COHOMOLOGICALLY TROPICAL VARIETIES
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ABSTRACT. Given the tropicalization of a complex subvariety of the torus, we
define a morphism between the tropical cohomology and the rational cohomology
of their respective tropical compactifications. We say that the subvariety of the
torus is cohomologically tropical if this map is an isomorphism for all closed
strata of the tropical compactification.

We prove that a schon subvariety of the torus is cohomologically tropical
if and only if it is wunderschon and its tropicalization is a tropical homology
manifold. The former property means that the open strata in the boundary of
a tropical compactification are all connected and the mixed Hodge structures
on their cohomology are pure of maximum possible weight; the latter property
requires that, locally, the tropicalization verifies tropical Poincaré duality.

We study other properties of cohomologically tropical and wunderschon
varieties, and show that in a semistable degeneration to an arrangement of
cohomologically tropical varieties, the Hodge numbers of the smooth fibers are
captured in the tropical cohomology of the tropicalization. This extends the
results of Itenberg, Katzarkov, Mikhalkin, and Zharkov.
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1. OVERVIEW

The tropicalization process transforms algebraic varieties into piecewise polyhedral
objects. While losing part of the geometry, some of the invariants, such as dimension
and degree, of the original variety can still be computed from its tropicalization.
For the complement of a hyperplane arrangement, Zharkov shows that the tropical
cohomology of the tropicalization computes the usual cohomology of the variety
[Zhal3]. Moreover, Hacking relates the top-weight mixed Hodge structure of a variety
to the homology of its tropicalization [Hac08]. We are interested in determining for
which varieties the tropicalization remembers the cohomology. Part of our motivation
to study this question comes from the work of Deligne [Del97] in which he gives
a Hodge-theoretic characterization of maximal degenerations of complex algebraic
varieties. We are more specifically interested in determining how tropicalization
is related to maximal degenerations, as this question is intimately related to open
problems on large scale limits of families of complex algebraic varieties, see Section 8.4
for a discussion.
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We introduce the relevant concepts and notation before stating our results. Let
N Dbe a lattice of rank n, M the dual lattice, and T = Spec(C[M]) = (C*)™ the
corresponding torus. We let Ng and Ng denote N ®z R and N ®z Q, respectively.
Let X C T be a non-singular subvariety of T and denote by X = trop(X) its
tropicalization [MS15; MR18]. A unimodular fan ¥ in Ng with support X gives
rise to a complex toric variety CPyx and a tropical toric variety TPy. Taking the
closures of X and X in CPyx and TPy, respectively, gives compactifications X and
X. We note that the compactifications depend on the choice of the fan ¥ whose
support is trop(X), however, we have chosen not to indicate it in the notation for
X or X. Here and elsewhere in the paper, we use bold letters for algebraic varieties
and regular letters for tropical varieties.

For a complex variety Z, we denote by H*(Z) the cohomology ring of Z with
coefficients in Q. For a tropical variety Z, the k-th tropical cohomology group of Z
can be defined as H*(Z) == D, =i HP1(Z), where HP1(Z) is the (p, ¢)-th tropical
cohomology group with Q-coefficients introduced in [IKMZ19], see Section 2.6.
The tropical cohomology groups together form a ring H*(Z) = @, H*(Z), the
product structure being induced by the cup product in cohomology [MZ14; GS23].
We note that the tropical cohomology of Z depends only on Z. In particular, if
Z = trop(Z), no information about Z beyond trop(Z) goes into the recipe for
computing H*(trop(Z)).

The question addressed in this paper can be informally stated as follows: Under
which conditions can the cohomology of X be related to the tropical cohomology of
trop(X)?

Let X, ¥ and X be as above, with X and X the corresponding compactifications.
We define 7* to be the ring homomorphism 7*: H®*(X) — H*(X) between the
cohomologies of X and X, defined by composing the isomorphism H**(X) =
A¥(CPy), proved in [AP24b, Theorem 1.1], with the cycle class map A*(CPx) —
H?¢(CPyg) and the pullback morphism on cohomology associated to the embedding
X — CPx. The groups HP(X) are sent to zero by 7* for p # q. We refer to
Section 3 for more details.

In the following, we will use the map 7* not only on X and X, but also on some
of their subvarieties: the toric varieties CPy; and TPy, are endowed with natural
stratifications induced by the cone structure of ¥. Each cone o € ¥ gives rise to the
torus orbits T and Vg in CPyx and TPy, respectively, with corresponding lattice
N?. The closures in CPy and TPys of these orbits are denoted by CP§, and TP,
respectively, and are isomorphic to the complex and tropical toric varieties associated
to the star fan X7 of ¢ in X. Intersection with these strata induce a stratification of
X and X. We denote by X7 = XN T and X = X N N the stratum associated
to o € ¥, and by X7 and X their closures in X and X, respectively. The stratum
X7 is a closed subvariety of the torus T and its tropicalization coincides with X?.
Moreover, the star fan 37 is a unimodular fan with support X?. We thus obtain a
morphism H*(X°) — H®(X) that we also denote by 7*.

Definition 1.1. Let X C T be a subvariety, ¥ a unimodular fan with support
X = trop(X), and X and X the corresponding compactifications. We say that X
is cohomologically tropical with respect to ¥ if the induced maps 7*: H*(X7) —
H*(X?) are isomorphisms for all o € 3. o

We show that the property of being cohomologically tropical for schén subvarieties
of tori does not depend on the chosen unimodular fan. Recall from [Tev07; Hac08]
that a subvariety X C T is schon if for some, equivalently for any, unimodular fan 3
of support trop(X), the open strata X7, o € ¥, of the corresponding compactification
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are all non-singular. It also implies that the compactification X is non-singular, and
that X \ X is a simple normal crossing divisor.

Theorem 4.4. Suppose that the subvariety X C T is schon and let X = trop(X)
be its tropicalization. The following are equivalent.

(1) There exists a unimodular fan X with support X such that X is
cohomologically tropical with respect to 3.

(2) For any unimodular fan ¥ with support X, X is cohomologically tropical
with respect to 3.

Such a schon subvariety X C T will be called cohomologically tropical. For
example, the linear subspaces in CP", restricted to the torus, form a family of
cohomologically tropical subvarieties. These very affine varieties are complements
of hyperplane arrangements, see Section 8.2. A generalization is given in [Sch21] in
which Schock defines quasilinear subvarieties of tori as those having a tropicalization
which is quasilinear, in other words, T-stable in the language of [AP23]. He shows that
these subvarieties are necessarily schon. It follows from his results that quasilinear
subvarieties of tori are cohomologically tropical.

We now introduce a class of subvarieties X C T with cohomology amenable to a
tropical description using the notion of mixed Hodge structures, see Section 2.4.

Definition 1.2. A non-singular subvariety X C T of the torus is called wunderschon
with respect to a unimodular fan ¥ with support trop(X) if all the open strata X
of the corresponding compactification X are non-singular and connected, and the
mixed Hodge structure on H*(X) is pure of weight 2k for each k. o

In particular, a point in the torus is wunderschén. It follows from the
preceding discussion that if X is wunderschon, it is schon. Therefore, if X is
the compactification with respect to a unimodular fan ¥, the boundary X <\ X is a
strict normal crossing divisor.

We prove that the property of being wunderschén is independent of the fan, and
that the cohomology of a wunderschon variety is divisorial in the sense of Section 5.

Theorem 4.5. Suppose that the subvariety X C T is wunderschén with respect to
some unimodular fan. Then X is wunderschén with respect to any unimodular fan
with support X = trop(X).

Theorem 5.1. Let X C T be a wunderschin subvariety. Let X be the
compactification of X with respect to a unimodular fan X with support X = trop(X).

Then the cohomology of X is divisorial and generated by irreducible components of
X\ X.

A tropical variety X is called a tropical homology manifold if any open subset
in X verifies tropical Poincaré duality. For a tropical variety which is the support
of a tropical fan, this amounts to the property that for some, equivalently for any,
rational unimodular fan X of support X, the corresponding open strata X7 verify
tropical Poincaré duality for all ¢ € . In particular this implies that, for any
unimodular fan ¥ of support X, any open subset of the corresponding tropical
compactification X verifies tropical Poincaré duality.

A tropical fanfold X is called Kahler if for some, equivalently for any, quasi-
projective unimodular fan ¥ with support X, and for any o € X, the Chow ring
A*(X7) verifies the Kéhler package, that is, Poincaré duality, hard Lefschetz theorem
and Hodge-Riemann bilinear relations. Here, for a unimodular fan 3, the Chow
ring A*(X) coincides with the Chow ring of the corresponding toric variety CPs;.

