL85] and Berkovich [Berl12]. This is also the main ingredient in
Thuillier’s non-archimedean version of Poincaré-Lelong formula for curves [Thu05] and its
reformulation as a slope-formula by Baker-Payne-Rabinoff [BPR13].

Finally, let us mention that a version of the approximation theorem for curves for non-
trivially valued base fields is proved by Baker-Rabinoff [BR15]. We expect that our theorem
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should be true in the non-trivially valued case in any dimension and plan to come back to
this setting in a future work.

1.10. Organization of the paper. Here is the plan of the paper. In Section 2 we introduce
dual cone complexes endowed with the sheaf of tropical functions and their tangent cones.
We attach to a simple normal crossing divisor on a variety X its corresponding dual cone
complex and its tangent cone. In Section 3 we recall the definition of tropicalization of rational
functions, and explain how to attach a system of antichains to a rational function, leading to
a refinement of the definition of tropicalization.

Section 4 introduces quasi-monomial valuations of a given rank and studies their basic
properties. This section contains the proof of the duality theorem and an analytic description
of the monomial valuations in terms of directional derivatives along elements in the tangent
cones. Section 5 contains the proof of our approximation theorem. In Section 6, we study the
tropical topology on the tangent cone, and provide an explicit basis of this topology. Section 8
introduces several spaces of higher rank valuations on the function field of a smooth variety
over k. The results are used in Sections 8.3, 9 and 10 to prove the continuity of the retraction
map and the limit formulae.

1.11. Acknowledgments. We would like to thank Sébastien Boucksom, Charles Favre, Alex
Kiironya, Mirko Mauri and Enrica Mazzon for their constructive comments and remarks on
the first version of this paper. It was pointed to us independently by Sébastien Boucksom
and by Mirko Mauri and Enrica Mazzon that Corollary 5.4 can be alternatively obtained by
more direct methods.

We are grateful to Jérome Poineau for his very careful reading of the manuscript and all the
suggestions which helped us improve the presentation. We especially thank Marco Maculan
for his involvement and all the discussions we had during the early stage of this work, and
for his helpful comments on the presentation. Finally, we thank Noema Nicolussi for ongoing
collaboration on higher rank non-archimedean and hybrid geometry, as well as for helpful
discussions and comments on the content of this paper.

Basic notations. Along the text we work with varieties over an algebraically closed field &,
that is, integral schemes of finite type over k. Points on varieties are not necessarily closed.

We use the notations Ry = {a € R|a >0} and Zy = {a € Z | a > 0}. For positive integer
d, we denote [d] :={1,...,d}.

In the following, we will denote by <__ the coordinate-wise partial order on Z!, that is,
given elements 3, 3’ € Z!, we have 8 <_, ' if and only if 8; <_, B! for each i € I. Sometimes,
we only use < if the partial order is understood from the context.

We write the symbol a > b to indicate that a is large enough compared to b.

For a ring R, we denote by R* the set of invertible elements of R.

2. CONE COMPLEXES AND TANGENT CONES

This section introduces the polyhedral geometry concepts used throughout the document.
This includes the notion of cone complexes, their sheaf of tropical functions and tangent
cones, as well as dual cone complexes associated with simple normal crossing divisors.

2.1. Cone complexes. All through this section, the letter N is used for a free Z-module of
finite rank, and M denotes the dual of N, that is M = NV := Hom(N,Z). We denote by Ng
and Mg the corresponding real vector spaces that are dual to each other. The duality pairing
between M and N is denoted by (,). Recall that a saturated sublattice of N is a subgroup
N’ with the property that Ny " N = N'.

Definition 2.1 (Cones and cone complexes).
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FiGureE 1. Example of a cone complex. 3-dimensional cones ¢ and 7 share
two 2-dimensional faces. Similarly, 2-dimensional cones 7 and ( share two
rays.

(1) A rational polyhedral cone in Ny is a set of the form

o:{xENR|<x,u1>20,...,<x,uk> 20}

for some u1,...,ur € M = NV. We say that o is strictly convez if it does not contain
any line in Ng. A face of o is a non-empty subset of the form

T:Uﬂ{xENRHx,u):O}

for some v € NV non-negative over o.

=)

where ’E‘ is a topological space and ¥ is a family of closed subsets of ‘Z‘ such that:

(a) Each o € ¥ is enriched with a lattice N, and an identification of o with a full
dimensional rational strictly convex polyhedral cone in N; .

(b) These identifications are compatible in the sense that for each element o € X,
faces of o seen as a cone in Nyr correspond to elements 7 of X. Under this
identification, the lattice IV, is identified with a saturated sublattice of IV, .

(c) As a set we have ‘Z‘ = | | ey, 0 where ¢ is the relative interior of o.

(d) The intersection of two elements in ¥ can be written as a union of elements in X.

(2) A rational polyhedral cone complex with (weak) integral structure is a pair (X,

We call ’Z‘ the support of the cone complex, and the elements of X are called the cones or
faces of the cone complex. By an abuse of notation, we will only use ¥ to refer to the pair
(%, Z‘) For each cone o, the lattice N, is called its underlying integral structure and we
identify o with its image in N, g.

(3) A cone of dimension one in ¥ is called a ray and a cone of maximal dimension is called
a facet. The set of all rays of X (resp. of a cone o in X) is denoted by X1 (resp. o1).
More generally, for any integer k, we denote by Xj (resp. o) the set of all faces of X
(resp. of o) of dimension k.
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Convention. In what follows, a rational strictly convex polyhedral cone will be simply called
a cone as these are the only kind of cones we will deal with in this paper. Similarly, a rational
polyhedral cone complex with a (weak) integral structure will be called simply a cone complex.

Remark 2.2. Definition 2.1 resembles the notion of a fan used in toric geometry but it differs
from it in several ways. First, the lattices N, may not come simultaneously from a global
ambient lattice N. Also, condition (d) allows an intersection of two cones to be a union of
multiple faces instead of a single face as in the case of fans. In such a situation, the cone
complex will have parallel faces, that is, two different faces 7 and ¢ in ¥ with the same set of
rays 71 = o1. An example of a cone complex is given in Figure 1. o

Definition 2.3 (Subdivision). A rational subdivision of a cone complex ¥ is a rational cone

complex 3 such that ’Z‘ = ‘i‘ and for each cone ¢ € f), there is a cone ¢ € ¥ such that
0 C o and N3 is a saturated sublattice of N,. o

It follows from the definition that ¢ is a rational cone in N, . Again, rational subdivisions
are the only ones appearing in this paper, so we drop sometimes the word rational and simply
talk about subdivisions.

2.2. Dual complexes.

Definition 2.4 (SNC divisor and stratum). Let X be a smooth variety and D a divisor on
it.
(1) The divisor D on X is called simple normal crossing, SNC' in short, if
e D is reduced, and
e for each point x € X, there is a Zariski neighborhood U, of x and a regular
system of parameters z1,...,2, € Ox, with r = codimm such that the zero
set of the product z;...z; over U, coincides with D N U, for some non-negative
integer j = j, < r.
(2) Given an SNC divisor D on X, we can write D as a sum »_, .7 D; where D; are the
irreducible components of D. A connected component of an intersection of the form

Dy = (D
el
for some I C 7 is called a stratum of D.
o

Remark 2.5. Notice that each SNC divisor is a Cartier divisor. Moreover, the SNC condition
implies that each Dj appearing above is smooth, and in particular, has disjoint irreducible
components, coinciding with its connected components. o

Construction 2.6 (Dual complex). Given a divisor D = ) ;7 D; on a variety X we construct
its dual cone complex ¥(D) as follows. To each stratum S of D which is an irreducible
component of Dy for a subset I C Z, one associates a cone og which is a copy of Ri CR?
with its natural integral structure given by the lattice Z! C Z%. If a stratum S is included
in another stratum 7', then the subset I C Z which corresponds to S should contain the
subset J C Z which corresponds to T'. In particular, one can naturally identify the cone or
as a face of og via the identification Rﬁ_ - ]Ri, as the set of all points with zero coordinates

corresponding to elements of J ~\ I. The topological space ‘E(D)‘ is defined as the gluing of
all og along these identifications and the set 3(D) is given as the image of the family {og} in
the space ‘E(D)‘ Sometimes we use the notation (X, D) to emphasize that D is a divisor
in X. o
Proposition 2.7. The pair (3(D),
minology of Definition 2.1.

E(D)‘) constructed above is a cone complex in the ter-
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Proof. This is straightforward. O

Notation 2.8. Notations as above, given a cone o € (D), we denote by S, the associated
stratum. The generic point of S, is denoted by 7. If the divisor is given by D = >, D;, we
denote by I, the subset I C Z such that S, is a connected component of D; = ﬂie 1 Di. o

2.3. Tropical functions. We endow a cone complex ¥ with its structure sheaf Ox, which is
the sheaf of tropical functions.

Definition 2.9 (Tropical functions and the structure sheaf). Let ¥ be a cone complex with
an integral structure and let U be an open subset of ’E‘ A function

F:U—R

is called tropical if there is a rational subdivision Y of ¥ such that for each o € i the
restriction F'|__ ., is integral linear, i.e., viewing o in Ny, F'|_; coincides with the restriction
to o N U of an element in M, C N (;/ r- The structure sheaf Oy is defined as the one whose
sections on an open set U are given By the set of tropical functions on U. A tropical function
on Y is a global section of Os. o

Remark 2.10. Let X be a smooth variety and D an SNC divisor on X. As we will see
later, the tropicalization of a rational function on X is a tropical function on 3(D), and any
tropical function is of this form. o

2.4. Tangent cones. We now explain how to deal with tangent vectors in cone complexes.
We are specially interested in those that point inward the cone complex. We start by introduc-
ing them in the case in which the cone complex is a single cone and we glue this construction
to obtain the general case.

Definition 2.11 (The tangent cone).

(1) Let 0 € Ng be a cone and = € 0. The tangent cone at x denoted by T'C,o is the set
of all w € Ny for which z 4+ ew € o provided that € > 0 is small enough.

(2) In the same setting, given an integer k > 1, we introduce the k-tangent cone at x,
denoted by TCko, as the set of all tuples w = (wr,...,wg) of vectors in (Ng)* for
which we have the following property:

For any r € [k] and for g; > 0, 7 € [r], we have

rt+ewy+ - +ewr €0
provided that ¢; is sufficiently small and ¢; is sufficiently small with respect to £;_1
for 1 < j < r. Equivalently, if for any small enough ¢ > 0, we have
T +ewy + wy + -+ £"w, € 0.

3) The k-tangent cone bundle is the set TCFo = TCFo. It comes with a natural
rEoT x

projection map TC*s — ¢ and its elements are denoted by (z;wi,...,wg) or (z;w),
to make reference to the base point explicit.

(4) We can generalize these constructions to a cone complex 3. A face map 7 < o gives
an inclusion TC*r < TC*o. Therefore, using the fact that

|X| = colimo
oEY

where the colimit is taken in the category of sets and goes over all the face maps of
¥, we introduce the tangent cone bundle TCFY of ¥ as

TCFY = colim TCFo.
oED
The projection maps glue in a natural way to a projection
TCkY — |3
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.e ™™

FIGURE 2. The 2-tangent cone bundle of a 2-dimensional cone represented via
the fibers of the chain of maps TC?0c — TCo — o.

o

The topology on TC*Y. will be discussed in more detail in Section 6. The next proposition
tell us that the tangent cone of a polyhedral complex remains invariant under subdivisions.

Example 2.12. The 2-tangent cone bundle of the cone o = {(z,y) € R? | 2,y > 0} come
equipped with projections
TC?c - TCo — o

whose fibers are represented in Figure 2. o

Proposition 2.13. If S is a subdivision of ¥, then TCFY = TCkY.

Proof. Each cone o € ¥ becomes the support of the polyhedral complex o = {7 € ¥ |7 Co}.
It is enough to prove that TC*o = TC*&, or in other words,

TCF o = U TCkr.

TET

The inclusion D is clear as ¢ O 7 implies TCks D TCFr. The other inclusion can be
obtained by induction on k. For the base case, take k = 0 and consider TC¥o as |o|. Now,
assume the inclusion for £ — 1 and let us prove it for k.

If (z;wr,...,w) € TCFo, then z + “L € ¢ for n big enough, so (z + T wa,...,wy) €
TC*1o. By the induction hypothesis, there is some 7, € &, depending on n, such that

w
(x + —1;11)2, Cwy) € TCH g,
n
As there are finitely many cones in &, there is one 7 on it such that 7 = 7, for infinitely many
n. Now x + 7L — x € 7, and then by convexity, if we take dp,d1 > 0 with dp + 1 = 1, for
each €1 > --- > e_1 > 0 small enough we have

w
50x+51(x+;1+51w2+---+sk,1wk):x+51w1+~--+5;wker

By choosing &g, d1 appropriately we can obtain any ] > --- > ¢ > 0 small enough, hence
(x;w) € TCT which shows the inclusion we wanted. O



16 OMID AMINI AND HERNAN IRIARTE

3. TROPICALIZATION OF RATIONAL FUNCTIONS

We now recall how to tropicalize rational functions on a variety into tropical functions on
cone complexes. This is based on the idea that, given a point x in a variety X and a fixed set
of local parameters in Ox , at the point, the completion O x o of the local ring at = becomes
isomorphic to a power series ring in the local parameters. This isomorphism allows to see each
rational function regular at x as a power series. We can then use the usual tropicalization
procedure with respect to the trivial valuation on the base field. Following this procedure,
given an SNC divisor D, we can use the local equations of its components as local parameters
to obtain for each rational function a tropical function over (D).

