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TWO SYMANZIK POLYNOMIALS
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ABSTRACT. Correlation functions in quantum field theory are calculated using Feynman
amplitudes, which are finite dimensional integrals associated to graphs. The integrand is
the exponential of the ratio of the first and second Symanzik polynomials associated to the
Feynman graph, which are described in terms of the spanning trees and spanning 2-forests
of the graph, respectively.

In a previous paper with Bloch, Burgos and Fresan, we related this ratio to the asymptotic
of the Archimedean height pairing between degree zero divisors on degenerating families of
Riemann surfaces. Motivated by this, we consider in this paper the variation of the ratio of
the two Symanzik polynomials under bounded perturbations of the geometry of the graph.
This is a natural problem in connection with the theory of nilpotent and SL2 orbits in Hodge
theory.

Our main result is the boundedness of variation of the ratio. For this we define the
exchange graph of a given graph which encodes the exchange properties between spanning
trees and spanning 2-forests in the graph. We provide a complete description of the connected
components of this graph, and use this to prove our result on boundedness of the variations.

1. INTRODUCTION

Feynman amplitudes in quantum field theory are described as finite dimensional integrals
associated to graphs. A Feynman graph (G,p) consists of a finite connected graph G =
(V, E), with vertex and edge sets V and E, respectively, together with a collection of external
momenta p = (Py)vev, Pv € RP which satisfy the conservation law

(1.1) > pu=0.

veV

Here RP is the space-time endowed with a Minkowski bilinear form.

One associates to a Feynman graph (G, p) two polynomials in the variables Y = (Y¢)cek.
Denote by ST the set of all the spanning trees of the graph G. (Recall that a spanning tree of
a connected graph is a maximal subgraph which does not contain any cycle. It has precisely
|V| — 1 edges.) The first Symanzik ¢, which depends only on the graph G, is given by the
following sum over the spanning trees of G:

va(Y) =Y ] Ye

TeST e¢T
A spanning 2-forest in a connected graph G is a maximal subgraph of G without any cycle
and with precisely two connected components. Such a subgraph has precisely |V| — 2 edges.
Denote by SF» the set of all the spanning 2-forests of G. The second Symanzik polynomial
¢, which depends on the external momenta as well, is defined by

b Y) = 3 o) v

FeSFa e¢F
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Here F runs through the set of spanning 2-forests of G, and for F} and F5 the two connected
components of F', g(F') is the real number —(pr ,pr,), where pr, and pp, denote the total
momentum entering the two connected components F; and Fs of F, i.e.,

Pr = Y. Pu Pm = Y Pu
)

veV (Fy ueV (Fy)

The Feynman amplitude associated to (G, p) is a path integral on the space of metrics (i.e.,
edge lengths) on G with the action given by ¢g/v¢q. It is given by

Ic(p) =C exp(—idg/Ya) drg,

[0,00]7

for a constant C', and the volume form drg = 1,/}&D/2 [[zdYe on Rf, c.f. [0, Equation (6-89)].

Motivated by the question of describing Feynman amplitudes as the infinite tension limit
of bosonic string theory, in [1I] we proved results describing the ratio of the two Symanzik
polynomials in the Feynman amplitude as asymptotic behaviour of the Archimedean height
pairing between degree zero divisors in degenerating families of Riemann surfaces. A natural
problem arising from [I] is to consider the variation of ¢¢ /1 obtained by perturbation of the
geometry of the graph, in a sense that we describe below. In order the state the theorem, we
need to recall the determinantal representation of the two Symanzik polynomials. We refer
to [I] where the discussion below appears in more detail.

1.1. Determinantal representation of the Symanzik polynomials. Let G = (V, E)
be a finite connected graph on the set of vertices V' of size n and with the set of edges
E = {ey,...,en} of size m. Denote by h the genus of GG, which is by definition the integer
h=m-—n+1.

Let R be a ring of coefficients (that we will later assume to be either R or Z), and consider
the free R-module R¥ ~ R™ = {Z:L aie; | a; € R} of rank m generated by the elements

of E. For any element a € RY, we denote by a; the coefficient of ¢; in a.
Any edge ¢; in E gives a bilinear form of rank one (.,.); on R™ by the formula

<CL, b>z = albz

Let y = {yi }e,cr be a collection of elements of R indexed by E, and consider the symmetric
bilinear form a = (.,.), := Y, cp¥i(.,.)i- In the standard basis {e;} of R¥, « is the diagonal
matrix with y; in the i-th entry, for i = 1,...,m. We denote by Y := diag(y1, ..., ¥ym) this
diagonal matrix.

Let H C RE be a free R-submodule of rank r. The bilinear form « restricts to a bilinear
form o on H. Fixing a basis B = {v1,...,7-} of H over R, and denoting by M the r x m
matrix with row vectors ~; written in the standard basis {e;} of R”, the restriction Qg can
be identified with the symmetric r x r matrix MY M7 so that for two vectors ¢,d € R" ~ H
with a = >7"_, ¢jv; and b= }7%_, d;v;, we have

7=1
ala,b) =cMYM™d".