We have the following main theorem on characterization of cohomologically
tropical subvarieties of tori.
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Theorem 6.1. Let X C T be a schon subvariety with support X = trop(X). Then
the following statements are equivalent.

(1) X is wunderschon and X is a tropical homology manifold,
(2) X is cohomologically tropical.

Moreover, if any of these statements holds, then X is Kahler.
We deduce the following result from the above theorem.

Theorem 6.2 (Isomorphism of cohomology on open strata). Suppose that X C T
is schén and cohomologically tropical. Let 3 be any unimodular fan with support
X = trop(X). Then we obtain isomorphisms

™ H¥(X7) =~ H*(X9)
forallo € ¥ and all k.

Going beyond cohomologically tropical subvarieties of tori, and following the
work of [TKMZ19], one can ask the following question. Which families X; of complex
projective varieties over the complex disk degenerating at ¢ = 0 have the property
that the tropical cohomology of their tropical limit captures the Hodge numbers of
a generic fiber in the family?

In Theorem 7.1, we weaken the condition given in [IKMZ19] by showing that
it suffices to ask the open components of the central fiber to be cohomologically
tropical and schén. By Theorem 6.1, this is equivalent to asking the maximal
dimensional strata to be wunderschén and their tropicalizations to be tropical
homology manifolds.

More precisely, let m: X — D* be an algebraic family of non-singular algebraic
subvarieties in CP" parameterized by a punctured disk D* and with fiber X; over
t € D*. Let Z C TP" be the extended tropicalization of the family (see Section 7).

By Mumford’s proof of the semistable reduction theorem [KKMS06], we find
a triangulation of Z (possibly after a base change) such that the extended family
7: X — D is regular and the fiber over zero ¥g is reduced and a simple normal
crossing divisor. Note that since the extended family is obtained by taking the
closure in a toric degeneration of CP", each open stratum in Xy will be naturally
embedded in an algebraic torus.

Theorem 7.1. Let n: X — D* be an algebraic family of subvarieties in CP"
parameterized by the punctured disk and let m: X — D be a semistable extension. If
the tropicalization Z C TP" is a tropical homology manifold and all the open strata
in Xo are wunderschon, then HP9(Z) is isomorphic to the associated graded piece
Wap,/Wap_1 of the weight filtration in the limiting mized Hodge structure Hﬁ:{lq. The
odd weight graded pieces in Hﬁ;;q are all vanishing.

Moreover, for t € D*, we have dim HP(%;) = dim HP(Z), for all non-negative

integers p and q.

Degenerations appearing in the previous theorem are necessarily maximal in the
sense of [Del97], see Section 8.4 for more discussion of this connection.

Theorem 7.2. Notations as above, the family X — D* is mazimally degenerate.

We refer to the earlier work of Gross-Siebert [GS10] on integral affine manifolds
with singularities and degenerations to arrangements of complete toric varieties, the
work of Ruddat [Rud10] on non-necessarily maximal degenerations of Calabi-Yau
varieties, and [HK12; KS12; KS16; Rud21] for other interesting results connecting
the topology of tropicalizations to the Hodge theory of nearby fibers.
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2. PRELIMINARIES

2.1. Subvarieties of the torus and tropicalization. We briefly recall the
tropicalization of subvarieties of tori. Let N be a lattice of rank n, M its dual,
Nrg = N®R, and T = Ty = Spec(C[M]) = (C*)". Let X be a d-dimensional
subvariety of the torus T, so that X = V(I) for an ideal I C C[M]. The
tropicalization of X can be described using initial ideals, see e.g. [MS15, Section
3.2],

trop(X) = {w € N | iny,(I) # (1)}.

A d-dimensional fan ¥ is weighted if it comes equipped with a weight function
wt: X4 — Z where X4 denotes the d-dimensional cones. A tropical fan is a weighted
fan which is pure dimensional and which satisfies the balancing condition in tropical
geometry [MS15, Section 3.3]. A fanfold is a subset of Ng which is the support of a
rational fan, and it is a tropical fanfold if it is the support of a tropical fan.

The tropicalization X := trop(X) is a tropical fanfold, and any fan structure on
trop(X) is equipped with a weight function wtx induced by X. If ¥ is a rational
fan in Ny of support X and 7 is some facet of 3, then for a generic point w in the
relative interior of 7, the variety V(in,(I)) is a union of translates of torus orbits.
Then, wtx () is equal to the number of such torus orbit translates counted with
multiplicity. This number is invariant for generic choices of points in the relative
interior of . The tropicalization endowed with the weight function wtx satisfies
the balancing condition and thus is a tropical fanfold in Ng [MS15, Section 3.4].

2.2. Tropical compactifications of complex varieties. We now briefly review
the notion of tropical compactifications introduced in [Tev07]. Let ¥ be a fan in Ng,
and CPys, the associated toric variety. There is a bijection between cones in 3 and
torus orbits in CPy. For each o € X, we denote by T the corresponding torus orbit.
The closure T? is the disjoint union |_|730 T7, for cones v € ¥ containing o. For

X C T a subvariety and its closure X in CPy;, we have X = Ll,es T NX. We denote
the stratum T? N X by X7, and its closure by X°. Note that, X = | | X7,

For ¥ a unimodular fan with support equal to X = trop(X), the closure X of
X in CPy; is compact, giving a tropical compactification [Tev07, Proposition 2.3].
Moreover for such a ¥, the compactification X of X in CPy; is said to be schén if the
torus action T x X — CPy, is non-singular and surjective, in which case X is non-
singular, and the boundary D := X \ X is a simple normal crossing divisor [Tev07,
Theorem 1.2]. The compactification X is schén if and only if X is non-singular
for each o € ¥ [Hac08, Lemma 2.7]. If X admits a schén compactification, then

v20
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any unimodular fan with support equal to X will provide a schén compactification
[LQ11, Theorem 1.5], and in this case, we will say that X is schon.

Example 2.1. For f = ZIEA(f) arz! € (C[a:li, ..., o] a Laurent polynomial, it is
pointed out in [Tev07, p. 1088] that the very affine hypersurface X = V(f) being
schon is equivalent to the condition that f is non-degenerate (with respect to its
Newton Polytope), a concept studied in [Var76b; Var76a] and [Kou76]. For each
face v € A(f) of the Newton Polytope of f, one defines f, = Zle»y arx’. Then f is

non-degenerate if, for all v € A(f), the polynomials
A

1
({91’1) ’ "axn

share no common zero in (C*)™. This implies that X = V'(f) is schon by for instance
[Var76b, Lemma 10.3]. o

2.3. Canonical compactifications of tropical varieties. Let ¥ be a rational
fan in Ng. The dimension of a cone ¢ will be denoted by |o|, and we denote by X
the set of cones of ¥ of dimension k. The unique cone of dimension 0 is denoted 0.
Let v, d be two faces of . We write v < § if y is a face of §. For 6 € ¥ a cone, the
saturated sublattice parallel to § is denoted Ny, and the quotient lattice N/ Ny is
denoted N?, with quotient map 7°: N — N?. By a slight abuse of terminology, we
also denote by m° the map of real vector spaces Ng — Nﬂg. Furthermore, the star
at d is the fan X° in N whose cones are given by {7°(c) | § < o}.

We briefly review the construction of tropical toric varieties, referring to [MS15,
Chapter 6.2] for a detailed construction. Let T = R U {+oc0} denote the tropical
semi-field. Denote by oV the semigroup of element of My which are nonnegative
on o. For each o € X, one defines UYP := Homgemigroup (o N M, T), which can
be identified with the set | |5, N3. We equip UP with the subset topology of

the product topology on the infinite product T "M For o unimodular, UP is
isomorphic to R"~17! x TI?I. For § < o, the inclusion identifies U;"°" as an open
subset of UM°P. The tropical toric variety TPy associated to X is the space given
by gluing the U;*P along common faces, with underlying set | |, o5 Ng.

Let ¥ be a fan with support X. The canonical compactification X of X relative to
the fan X is the closure of X as a subset of its tropical toric variety TPs;. Furthermore,
X has a cellular structure, which we denote X, see Section 2.6 and [AP24b, Section
2] for details. For any cone o € ¥, we denote by X7 the fanfold associated to 37.
The canonical compactification X7 of X7 is canonically isomorphic to the closure of
X7 when considered as a subset in Vg C TPsy;, and we will denote this compactified
fanfold by X?, when ¥ is understood from the context. Moreover, there is an
inclusion of canonical compactifications i: X < X° for § < 0.

When X = trop(X) the tropical canonical compactification X relative to any
fan ¥ with support X is the same as the extended tropicalization of the closure
X C CPy in the sense of [Kaj08; Pay09, Section 3].