3.1. Admissible expansions. The following notion is useful to understand power series
expansions directly in the ring Ox ,. It is borrowed from [JM12].

Definition 3.1 (Admissible expansion). Let R be a complete regular local k-algebra and

Z1,...,2, with 7 = dim(R) a system of parameters for it. Given f € R, an admissible
expansion for f is an expression of the form
(3.1) f= Z 0525, cg € R,

BEL,

in which the right hand side is a convergent series in which each coefficient cg is either zero or
a unit on R. The support of the admissible expansion is the set of all 8 € Z, with cg #0. ©

Here and in what follows, the notation z” stands for the product 2t . 22" where By, By
denote the coordinates of g € Z".

Remark 3.2. We will be essentially interested in the case in which R is equal to the comple-
tion Ox , of the local ring of a point x in a smooth variety X. For technical reasons however
we have defined it in this generality (see the proof of Proposition 9.5). o

Remark 3.3. An element f € R has several admissible expansions and the support of these
admissible expansions may vary. As an example, the identity 1 = (1—27)-1+41- 2% shows two
different admissible expansions with different supports for the constant function 1. Although
admissible expansions are not unique, they always exist and as we will see next, the minimal
terms of their supports form a uniquely determined set. o

Proposition 3.4 (Existence of admissible expansions and uniqueness of the minimal elements
of the support). Notations as in Definition 3.1, consider an element f € R.

(1) There is an admissible expansion for f.
(2) In the notation of (3.1), the set

Ap = Iélin{ﬁ €Z" | cg#0}

depends only on f and not on the choice of the admissible expansion.

(3) The set Ay does not change if we change the local parameters z1, ...,z for some local
parameters zy,. ..,z such that we have z, = zyu; for some unit u; € R* for each
1< <.

Remark 3.5. A slightly weaker version of this proposition is stated in [JM12], where it is
shown that the piecewise linear function defined by the admissible expansion is well-defined.
Note that it might happen that two power series with different sets of minimal elements give
the same piecewise linear function. The above proposition claims the uniqueness of minimal
elements in different admissible expansions of a given rational function. o
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Proof of Proposition 3.4. (1) Denote by k(R) the residue field of R. By Cohen structure
theorem [Coh46, Theorem 9], the ring R contains a coefficient field, that is, a field K C R
such that the projection map R — x(R) restricts to an isomorphism & — x(R). Moreover,
this coefficient field induces a continuous isomorphism

(3.2) o: K(R)[[X1,...,%]] =5 R

which extends the isomorphism between x(R) and % by sending X; to z;. Writing o~ 1(f) =
> pezr, CgX'B, we get an admissible expansion for f of the form

f=> olcg)’.

Bezr.

(2) Notations as in (1), let f =5 pez, agz? be a second admissible expansion for f. Using

the isomorphism (3.2) above, we can see each ag for 3 € Z', as a power series with coefficients
in k(R), that is as

e ag) = 3 ap X" € k(R)[[X1,- ., X))
7€Zi
We infer that

Y e =) = D o N ag)x?

BEZ, BEZ,
_ Y B _ B
=D O D IRTES P N BED DR B
BeZ \eZl BEZY \O0< wV<cwh

which implies that cg = Zoécwvﬁcwﬁ a~,3—~. Now if 3 is a minimal element with cg # 0, then
a~ 38—~ is nonzero for some v <_ 3, and therefore a, is nonzero. Conversely, if 5 is minimal
among those 3’ such that ag # 0, then we have on one side c¢3 = ag,, and on the other
side, we have agg = go_l(ag) # 0 because ag is a unit. Combined together, we have shown
that any minimal element in the support of one admissible expansion dominates a minimal
element in the support of the second. This proves the statement in the proposition.

(3) The last point is straightforward. O

Remark 3.6.
(1) Recall that a subset A of a partially ordered set is called an antichain if any pair of
distinct elements in A are not comparable in the partial order. It is not hard to prove
that an antichain in (Z7_, <_,) is necessarily finite. Since the sets A; considered above

are all antichains, we conclude that they must be finite.
(2) For f,g € R, by manipulating admissible expansions, we can see that

1pin (Aprguasua,) = pin(4; U 4,)

réle{l(Af.g U Igvrvl(Af + Ag)> = rgin(Af + Ag).

—CwW

Corollary 3.7. Any function f € R admits an admissible expansion with finite support.

Proof. Let f € R be an admissible expansion. By Proposition 3.4, f admits an admissible ex-

pansion f = ZBEZQ 0525. Rearranging terms, we can rewrite this in the form f = ZBeAf Eﬁzﬁ
where each coefficient ¢z can be written in form cg =cg+3>_ . 5 0’727_5 , for ¢, either 0 or

equal to ¢y, and is still invertible. By Remark 3.6, the set Ay is finite. O
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3.2. Conewise antichains associated to rational functions. Let D be an SNC divisor
on X. For each cone o € 3(D) and for each ¢ € I, consider a local equation z; for D; around

Ne. Then, the family {z;};cs, provides a system of local parameters for the local ring O X7
For a function f € K(X) with f € Ox,,, 0 € £(D), we define the set

o .__ M Io‘
f~—r£ClVIV1{BGZ | cg # 0}
for a given (and so for any) admissible expansion f =) pez, cB,zﬁ.

Definition 3.8 (Antichains attached to a rational function). Notations as above, for a ratio-
nal function f on X, we call the family A; = {A? ‘ o€ X(D) with f € (’)X%} the family of
antichains attached to f. o
Remark 3.9. In practice, we reduce to rational functions f which belong to all local rings
Oxy, for o € ¥(D). In this case, the family of antichains has an element Af for any o € ¥(D).

Any more general rational function A on X can be written as the ratio h = f1/f2 of two such
rational functions, i.e., with f1, fo belonging both to all the local ring Ox,, for o € (D). o

Proposition 3.10 (Compatibility of the antichains). Let D be an SNC divisor on X. Fiz a
cone o € X(D) and a face T of o. Consider the projection

pr. Rls — RI7
(zi)ier, — (@i)ieI, -
For each f € Ox,,, we then have f € Ox . and an equality of the form
} = glin(pr0>7' (A?))

Proof. Consider the diagram

Ox Mo
e
Ox 1, (@am)p
N e T
6X T

Here p, is the prime ideal in O X,n, generated by {z; | i ¢ I} and each completion is taken
with respect to the maximal ideal. Moreover ¢; is the inclusion in the completion, ¢ and t3
are the compositions of a localization with an inclusion into the corresponding completion,
and 14 is obtained by functoriality by localizing ¢; at p, and completing with respect to the
maximal ideal. This is a commutative diagram of k-algebras.

Given an element f € Ox ,,_, by Corollary 3.7 we can find finite admissible expansions

u(f)= Y age’ w(f) =Y b2
ﬁEZIU ’YEZIT

in Ox,, and Ox,, , respectively. We then get

(3.3) s =3 )= 3 | 3wt ]2

pezlo yeZIr \pr___(B)=v

(3.4) ua(f) =Y ).

~yEZIT
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Now, we observe that hy = Zprow( B)=ry czﬁzrﬁ_7 ¢ p,. Indeed, otherwise, we could construct

an admissible expansion for h, with nonzero terms in some monomials supported in I, and
then, these two different admissible expansions would have different set of minimal terms,
contradicting Proposition 3.4. Hence, the image of h, by 3 is invertible.

In this way, Equations (3.3) and (3.4) give us two admissible expansions for ¢3(¢1(f)) =

t4(t2(f)) inside (@Xma)p . By Proposition 3.4 again, we get

Igin{'y €z ‘ ta(by) # 0} = Elin{'y €L ‘ L3(Zpr0>7(ﬂ)=v aﬁzﬂiw) 7 O}'

—cw —Ccw

A?)) , as required. O

3.3. Tropicalization. We now define the tropicalization of rational functions.

Since t3 and ¢4 are both injective, we infer A} = min<_ (praw(

Construction 3.11 (Tropicalization). Let X be a variety and let D C X be an SNC divisor.
Let 0 € ¥(D) and let x € o.
e For f € Ox,, we define

trop(f)(z) = min{(z, 8) | 8 € AF}.

e For two elements f1, fo € Ox,,, we have

trop(f1f2)(x) = trop(f1)(z) + trop(f2)(x).
This allows to extend the above definition to an arbitrary g € K(X). In this case, we write
g = fi/f2 for fi, fo € Ox ., and define for each x € o
trop(g)(z) := trop(f1)(z) — trop(f2)().

e Finally, as trop(f) depends entirely on the family of antichains A¢, by the compatiblity
shown in Proposition 3.10 above, trop(f)(z) is independent of the choice of the face of ¥ (D)
which contains x. Hence, we obtain a well defined map

trop(f): |S(D)] - R
which we call the tropicalization of f with respect to D. o

Remark 3.12. In order to prove the second property, namely, that

trop(f1f2)(x) = trop(f1)(x) + trop(f2) ()
for f1, f2 € Ox,p,, let ing (A7) be the subset of A%, consisting of all 8 with trop(f;)(z) = (z, ).

Then, we get iny (A% ;) N (inx(A(J’Zl) + inx(A(J’ZQ)> # (. Combined with the second part of
Remark 3.6, this gives the result. o

Proposition 3.13. The tropicalization of a rational function is a tropical function.

Proof. For o € (D) and f € Ox,, the tropicalization trop(f)|_is the minimum of finitely
many linear functions with integral coefficients. Therefore, this is an integral piecewise linear
function on 0. More generally, for any element f € K(X), the tropicalization trop(f) can be
written as the difference of two integral piecewise linear functions over each cone o, and so it
is itself integral piecewise linear on each cone. It follows that tropicalization of f is a tropical
function. O

4. QUASI-MONOMIAL VALUATIONS OF HIGHER RANK

In this section, we define quasi-monomial valuations as certain Krull valuations attached
to a given SNC divisor. We study their basic properties and then relate their combinatorial
structure with the one of the dual complex in the case the values are taken in R* with its
lexicographic order.
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4.1. Definition. We start by giving the definition in the more general setting of totally
ordered abelian group. The one important for us in this paper will be the additive group R¥
endowed with the lexicographic order <o that we sometimes simply denote by <. This is
the order defined by x =<jex v iff x = y or there is an 1 <7 < k such that z; = y; for j < i
and x; < y;. This ordered group has specific properties, depicted in the presence of its two
different natural topologies, which are exploited in this work.

Let (T, <) be a totally ordered abelian group and consider I'y = {a € T' | « = 0}. Let D
be an SNC divisor in a smooth variety X. To a given cone o € ¥(D) and a tuple o € Ffﬁ’,
we associate the valuation v, o by defining its value first at an element f € Ox,, by

(4.1) Voa(f) = min {Sic; i €T | B e AF}.
By Remark 3.6 and the argument used in 3.12, it is straightforward to see that

Voo (f9) = Voo(f) + Voalg), and
VU:Q(f + g) = min{l/cr,g(f)a Vcr,g(g)}.

This shows that v, verifies the properties of a valuation on Ox ,,, and so uniquely extends
to a valuation on K (X), the fraction field of Ox . .

Definition 4.1 (Quasi-monomial valuations). Notations as above, the valuation v, 4 is called
the I'-quasi-monomial valuation with respect to o and «. The set of all I'-quasi-monomial
valuations for a given cone o € ¥(D) is denoted by .} (D). The set of all I'-quasi-monomial
valuations coming from any cone of ¥(D) is denoted by .Z' (D).

When the ordered group is the additive group R¥ endowed with the lexicographic order, for
a natural number £, we call the valuation v, a quasi-monomial valuation of rank bounded
by k. We denote simply by .#¥(D) and .#"*(D) the corresponding sets of quasi-monomial
valuations ///Ek (D) and A& Rk(D), respectively. For k = 1, we further simplify .#}(D) and
M1 (D) to My(D) and # (D), respectively. o

In the rest of this paper, we will only consider quasi-monomial valuations of rank bounded
by k for some positive integer k.

Remark 4.2. The integer k used in the definition of the quasi-monomial valuation makes
reference to the rank of the codomain of the valuation. This should not be confused with
the Krull dimension of the valuation ring of v, ., neither with the rank of the value group of
the valuation, as we allow the value group v, o(K (X)) to be of rank strictly smaller than k.
The idea of studying valuations of different ranks all together, simultaneously, is motivated
from practical situations appearing in the study of multi-parameter degenerations of complex
varieties, see for example [AN20, AN22]. o

4.2. The duality theorem. In this section, we provide a dual description of the set of
quasi-monomial valuations of rank bounded by k.

Recall that for a variety X and a valuation v: K(X) — I, the center of v, if it exists, is the
unique point of X denoted by c, such that v is non-negative over Ox , and strictly positive
over its maximal ideal. The center of a quasi-monomial valuation always exists.

Proposition 4.3. Let D be an SNC divisor on a variety X and let I' be a totally ordered
abelian group. For o € (D) and a € I'le | consider the unique face T of o given by the rays
I; ={i€l, | a; = 0}. Let a. = pr__(a) be the element I‘Ij whose coordinates are given by
those of .

Then, we have Vs o = Vro_. Moreover, the center of vy o exists and is equal to 1.