2.4. Mixed Hodge structures. Keeping the notation from Section 2.2, let X C T
be a non-singular subvariety, and 3 a unimodular fan supported on the tropicalization
X = Trop(X), so that we obtain a tropical compactification X of X. Moreover
suppose that the boundary D := X \ X is a simple normal crossing divisor. We
have that D = ey, X°.

By [Del71, Section 3|, the logarithmic de Rham complex Q'i(log D) induces an
isomorphism

H*(X;Q) = HY(X; Q% (log D)),
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for each k. Moreover, there is a weight filtration W, on the logarithmic de Rham
complex, which gives a mixed Hodge structure on H*(X). This is given by the
Deligne weight spectral sequence

EyP?=H17( | | X7) = H""(X),

ocEY,

which degenerates on the Fs-page. Below, we display the rows E;’Zkﬂ and EI’%,
where the rightmost elements are in position (0,2k + 1) and (0, 2k), respectively.

Does, H'(X7) > Bsex, , H*(X) = > Deey, H*FHXE) » HFHH(X)
D, ex, HOX) + Bjex, , H2X) + -+ Bees, HF2(X) — H*(X).

All the differentials are sums of Gysin homomorphisms with appropriate
signs. Recall that, given a unimodular fan 3, and a pair of faces 0, € X
such that ¢ is a codimension one face of o, the inclusion map i: X° — X?
induces a restriction map in cohomology i*: H®*(X°) — H*(X?), with dual map
iv: H*(X7)* — H*(X%)*. Applying the Poincaré duality for both X7 and X° gives
a map PD%(ls oi, 0 PDx,: H*(X?) — H**2(X?), called the Gysin homomorphism

and denoted Gys,. s.
Since the Deligne spectral sequence degenerates at the Fo page, the cohomology

of the rows E** and EP?" yields the following associated graded elements
Grg‘;+1(Hk+1) Grgl,ngl(Hk'*'Q) T Grg‘;+1(H2k) Grg‘lg+1(H2k+1>
Gryy, (HY) Gry (M) oo Grogp(H™7Y) Gro(H™),

where H* .= H*(X) and Gr}" (H*) denotes the weight [ part of the mixed Hodge
structure on H*.

Recall that a mixed Hodge structure H is pure of weight n if GrZV(H) =0 for
i # n. A mixed Hodge structure H is Hodge-Tate if Gr)’ (H) is of type (I,1) if
k =2l and 0 for k odd, see, e.g., [Del97, p. 689].

2.5. Wunderschon varieties. We now consider wunderschon varieties X C T as
introduced in Definition 1.2. As we noted previously, wunderschén varieties are
schon. In addition, we have the following.

Proposition 2.2. If a non-singular subvariety X C T is wunderschon with respect
to X, then the weight function of the tropicalization wtx is equal to one on all top
dimensional faces n of 3.

Proof. The weight wtx (1) is equal to the intersection multiplicity of X with the
toric stratum CPgs. In other words, it is the number of points in the variety X"
counted with multiplicities. Since X is wunderschén, the variety X" must consist of
a single point. Hence, for all facets n we have wtx(n) = 1. O

A consequence of the wunderschén property is that, for each ¢ € X, the even
rows of the Fy = E-page for X7, taking a priori the form shown in (1), are in fact
zero except in the leftmost position, which implies that H*(X?) = Gri, (H*(X7)).
Moreover, the odd rows of the F;-page are all identically zero by the following
lemma.

Lemma 2.3. Let X C T be a wunderschon variety with respect to %. Then
H*~ LX) =0 fork=1,...,dim(X?) and all 0 € ¥.
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Proof. The property is true for a wunderschén point. By induction on dimension,
we have H?*=1(X?) =0 for k =1,...,dim(X?) and all cones ¢ except the central
vertex 0, so that it remains to prove that H**~1(X) =0 for k = 1,...,dim(X). For
each such k, the (2k — 1)-th row of the Es-page of the Deligne spectral sequence
is given by ES?F 1 = H2-1(X) = Gry | (H?*~1(X)) and all other terms are 0.
Since X is wunderschon, Gryy,_, (H**~1(X)) = 0, and so H*~1(X) = 0. O

Since the Es-page is the cohomology of the Ej-page, this proves the following
lemma.

Lemma 2.4. For X C T a wunderschén variety with respect to 33, and for each
cone o € ¥ and each k, we have the following exact sequences

0 HNXT) ™ P HXH S P OHEX) DS

p=o v>o
lpl=lol+k lvl=lol4+k—1
Gys ¢\ Gys —
P HXG) S X o,
{0
[€l=lol+1

where res denotes the logarithmic residue map and Gys denotes a signed sum of
suitable Gysin maps.

Example 2.5 (Wunderschon curves are rational). We classify wunderschén curves
X C T. A tropical compactification X consists of adding points to X. Points have
pure mixed Hodge structure on their cohomology. Thus, for X to be wunderschén
with respect to a fan ¥, it is necessary that each stratum X¢ for ¢ € ¥, be connected,
i.e., consists of a single point. The Deligne weight spectral sequence degenerates on
the F, page, and is shown in Figure 1 and Figure 2. Note that H?(X) is trivial.
Moreover, if X is wunderschon, then H'(X) = Gr}" (H'(X)) must be trivial.

H' (i, X)—HAX) |2 Gl (H(X)) 0 2
0 H'X) |1 0 GrlV(HY(X)) |1
0 HX) |0 0 Gry (H(X)) |0
-1 0 -1 0
FIGURE 1. Ej-page from FIGURE 2. FEs-page from
Example 2.5 Example 2.5

Therefore, a non-singular curve X C T is wunderschon if and only if the curve X
is isomorphic to CP! and it meets each toric boundary divisor of CPys in only one
point. We conclude that the only wunderschén (open) curves are complements of a
finite set of points in a non-singular rational curve. o

2.6. Tropical homology and cohomology. We now briefly sketch the theory
of tropical homology and cohomology, and refer to [JRS18; JSS19; AP20; AP24b;
IKMZ19; Aks23; GS23] for details. We work with Q-coefficients.

Let ¥ be a rational fan in Ny with support X. Let X be the closure of X inside
the tropical toric variety TPy. The closure X has a cellular structure ¥ where the
cells of X consist of the closures of the cones in X7 for all ¢ € ¥. In particular, each
face of ¥ is indexed by a pair of cones o, v € ¥ satisfying v = o, and denoted 7 € 3.
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For each face C € 3, the p-th multi-tangent space Fp(C3) (with Q-coefficients) is

defined as
c9) =Y NWV,/N)eQc \Ng.

nFEY

Moreover, for a < 8 two faces of X, there is a map tgwq: Fp(8) = Fp(a), which
is an inclusion 1f both faces lie in the same subfan X7 for some o, or if a = C7
and 8 = Cg/ with 7 %= o > o', then g, is induced by the projection N° — N©.
Generally, the map ¢, is defined as compositions of such inclusions and projections.
Furthermore, by dualizing, we obtain the p-th multi-cotangent spaces FP(«) and
reversed morphisms.

By selecting orientations for each of the cones a@ € X, we obtain relative
compatibility signs sign(a, ) € {£1} for a < 8 with |8 = lal + 1. We may
thus use the multi-tangent spaces to define a chain complex

Coa(D) = EP Ful

aGE

that is, summing over faces o of dimension ¢ in 3, with differentials 9, = C,, ,(3) —
Cp4-1(%) defined component-wise as the maps sign(a, 3)tg. when o < 3 and
8] = |lal + 1, and defined to be 0, otherwise. Similarly, by dualizing everything, we
obtain a cochaln complex CP4(% ) for the multi-cotangent spaces.

The homology groups H, (X) = H,(C, (X)) of the complex C,o(X) are
invariants of the canonically compactified support X of the support X of the
fan ¥. Therefore, we define the tropical homology of X as the homology
Hy o (X) = Hy(Cpe(X)) of the complex Cpo4(X). The tropical cohomology of
X is HP4(X) == HY(CP*(2)).

In fact, tropical homology and cohomology can be defined for any rational
polyhedral space. Moreover, there are various equivalent descriptions of tropical
(co)homology in terms of cellular, singular, and sheaf theoretic terms [IKMZ19;
MZ14; GS23]. For any rational polyhedral space Z, we set

@ HP9(Z)

p+q=k
For example, for a fanfold X, the tropical homology is Hp ,(X) = F,(0) if ¢ =
and 0 otherwise, and the tropical cohomology of X is HP4(X ) FPO)ifg=0a d

0 otherwise [JSS19, Proposition 3.11].

If X is a tropical fanfold, the balancing condition implies the existence of a
fundamental class [X] € Hyq(X), which induces a cap product ~ [X]: HP9(X) —
Hy pa—q(X) for each p,q € {0,...,d}. When these maps are isomorphisms for all
p and ¢, the variety X is said to satisfy tropical Poincaré duality.

Definition 2.6. A tropical fanfold X is called a tropical homology manifold if one
of the three following equivalent conditions hold:

e There exists a unimodular fan ¥ with support equal to X such that each
of the canonical compactifications X7 satisfies tropical Poincaré duality, for
all cones o € X.

e For any unimodular fan ¥ with support equal to X, each of the canonical
compactifications X satisfies tropical Poincaré duality, for all cones o € ¥.

e Any open subset U of X satisfies tropical Poincaré duality, i.e., the tropical
Poincaré duality induces an isomorphism between the tropical cohomology
and the tropical Borel-Moore homology of U (see [JSS19; JRS18] for details).
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A tropical variety Z is called a tropical homology manifold if any open subset U of
Z verifies tropical Poincaré duality. o

This definition corresponds to the notion of homological smoothness in [AP24a]
and to local tropical Poincaré duality spaces in [Aks23]. The equivalence of the three
statements for tropical fanfolds is non-trivial and follows from Theorems 1.2 and
1.3 in [AP24a], and Theorem 1.8 of the article [AP24b].

2.7. Chow rings of fans. We now recall some facts about the Chow ring of a fan,
see for instance [AP23] for more details.

Let X be a unimodular fan in a vector space Ng. The Chow ring A®*(X) is the
quotient ring

AY(D) =Qlx [¢em]/(T+)

with a variable x. for each ray ¢ € ¥;. Here I is the ideal generated by all monomials
X¢, - - X¢, such that the rays (i,...,{ do not form a cone of ¥; and J is the ideal
generated by the expressions 24621 (m, ec)x¢, where ec € N is the primitive vector
of the ray ¢ and m ranges over elements of the dual lattice M.

For o € ¥, we define x, = x¢, - -X¢,, where (1, ..., are the rays of 0. As a
vector space, A®*(X) is generated by x,, 0 € 3. For a pair of cones ¢ < o, there is
a Gysin map Gys,.;: A°(X7) — A*H1el=101(538) " This map is defined by mapping
Xy € X7 t0 XpX¢, - - - X¢,., where 1)/ is a face of 37, 7 is the corresponding face in »,
and (i, ...,( are the rays of o not in 6.

Since ¥ is unimodular, there is an isomorphism of rings ®x: A®*(X) = A*(CPyx)
from the Chow ring of ¥ to the Chow ring of the toric variety CPy;, see e.g., [Bri96,
Section 3.1]. Furthermore, the cycle class map cycy,: A*(CPx) — H?*(CPx) gives
a graded ring homomorphism to cohomology, see [Ful84, Corollary 19.2]. Consider
a subvariety X of the torus, and assume that the support of ¥ is Trop(X). Let
X be the corresponding compactification. There is the restriction map of rings

r*: H*(CPy) — H*(X). Composing all these homomorphisms gives a morphism of
rings ®: A*(X) — H?*(X) which maps x, to the class of X°.

_In the tropical world, there is a similar map. Let X be the support of ¥ and let
X Dbe the corresponding compactification. One can consider the composition

A*(X) — H**(TPs) — H**(X)

mapping x, to the class of X?. By [AP24b, Theorem 1.1], this composition
induces an isomorphism of rings @@, A*(X) = @, H**(X). We define the inverse
map ¥: H*(X) — A*/?(X) by mapping (p, q)-classes to zero if p # q. Here, by
convention, A¥/2(X) is trivial for odd k. If ¥ is a tropical homology manifold, ¥ is

an isomorphism by [AP24b, Theorem 1.3], that is, H?9(X) is trivial for p # q.

Kihler package. We recall the Kédhler package for Chow rings of fans, see [AP23].
Assume ¥ is tropical and quasi-projective, i.e., there exists a conewise linear function
f on X which is strictly convex in the following sense. For any o € X, there exists
a linear map m € M such that f — m is zero on ¢ and strictly positive on U \ o
for some open neighborhood U of the relative interior of o. To such an f, one can
associate the element L =3 ..y f(ec)xc € AL(X). These elements coming from
strictly convex functions are called ample classes. Since X is tropical, the degree
map deg: A%(X) — Q mapping x, to wt(n) for any facet 7 of ¥ is a well-defined
morphism.

The Chow ring A*(X) is said to verify the Kahler package if the following holds:
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o (Poincaré duality) the pairing

AR(Z) x AR - Q,
a,b —  deg(ab),

is perfect for any k;

e (Hard Lefschetz theorem) for any ample class L, the multiplication by
induces an isomorphism between A*(X) and A9~%(%) for all k < d/2;

e (Hodge-Riemann bilinear relations) for any k < d/2 and any ample class L,
the bilinear map

AFE) x AHEZ) = Q
a,b = (—1)F deg(L9=2kab),
is positive definite on ker( -LI=2k+1: AF(%) — Ad=k+1(3)).
A tropical fanfold X is called Kdhler if it is a tropical homology manifold and
there exists a quasi-projective unimodular fan of support X such that A®(X7) verifies

the Kéhler package for any o € ¥. In such a case, any quasi-projective unimodular
fan ¥ on X verifies the previous property (cf. [AP23; AP24al).

Ld72k

2.8. Tropical Deligne resolution. Let ¥ be a unimodular fan on some tropical
homology manifold X. Let § < o be two faces of ¥. The inclusion i**°P: X7 — X9
of canonically compactified fanfolds, both satisfying tropical Poincaré duality,
gives a homomorphism %" : Hy,(X?) — Hy(X?). Applying the tropical Poincaré
duality for both X7 and X?, this gives a map PD;S 0P o PDx,: HF(X7) —
HF+2001=101) (X79) " called the tropical Gysin homomorphism and denoted Gysff;g.
In [AP24a, Theorem 1.6], it is shown that for a fanfold X which is a tropical
homology manifold and a simplicial fan ¥ with support X, there are tropical Deligne

resolutions, i.e., exact sequences for any k,
0— HYX)— @ H'(X") — @ H*(X’)— -
cEXy €YK _1
o — P HFHXC) — HPMX) — 0,
CeXy

where the first non-zero morphism is given by integration (that is, by the evaluation
of the element o € H¥(X) at the canonical multivector of each face o € X}), and all
subsequent maps are given by the tropical Gysin homomorphisms (with appropriate
signs [AP24a, Section 3]).

3. THE INDUCED MORPHISM ON COHOMOLOGY BY TROPICALIZATION

The aim of this section is to define a map relating tropical cohomology to classical
cohomology, as well as to prove Proposition 3.2, which relates Gysin maps in tropical
and classical cohomology.

Definition 3.1. Let X C T be a subvariety and ¥ a unimodular fan with support
X = trop(X), and X and X be the compactifications of X and X with respect to X.
We define

™ H*(X) — H*(X)
to be the ring homomorphism defined as the composition of the maps ¥: H®*(X) —
A*/2(%) with ®: A*/?(X) — H*(X) from Section 2.7. o

The map 7* is the morphism comparing the tropical and classical cohomology in
order to define cohomologically tropical varieties in Definition 1.1.

We will now relate the classical and tropical Gysin maps through the map 7*.
This will be useful later for comparing Deligne sequences.
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Proposition 3.2. Let X = Trop(X) the be tropicalization of a subvariety X C T,
> a unimodular fan with support X, with 0,6 € X such that 6 is a face of o
of codimension one, giving inclusion maps X° — X° and X — X°. Then the
following diagram commutes:

HF(X7) — HF(X7)
[ |Gt
HF2(X0) T gF2(X0).
Proof. Expanding the definition of 7*, we obtain the following diagram
H*(X7) —L— A*2(27) —2— H*(X7)

Gys:ﬁ%l J{Gysw_(; lesm_(;

H.+2(X§) L) A'/2+1(26) i) Ho+2(i5).

The first square is commutative by [AP20, Remark 3.15], in light of [AP24b, Theorem
1.1]. The commutativity of the second square follows from the functoriality of the
cycle class map in light of [Bri96, Section 3.2] and [Ful84, Section 19.2]. O

Remark 3.3. Let X € Ty and X’ € Ty be two non-singular subvarieties
of tori associated to two lattices N and N’, with X and X’ the corresponding
tropicalizations, and two unimodular fans ¥ and ¥’ with supports X and X',
respectively.

Assume there exists a morphism of lattices ¢: N — N’ which takes cones of ¥
to cones of ¥’ such that the induced map ¢| X=X " is surjective. This makes
the induced morphism of toric varieties f: CPy — CPyss proper [Ful93, Section 2.4].
We denote by f#%°P: TPy — TPs: the induced morphism on tropical toric varieties.