),

Proof. The first assertion follows directly from Proposition 3.10 and the definition of valua-
tions vy and vy, given in (4.1). To prove the second, notice that v, o (f) = 0 for each
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[ € Ox,. Moreover, v; o (f) =0 if and only if 0 € A%, i.e., in the case f is invertible. This
shows that the center of v; 4 _ is 7. O

Consider now the case I' = R. In this case, the elements of ]Rfr” can be naturally identified
with the points of ¢. From the compatibility in the above proposition, we get a natural
bijection
(4.2) 2(D)| — .#(D)
obtained by sending a point = € |X(D)| to the quasi-monomial valuation v, € # (D) for o
any cone of ¥(D) containing z, and « the coordinates of z in o.

We now generalize this bijection to higher rank quasi-monomial valuations. First observe
that there is a natural projection map m: .#*%(D) — .# (D) defined as follows. Take a

point & = ()ier, € (Rk)f Each «; is an element of (R¥); = (R¥)-( and we denote its
1

coordinates by o; = (¢, ..., af ). Consider the projection to the first coordinate denoted by
an abuse of the notation by 7 and given by
T (Rk)i’ — Ri’, () = (0} )icr, -
The projection map 7 is then defined by
(4.3) (Vo) = Vo, r(a)
over each cone ¢ in ¥(D). This allows to view .#*(D) fibered over .# (D).

Theorem 4.4 (Duality theorem). Notations as above, there is an isomorphism of bundles
over M (D) ~ ‘E(D)‘

M*(D) —2— TCH1%(D)

(4.4) Wl l

M (D) ——— |S(D)]
where:
o the map 4 (D) — ‘E(D)’ on the base is the inverse of the isomorphism (4.2), and
e the map ¢ is defined by a compatible family of maps
bg: My(D) — TC* 1o, o eX(D).
For o € ¥(D), the map ¢ is defined as follows. Take a point o = (e;)icr, in (Rk){f,
let x = w(a) = (o} )ier, € ]Rﬁf’, and for each j =2,...,k, define
wj—1 = (o )ier, € RY.
Then, the point (z;wy,. .., wx_1) belongs to TC*"'o, and we set
(Z)O'(VO',Q) = («77; Wiy .-y wk—l)-

Remark 4.5. In a nutshell, the proof of the duality theorem reduces to the following state-
ment in coordinates. A real matrix A € Maty,,(R) has columns in (R¥),, with respect to
the lexicographic order on R, if and only if the family (Ag 15 A0+, Ay p), given by the
columns of the transpose A" of A, belongs to the tangent cone TCF~1 ((R+)r). This justifies
the name given to the theorem. o
Proof of Theorem 4.4. We verify that each ¢, is a bijection. Let o be a cone in X(D). By

definition, an element (a;)icr, € (R¥)o gives a valuation v, , in the domain of ¢, provided
that for each ¢ € I,, the vector «; belongs to (Rk)+, that is, it is non-negative with respect
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to the lexicographic order. Denoting by (ail, ey ozf) the coordinates of «;, this means that
for each i € I,, we must have
Either, o) > 0, Or, o =0 and o? > 0, Or,af =a?=0and a3 >0
(4.5) Or,af =--- = af‘l =0and of > 0.
On the other hand, for a collection of vectors z, wr,...,wy_; in R, by definition, the
family (z;w1,...,wk_1) belongs to TC*1o if and only if we have
x € o and
T 4 1wy € o for £1 > 0 small enough, and
(4.6) T+ 1wy + egwsy € o for €1 > 9 > 0 small enough, and
T4+ eqwy + -+ Ep_1wip_1 € o for €x_9 > 1 > 0 small enough.
Specifying the collection of vectors z,wy, ..., wr_1 to the ones given in the statement of

the theorem, the conditions in (4.6) above can be rephrased as follows. For each i € I,
o) >0 and
o) +e1a? >0 for 1 > 0 small enough, and

(4.7) ozil + 51(1? + 5204;? > 0 for 1 > g9 > 0 small enough, and

ail + 6104? + -+ sk,laf > 0 for ex_o > €1 > 0 small enough.

Clearly, Conditions (4.5) and (4.7) are equivalent, and we infer that ¢, is a bijection.

Now to conclude, note that the family of maps {¢, }, is compatible with the descriptions of
A*(D) and TC*~1(D) as the unions .#*(D) = |, .#*(D) and TC*~'%(D) = |, TC* o,
respectively, and so they can be glued together to define a map ¢: .#*(D) — TCF12(D).
Since each ¢, is a bijection, so is ¢. [l

4.3. An analytic description of quasi-monomial valuations. We now explain how to
understand higher quasi-monomial valuations from an analytic point of view, directly from
tangent vectors, by taking directional derivatives. This leads to a description of the inverse
¢! of the map ¢ appearing in the Duality Theorem.

We need to introduce the notion of derivative of a function with respect to a tuple of inward
tangent vectors in the tangent cone.

Definition 4.6 (Directional derivatives). Given a polyhedral complex ¥ and a function

F: ’E‘ — R, the derivative of F' at a point = € ’E‘ along an inward vector w € TC,% is

the limit
F —F
Dy, F(x) = lim (z+ ew) (z) ,
e—07t €
whenever this limit exists. More generally, we inductively define the derivative of F' at a point

x € |X| and with respect to the tuple w = (w1 ..., wy) € TCEY as the limit

Dw w w F(z _Dw w F(x
(4.8) D(w1,...,wk)F(«T) — lim (Wi,...;wp—1+ewg) ( ) (w1,eeywWp—1) ( )’

e—0t 15

whenever the directional derivatives Dy, . w;_;+ew)F (x), for € > 0 small enough, and the
above limit exist.



GEOMETRY OF HIGHER RANK VALUATIONS AND NEWTON-OKOUNKOV BODIES 23

In the case these limits exist for all points = € |X| and w € TC*E, we denote by Z*F the
corresponding derivative function from TCFY — RFT1. This is the function which to a point
z €Y and w = (w1, ..., wy) € TCFY associates the point

P*F(z;w) = (F(2), Duy, F (%), Diy o) F(@), - - - s Dy oy F()) € REFL,

Remark 4.7. We make a few remarks.
(1) When (wy, ..., wy) € TCFY, the points (wy, ..., wy_2, Wg_o + cwg_1), for £ > 0 small
enough, all belong to TC*~1¥. So the limit in 4.8 is well-posed.
(2) At a smooth point = € ‘2
for a function F': ‘E‘ — R which is smooth on a neighborhood of z, the definition
of DyF(x) for w = (w1,...,wg) € TC*Y coincides with the evaluation at the k-

tuple of tangent vectors w of the k-th derivative of F' at . The definition is thus a
natural extension to the case where F' is not necessarily a smooth function and x is

, when z lies in the relative interior of a facet of X, and

an arbitrary point of ‘2‘

o
The following proposition provides an alternative way of computing D, F'(z) when it exists.

Proposition 4.8. Consider a point x € ¥ and a tuple w € TCFY. Let F: ¥ — R be a
function for which D, F(x) exists. Then we have

1
DyF(z)= lim ... lim ——— (F(aH—elwl +--+erepwy)

ep—0Tt e1—0t €1 €L
— F(z+aw; +"'+€1'-'€k_1wk_1)>.

Proof. For k = 1, this is the definition of D, F'(x). The general case can be obtained by
induction. 0

In this paper we are mainly interested in directional derivatives of tropical functions. In
this case the derivatives always exist as the following proposition shows.

Proposition 4.9. For any piecewise linear function F': |X| — R and any k > 0 the derivative
PD*F exists. Moreover, if F is linear on a cone T such that the point (z,w) € TCFY, w =
(wi, ..., wy), belongs to TCFT, then we have

(4.9) PEF(z;w1,. .. wy) = (Fy(z), Fy(wr),. .., Fy(wy)).

Proof. Let S be a subdivision of ¥ such that F is linear on each cone o € X. By Propo-
sition 2.13, we have that TCFY = Uyes TC*s, so given (z;w) € TCFY(D), there is a cone
o € ¥ such that (z;w) € TCFo. Denote by F, the linear function which is equal to the

restriction of ' to o. A direct calculation shows that 2¥ F(x; w) exists and is given by (4.9),
the which proves the proposition. O

We now come back to the tropicalization of rational functions and its link to quasi-monomial
valuations. From the very definition, it is clear that we can retrieve rank one quasi-monomial
valuations by evaluating tropical functions at their corresponding point, that is, given f €
K(X)* and = € |X(D)|, if v, denotes the valuation corresponding to = under the map in
(4.2), then

ve(f) = trop(f)(x).

The following result extends this relation to higher rank quasi-monomial valuations.
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Theorem 4.10 (Quasi-monomial valuations using derivatives). Let k € N be a natural num-
ber. Given (z;w) € TC*~1X(D), consider the evaluation map

V(zsw) * K(X)* — Rk
f— .@ktrop(f)(w;w).

Then vy s a well-defined function and it coincides with the valuation ¢~ 1(z;w) given by
the Duality Theorem 4.4.

Proof. Fix a point (x;w) € TC*¥ 'Y and let o be a face of (D) containing z such that
(z;w) € TC*'o. Then, by definition, for any f € Ox ,,, we have

(4.10) trop(f)(z) = min{(w, B)|B e A;}.

As trop(f) is piecewise linear, there is a subdivision ¥ of ¥(D) such that trop(f) is linear
on each face of ;. By Proposition 2.13, there is a cone 7 in X; such that (z;w) € TCF17.
Let 3. € A} be the exponent such that trop(f)(y) = (y,B;) for any y € 7. By Proposition
4.9, we get

(4.11) Ve (f) = (<a:, Br), (w1, Br)y ooy (Wh—1, 6T>)

We now show that v, = ¢~ 1(z;w), that is, Vpw = Voo Where a = (a;)icr, and o =
(2, wh, ..., wh ). . 4
Note that here for ¢ € I, 2" and wj are the i-th coordinate of z and wj, respectively. So with

our previous notation, we have af = z; for j = 1 and o] = w}_, for j =2,... k.

To show the above claim, note that for any f € O, , we have

(4.12)
Vo.a(f) =min {Z aifi | B € A?}
=l Liel,
= Z aiﬁg,i = Z (:Ci’ wiv oo 7wlic—1) ﬁg,i = (<$75Q>7 <w1718g>’ ) <wk—1v/8g>)
i€l i€ly

where 3, is an exponent in A‘J{ which gives the minimum in the first equation above, and B4
is the i-th coordinate of 8, for ¢ € I,. We thus need to prove that the two expressions in
(4.11) and (4.12) are equal.

We will prove this by induction. The first entry in both expressions (4.11) and (4.12)
coincide as they are both equal to trop(f)(x). Assuming the two expressions have the same
j-entries for all 1 < 7 < /£ — 1, we will prove that the f-entries are also equal. The first £/ — 1
entries being equal,

(4.13) (, Br) = (@, Ba), (W01, Br) = (w1, Ba)s - - -, (We—1, Br) = (w1, Ba),
we infer that
(x+e1wi +---+e1---gowy, Br)
= trop(f)(z + 1wy + - + &1+ gwy)

— min <x+51w1+.--+elmeew4,ﬁ>]5eA;{}

* .

mln{<x+61w1+-~+51---€gw4,ﬁ>’BEA(]‘Z

such that (z, ) = (z, 87), (w;, B) = (wj,B7) for 1 < j <0 — 1}

= (x—i—slwl—I—'--+€1"'€€w€>ﬁg>'
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Here, in = we used the fact that to minimize (z + ejwy + -+ + €1 ---epwy, B) for B € Ag
and for €1 > g9 > ...g¢ > 0 small enough, we need to first minimize (x, 5), then minimize
(wy, f) and so on. By the hypothesis of our induction, 5, does exactly this as it behaves
like B, in those entries. From this equality, using Equation (4.13), we infer the equality

(we, Br) = (wy, Ba), as required.

This proves that vgw(f) = vsa(f) for all f € Ox,,. Using the relation trop(f/g) =
trop(f) — trop(g) for two elements f,g € Ox,,,, we finally conclude that v, (f) = Vo
for all f € K(X)* and the theorem follows.

o=

4.4. Flag valuations. In this section, we discuss an alternative way for getting valuations of
higher rank on X based on flags of subvarieties, and explain the relation to our constructions
above. More details on valuations associated to flags of subvarieties can be found in [LMO09,
KK12], where they are used to define Newton-Okounkov bodies.

Consider a flag of subvarieties

F: Fo2 F1 22 F

where Fy = X, and for each 1 < £ < k, F; is a smooth irreducible subvariety of Fy_; with
codimyx (Fy) = £.

Under these hypotheses, each Fy defines a discrete valuation ordg, over the function field of
Fy_1. We choose a uniformizer ¢, for ordg,. Using these orders of vanishing, we can construct
a higher rank valuation on K (X) as follows.

Proposition 4.11. Notations as above, consider the map
vr: K(X)* - RF
f = (ordp (f1),ordr, (f2), ..., ordp, (fi))
—ordp, (fe)

where f1 = f and foi1 is the restriction of f; - t, to Fyy1 viewed in the function field
K(Fyy1). This is a rank k valuation which is independent of the choice of uniformizers ty.

(4.14)

Given a nonempty SNC divisor D = ;7 D;, we can define a flag of subvarieties if we
fix an ordered sequence of components D;,,...,D;, of D, for i,...,i, € T with non-empty
intersection, and an irreducible component S of the intersection D;, N---ND;, . In this case,
we set Fp = X and for each 1 < j < k, we define F}; as the unique irreducible component of
D;,N---ND; i which contains S. Then we have automatically F; C Fj_j.

Since D is SNC, each Fj is a smooth connected subvariety of codimension one inside Fj_1,
and we get a flag of subvarieties

which verifies the hypothesis of Proposition 4.11.

We now prove that vz corresponds to a quasi-monomial valuation defined in terms of D.
For this let ¢ be the cone corresponding to the stratum Fj of D. This cone has rays indexed
by I, = {i1,...,ix} € Z. Consider the standard basis €;,, ..., ¢e;. of N, which is contained in
o where ¢;; is the primitive vector of the ray corresponding to ;.

Theorem 4.12. Let F the flag on (4.15) and vy the valuation defined by Proposition 4.11.
Then vy = vy for (z;w) = (eiy; €y, - - -, €5, ) € TCFIN(D).

Proof. Without loss of generality, we can assume that D;, N---ND;, = {p} is a closed point
of X. Indeed, if this is not the case, we can extend the flag in 4.15 to a complete flag, by
adding, if needed, more components to the divisor D, and then work with this complete flag.
The result then follows by taking the projection to the first £ components of the valuation.
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Now take z1,...,z; equations for D;,...,D;, around p. Using these elements, for each

1 <r <k, we get a restriction map (called as well reduction map in the literature)
res;: K(Fj_1) — K(F}),
—ordp, (f)
fr— 1tz | Fy

which satisfies res;(Or;_, +) € OF; -

The elements zj, ..., 2 give us a local system of parameters for the local ring Op,_, » and
hence they induce an isomorphism OF,_, » =~ k[[zj, ..., z]].

In this way, we obtain an extension to the power series ring for res; as follows

OFJ',17$ = OFj,x
@Fj717x (/Q\F],m
1 res, 1R
Ellzj, ..., 2k]] kllzj41, -5 2]

—ord 2j

_ 8 ' () 3

f Zﬁagz — (z] Zﬁagz )|zj:0

Now, given f € Ox ., if we write f = ZB agzﬁ € 5X,x, then by Theorem 4.10, we have
Vx,g(f) = (<€ilvﬁa>7 <6i276a>7 SRR <€ik, 5@))

where B, € A? is the exponent which minimizes the right hand side with respect to the

lexicographic order in R given in the proof of that theorem. On the other hand, we have by
definition

’/]:(f) = (Ord21 (f1)70rd22 (f2)7 s 70rd2k(fk))

where f1 = f and f, = res,(fr—1).
Now notice that

ord,, (f) :min{<6i17ﬁ> ‘ B e supp(f)}
:min{(eil,@ ‘ B e A‘]{}
=(€iy, Ba)-

This shows that the first coordinates of vx(f) and v, ., (f) are equal. Proceeding by induction,
suppose the first j coordinates of vx(f) and v, ., (f) are equal. We get

Ordzj+1 (fj+1) = Ordzj+1 (resj (fj))

—ord .
=ord:;, | % ords; (1) Z agzﬁ
Besupp(f;) 2,=0

:min{<6ij+1yﬁ> ’ /8 S Supp(f]) and <6i]‘aﬁ> — <eij7/8g>}

=(€i; 41, Ba) (by the definition of 3,).
This shows the equality between the j 4 1-coordinates of vx(f) and vy, (f). The valuations
are thus equal on Ox ., and so they coincide on K (X), as required. (|

5. TROPICAL WEAK APPROXIMATION THEOREM

The aim of this section is to prove the tropical weak approximation theorem.
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5.1. Statement of the theorem. Recall that a subset A C Zfr is called an antichain for
the partial order <=<__ if any pair of distinct elements 3, € A are incomparable, that is,
B £~ and v £ 5. By the well-quasi-ordering property of <_, this implies A is finite.

Let ¥ = X(X, D) be a dual cone complex. Using the notations previously introduced, for
a pair of faces 7 < o of 3, we denote by pr __ the corresponding projection map Rls — RI7.

Definition 5.1 (Coherent family of antichains associated to cones). Suppose for any cone o,
we have an antichain A7 C Zfﬁ’ . We call the collection A = {A% |0 € ¥(X, D)} coherent if
for any inclusion of faces 7 C o, we have the relation

AT = m<in pr._ (A%).

o-T

o

Theorem 5.2 (Tropical weak approximation theorem). Let X be a smooth quasi-projective
variety over a field k and let D be an SNC divisor on X. Let A = {A% |o € X(X, D)} be a
coherent family of antichains. There exists then a rational function f € K(X) such that for
each cone o of ¥(X, D), we have f € Ox,, and A7 = AF.

Remark 5.3. Stronger versions of this theorem might be true. For example, given admissible
expansions f, € O X, for each o € ¥(X, D) such that each f, has only finitely many non-zero
terms, and such that for inclusion of faces 7 < o, we have 1y« (f,) = fr, one might expect
the existence of a rational function f € K(X) such that f — f, has an admissible expansion
in O X, in which every monomial is divisible by a monomial in f,. o

A corollary of the theorem is the following.

Corollary 5.4 (Approximation theorem for tropical functions). Let X be a smooth quasi-
projective variety over a field k and let D be an SNC' divisor on X. For any tropical function
F:3(X,D) — R, there is a rational function f € K(X) such that trop(f) = F.

The rest of this section is devoted to the proof of the above theorems. We first prove
Theorem 5.2 and then later explain how to deduce the above corollary from this result.

5.2. Proof of Theorem 5.2 in the toric case. It would be more instructive to first treat
the case of a toric variety with the arrangement of the corresponding toric divisors. In this
situation, we can drop the quasi-projectivity condition.

Let ¥ be a unimodular fan of dimension d in the real vector space Ng of the same dimension,
and let Py; be the corresponding toric variety. Each ray g in ¥ gives the corresponding divisor
D, in Py;. By unimodularity assumption on X, the divisor D = Uyex, D, is SNC.

Let o be a cone in ¥, and denote by 01, ..., 04 the rays of 0. Denote the rays of the dual

cone 0¥ by (1,...,(q. Let ni,...,ng be the primitive vectors of o1,..., 04 and denote by
mi, ..., mq the primitive vectors of the rays (i, ..., (g, respectively. Note that (m;,n;) = d; ;,
where (.,.) denotes the duality pairing between N and M.

For each point a = (a1, ...,aq) € A%, consider the rational function

(Xml)al N (de)ad
(XY™ + - 4 x™d 4 1)¢
for a large enough integer ¢ (to be determined later).

Let o be a ray of ¥ with primitive vector n € N. The order of vanishing of f,, along the
component D, of D is given by

fo_,g =

ordp, (fo,a) = (a1m1 + - -+ + agmg,n) — £ - min{0, (m1,n),..., (mg,n)}.
In particular, taking ¢ = p;, j € [d], we get ordp 0 (fr.a) = aj. Moreover, if p is different

from g1, ..., g4, then, by duality, there exists j € [d] such that (m;,n) < 0. Upon the choice
of £, this imposes f,, to have a large order of vanishing along D,,.
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Consider now the rational function f, in K (Py) defined as

fom Y da= Y OO

m - m I
acA” a=(a1,...,aq) €A’ (em + e+ 1)

In the completed local ring @PE@U we have the equality
¢

7= ()M (e | 1 S (=DFE™ 4 xR
k>1

™) - (™)
(Y™ + -4 x™d + 1

which gives an admissible expansion of f, with respect to the local parameters x", ..., x"™
around 7, the point of intersection of D, , ..., D,,.

From this, we see that A?m = {a}, and since A? is an antichain, it follows AG = A7

Now let 7 be another facet and denote by {p; }?:1 its rays. They correspond to the compo-
nents D,,,...,D,, of D with the torus-invariant point 7, as the point of intersection. From
the preceding discussion, we infer that if p; is not a ray of o, then, choosing ¢ large enough,
we can ensure that f, has a large order of vanishing along D,,.

Since the order of vanishing of f, along such a component D, is equal to the minimum
J-th coordinate of any element of A% , we see that all the elements of A}o have large j-th
coordinates. On the other hand, on the intersection face § = 7 N o, we have

Pro5(A%7) = Proys(AF,)).

In particular, by the coherence of the collection A%, this shows that if ¢ is chosen to be
large enough, then any element in A} dominates an element of A", that is,

<

A7 = min(ATU A7 ).

Now we choose ¢ large enough, and taking f, as above for each facet o of X, for generic
choices of A\, in the base field, we set

(5.1) F=> Aofo
oEYy

We observe that for any facet 7, for any pair of rational functions h, g, and generic choice
of scalars A, i1, we have

Alhipg = m<in(A,TZ UA7).

We thus infer that for any facet 7 of ¥ and for the function f defined in (5.1), we have

p=min | J 47, | =4} =47,
B [ SDIF}

The result follows now by the coherence property which implies A‘} = A% for any face 6§ of X.

5.3. Proof of Theorem 5.2. We now treat the theorem in its full generality. In the fol-
lowing, we will use the following terminology borrowed from lattice theory concerning the
combinatorial structure of faces in a cone complex.

Definition 5.5 (The (multivalued) meet and join operations A and V). Given two faces 7
and o in a cone complex ¥, we denote by 7 A ¢ the set of all maximal common faces between
7 and 0. If 7 and o are faces of a cone (, we denote by 7 V¢ o the unique minimal face of
¢ that contains both 7 and o. Notice that if 3 does not have parallel faces, then 7 A o is a
single cone and 7 V¢ o is independent of ¢. In this case, we denote this cone by 7V 0. o
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In the rest of this section we assume given an SNC divisor D = .., D; in X, and we
consider the dual cone complex (X, D).

5.3.1. Adapted family of rational functions. Proceeding somehow similarly as in the proof of
the toric case, we will prove the existence of a family of rational functions with nice properties
depicted in the following theorem.

Theorem 5.6. Let o be a face of X(X, D). There exists a rational function u, € K(X) with
the following properties:

(P1) u, belongs to all local rings Oy s, for 6 € X(X, D), and is invertible in Ox ,,, .

(P2) It has a zero along the divisor Dj for each j & I,.

(P3) For any face T of (X, D) the following holds. If { € T Ao is a mazimal common face
of T and o, then the restriction Ug|s, of ug on the stratum S¢ has a zero along all the
strata S¢y,o; © Sy for any j € Ir N\ I¢.

Definition 5.7 (Adapted family of rational functions). Given a dual cone complex X(X, D),
the collection of rational functions u,, o € (X, D), verifying the properties (P1), (P2), and
(P3) in the above theorem is called an adapted family of rational functions for the dual cone
complex. o

In order to prepare for the proof of the above theorem, we start by stating two lemmas
concerning the existence of rational functions with prescribed regularity on a given finite set
of points.

Lemma 5.8. Let Y C X be a closed irreducible set and let x be a (non-necessarily closed)
point in X \Y. Then there exists an irreducible divisor E C X which contains Y but not x.

Proof. Denote by 1y the generic point of Y. As z ¢ Y, we have Ox, \ Ox,, # @. Take
f € Ox2~\Ox . Then, ny is contained in the indeterminacy set of f. Since X is smooth, the
indeterminacy set is the support of the negative part of div(f), and so there is a component
FE of this negative part which contains Y but not z. O

Lemma 5.9. Suppose X is quasi-projective and let £ C X be a reduced divisor. Given
points x1,...,x, in E, and a point x ¢ E, there is a rational function u which vanishes on
each component of E with order of vanishing one, which belongs to each local ring Ox ,,
i=1,...,n, and which is invertible at x.

Proof. Taking a projective compactification, we can assume without loss of generality that
X is projective. Consider an ample divisor H not containing any of the points x,x1,...,z,
and not sharing any component with E. Then, for some large integer number n, the divisor
nH — E is very ample, and so base point free. Therefore, there is a section u of O(nH — E)
which does not vanish on x. Taking u generic, the corresponding rational function satisfies
all the required properties. O

We are now ready to prove the existence of adapted families of rational functions.

Proof of Theorem 5.6. We first apply Lemma 5.8 to each stratum .S, not contained in S, to
get an irreducible divisor F. C X which contains S but not S,. Let

FE = Z E,.
7: S DSs
We now apply Lemma 5.9 to E, the points 7, for 7 € ¥(X, D) with S; 2 S,, that is, 7 £ o,
and the point 7., which clearly does not belong to . We infer the existence of a rational
function u, in K (X) that vanishes on each component E; of E, which belongs to Ox ,, for
any point 0 € ¥(X,X), and which is invertible in Ox,,. We claim u, verifies the claimed
properties (P1), (P2), and (P3).



30 OMID AMINI AND HERNAN IRIARTE

The first claim (P1) is clearly satisfied by the construction of u,-.

Also, notice that if j ¢ I, then Sy; = Dj. Since both D; and E,; are irreducible, we must
have E,, = D;. Since j ¢ I, we have 1, ¢ Dj, and so by the choice of u,, it should vanish
on E,.. This shows that u, verifies Property (P2).

Finally, let ¢ be a maximal common face of 7 and o, and let j € I, \ I;. By the maximality
of ¢, the cone ¢ Vr g; is not a face of o. This means 7, does not belong to Sev.,,;, and so u,
vanishes on E¢y_,.. Notice as well that ue € Ox . and S¢v,p; C E¢v,o; NS¢ It follows that
the restriction uq g, of ug to S¢ vanishes on S¢y. o, and so uq verifies also (P3). O

5.3.2. Proof of the weak approzimation theorem. Let o be a face of (X, D). Applying Lemma
5.9, we find a local equation z; for D; around 7, for each ¢ € I, with the additional property
that z; € Ox ; for each cone 7 that is not a face of o. With this choice of local parameters,
we define

(5.2) fo =1t Z H 21,

QEAU iEIo'
for a large enough number ¢ which will be precised in a moment. Notice that f, is defined in
each local ring Ox , for any cone 7 € ¥(X, D). We will prove the following.