Furthermore, suppose that f(X) = X’. Since X is compact we have that f(X) =
f(X) = X’. This also gives f"°P(X) = X' for the canonical compactifications of X
and X’ with respect to ¥ and ¥’. One can then prove the commutativity of the
following diagram

H*(X') ——— H*(X')
firoms |
(

H*(X) —— H*(X). o
Proposition 3.4. Let X C T be a subvariety of complex dimension d and ¥ a
unimodular fan with support X = trop()i), and X and X be the compactiﬁcatioy
of X and X with respect to 3. Suppose X satisfies tropical Poincaré duality and X
is non-singular. Then 7 : H*(X) — H*(X) is injective.
Proof. Both maps W: H24(X) — A4(¥) and ®: AY(X) — H?4(X) commute with
the corresponding degree maps. Now for both tropical and classical cohomology,
the fact that the products induce perfect pairings implies that 7* is injective. [

4. TRRELEVANCE OF FAN

To be schon, wunderschon, cohomologically tropical, Kéahler, or a tropical
homology manifold are all properties of the form “there exists a fan ¥ such that
a specific property holds” with some restriction on the fan, as unimodularity for
instance. Informally, we say that such a property is fan irrelevant if we can replace
“there exists a unimodular fan” by “for any unimodular fan” (this is strongly linked
with the notion of 7T-stability for properties of tropical fans in [AP23]). It is already
known that to be schén, Kéhler or a tropical homology manifold is fan irrelevant.
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In this section we prove Theorems 4.4 and 4.5 about the fan irrelevance of being
cohomologically tropical and wunderschén. We begin with a lemma.

Lemma 4.1. Suppose a schin subvariety X C T is cohomologically tropical. Then,
the tropicalization X = trop(X) is a tropical homology manifold.

Proof. Let ¥ be a unimodular fan whose support is trop(X). It follows that the
cohomology groups H®(X?) are all isomorphic to the cohomology groups H*(X?),
and so they verify Poincaré duality. We infer that X is a tropical homology
manifold. O

Let X be a schon subvariety of the torus which is cohomologically tropical. It
follows from the previous lemma and the fan irrelevance of being a tropical homology
manifold that all the cohomology groups H?:4(X) are vanishing provided that p # ¢,
for the canonical compactification X of X with respect to any unimodular fan with
support X.

Let ¥ be a unimodular fan with support the fanfold X, and let o be a cone in %
of dimension at least two. Let ¥’ be the barycentric star subdivision of ¥ obtained
by star subdividing o, see e.g. [AP23; W1o03]. Denote by p the new ray in ¥'. Let
X and X’ be the compactifications of X with respect to ¥ and ¥’, respectively.

The following theorem provides a description of the Chow ring of ¥’ in terms of

the Chow rings of ¥ and 7.

Theorem 4.2 (Keel’s lemma). Let J be the kernel of the surjective map
0ot A*(X) — A*(X9) and let

P(T) =[] xc+ 1)
(<o
ICI=1

There is an isomorphism of Chow groups given by the map
x: A*(D)[T]/(T + P(T)) == A*(X)

which sends T to —x, and which verifies

X¢ +Xp if( <o,
X¢ otherwise.

VCEZD X(XC): {

In particular this gives a vector space decomposition of A*(¥X') as
2) AR = AT(R) & AT ST @ - @ A1 (2771
In addition, if X is the tropicalization of a schon subvariety X C T, and X and

X' are compactifications of X with respect to ¥ and X', respectively, then we have
an isomorphism
H*(X') = H*(X)[T]/ (3T + P(T)),
and the decomposition
(3) H*X)Y=2H'X)eH* 'X)T® - @ H (X)L,

Here, by an abuse of notation, the variable T denotes the image of —x, in H*(X')
for the induced map A*(X') — H*(X'), J is the kernel of H*(X) — H*(X7), and
P(T) is the image of 1] ¢<o (x¢ +T') in H*(X)[T] under the map A®*(X) — H*(X).
I¢l=1
Decomposition (2), for instance, means that for any 1 < k < |o|, we have a
natural injective map

—Gys,o

A%(27) <> A%(S7) AL sy I qeti (s,
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The piece A*(2°)T* in the above decomposition then denotes the image of the
above map. We refer to [Kee92] and [AP23] for more details and the proof.

Two unimodular fans with the same support are called elementary equivalent if
one can be obtained from the other by a barycentric star subdivision. The weak
equivalence between unimodular fans with the same support is then defined as the
transitive closure of the elementary equivalence relation. We will need the weak
factorization theorem, stated as follows.

Theorem 4.3 (Weak factorization theorem [W1097; Mor96]). Two unimodular fans
with the same support are always weakly equivalent.

We are now in a position to prove the independence of being cohomologically
tropical from the chosen fan for schén varieties.

Theorem 4.4. Suppose that the subvariety X C T is schon and let X = trop(X)
be its tropicalization. The following are equivalent.

(1) There exists a unimodular fan X with support X such that X is
cohomologically tropical with respect to X.

(2) For any unimodular fan X with support X, X is cohomologically tropical
with respect to 3.

Proof. Suppose that the subvariety X of the torus T is schon. Let X = trop(X). Let
Y be a unimodular fan with support X such that X is cohomologically tropical with
respect to 3. Let ¥ be a second unimodular fan with support X. We need to prove
that X is cohomologically tropical with respect to ¥’. By the weak factorization
theorem, it will be enough to assume that ¥ and ¥’ are elementary equivalent.

We consider the compactifications X’ and X’ of X and X with respect to X,
and those with respect to ¥ by X and X.

Consider first the case where Y/ is obtained as a barycentric star subdivision of .
Denote by o the cone of ¥ which has been subdivided and by p the new ray of ¥'.

We start by explaining the proof of the isomorphism H*(X') =~ H*(X'). We
use the notation preceding Theorem 4.3. By Keel’s lemma, we get

AN(X) = A(D)[T]/QT+P(T))  and  HY(X') = H*(X)[T]/QIT + P(T))

with J and P(T) as in Theorem 4.2.

By [AP24b, Theorem 1.1], see Section 2.7, we have isomorphisms AP(¥') =%
HPP(X') and AP(X) = HPP(X) for each p. Moreover, since X is cohomologically
tropical by Lemma 4.1, all the cohomology groups H?4(X’) and HP¢(X) are
vanishing for p # q.

The isomorphism H*(X') =% H*(X') now follows from the commutativity of
the diagram in Remark 3.3, the isomorphisms H®*(X) =5 H*(X) and H®*(X7) =
H*(X?), and the compatibility of the decompositions in Keel’s lemma in the tropical
and algebraic settings with respect to these isomorphisms.

Consider now an arbitrary cone ¢ of ¥’ and denote by 7 the smallest cone of
¥ which contains §. The star fan ¥'0 of § in ¥’ is isomorphic to a product of two
fans A x © with A a unimodular fan living in N and © a unimodular fan living
in NUR/N(;QU,R. In the case n £ o, the first fan A coincides with the star fan %7
of n in ¥. Otherwise, when 1 < o, A is the fan obtained from X" by subdividing
the cone o/n. The other fan O is 0 unless ¢ contains the ray p in which case, O is
the fan of the projective space of dimension |o| — |o N §|. Similarly, X" admits a
decomposition into a product Y x Z, where Y = X" in the case n £ o, and Y is
the blow-up of X? in X" in the other case n < 0. And Z is CP°, that is a point,
unless § contains p in which case Z = CP'7!=1oM°,
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The isomorphism H*(X'%) =% H*(X'®) for § can be then obtained from the above
description, and by observing that when o is face of n and A is the subdivision of
n/o in ¥", we can apply the argument used in the first treated case above to X"
and X" to conclude.

Consider now the case where X is obtained as a barycentric star subdivision of
>'. We only discuss the isomorphism H®(X’) ~ H*(X’), the other isomorphisms
H*(X") 2% H*(X") for § € ¥’ can be obtained by using the preceding discussion.
The cohomology of X’ appears as a summand of the cohomology of X according
to the decomposition in Keel’s lemma. Similarly, the cohomology of X' is a
summand of the cohomology of X. Using the compatibility of the decompositions
in the Keel’s lemma, the isomorphism H*®(X) =% H*(X) induces an isomorphism
H*(X'") = H*(X') between the two summands. O

Theorem 4.5. Suppose that the subvariety X C T is wunderschén with respect to
some unimodular fan. Then X is wunderschén with respect to any unimodular fan
with support X = trop(X).