Proposition 5.10. Provided ¢ is large enough, f, verifies the following two properties.
(1) The set AS s equal to A?, and
(2) For each face T of (X, D) different from o, we have

mgin(A}U UAT) = A".
Using this, we can finish the proof of the approximation theorem.

Proof of Theorem 5.2. Let
f= Z Ao fo

where A, is a generic choice of coefficients for each face of ¥(X, D). Applying the above
proposition, we get for each face 7 of ¥(X, D),

Af = mSmUA}G = AT,

In other words, f is the rational function stated in the theorem. ([l
We are left with the proof of Proposition 5.10.

Proof of Proposition 5.10. We use the notations preceding the proposition. By invertibility
of us in Ox,, , the expression (5.2) gives an admissible expansion of f;, and so we clearly
have A?U = A“. This shows the assertion (1) in the proposition.

Now, in order to prove Claim (2), let 7 # o be a face of 3(X, D), and take local parameters
w; for each D; around 7;, for 7 € I;. The element u, lives in Ox ,_ and so in 9] X, - Consider
an admissible expansion in @) Xy, for u,

(5.3) Uy = 205w’3.
B

Property (P2) above implies that for each j € I\ I, and for each a = ()¢, in the support
of (5.3), we should have
aj > ordp, (uys) > 1.
More generally, we claim the following.

Claim 5.11. For each « in the support of the admissible expansion (5.3), there is a mazimal
common face ( of T and o such that for each j € I. \ I¢, we have a; > 1.
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Proof. Let a be an element in the support of the admissible expansion (5.3), and consider
J = {z el |a;= O}. Denote by 7; the face of 7 corresponding to J C I. It will be enough
to show that 75 C 0. Indeed, in that case, 75 will be a common face of 7 and o, and so there
shall exist a face ¢ € 7 A o which contains 7;. For any j € I; \ I, we will have o; > 1, and
the claim will follow.

For the sake of a contradiction, suppose 7; is not a face of o, and let { be a maximal
common face of o and 7. In particular, ¢ C 7, which implies that I C J.

We have a projection

T OX’T/T - OSC)HT
h — h|SC

that extends by continuity to a projection =: O Xy — @Scﬂh' Using this, we obtain an
admissible expansion for ug s in 65@% in terms of local parameters wj S¢ for Sev, g, for
i € I; \ I¢. This is obtained by applying the projection 7 to both sides of (5.3). Indeed, for
each (, the restriction CB|s, is still a unit in @gom, and so we get

_ B
Uo|Se = Z €8W)s,>
B

which is an admissible expansion in (/9\50777. In particular, since I C J, and since a; = 0 for
all 7 € J, we get that w7, 1. () is in the support of the admissible expansion for usg o

Take now j € J \ I¢. As ug|g . vanishes along the divisor S¢y,,;, and a local equation for
this is given by Wy, We should have that Wjs, divides ug g . inside Og, ;.. This implies that
for any 8 in the admissible expansion u, S¢» we must have §; > 0. In particular, this gives
a;j > 0 which contradicts the definition of .J, so the claim follows. (|

Let he = > pcac [Ljer, z?j . We have f, = uh,, from which we get the inclusion
A, C AL+ AL

Moreover, we have
T T T
ul CA, +- A,

£ times

Let now 8 be an element of A}U. It follows that we can write 8 as the sum of ¢ elements
in A7, and an element v € A} .

By what preceded, we have for each j € I; \ I, and each element o in A7  that a; > 1.
It follows that we have §; > ¢ for all j € I; \ I,. For / large enough, this is certainly larger
than the j-coordinate of any element in A7.

We now show how to control the j-coordinates of 3 for j € I N I,. For this we write

B=al+ - +al+4
for at,...,at € Al and v € A .

Applying Claim 5.11, for each o, which is in the support of the admissible expansion (5.3)
of u,, we infer the existence of a maximal common face (; of 7 and ¢ such that for each
Jj € I, . I¢;, we have 04} > 1. Here 04; is the j-coordinate of a’.

Let r be the number of elements of 7 A o. By the pigeonhole principle, there is a maximal

common face ¢ of both o and 7 such that we have (; = ¢ for at least ¢/r indices i € [¢(]. We
thus get for each j € I \ I, the inequality

Bj=aj 4+ +as+7; > l/r+7;

We infer again that, ¢ being chosen large enough, the j-coordinate of § is larger than the
j-coordinate of any element in A” provided that j is in I \ I¢.
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To finish the proof of Property (2), note that since ¢ is a common face for 7 and o, we
have by the coherence property that

mSin pr, (A}) = mSin pr_ (A%,) and mgin pr. (A7) = mSin pr (A7)

Since A% = A7, this shows that

nglan‘T><(Afa) = mglnprwc(A ).

Hence, given that § € A}U, there is an element 3’ € A7 such that erC(B) > prﬁc(ﬂ’).
Moreover, by what we discussed above, choosing ¢ large enough, all the j-coordinates of 3 for
j outside I will be also larger than the corresponding j-coordinates of 3’. This shows that
we actually have § > 8/ and the claim in (2) follows, that is,

mgln(Afa UAT) =A".

5.4. Proof of Corollary 5.4. The proof is based on the following proposition

Proposition 5.12. Any tropical function F' on the cone complex ¥(X, D) can be written as
the difference of two tropical functions Fy and Fy such that the restriction of F; to each cone
o € X(X, D) is convex and non-negative.

Proof. Let ¥ be a subdivision of ¥(X, D) such that F' is conewise linear on 3. In order to
prove the existence of F, Fy, it will be enough to note that

(i) there exists a subdivision ¥’ of ¥ and a non-negative tropical function G that is
strictly convex on the subdivision given by Y’ of each cone of the original dual complex
Y(X, D), and

(74) if G is such a function, then for any large enough integer ¢, the function F' + (G is a
non-negative convex tropical function.

In fact, given this, we can write F' = (F 4+ (G) — (G and take F} = F + (G and F, = (G
which verify the convexity condition.

We omit the proof of (i) and only prove (ii). Let G be a tropical function on (X, D)
which is conewise linear on ¥/ and strictly convex on the subdivision of each cone o of ¥(X, D)
provided by ¥'. Since F is conewise linear on X', it follows that for large enough integer ¢,
F1 = F+{G remains strictly convex on each subdivided cone . Since /G is obviously convex
on the subdivided cones of (X, D), the claim follows. O

Proof of Corollary 5.4. By the proposition above, there are tropical functions Fp, F5 such that
each F; is non-negative and convex on each facet of 3(X, D) and F} — F» = F. Each F;, for
i = 1,2, is given by a coherent family of antichains A{ in the sense that for each cone o we
have

Fi(z) = min{(z, 6) | § € A7},
By approximation theorem, there are rational functions fi, fo such that A;‘ci = A7 fori=1,2
and fo each cone o on ¥(X, D). We therefore get F' = trop(f1/f2) and the theorem follows. [

6. TROPICAL TOPOLOGY ON TANGENT CONE BUNDLES

In this section we study the tropical topology on the space of quasi-monomial valuations.
By the duality and approximation theorems proved in the previous sections, this coincides
with the coarsest topology on the tangent cone which makes the directional derivatives of
tropical functions all continuous. Therefore, we define the tropical topology in the general
framework of cone complexes and their tangent cones.
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6.1. Definition of the topology. In order to motivate what follows, we first observe that
tangent cone bundles inherit a natural Euclidean topology defined as follows.

Definition 6.1 (Euclidean Topology). Let 3 be a cone complex and k a non-negative integer
number. The Euclidean topology on the tangent cone TC*Y is the topology defined by the
inclusion
TChS < | ) Nfg.
ocED
Here, the space on the right hand side is obtained by gluing the vector spaces N 5,]1%- It is

endowed with the quotient topology induced by the Euclidean topology on N (]f R, CEX. 0

This topology turns out however to be not properly adapted to the higher rank context.
This is suggested by the following example of a tropical function whose derivative is not
continuous with respect to the Euclidean topology.

Example 6.2. Let 0 = Ry x R, and consider the tropical function
F:0 —R
(z1,22) — min{zy, z2}.
For the first directional derivative of F', we have
9F: TCo — R?

if either, 1 < x39, or, 1 = 22 and y; < Yo

(w1,91)
x 7m ; ) '—> . .
(21, 22); (01, 12) {(xQ,yg) if either, 7 > x5 or, 11 = 29 and yo < ¥;.
This map is not continuous with respect to the Euclidean topology. To see this, consider the
map
t= ZF((t,1—1); (y1,2))

for y1 # yo. This function has a discontinuity at t = o

1
5 .

The analytic description of higher rank quasi-monomial valuations leads the following nat-
ural topology.

Definition 6.3 (Tropical topology). Let ¥ be a cone complex and TCFY its tangent cone.
We consider R¥*! with its Euclidean topology and define the tropical topology on TCFY as
the coarsest topology which makes all the maps

P"F: TCFY — RFF!
continuous for any tropical function F': ‘Z‘ — R. o

Remark 6.4. In the case ¥ = (X, D) for a smooth quasi-projective variety X and an SNC
divisor D on X, the tropical topology on TCFY is the coarsest one making the directional
derivative Z*trop(f) a continuous function from TC*Y — RF*! for any f € K(X)*. o

6.2. Description of the topology. The aim of this section is to give a description of this
topology by introducing a basis of open sets. This will be based on the following definition.

Definition 6.5 (f]—open sets). Let ¥ be a cone complex and 3 a rational subdivision of it.

A set U C TCFY is called a i—open set if for any cone o € i, the intersection U N TC*o is
open in TC*o with respect to the Euclidean topology. o

Example 6.6. In order to give an idea of the notion of i—open set, we consider the example
depicted in Figure 3. We have the positive orthant o = {(:U, y) € R? ‘ x>0,y > 0} together

with a subdivision 3 of it. The section A = conv((0,1), (1,0)) gives a segment subdivided
in three smaller segments colored in red, blue and green. The tangent cone TCA can be
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written as the union of the tangent cones of each of these smaller segments. Drawing the
fibers vertically, we get the picture on the right hand side of Figure 3. A Y-open set restricted
to TCA looks like the union of open sets one in the induced topology of each of the red, blue
and green parts. Note in particular that it is not necessarily an open set in the Euclidean

topology of TCA.
o

TCA

MR

0,1) | ’ P

(1,0)

FI1GURE 3. The restriction of a f]—open set U to the set TCA.

We have the following characterization of the tropical topology.

Theorem 6.7. Let ¥ be a cone complex and consider its tangent cone TCFY for k a non-
negative integer number. Then,

(1) For each subdivision ) of 3, the f]—open sets of TCFY are open with respect to the
tropical topology.

(2) The union of all »- open sets for Y a rational subdivision of 3 forms a basis of open
sets for the tropical topology.

The proof of this theorem is given in the next section. We state the following corollary.

Corollary 6.8. Let Y be a cone complex and TCFY. its tangent cone endowed with the tropical
topology. Then,

(1) The tropical topology is second countable and is finer than the Euclidean topology. In
particular, it is both Hausdorff and normal.

(2) A set is dense in TCKY with respect to the tropical topology if and only if it is dense
with respect to the Euclidean topology.

(3) TCFX is not locally compact in general (in fact, as soon as k > 0 and the dimension
of ¥ is at least two).

Proof. Let us start by (1). Given a countable basis & of R¥*! we can construct a countable
subbasis of TC*Y by considering all the open sets of the form ZF~1(U) were F is a tropical
function and U € U. This shows that the tropical topology is second countable. Moreover,
as any Euclidean open set is > open for any subdivision Y of >, we get that the tropical
topology is finer than the Euclidean topology. Hence, it is Haugdorff and normal.

For point (2), it is enough to notice that for any subdivision ¥ of ¥ and any ¥-open set U,
there is an Euclidean open set V' contained in U.
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For point (3), arguing by contradiction, suppose U is open and the closure U in the tropical
topology is compact. We then find an open set V' C U such that V' is open in the Euclidean
topology, as in (2). The closure V with respect to the tropical topology is then compact.
Denoting by VTrop and Ve the set V endowed with its tropical and Euclidean topologies,
respectively, we see that the identity map

id: Vf_[yop — VEuc
is continuous. Moreover, as VTrop is compact and Vgye is Hausdorff, the identity becomes
then a homeomorphism. This implies that the tropical and the Euclidean topologies should

agree on V. However, this is not possible if we have both £ > 0 and dim ¥ > 1 (we can choose

a subdivision % of & subdividing V', and a > -open set W C V such that W NTCo is > open
but not Euclidean open). 0

6.3. Proof of Theorem 6.7. We adapt the following terminology in the sequel. For a cone
o of a cone complex ¥, and a point (z;w) € TCFY, by saying o supports the point (x;w) we
mean the point (x;w) belongs to TC¥o.

We first prove the second point assuming the first.

Proof of (2). Let F': ‘E‘ —+ R be a troplcal function and consider a rational subdivision 3 of
Y such that F is linear on each cone of £. Let V C R¥! be an open set for the Euclidean
topology. We show that (@kF ) 1(V) is E—open. This proves the result.