Proof. The proof of this theorem is similar to the proof given above for Theorem 4.4.
We omit the details. O

5. DIVISORIAL COHOMOLOGY

In this section, we prove Theorem 5.1 which states that the cohomology of a
wunderschon variety is divisorial.

The cohomology of a non-singular algebraic variety Z is divisorial if there is a
surjective ring homomorphism Q[x1, ..., xs] — H*®(Z) such that the image of each x;
is [D;] € H?(Z), the Poincaré dual of some divisor D; of Z. Similarly, the Chow ring
A*(Z) is divisorial if there is a surjective ring homomorphism Q[x1, . ..,xs] — A*(Z)
such that the image of each x; is the class of a divisor D; of Z. In this case, we also
say that the (Chow) cohomology of Z is generated by the divisors Dy, ..., D;. Notice
that if Z is projective and its cohomology is divisorial, then all its cohomology
is generated by algebraic cycles and the Hodge structure on the cohomology is
Hodge-Tate.

The Chow ring of any non-singular complex toric variety is divisorial and generated
by the toric boundary divisors, see [Bri96, Section 3.1] and Section 2.7. It follows,
using our previous notations, that if the the map 7*: H*(X) — H*®(X) is a surjection,
then the cohomology of X is divisorial and generated by the irreducible components
of X\ X.

Theorem 5.1. Let X C T be o wunderschion subvariety. Let X be the
compactification of X with respect to a unimodular fan ¥ with support X = trop(X).

Then the cohomology of X is divisorial and generated by irreducible components of
X\ X.

Proof. We proceed by induction on the dimension of X. If X is a point, then this
is trivial. Notice also that if X is a wunderschén curve then X must be CP! and
hence the cohomology is divisorial as H*(CP') = Q[x]/(x?).

We have the following commutative diagram

fo —
D,ex, Qlx¢ | ¢ €31 and (p+() € 3y S Dex, H*(XP)

JGBP —x, les
Qlxc | ¢ € 24 ! H*(X),
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where p 4 ¢ is the cone generated by the rays p and ¢, the f, are surjective ring
homomorphisms which send x¢ to [X**¢], and f maps x¢ to [X¢]. Since X is
wunderschoén the maps

P #"X?) = H(X)

pPEX
from the Deligne weight spectral sequence are all surjections for £ > 0 and we
deduce that f is surjective. Therefore, the cohomology of X is divisorial and is
generated by the components of X ~ X. O

6. PROOF OF THE MAIN THEOREM
We now turn to proving Theorem 6.1.

Theorem 6.1. Let X C T be a schon subvariety with support X = trop(X). Then
the following statements are equivalent.

(1) X is wunderschin and X is a tropical homology manifold,
(2) X is cohomologically tropical.

Moreover, if any of these statements holds, then X is Kahler.

Proof. We begin by assuming that X is wunderschén and that X is a tropical
homology manifold, and prove that X is cohomologically tropical. We must show
that the maps 7*: H*(X?) — H*®(X7) are isomorphisms for all & € . Notice that
X is non-singular since it is wunderschon.

If X is of dimension 0 and wunderschon it consists of a single point. Therefore,
its tropicalization is a point of weight 1 thus X is cohomologically tropical. We
proceed by induction on the dimension of X. Therefore, we can assume that each
of the X7 is cohomologically tropical for all cones ¢ € ¥ not equal to the origin.

Since X is schon, let D = X ~ X be the simple normal crossing divisor
of the compactification. The Deligne weight spectral sequence for the tropical
compactification (X, D) of X abuts in the associated graded objects of the weight
filtration of the cohomology of H*(X). Since X is wunderschon, the E;-page of
Deligne spectral sequence extends to exact rows by Lemma 2.4, with the morphisms
being sums of Gysin maps. In the tropical setting, since X is a tropical homology
manifold, there are tropical Deligne resolutions Section 2.8, where the maps are
sums of tropical Gysin maps.

Now by induction, 7*: H*(X?) — H*®(X?) is an isomorphism, and moreover
the appropriate commutative diagrams using the classical and tropical Gysin maps
commute by Proposition 3.2. We may therefore identify the two exact sequences.
Applying the five lemma in the cases k > 2, exactness gives us isomorphisms
H¥(X) — H*(X) and 7*: H**(X) — H?*(X). For k = 0, since X is assumed to be
connected, there is an isomorphism H°(X) = Q = H°(X), and it merely remains to
show the claim for k£ = 1.

We consider the following commutative diagram

0 — HY(X) — @ H'(X®) —— H}*(X) —— 0

(€S
J o |

0 — H'(X) — P H'XS) 4 H*X) — 0.
[§SI})

By induction, the middle vertical arrow is an isomorphism, and we wish to show
that the rightmost vertical arrow is an isomorphism. By a diagram chase, exactness

of the lower row implies that this arrow is surjective. The injectivity follows from
Proposition 3.4. Therefore, the map 7*: H?(X) — H?(X) is an isomorphism.
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Together with our induction assumption on the maps 7* this proves that X is
cohomologically tropical.

Now assume that X is cohomologically tropical. By Lemma 4.1, we know that
X is a tropical homology manifold. It remains to show that X is wunderschon.
We again proceed by induction on dimension as the case for points is trivial. We
equip X with the tropical compactification X given by 3, such that all open X are
wunderschon by induction, for o different from the central vertex of X. We have
H°(X) =2 H°(X) by hypothesis, and H°(X) = Q, thus X is connected and so is X.
It remains to show that the mixed Hodge structure on H*(X) is pure of weight
2k for each k. This follows from comparing the Deligne weight spectral sequence
and tropical Deligne resolution by Proposition 3.2, using that all the maps 7* are
isomorphisms. Hence X is wunderschén.

Finally we prove that if X is cohomologically tropical, then X is K&hler. By
Lemma 4.1, we know that X is a tropical homology manifold. There exists a
unimodular fan 3 with support X such that 3 is quasi-projective. It follows that
the Chow rings A*/2(X7), o0 € %, are isomorphic to H*(X?). Moreover, since ¥ is
quasi-projective, and X is schon, X is a non-singular projective variety, and so its
cohomology verifies the Kéahler package. We conclude that X is Kéhler. O

Theorem 6.2 (Isomorphism of cohomology on open strata). Suppose that X C T
is schén and cohomologically tropical. Let 3 be any unimodular fan with support
X = trop(X). Then we obtain isomorphisms

™ H*(X7) = H*(X9)
foralloc € ¥ and all k.

Proof. 1t suffices to prove the statement for X, since if X is cohomologically tropical
so are all strata X?. It follows from the proof of Theorem 6.1, that if X is
cohomologically tropical, then X is wunderschon and hence the 2k-th row of the 1st
page of the Deligne weight spectral sequence provides a resolution of H*(X) for all
k. Moreover, the maps 7*: H®(X°) — H*(X) are isomorphisms for all strata and
they commute with the tropical and complex Gysin maps. Therefore, we obtain an
isomorphisms of the resolutions which induces isomorphisms 7*: H*(X?) — H*(X7)
for all 0 € ¥ and all k. O

7. GLOBALIZATION

We discuss a natural extension of the main theorem of [IKMZ19]. We follow the
setting of that work. Let m: X — D* be an algebraic family of non-singular complex
algebraic varieties in CP" over the punctured disk D*. By base change, the family
X gives rise to a subvariety X,, of Pg where K = C((¢)) is the field of formal Laurent
series with complex coefficients. (Here, 7 refers to the generic fiber.) We denote by
7 C TP" the tropicalization of the family, defined as the extended tropicalization of
the subvariety X, — Pg.

We suppose Z admits a unimodular triangulation. This is always possible after a
base change of the form D* — D*, z + 2", for k € Z, . Using the triangulation, we
construct a degeneration of CP" to an arrangement of toric varieties, and taking the
closure of the family X inside this toric degeneration leads to a family X extended
over the full punctured disk D. By Mumford’s proof of the semistable reduction
theorem, we can always find a triangulation, after a suitable base change, such that
the extended family is regular and the fiber over zero is reduced and simple normal
crossing. This is known as a semistable extension of the family 7: X — D*.

Denote by Xg the fiber at zero of the extended family. Note that since the extended
family is obtained by taking the closure of the family in a toric degeneration of
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CP™, each open stratum in Xy will be naturally embedded in an algebraic torus.
For t € D* denote by X; the fiber of 7 over ¢.

Theorem 7.1. Let m: X — D* be an algebraic family of subvarieties in CP"
parameterized by the punctured disk and let m: X — D be a semistable extension. If
the tropicalization Z C TP" is a tropical homology manifold and all the open strata
in Xo are wunderschon, then HP9(Z) is isomorphic to the associated graded piece
Wap/Wap_1 of the weight filtration in the limiting mized Hodge structure Hﬁ;q. The
odd weight graded pieces in HEt? are all vanishing.

Moreover, for t € D*, we have dim HP4(%X,;) = dim HP%(Z), for all non-negative
integers p and q.

Proof. Denote by A the dual complex of Xy3. By construction, A naturally lives
in the tropicalization Z. For each simplex § € A, denote by Z° the corresponding
(open) stratum in Xy and denote by Z° the corresponding unimodular star fan in
Z. Let Z° and Z° be the corresponding compactifications. Note that Z? is also the
closure of Z% in X,.

Since Z is a tropical homology manifold, the local fanfolds appearing in the
tropical variety Z are all tropical homology manifolds. Moreover, for each é € A,
the Chow ring of the star fan Z? is also the tropical cohomology ring of Z°. Since
Z° is cohomologically tropical, these rings are as well isomorphic to the cohomology
ring of Z9.

The Steenbrink spectral sequence [Ste76] for X degenerates at page two and gives
the weight b part of the limit mixed Hodge structure H{  in each cohomological
degree d. The first page of the Steenbrink sequence is given by

ab .__ a,b,s
STy’ = P  srI§
s=>|al
s=a (mod 2)

where
SI‘tlz,b,s — @ Ha+bfs(z5).
SEA
[6l=s
The differential d: SI“ll’b — STt g given by a signed sum of Gysin and restriction

maps. (The correct formulation involves taking the Tate twist H*0~%(Z°)(%52) in

ST™"* 5o that all the terms have weight b; we omit them for sake of simplification.)
Denoting the weight filtration in the limit mixed Hodge structure HY by WeH |
and setting

gr;)UHl(iim = Wledim/Wb—lHlUilma
we have
gr H  ~ HI=(ST*?).

The wunderschoén assumption implies that the cohomology of Z° is of Hodge-Tate
type for all § € A. By the Deligne weight spectral sequence, this implies that the
same holds for the cohomology of Z°. Therefore, the odd cohomology groups of Z°
all vanish. Since a — s is even, we infer that for b odd, all the terms ST$""* vanish.
In other words, the odd weight graded pieces of the limit mixed Hodge structures all
vanish. Furthermore, the limit mixed Hodge structure will be of Hodge-Tate type.
We set b = 2p and d = p + ¢, so that in weight 2p and degree p + ¢, we get
gr”é”pHp+q ~ HY7P(ST*?).

lim
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The tropical Steenbrink spectral sequence for the tropical homological manifold
Z is given in a similar way by

a,2p . a,2p,s a,2p,s | 2p—s 1778
STv= @ sTyte, STEt = P HOP T (Z0),
s>|al L ISTAN

s=a (mod 2) l61=s

with differential d: Sl'(f’Qp — ST*T12P 4 signed sum of Gysin and restriction maps.
The Steenbrink-Tropical comparison theorem proved in [AP20; IKMZ19] implies
that

HP(Z) = HI7P(ST*?).

By assumption on the degeneration, we get isomorphisms between the cohomology
groups H*(Z%) ~ H*(Z%). Comparing the two Steenbrink sequences ST'**” and
ST*? we deduce that gré”pHﬁ’;q ~ HP(Z). This gives the first part.

To prove the second statement, note that since the limit mixed Hodge structure
on H{  is Hodge-Tate, the p-th part of the limit Hodge filtration Fj  on HZ
contributes only in the graded piece gré‘},Hﬁ;q. This implies that the H?'? piece in
the Hodge decomposition of H?*9(X;) has dimension equal to that of gry, H?*4(Z),
finishing the proof of the theorem. (]

From the proof, we deduce the following statement that shows that degenerations
appearing in the above theorem are all maximal.

Theorem 7.2. Notations as in Theorem 7.1, the family X — D* is mazimally
degenerate.

Proof. Each closed stratum in X has a cohomology of Hodge-Tate type. Steenbrink
spectral sequence shows that the limit mixed Hodge structure is Hodge-Tate. [

We discuss maximal degenerations further in Section 8.4.

8. DISCUSSIONS

8.1. Examples. In this section, we give various examples of varieties verifying
some but not all conditions of the main Theorem 6.1. These examples tend to
demonstrate that the main theorem cannot be weakened.

8.1.1. A wunderschin variety which is not cohomologically tropical. Take N = Z2.
Let X C Tn be the conic given by the equation a+ bz + czo + dz1 22 = 0 for generic
complex coefficients a, b, ¢ and d. The variety X is CP* with four points removed.
This is a wunderschoén variety: looking at the compactification X C (CP)2?, X
is non-singular and the intersections with torus orbits are the points hence non-
singular, so that X is schon. Moreover, each of the points removed is trivially
wunderschon. Finally, the Deligne weight spectral sequence shows that X has
pure Hodge structure. However, the tropicalization X of X is the union of the
axes in R?, which is not uniquely balanced, i.e., dim H?(X) = 2 > 1. This means
that X is not a tropical homology manifold (see [Aks23, Theorem 4.8]). Moreover,
computing the cohomology groups of X, we obtain dim H°(X) = 1, dim H*(X) =0
and dim H?(X) = 2, which differs from the cohomology groups of the sphere X.

8.1.2. A schon variety with pure strata, whose tropicalization is a tropical homology
manifold but which is not cohomologically tropical. Let X be a generic conic in
(C*)2. The variety X is CP' with six points removed. Its tropicalization is the
usual tropical line equipped with weights equal to 2 on all edges, hence again a
tropical homology manifold by [Aks23, Theorem 4.8]. The variety X is schon since
it is non-singular, and each one of the three strata consists of two distinct points,
hence it is non-singular. The mixed Hodge structure on X is pure, as the Deligne
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weight spectral sequence shows that Grl' H'(X) = H'(X) = 0. However, it is not
wunderschon since its strata are not connected. The map 7*: H®*(X) — H*(X) is
an isomorphism: it maps the class of a point in X to twice the class of a point
in X. Nevertheless, X is not cohomologically tropical since, for any ray ¢ of X,

HO(XC) 2 Q2 but H(X¢) = Q.

8.1.3. A schén variety which is not pure nor cohomologically tropical and whose
tropicalization is a tropical homology manifold. Consider the punctured elliptic curve
X in (C*)? of equation az? + bza + cz125 = 0 for generic complex coefficents a, b
and c. Topologically it is a torus punctured in three points. The tropicalization
is the unimodular tropical line of weight one with rays generated by (2,1),(—1,1)
and (—1,—2), which is a tropical homology manifold. The variety X is non-singular
and connected, and each of the three strata at infinity of its compactification is a
point hence non-singular and connected. Hence X is schon. The cohomology group
H'(X) is nontrivial of dimension 2. However, H'(X) is trivial. Hence X is not
cohomologically tropical. This is because X is not wunderschén. More precisely,
H'(X) is not pure of weight 2. Indeed, by the Deligne weight spectral sequence
GrlV (HY(X)) = H'(X) #0.

8.1.4. A non-schon variety which is cohomologically tropical. Once again, N is of
dimension 2. Let X C T be given by the equation (z; —a)(z2 —b) = 0 for a,b # 0.
The variety X is a reducible nodal curve with two components both being CP* with
two punctures. The tropicalization is again the union of the two coordinate axes
in R?, which is not a tropical homology manifold, and the variety X is not schén
as it is singular. However, for each line of the cross, the cocycle associated to this
line is mapped to the cocycle associated to the corresponding sphere. This is an
isomorphism between H?(X) and H?(X). Since H°(X) is trivially isomorphic to
H°(X) and other cohomology groups are trivial, we deduce that X is cohomologically
tropical.

8.2. Hyperplane arrangement complements. We will now see that all three
properties of Theorem 6.1 are satisfied for complements of projective hyperplane
arrangements. We will use the de Concini-Procesi model of the complement of
a projective hyperplane arrangement [DP95], as discussed in [MS15, Section 4.1].
Let A = {H;}! , be an arrangement of n + 1 hyperplanes in Pg:, not all having
a common intersection point, and let X 4 = ]P’fé ~U i, Hi be the complement
of the arrangement. For each i, let ¢; be the homogeneous linear form such that
H; = {z € P4 | 4;(2) = 0}. These define a map X 4 — (C*)" given by z — (£;(2))
in homogeneous coordinates on (C*)™. This map is injective, since no z € X 4 lies
on all hyperplanes by assumption, and induces an isomorphism of X 4 =& Y 4, where
Y 4 is a subvariety of (C*)™, see [MS15, Proposition 4.1.1] for details. By a theorem
of Ardila and Klivans [AKO06], the tropicalization Y4 = Trop(Y 4) is the support
of the Bergman fan ¥,,, of the matroid M 4 associated to the arrangement A, see
[MS15, Sections 4.1-4.2].