Let § be a cone of . By the choice of i, there is a linear function Fs on Nsgr such that
for any point (x;w) € TCF§, with w = (w1, ..., wy), we have

PFF(x;w) = (Fs(z), Fs(wy), . .., Fs(wy)).
The intersection
(Z"F) " (V) NTCP6 = (F5 x -~ x F5) "' (V)N TCks
(k+1) ti

is clearly an open set in TC*¢ for the Euclidean topology, and the claim follows.
O

Proof of (1). Let S be a rational subdivision of ¥ and let U be a f]—open set. We have to
show that U is open for the tropical topology of TCFX.
We first observe that if 3 is a subdivision of E any >- open set is also ¥ -open. Therefore,
in order to prove the above claim, we can assume that 3 is simplicial.
Take (z;w) € U. We will prove that (z; w) is an interior point of U for the tropical topology
by explicitly constructing a neighborhood of (z;w) for the tropical topology included in U.
Let ¢ be the minimal face of ¥ which supports (z;w). For each facet § of Y we find a
rational subdivision 5 of & with the following properties.
(a) s is simplicial.
(b) There is a unique facet in 3 denoted by v = 7¢,s which contains ¢ and which is
contained in §.
(c) For each pair (6, 0) consisting of § and a ray o of §, there is a tropical function F%2
on ‘E‘ such that...

(1) F(9 s linear on each cone of 3.

(2) Over the facet 7 of s,
in the ray dual to ¢ in §¥ and x™ is the linear function induced by this vector.
That is, F%¢ takes value one on the primitive vector of g and value zero on all
the rays of 4.

°, = X’”H where m is the primitive element
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For such a facet § of & which contains ¢, consider the function ®5 defined by the collection
of functions F%¢, o a ray of §,

@5 = (Fd’g)g ray of & - Y — Rdim(é).

Let v = ~¢, be the facet of E(C) which contains ¢ and which is contained in §. By (c), the
linear functions F%¢ for ¢ a ray of ¢ are linearly independent on -, and so ®s restricted to ~
is a homeomorphism to its image in RIm(),

The directional derivative map

(6.1) Vs = (ng5,@)g ray of - Tckz N (Rdim(d))k—I—l

is a homeomorphism onto its image when restricted to TC*y, when we put on TCF~ its
Euclidean topology. Indeed, restricted to T'C¥y, ¥ can be identified with the restriction to
TCF~ of the invertible linear map

(q)(s % @5 N q)(s): Rdim(ﬁ)x(k}-ﬁ-l) N Rdim(ﬁ)x(k’-ﬁ-l).

(k+1) times

Hence, there is an open set Us C (Rk+1)dim5 such that its preimage under the map (6.1)

satisfies
U H(Us) NTCRy = U NTCHy.
Note that
UNU) = () (2FFC9) (),
d,0 ray in &

and so \IIEI(U(;) is an open set in the tropical topology and therefore a neighborhood of
(z;w) € U. This proves that (z;w) is an interior point of the intersection (; \115—1(U5) for 0
running over all facets which contain (, which is an open set for the tropical topology. Denote
by W this intersection. Note that we have W N TCk’yC,(; cUn TC’WQ; for each facet § which
contains 4.

Let now Y be a rational subdivision of ¥ with the following properties:

e Y/ is finer than f](; for all facets § which contain (.

e there exists a tropical function G which is linear on each cone of > , and which is
strictly positive on the relative interior of each cone 7 of >’ which supports (z;w) and
which is non-positive everywhere else.

Then, (2*G)™'(Rso x R*) is an open set in the tropical topology, and moreover, it is
contained in the union (J. T C*r where the union goes over all cones 7 of 5 which support
(z;w). It follows from these constructions that

(z5w) € (2°G) (R0 x RM) (¥ (Us) €| JUNTCFS
1) 0
where § runs over facets of % which contain (z;w). We infer that U is a neighborhood of
(z;w) in the tropical topology, and the theorem follows. O
7. VARIATIONS OF NEWTON-OKOUNKOV BODIES

Let X be a smooth projective variety of dimension d over an algebraically closed field &,
with function field K (X). Consider a big line bundle L = O(F) on X with the corresponding

graded algebra
Hy = @ H,
n>0

where each H,, = H°(X,O(nE)) is a k-vector subspace of K (X) of finite dimension.
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Consider the space BC(R?) of compact convex subsets of R endowed with the Hausdorff
distance. Moreover, for an SNC divisor D in X we consider

TC'%(D) = {(az;w) e TC 1'% (D) ’ Z,Wi,...,wq—1 are linearly independent} :
This set has an Euclidean and a tropical topology induced from the ones in TC* 1% (D).

Proposition 7.1. The subset TCY'S(D) consists of all those valuations in TC*'%(D), via
the duality theorem, which are of full rank d.

Proof. By the duality theorem, using notations we used in Section 4.2, the transpose of
(x;w) is (a1,...,0q), and the image of the valuation V(z;w) coincides with the subgroup of R?
generated by aq, ..., a4, that is,

Vigaw) (K(X)*) = Zog + -+ - + Zag = Mgy

It follows that v, is of full rank d if and only if the vectors aq,...,aq are linearly inde-
pendent, that is, if and only if x,wq,...,wy_1 are linearly independent. ]

In this section, we prove the following theorem stated in the introduction.

Theorem 7.2. The map
A: TC*'2(D) — BC(RY)

V%Ax;w::U{W|f6Hn}

n>0

(7.1)

which attaches to each valuation its corresponding Newton-Okounkov body is continuous with
respect to the tropical topology.

The proof of this theorem goes in three steps. First, in Theorem 7.3, we give a formula
for the volume of the Newton-Okounkov body which shows that it depends continuously on
(z;w). Then, in Lemma 7.4 we show that the map (7.1) is lower semi-continuous. Finally,
thanks to the analytic tools introduced in Theorem 7.5, we can merge these two results
together to conclude the overall continuity.

Theorem 7.3. The volume of the Newton-Okounkov body is given by
Vol(Az;w) = det(z; w) - Vol(L) /d!

where det(z;w) denotes the determinant of the matriz whose columns are x,ws, ..., wq_1 and
Vol(E) is the volume of the divisor E.

As a corollary, Vol(Ag.w) is a continuous function with respect to (z;w) € TC15(D) in
the Fuclidean topology, and therefore, it is also continuous in the tropical topology.

Proof. This follows from a variant of [Boul2, Théoréme 0.2] combined with [Boul2, Théoréme
0.1], a theorem of Kaveh and Khovanski [KK12], which relates the volume of the Okounkov
body associated to a valuation of rank d, when the image is Z¢, to the growth of the dimensions
dim,(Hy,) as a function of n. The proof in the case in which the image of the valuation is
a full rank lattice in R%, which is the statement of this theorem, and can be obtained in a
similar way. O

Lemma 7.4 (Lower-continuity). The map (7.1) is lower semi-continuous in the following
sense. Given (z;w) € TCY'S(D), for any open set in RY such that U C int(A(gw)), there is
a tropical neighborhood W C TC*'S(D) of (x;w) such that for each (z';w') € W, we have
U C int(Az/w/).



38 OMID AMINI AND HERNAN IRIARTE

Proof. By definition, we have Ay = |J,,50 An(7; w) where
Ay (z;w) = conv-hull (wa(f) | fe Hn> .
n
Therefore, int (Agw) = Uy>o int (An(z;w)), and hence

U~ U int (Ap(z;w)) = @.
n>0

Now, by compactness, there exists a single m > 0 such that U ~\ int (Am(x;y)) = @. From
this, we deduce that

(7.2) UC int(Am(x;Q)).

As the distance from U to 0A,, is positive, the inclusion (7.2) remains true after a small
perturbation of A,,. Now, the functions vg.,(f) = Trop(f)(z;w), f € Hp,, are continuous
with respect to the tropical topology. Since the vertices of A,, move continuously, there is
a neighborhood W of (z;w) for which the convex hull of these points verify equation 7.2.
This convex hull is included in A,, of the nearby valuations, and so, satisfies the property we
wanted. O

The following theorem gives a variational characterization of the Hausdorff convergence.
This is probably a well-known statement. Since we did not find a reference for it in the
literature, we give a proof here.

Theorem 7.5. Let (C,,), € BC(R?) be a sequence of full dimensional compact convex subsets
of R%. Then, we have the convergence

C, =% C € BC(RY)

in the Hausdorff distance if and only if for each continuous function h: R4 — R with compact

support, we have
/ h(x)dx njo/ h(z)dz.
Ch C

Proof. (=) If we denote by B(C;¢) the e-neighbourhood of C, we have the inequality
Vol(C,AC) < Vol(B(Ch; dg (Cr, C)) N Cy) + Vol(B(C; dg (Cr, C)) N C).

Here, C,,AC is the symmetric difference of C,, and C. The left hand side goes to 0 as n goes
to infinity. We thus get Vol(C,,AC') — 0. Hence we have the almost everywhere convergence
h-1¢, = h-1c, and so by the dominated convergence theorem the integrals converge.

(<) If C,, does not converge to C, passing to a subsequence if necessary, we get the existence
of € > 0 such that the Hausdorff distance dg(Cy,C) > ¢ for all n. We thus have

either, sup {d(z,C)} > ¢, or sup{d(Cyp,y)} > ¢
zeClhy yeC
happen infinitely many times.

In the first case, since C), is compact for each n, there is an x,, € C,, for which the supremum
is attained. Let 2’ be an accumulation point of (z,). Consider an open ball of the form B(y; )
contained in C. If for each continuous function h, the integrals above converge, by taking h as
a bump function supported exactly on B(y;e), we get that Vol(B(y;e) \ Cy,) — 0. Therefore,
since C,, and B(y,¢e) are convex, for n big enough, we will get that C,, contains the ball
B(y;e/2). This implies that for each such n, we have

Cy, . C D conv(B(y;e/2) U{z}) N\ C.
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The set appearing in the right hand side is independent of n, and has nonempty interior.
Taking again a bump function supported in this set, we see that the integrals cannot converge
which gives a contradiction.

In the second case, for each n, there is a y, € C for which the supremum is attained.
By compactness, and passing to a subsequence if necessary, we can assume that g, converge
to a point in C that we denote by 3. For n big enough, we have d(C,,y’) > £/2, as
d(Cn,y') > |d(Cpyyn) — d(yn,y')|- It follows that B(y';e/2) N C is disjoint from C,, for
infinitely many n. By taking h a bump function supported on B(y';¢/2) N C, we see that C,
will not converge to C' in a weak sense, which is a contradiction. O

We are now ready to prove our theorem on variations of Newton-Okounkov bodies.

Proof of Theorem 7.2. Let v; be a sequence of valuations in ToCd_lE(D) converging to v €
TCd_lZ(D). Let h be a continuous function on R? with compact support. Applying Theo-
rem 7.5, we need to prove

(7.3) lim [ h(z)ds = / h(z)dz.
I700 S A(vy) Av)
Let € > 0 be a small positive real number. We apply Lemma 7.4 to find an open subset U
with the property that
U C int(A(v)), Vol(A(v) N U) = Vol(A(v)) — Vol(U) <€, and U C int(A(v;))
for j large enough. Using Theorem 7.3, we get the estimates
Vol(A(vj) N\ U) = Vol(A(v;)) — Vol(U) < 2e

provided that j large enough.
From this, we infer that

| /A ., ad = /A . )| = | /A i = /U h(a)dz + /U h(z)dz — /A y ha)da|
<

< / h(z)dx +/ h(z)dx < 3emax(h),
Ay )NU A()\U

provided that j is large enough. Since this holds for any positive €, we infer the statement (7.3),
and the theorem follows. 0

Remark 7.6. It is possible to extend this continuity result to the variations of global Newton-
Okounkov bodies defined over the big cone, as in [LM09, Section 4.2], when the underlying
valuation varies. This means that over the product of the big cone and TQCdflE(D), endowed
with the product topology, the variation of Newton-Okounkov bodies is continuous. o

Continuity with respect to the tropical topology implies in many situations lower or upper-
semicontinuity with respect to the Euclidean topology. As an instance of this phenomenon,
we recall the explicit computations done in [CFK 17, Section 5.4], which concerns an example
in which the variation of Newton-Okounkov Bodies with respect to the Euclidean topology is
not continuous.

Example 7.7. Let X = P? = ProjC[X, Y, z] and L = O(1). Consider the divisor D = D1+ Do
with Dy = V(X) and Dy = C is a general curve of fixed degree going through the point
[0:0:1] and tangent to V(Y). The above mentioned work studies the map

(7.4) s Ag = A(l:s),(O,l)(O(l))a for s > 1.
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Notice that this map can be written as the composition of the curve
v: [1,00) = TCE(D)
s— ((1:5),(0,1))
with the Newton-Okounkov body map
A: TCY(D) — BC(RY).

Using the description of the tropical topology in terms of $-open sets, Y a refinement of 3,
it is not hard to see that the topology on [1, 00) induced by the tropical topology on TOCE(D)
is the topology generated by the intervals of the form [a,b), a < b, with a € QN [1,00) and
b € [1,00). Theorem 7.2 implies then that the map (7.4) is continuous with respect to this
topology. This translate into the fact that all limits of the form

lim Ay =A, witha € QN (1,00), and lin})As = Ay with b€ [1,00) N Q
s—

s—a~

exist in the usual Euclidean topology. In particular, the map is lower semi-continuous with
respect to the usual topology.

This general statement agrees with the computations given in [CFK*17] of the map (7.4)
in specific examples treated there. We briefly recall this.

If deg(C') = 1, the map is given by

s — conv-hull ((0,0), (1,0), (s, 1))
which is continuous in the Euclidean topology. On the other hand, if deg(C') = 2, the map is
given by
A conv-hull ((0,0), (1,0), (s,1)) if1<s<?2
s Ay =
| conv-hull ((0,0),(2,0), (s/2,1/2)) if2<s

which has a unique discontinuity at 2, but is still lower semi-continuous.
If deg(C) > 3, then, on the interval [1,6 + ;) the map behaves as

conv-hull ((0,0), (1,0), (s,1)) if1<s<?2
A = ¢ conv-hull ((0,0), (2,0), (s/2,1/2)) if2<s<5
conv-hull ((0,0), (5/2,0), (25/5,2/5)) if5<s<6+ 1

which is again lower semi-continuous with discontinuities at rational points. Over the interval

[6 + %, (#)4) the map can be still explicitly described. It presents infinitely many discon-
tinuities, in the Euclidean topology, of the above form. For more information we refer to the
original article. o

8. SPACES OF VALUATIONS AND THE RETRACTION MAP

For a given variety X, we introduce several spaces of valuations and show how tangent
cones endowed with their tropical topology naturally fit inside them. Later on, in Section 10,
we show that these spaces can be recovered from these tangent cones.

8.1. Higher rank analytification and its centroidal filtration.

Definition 8.1. Given a variety X, we define the birational analytification of X of rank
bounded by k as the set

Xk = fy: K(X)* — RE | v is a valuation }
endowed with the coarsest topology which makes continuous all the evaluation maps
evy: Xbink __, Rk

vi—v(f),
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for any f € K(X)*, R* given its Euclidean topology. We define moreover the subspaces
X3k = {ve X birk | v has center in X }

Xk = {y e XPirk | v does not have center in X }
of X% and endow them with the topology induced by that of XPir:F, o

Remark 8.2. Notice that XPF = X3k || X&F and XPink = X% if X is proper. In the
terminology of [FR16b], the space XP"* coincides with the subspace of all valuations defined
over the generic point in the Hahn analytification of X endowed with the extended Fuclidean
topology. Moreover, the notation X2F is used in analogy with the analytic space X of
Berkovich [Ber96] and Thuillier [Thu07], where we have used a dot as a reminder that we are
considering only the birational parts. o

We now introduce a flag of subspaces on XP"* which interpolate between X* and XPItk,
Most of the constructions we will do in the following will be compatible or can be extended
to this centroidal filtration.

Definition 8.3 (The centroidal filtration). We define .F9 Xk .= XDk and for 1 < r < k,
we define

FrXPk = {y e XPF | proj,(v) has center in X }

where proj,.(v) is the composition of v with the projection R¥ — R” to the first  coordinates.
In other words,

gTXbiI‘,k: _ proj;lXch,T.
This gives a decreasing filtration
Xbir,k — <gﬂ)(bir,k B lebir,k oS...D kabir,k — Xo:l,k:
o

8.2. Inclusion of tangent cones in the analytification. Given an SNC divisor D on the
variety X, by Theorem 4.10 we get an inclusion map

v TCF18(D) s X3F
(W) — Vg
Proposition 8.4 (The inclusion map). The above map ¢ induces a homeomorphism between

TC*1%(D) endowed with the tropical topology and its image with the topology induced by
X3k In the case X is proper, we can restrict the codomain to an inclusion

v TCH15(D) — (X ~ D)%k,
Proof. By Proposition 4.3 the center of a quasi-monomial valuation defined by D is always
on D, so we can restrict to the codomain above in each case. Moreover, the fact that the

map induces a homeomorphism with its image is a direct consequence of the approximation
theorem. 0

Regarding the center, the following result will be useful later. For a valuation v in X®*,
we denote by ¢, the center of v in X.

Proposition 8.5. Let X be a variety, then the map

ex: XPF s X
Vi—Cy

that assigns to each valuation its center in X is anticontinuous.
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Proof. The proof will use the Topology-Mixing Lemma 8.9 proved below. Let U = Spec (A) C
X be an affine open set. Then for a valuation v € X®*_ we have

€U = 1 20 < ve ) ev; 10, 00).
A

feA
f#0

By Lemma 8.9 (applied to 1/f), the set evjfl[O, 00) is closed. We infer that ¢, (U) =
N fea ev}l[O, o0) is closed. If V' is an arbitrary open set, then, since X is Noetherian, we have
a finite cover V = J,; U; by open affine subsets and so ¢ (V) = U; ¢x* (U;) is closed. O

8.3. The retraction map. Let X be a smooth variety and D an SNC divisor on X. En-
dowing the tangent cone with the tropical topology, Proposition 8.4 gives an inclusion of
TCF=1%(D) as a topological subspace of X®F. In this section we construct a retraction of
X2F onto TC*~13(D) for this inclusion, and study its basic properties. This generalizes the
picture from rank one to higher rank.

8.3.1. Definition of the retraction map. We start by recalling how to apply a valuation to a
divisor when the valuation has a center in a variety X.

Definition 8.6. Let E be a Cartier divisor in X. Given a valuation v € X®F with center
¢, in X, we define v(E) := v(z) where z € Ox_, is a local equation for E around the point
Cy. o

As two local equations differ by a unit, this is well-defined. We identify .#*(D) with
TC*=1%(D) using the duality Theorem.

Definition 8.7 (Retraction). Let D be an SNC divisor on a variety X. The retraction to
TC*1%(D) is the map

(8.1) s XPF — TCFy(D)

given by sending any valuation v € X®F to the unique pair (z;w) € TCF1%(D), with
corresponding quasi-monomial valuation v, ,,, which verifies for any component D; of D, the
equality

Proposition 8.8. The map r,, verifies the following properties:
(1) It is well-defined.

(2) It is continuous.
(3) It is a retraction for the inclusion v from Proposition 8.4, that is, r, ot = Id.

Proof. (1) and (3) are clear. The proof of (2) will be based on the Topology-Mixing Lemma 8.9
below, and will be given in Section 8.5. (]

8.4. Topology-Mixing Lemma. We prove the following lemma.

Lemma 8.9 (Topology-Mixing Lemma). Let X be an algebraic variety and fiz an element
fe K(X)*. The set

evi ! ((=00,0]) = {v € X* | u(f) Ziex 0}

is a closed set inside X™F.
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Remark 8.10. Notice that the interval (—oo,0] in R¥ constructed with the lexicographic
order is not closed with respect to the Euclidean topology. Therefore, the lemma does not
follow directly from the definition of the tropical topology on X=*. It might appear to be
somehow unexpected in this regard, as it happens to mix the Euclidean and ordered topologies
(where the name given to the result). The statement might not be true when the interval
(—o0, 0] is replaced by other half intervals. o

Proof. This is equivalent to showing that
evf_l((O, oo)) = {1/ c Xk ‘ v(f) *lex 0}

is an open set inside X®*. For this, we will show that any element v € evf_l((),oo) is an
interior point of evfl((), 00).

So let v be such an element. First, notice that since v(f) > 0, we must have v(f + 1) = 0.
This shows v(f) # v(f+1). Take now two disjoint open neighborhoods U and V' of v(f) and

v(f +1) =0 in R¥, respectively, so that we have v € evf_l(U ) Nevy. +11(V>- For any valuation

ve evf_l(U) N evf_jl(V), we have (f) # v(f + 1). This implies that
o(1) = I;llin{ﬁ(f—l— 1),0(f)}.

Since o(f) € U, and 0 = v(f+1) ¢ U (by the choice of U and V'), we get &(f) # 0. This implies
that 7(f) > 0 and so v € evf_l(((),oo)). We infer that the open neighborhood evf_l(U) N

evy_ +11(V) of v in X is contained in evy 1((0, 00)), from which the result follows. O

0

8.5. Continuity of the retraction map. In this section, we prove part (2) of Proposi-
tion 8.8 by using the Topology-Mixing Lemma.

By the definition of the tropical topology, in order to prove the continuity of r,, it will be
enough to show that for each tropical function F': ¥(D) — R, the composition

F=9"1For, : X>F 5 R¥
is continuous. Using the approximation theorem, we can find a rational function f such that
F =trop(f): £(D) — R and then F = 2¥~trop(f) or,. We will fix such a function.

We will construct a sequence of covers of the form X®* = J, G; by finitely many closed
subsets, and reduce to showing the continuity of the restriction F| . to each G;.

We start by taking a finite affine open cover X = Uj U; with the property that each

component D; of D is a principal divisor over each U;. We then have X Tk — U, U;: * where
Ut ={ve x|, eU;}

is closed by Proposition 8.5. We thus get a finite closed cover. By the observation above,
it will be enough to prove that F is continuous restricted to each U;j *® This means, we can
assume that X is affine and each divisor D; is principal and so of the form div(z;) = D;
for some regular function z;. Moreover, we can assume as well that the rational function f
defining F is a regular function on X.

Now, for each cone o € (D), consider the set

Go={veX™|c, e X\ |J D;}.
Jj¢ls
That is, G, is the set of all valuations v € X®* whose center ¢, does not belong to any
component D; with i ¢ I,. As we have G, = c)_{l(X ~ Uiﬂa Di), by Proposition 8.5 this set
is a closed subset of XPir#,
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Given v € X®* either, ¢, ¢ D, in which case we get v € G, for all facets o of (D). Or,
¢, € D, in which case, there exists a component D; such that ¢, € D;. Taking o the face of
(D) whose associated stratum S, contains c,, we get that v € G,. This shows that

Proposition 8.11. The family G5, o a face of (D), forms a closed cover of X®F.

Hence, it is enough to prove the continuity over each G,. Without loss of generality, assume
that Dy,..., D, are all the components of D which contain 7,.
As f is regular, we have f € O, . Consider now an admissible expansion

/= Zcﬁzﬁ € Ox,,
B

of f around the point 7, where div(z;) = D;. Then, F(v) = min{ v(z") | 8 € Ag } for each
v € G,. In order to prove the continuity of F on G, we further decompose G, as a finite
union of closed sets as follows. For each 8 € A%, consider the set

Gop={veG,|F(v)= v(2%) }.
We have

Gop = {1/ € Gy } u(z’B) =lex V(zﬂl) VB e A?} =G, N ﬂ {1/ € G, ‘ V(zﬁ_ﬁl) =lex ()}
BreAs

which is closed by the Topology-Mixing Lemma applied to rational functions z°~%". We get
Proposition 8.12. The family G, 3, 8 € A‘;, is a closed cover of G .
We can now finish the proof of the continuity of the retraction map.

Proof of part (2) of Proposition 8.8. By the above discussion, we are reduced to show that F
is continuous over each G, g. But this is clear since the restriction of F to G, g equals ev,s,
which is continuous by the definition. O

9. LOG-SMOOTH PAIRS

In the previous section, given a variety X we constructed a retraction from X=* to the
tangent cone TCF*~1¥(D) associated to an SNC divisor D on X. In this section, we will
introduce other instances for which we can construct dual complexes, tangent cones, and
corresponding retractions. The results will be of use in the subsequent section in order to
prove the limit formulae. We start by the following definition.

Definition 9.1. Let X be a smooth variety

(1) A log-smooth pair over X is the data of a pair Y = (Y, D) consisting of a smooth
variety Y and an SNC divisor D on Y together with a proper morphism ¢: Y — X
such that the restriction

ly pr Y ND— X\ ¢(D)

is an isomorphism. The morphism ¢ is called the structure morphism of the log-smooth
pair.

Given log-smooth pairs Y = (Y',D’) and Y = (Y,D), a morphism Y' — Y
between them is a proper morphism

1Y —y

that commutes with the structure map of Y and Y’ and such that Supp( f*(D)) C
Supp (D).

We denote by LSP x the category of log-smooth pairs over X.
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A log-smooth compactification of X is a proper variety Y containing X as an open
subvariety such that ¥ ~ X is an SNC divisor on Y.

A morphism between log-smooth compactifications Y’ and Y is a morphism f: V' —
Y between the underlying varieties such that f~!(X) = X and f | 18 an isomorphism.
The category of log-smooth compactifications of X will be denoted by LSCx.

(Notice that for a morphism as above we have f~1(Y \ X) =Y’ \ X.)
A compactified log-smooth pair is the data of a pair Y = (Y, D) consisting of a proper
variety Y and an SNC divisor D C Y together with a birational map ¢: Y --+ X
such that the divisor D can be decomposed as D = D° + D where D° and D*° do
not have any component in common, and such that

(1) the domain of definition of ¢ is Y \ Dy, that is,

p:YND*¥ — X

is well-defined and Y ~. D*° is the maximum open set with this property.
(43) the pair (Y \ D>, D°|;, o) is a log-smooth pair for X, i.e. is a proper
morphism from Y ~ D> to X and the restriction

Y~ (D°UD®) — X~ p(D°)

s Ply p

is an isomorphism.
A morphism Y — Y between compactified log-smooth pairs Y = (Y', D) and

Y = (Y, D) is a proper morphism f: Y’ — Y which commutes with the structure map

¢ and such that f*(D) C D’. Notice that in this case we have f*(Y ~ X) =Y’ \ X.
The category of compactified log smooth pairs will be denoted by CLSPx.

Given compactified log-smooth pairs Y and Y, we say that Y' dominates Y if there
is a morphism Y - Y, and we will denote this by Y > Y. Similar notations are
given for log-smooth pairs and log-smooth compactifications.

o

Proposition 9.2. The categories CLSPx, LSPx and LSCx are filtered. That is, for any
pair of objects Y1, Ya, there is a third object Y3 together with morphisms Ys — Y1 and Y3 — Yo.

Proof. This is obtained by standard arguments using resolution of singularities. O

Definition 9.3. Given a compactified log-smooth pair Y = (Y, D), we denote by .#Z*(Y) =
M*(Y, D) the set consisting of all quasi-monomial valuations of rank bounded by k on Y
relative to the divisor D, denote by %(Y) = X(Y, D) the dual cone complex to the divisor
D on Y and by TC*'%(Y) its tangent cone. Similar notations will be used for log-smooth
pairs and log-smooth compactifications. o

9.1. The retraction map revisited.

Proposition 9.4. Let X be a smooth variety.