First, Tevelev shows [Tev07, Theorem 1.5] that the variety X 4 is schon, it is
clearly connected, and by [Sha93], its cohomology has a pure Hodge structure of
Hodge-Tate type. Moreover, given a face o € ¥ ,, the star fan of o corresponds
to the complement of a hyperplane arrangement. By induction, this shows that
complements of hyperplane arrangements are wunderschon.

Furthermore, it is shown in [JSS19; JRS18] by an inductive argument that the
Bergman fan 3, of a matroid is a tropical homology manifold. Therefore, one
can apply Theorem 6.1, which gives us that Y 4 is cohomologically tropical, i.e. the
map 7*: H*(Y 4) — H*(Y 4) is an isomorphism.
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L,

L;

| Lo

Lo

F1GURE 3. A very-affine variety X which is not a complement
of hyperplane arrangement and verifies the main theorem, see

Section 8.3.
0 1 2 3 4 a b c a f (‘)7}
—1 1 0 0 0 2 0 -2 T —1 c™—4—~La
10100 1 1 -2 1 -1 5 >j<”
-1 00100 1 -1 0 0 ‘
2.0 0 0 1 2 1 =2 0 -1

3—b—2

FIGURE 4. The combinatorial structure of a non-Bergman fan
verifying the main theorem described in Section 8.3.

In light of Theorem 6.2, this can be compared with the main result of [Zhal3],
also independently proved in [Shall], showing that H®*(X 4) & H*(X 4), however
lacking explicit maps.

8.3. Non-matroidal examples. We say that a subvariety X of a torus Ty is non-
matroidal if the tropicalization of X is not a Bergman fanfold, up to isomorphisms
of the lattice N.

We present an example of X C Ty which is not a complement of a hyperplane
arrangement yet is wunderschon, cohomologically tropical, and the tropicalization
trop(X) is a tropical homology manifold.

The variety X will be the complement of an arrangement of lines and a single
conic in CP?. Let [zo : 21 : 22] be homogeneous coordinates on CP?. Let Lg, Ly,
and Lo be the coordinate lines of CP? so that L; is defined by z; = 0. Let Lg
be defined by the linear form zy — z1 + 2o = 0 and let the conic C be defined by
z% + z% — 2021 — 22129 = 0. Let A denote the union of Lg,...,Ls, C.

As depicted in Figure 3, note that C is tangent to Ly at the point [1 : 0 : 0]
where Lj intersects Ly. Also the conic C is tangent to Lg at the intersection point
[0:1:1] with Ls. The conic also passes through the intersection point [1 : 1 : 0] of
L2 and L3.

Consider the map ¢: CP? \. A — (C*)* defined by

[ZO 121t 2’2} — (51,52, 1—514—32,5124-%3—31—2;152), with z; = ji and zo = ?
0 0

Let X C (C*)* denote the image of the map ¢. The space trop(X) is 2-dimensional
and is the support of the fan described below.

The fan has 8 rays in directions given in Figure 4. Each ray is adjacent to exactly
3 faces of dimension 2 for a total of 12 faces of dimension 2. The structure is given
in Figure 4: we draw an edge between two vertices if the there is a face between
the two corresponding rays. Note that to get a unimodular subdivision, one has
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to add some rays, for instance the rays a and 8 of Figure 4. We denote by X this
unimodular fan.

It can be verified in polymake that this fan is a tropical homology manifold and
its tropical Betti numbers are 1,0,6,0,1. For an alternative proof, note that the
the fan ¥ is obtained by the process of tropical modification [MR18] as follows.
Let Xy, , € R3 be the Bergman fan of the uniform matroid Us 4. Its rays are
the rays 0,1,2 and 3 in Figure 4, where we forget the fourth coordinate. Let
C C Xy, , be a tropical trivalent curve with rays a,b, ¢ (once again we forget the
last coordinate). Then ¥ in R* is obtained by a tropical modification of Yy, , along
C. By [JRS18], the Bergman fan Xy, , is a tropical homology manifold, see also
Section 8.2. By [Aks23, Theorem 4.8] the trivalent tropical curve is also a tropical
homology manifold. By [AP24a, Theorem 1.4] the modification of Xy, , C R3 along
C is a tropical homology manifold. The tools developed in this last article also allow
to compute the cohomology of X quite easily, and to check that the fan is Kéhler.

The compactification of X in CPy; is given as follows. Consider CP? blown up
in the three points whose homogeneous coordinates are [1: 0 : 0],[0 : 1 : 1], and
[L:1:0]. Then, in the blow up, the exceptional divisor above [1 : 0 : 0], the
proper transform of C, and the proper transform of L; all intersect in a single point.
Similarly, there is a triple intersection of the exceptional divisor above [0 : 1 : 1]
and the proper transforms of C and Ly. We further blow-up these two intersection
points to obtain a surface X. The divisor X . X consists of the five exceptional
divisors and the proper transforms of all curves in A. Therefore, dim H?(X) = 6
and dim H°(X) = dim H*(X) = 1 and dim H*(X) = 0 otherwise.

We claim that X is wunderschén. Indeed, for each ray ¢ of the fan X the variety
X¢ is CP! with two or three marked points corresponding to the intersections with
the other divisors in X ~\ X, so it is wunderschén. Moreover, X is non-singular and
connected, and its cohomology is pure. Hence, X is wunderschon.

In [Aks24], tropicalizations of complements of curve arrangements are considered
more generally from the perspective of determining when they are cohomologically
tropical. In particular, [Aks24, Example 7.4] gives an infinite family of non-matroidal
cohomologically tropical varieties of dimension two.

Other examples of cohomologically tropical varieties include the moduli spaces
M (3,6) and M (3,7) of 6 and 7 lines in CP?, respectively, see [Lux08; Sch21; CL23].

By the tropical and classical Kiinneth formula, the product of two cohomologically
tropical varieties is again cohomologically tropical. Moreover, in a product
X x Xy C Ty, x Th,, if one of the factors is non-matroidal, the product remains
non-matroidal (because the same statement holds for a product of fanfolds, using
the fact that local fanfolds of a Bergman fanfold are all Bergman).

Using the family of non-matroidal examples above, as well as the complements
of hyperplane arrangements in any dimension, we obtain infinite families of non-
matroidal cohomologically tropical varieties in arbitrary dimension at least two.

8.4. Maximal degenerations. Motivated by the work of Deligne [Del97] and our
results Theorem 7.1 and Theorem 7.2, we can ask the following question.

Question 8.1. Is there a tropical geometric characterization of maximally
degenerate families of complex algebraic varieties? Is it true that those families
in which the open strata of special fibers have a cohomology which is pure of
Hodge-Tate type are exactly those covered by our Theorem 7.17 o

These questions are intimately related to open problems on large scale limits
of families of complex algebraic varieties. For instance, a recent work by Yang
Li [Li23] reduces the metric SYZ conjecture in maximally degenerate families of
complex algebraic varieties to the existence of solutions to a tropical Monge-Ampere
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equation, once this equiation has been properly formulated. For those degenerations
appearing in Theorem 7.1, our results show that the corresponding tropical variety is
Kéhler in the sense of [AP20] and moreover recovers the geometry of the degenerate
fiber as well as the limit Hodge-theoretic geometry of the family. In a forthcoming
work [AP24c], a differential calculus on tropical varieties is developed that combines
Chow rings of local tropical fans with real differential forms on the variety. Tropical
Hodge theory can be then used to properly formulate the Monge-Ampeére equation
on the tropicalization using tropical Kéhler forms. This allows to formulate a
tropical analogue of the Monge-Ampere equation, and study its solutions.

Another instance of large scale asymptotic problem is a conjecture by Kontsevich
and Soibelman [KS06] that predicts the convergence of the normalized Calabi metrics
in maximally degenerate families of Calabi-Yau varieties to a tropical Calabi metric
(once this has been properly defined) on the limit tropical variety.

8.5. T-stability. It seems plausible that a framework parallel to the one in [AP23]
can be developed for properties of tropicalization of algebraic varieties. The
properties discussed in this paper concern pairs consisting of a subvariety of an
algebraic torus and a fan structure on its tropicalization. Three basic operations
can be conducted on these pairs: products, blow-ups and blow-downs, and taking
the graph of a holomorphic function on the subvariety, restricted to the complement
of its divisor. For example the cases described in Sections 8.2 and 8.3 can both be
obtained by these operations. The properties of being schén, wunderschén, and
cohomologically tropical should be 7-stable in this framework. We refer to [Sch21]
for some results in this direction.
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