(1) For each log-smooth pair Y = (Y, D) over X, there is a continuous retraction

ry: XPF — TCMIN(Y).

(2) For each log-smooth compactification Y of X, there is a continuous retraction

r,: X% — TN (y) ~ {0}

(8) For each compactified log-smooth pair Y = (Y, D) over X there is a continuous re-

traction
ro: XPk— e IS(Y).
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Proof. (1) The structure map ¢: Y — X is birational, so K (V) = K(X) and we get YPrk =~

XPink Moreover, p: Y — X is a proper map, and so by the valuative criterion of properness,

a valuation v has a center in Y if and only if it has a center in X. Therefore, Y% =~ X2k,
The retraction ry, is given by the composition

x=k £y yek D, pok-lyy),
where 7, is given by Definition 8.7 applied to the pair (Y, D). This proves the claim.

(2) If Y is a log smooth compactification of X, then D =Y ~ X is an SNC divisor on Y.
Applying Definition 8.7 to this SNC divisor and using that Xk = YLk we get a map

Xk — TehIs(Y),

Moreover, a valuation v goes to 0 € TCK¥~'X(Y) iff v is centered outside D, hence by restriction
we get a map

X&F — TCFIN(Y) {0},
(3) As in (1), the retraction is given by the composition

X2k s ek oy pok-ln(Y)

where 7, is Definition 8.7 applied to the divisor D inside Y and ¢* is the pullback along the
rational map ¢: Y — X. The claim follows. g

Proposition 9.5. The retractions from Proposition 9.4 are compatible in the sense that if
we have a morphism Y' — Y of compactified log-smooth pairs, then we have

r_oT_, =1T_.
Y Y Y

Similar statements hold for log-smooth pairs and log-smooth compactifications.

Proof. Let v € YK be a valuation. Consider a compactified log-smooth pair Y >Y above
Y and denote by Df, ..., D} all the components of D" in Y’. Let D; be a component of D in
Y. There exists a subset J; C [I] such that 7*(D;) = deJ n;Dj.

Let h; be local parameters for D around the center ¢/, of v in Y'. The product []
isa local equation for D; around the center ¢, of v in Y. We have

(D;) = Z/(H hy') = Z n;v(h Z n;r. =, (v thj =r_,(v)(Dy).

Jedi Jedi Jedi

]EJ

This implies that the two valuations v and rv,(y) are mapped to the same point by the
retraction map 7, that is, r(v) = r?(r?,(u)). Since this holds for all valuations v, the
compatibility of the retraction maps r, and T follows. [l

9.2. The retraction inequality. We finish this section by recalling the following useful
statement from [JM12] called the retraction inequality. This will be used in the next section.

Proposition 9.6 (Retraction inequality). Let Y = (Y, D) € CLSPx be a compactified log-
smooth pair and let v € XPF be q valuation with center a point x of Y. Then, for each
f € Oy, we have the inequality

(9.1) v(f) = (ry ) (f)
with equality when the zero set V(f) of f is included in D locally around x.
Proof. Denote by Dy, ..., D,, the components of D which pass through z and take local

equations z; for each component D; around x. The family {z;}"; can be extended to a set of
local parameters {z;}7_; for Y at x. By Corollary 3.7 there is a finite admissible expansion

f= Z aﬂugzﬁ.

,BGAf
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We get
V() Ziex min {vlagus=’) } miec min (=)} = ( ())(),

which is the stated inequality. Suppose now that V(f) C D locally around z. We can write

finOy,as f=u H?;l zl“ for a unit u € Oy, and non-negative integers n;. We conclude

v(f) =) nmav(z) =) niry (v)(20) = (ry ))(f).
i=1 i

10. LIMIT FORMULAE

Let X be a smooth variety over an algebraically closed field k. In this section we will see
how it is possible to reconstruct the space X®* of valuations with center inside X in terms of
the spaces TC*~12(Y) for log-smooth pairs Y studied in the previous section (Theorem 10.1
below). We will give a similar result for the set X® of valuations whose center is outside
X in terms of a limit TC*~'X(Y") over log-smooth compactifications of X (Theorem 10.7
below). Similarly, we show how to reconstruct the centroidal filtration .#" XP™* in terms of
a centroidal filtration for TC*~'£(Y) over compactified log-smooth pairs Y.

10.1. Limit formula for X®*. The compatibility shown in 9.5 for the retraction maps
presented in Proposition 9.4 implies that there exist natural continuous maps

(10.1) rr X2 lim TCFTIN(Y)
—
YeLSPx
(10.2) ri X®F —  lim TC*'E(Y) N {0}
YeLSCx
(10.3) r XPOR o lim TCRFIN(Y).
—
YeCLSP x

The objective of this section is to prove the following theorem.

Theorem 10.1 (Limit formula). The maps 10.1, 10.2 and 10.3 above are all homeomor-
phisms.

It will be enough to construct an inverse for each of these maps. We treat the case of 10.3,
the proofs in the other cases will be essentially the same. The inverse for this map is

¢: lim TCH'H(Y) — xPE
(10.4) YeCLSPx
s = [(z;w)ly — vs

where v, is the valuation defined by
vs(f) =supvs ,(f), for every f € ﬂ Oxn.
Y 2% ’
Here, vs o = vy, for the element (x;w) in the position indexed by Y in the sequence s, and

Nsry is the center of Vs o

Proposition 10.2. The map 10.4 is well defined and is the inverse for the map 10.3.

Proof. We first note that if Y > Y, then rp(v, ') = v, and therefore n o € {n_ <}
Hence, the sequence of points 7, 3 is decreasing for the order given by specialization. There-
fore, it eventually becomes constant equal to some 7. We get the equality (g O Xy = Ox-
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By Proposition 9.6 the sequence
v, v (Nly
is increasing. Moreover, if we fix Y = (Y, D), a compactified log smooth pair, and we take

Y = (v, Dy ;) where (Y’, D’) is an embedded resolution of singularities for V/(f)UD>* C Y,
we get that

V(f) USupp(D>) C Supp(Dyea)-
For any Y >7Y', we get D" D V(f). By the equality part of Proposition 9.6, we infer
VSV?”(f) = Vsy/(f)-
This means the sequence eventually becomes constant, and so, for f € Ox,, the supremum
is attained. Moreover, Proposition 9.2 shows that given f,g € Ox,, there is a compactified

log-smooth pair Y in which the sequences v, v(Nlx: v, x(9)ls [Viv(f + 9y V.7 (f9)l¥
are all constant at the same time from Y onwards. Hence, for this Y, we have

vs(f9) =v,x(f9) = v,z (f) +v,5(9) = vs(f) + vs(9).

Similarly, vs(f+g) > min{vs(f),vs(g)}, so vs is a valuation. This shows that ¢ is well defined.
We now show that ¢ is the inverse of r. For this, we need to check that the composition
over each side gives the identity. This translates into the equalities
(1) [rg(vs)ly = s for any s = [(z;w)]y € lim TC*'%(Y), and
YcCLSPx
(2) vs = v for any v € XPOF with s = [r¢(v)]y-

For the first equality, we have to prove that for any Y € CLSP x we have r(vs) = (z; w)
for (z;w) in the Y instance of the sequence s. In order to do this consider {z;}; local equations
for the components D; of the divisor D defining Y around the center of v, in Y. There is a
compactified log-smooth pair Y’ = (Y’, D') in which we simultaneously have the equalities

vs(z;) = l/s’?/(zi) for each 7. In this case, we get r(vs) = r7(ys’?/) and by the compatibility
of the retraction maps, we infer that T?(VSY’) = (z;w).

For the second equality, it is enough to prove that for each f € Ox,, we have v (f) = v(f).
This follows directly by the equality part in Proposition 9.6. O

Proposition 10.3. The map 10.4 is continuous.

Proof. The topology of XP"* is generated by open sets of the form
U={veX"™|y(f) e A}

for A C R¥ an Euclidean open set and f € K(X)* a rational function. Hence, given a
fixed sequence s = [(x;w)|y such that ¢(s) € U, it is enough to find a neighborhood V' of s
such that ¢(V) C U. For this, take a compactified log-smooth pair Y and consider f = 7

where g, h € Oy, (4(s))- Take a compactified log-smooth pair Y by choosing an embedded
resolution of Vy (g) U Vy-(h) U D. Consider then

V., = {t € lim TCF12(Y) ‘ v, has center inside Vy- (g)}, and
YeCLSPx

V, = {t € lim TCF'2(Y) ‘ v,y has center inside Vy/(h)}.
YcCLSP x

By Proposition 8.5, for the center map TCk_lE(?) — Y, we see that both V, and V}, are
open neighborhoods of s in the direct limit. By Proposition 9.6, for each ¢t € V; NV}, we have
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vi(9) = v, 5(9) and vi(h) = v, 5 (h). We thus get v4(f) = v, 5(f). Consider

V’:{te lim TCH(Y ) v, (f)eA}.
YcCLSPx
This is another open neighborhood of s in the direct limit. To conclude, note that for
V=V,NV,NV"and t € V, we have

vy (f) =wu(f) € A
which shows that ¢(V) C U. This proves the continuity. O

As a consequence of the limit formulae and weak factorization theorem, we get the following.

Corollary 10.4 (Density of flag valuations). For 1 < k < dim X, the valuations which are
equivalent to a flag valuation of rank k in some birational model of X are dense in XP"F,

Proof. The isomorphism (10.3) shows that the family of open sets of the form 7“%1<U ) where
Y moves through CLSP, and U C TC*¥~'%(Y) is an open set in the tropical topology, form a
basis of X%, Hence, as r(U) C r%l(U), it is enough to show that r(U) contains a valuation
which is a flag valuation in some birational model of X. For this, take (z;wy, ..., wy) € U with

x,wi, ..., wy rational and linearly independent. We will show that v, ,, € r(U) is equivalent

to a flag valuation. For this, take a rational subdivision Y of containing x,ws,...,wy in
different rays of a single cone o. By weak factorization theorem [W1097], there is a way to

obtain 3 as a sequence of blow-ups and blow-downs on the fans . The same sequence of
blow-ups and blow-down gives rise to a birational model X’ and a SNC divisor D' C X’ in
which v, is a diagonal scalar multiple of a flag valuation by 4.12. d

There are similar corollaries for X®* and X%F.
10.2. Refined limit formula. We define the centroidal filtration on tangent cones.

Definition 10.5 (Centroidal filtration). Given a compactified log-smooth pair Y = (Y, D)
over X, we have a decomposition of D as D = D° U D®. This gives the subcomplex 3(D°)
inside £(Y) which we denote by Z(Y°).

We define the centroidal filtration of TC*~1Y to be the filtration

FOTCk1%(Y) 2 #0TCk1%(Y) 2 --- D FrFTChIN(Y)
given for 0 < r < k by
FTTCHIN(Y) = { (z:wp_,) € TCHYS(Y) | (:w,_,) € TC1S(Y) }
o
Remark 10.6. For i < j, property (z;w;) € TC'S(Y Y®) implies (2;w,) € TC'S(Y’). There-
fore, the sequence (5\ FTTCH 1Z(Y))r is mdeed decreasing. Moreover, we have
FOTCH1I%(Y) = TCF12(Y) and ZFFTCF10(Y) = TCH12(Y7).
This is similar to the centroidal filtration on XPr:*, o

The limit formula for compactified log-smooth pairs in the previous subsection preserves
the centroidal filtrations, and we obtain a limit description of each term of the filtration.

Theorem 10.7. For each 0 < r <k, the isomorphism of Theorem 10.1 restricts to a home-
omorphism
FrXPk o lim ZTTCHIR(Y).
_ <_
YcCLSPx
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Proof. We first note that given (z;w) € F"TCk~15(Y), the center of the valuation proj,. (v, )
is the point 7, where o is the smallest face such that (z,w,) € TC"o. Hence, if (z;w) €
FrTCF1%(Y"), then the center of vy, is inside D° C X. This proves that the inclusion
TCF1%(Y) «— XPIK pestricts to an inclusion .#"TCF1N(Y) < F7 X PNk

Moreover, since for any compactified log-smooth pair, the center of v is a specialization of
the center of r(v), we see that for each pair Y' > Y, the retraction map in 9.4 induces a
map

FTCH'S(Y) — FTCF'5(Y)
and these maps are still compatible. This implies that once we take the inverse limit, we
obtain a natural map
re ZTXPE — lim FTTCHIS(Y).
YeCLSPx
On the other hand, the inverse map ¢ defined in 10.4 also restricts to a map
q: FTTCHIS(Y) — FTXPIF,

Indeed, if s = [(z;w)]y is a sequence of elements in .#"TC*1%(Y), the center of the elements
proj, (v, ) in X are points 7, & with the property that n 3 specializes 7 if Y' dominates
Y. X being Noetherian, the sequence [(n . )|y is eventually constant, and hence 7, ¥ is in

the projection of a stratum of D° onto X. The center of proj,(q(s)) is thus on X, and so
q(s) € F7X birk " The maps r and ¢ are still inverse to each other. This finishes the proof. [0

Corollary 10.8. The limit above can be restricted to each stratum in the centroidal filtration,
that is, for each r, we have a homeomorphism

erbir,k N errleir,k SN l(gl ngCkflz(?) ~ errchkflz(?)'
YcCLSPx
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