The Symanzik polynomial ¢(H,y) associated to the free R-submodule H C RF is defined
as

Y(H,y) = det(MYMT).
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Note that since the coordinates of MY M7 are linear forms in y1,...,ym, ¥(H,y) is a
homogeneous polynomial of degree r in variables ;. B

For a different choice of basis B = {7{,...,7.} of H over R, the matrix M is replaced
by PM where P is the r x r invertible matrix over R transforming one basis into the other.
So the matrix of oz in the new basis is given by PMY MTPT, | and the determinant gets

multiplied by an element of R*2. Tt follows that ¢ (H, y) is well-defined up to an invertible

element in R*?. In particular, if R = Z, the quantity ¢(H,y) is independent of the choice of
the basis and is therefore well-defined.

From now on, we fix an orientation on the edges of the graph. We have a boundary map
d:RF - RV, e 0%(e) — 0 (e), where 0+ and 0~ denote the head and the tail of e,
respectively. The homology of G is defined via the exact sequence

(1.2) 0— Hi(G,R) - REZL RV 5 R 0.

The homology group H = H;(G, R) is a submodule of R ~ R™ free of rank h, the genus of
the graph G, for any ring R. In particular, by the preceding discussion, fixing a basis B of
H,(G,Z), the polynomial

VYa(y) = v(H,y)

is independent of the choice of B. Writing M for the A x m matrix of the basis B in the
standard basis {e;} of RE, one sees that

Ya(y) = det(MYMT).
It follows from the Kirchhoff’s matrix-tree theorem [7] that
ba¥) = Y ]
TeST egT
which is the form of the first Symanzik polynomial given at the beginning of this section.
The exact sequence ((1.2)) yields an isomorphism
RE/H ~ RV,

where RY'0 consists of those € RV whose coordinates sum up to zero.

Let now p € RV'? be a non-zero element, and let w be any element in ~!(p). Denote by
H, = 0"Y(R.p) = H + R.w, and note that H,, is a free R-module of rank h + 1 which comes
with the basis B,, = B LU {w}.

The second Symanzik polynomial of (G, p) is

¢G(B7 y) = 7/}<Hw7y)

The polynomial ¢¢(p,y) is homogeneous of degree h + 1 in variables y;, which is as noted
in [I], independent of the choice of the element w € 9~!(p). Writing N for the (h + 1) x m
matrix for the the basis B, in the standard basis of RF, we see that

¢G(E7 y) = det(NYNT).

The definition can be extended to p € R using the Minkowski bilinear form on R”| as
discussed in [1J.
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We have the following expression for the second Symanzik polynomial, see e.g. to [3] or

Section [3]
sapy)= > aF) [ v
FESFs ed E(F)
which is precisely the form of the second Symanzik polynomial given at the beginning of this
introduction.

1.2. Statement of the main theorem. Let U be a topological space and let y1,...,%m :
U — Ry be m continuous functions. Let p € (R)V’0 be a fixed vector, and consider the
two functions ¥ (y) : U = Ry and ¢ (p,y) : U — Rsg be the real-valued functions on U
defined by the first and second Symanzik polynomials.

Denote by Y the matrix values function on U defined by Y (s) := diag(y1(s), ..., ym(s))

for any s € U.

Notation. We introduce the following terminology which will be convenient for what follows.
For two real-valued functions F} and F5 defined on a topological space U, we write F} =
Oy(F>) if there exist constants ¢, C' > 0 such that |F(s)| < ¢|F5(s)| at all points s in U which

verify yj(s)>Cforall j=1,...,m.

Let A: U — Mat,,xm(R) be a matrix-valued map taking at s € U the value A(s). Assume
that A verifies the following two properties

(i) Aisa bounded function, i.e., all the entries A; ; of A take values in a bounded interval
[—C, C] of R, for some positive constant C' > 0.
(ii) The two matrices M (Y + A)M™ and N(Y + A)N7 are invertible.

One might view the contribution of A as a perturbation of the standard scalar product
on the edges of the graph given by the (length) functions yi,...,¥m, which can be further
regarded as changing the geometry of the graph, seen as a discrete metric space. The main
result of this paper is the following.

Theorem 1.1. Assume A : U — Mat,,xm(R) verifies the condition (i) and (ii) above. The
di det(N(Y+AINT) _ det(NYNT) " )
ifference qERIYEAMT) — det(MY M) 5 y(1)-

This result might appear somehow surprising, given that the rational functions which
appear in the expression above are of degree one. Moreover, simple examples of rational
functions in several variables such as y{/ yg, for natural numbers a and b, show that depending
on the relative size of the different parameters, the behaviour at infinity can be very irregular.
E.g., in the example y? /ya, if y2 grows at any rate slower than y;, then the ratio is unbounded
at infinity. The content of the theorem is thus a strong stability theorem at infinity for the
ratio of the two Symanzik polynomials.

The proof of the above theorem is rather unexpectedly linked to a combinatorial result
about the exchange properties between spanning forests of a given graph. Exchange properties
between spanning trees in graphs are well-known and form a part of the axiomatic definition
of more general matroids. On the other hand, exchange properties between spanning forests
are less studied, and this is what we do here in order to obtain the theorem.

To prove Theorem using Cauchy-Binet formula and some preliminary observations, we
are led to introduce a graph which encodes the exchange properties between the edge set of
spanning trees and the edge set of spanning 2-forests in the graph that we call the exchange
graph of G, see Definition As our first result, we give in Theorem [2.13] a classification of
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the connected components of the exchange graph. This classification theorem combined with
further combinatorial arguments are then used in Section [3] to prove Theorem

We note that a similar in esprit result to our theorem above has been proved using different
tools in a recent paper of Burgos, de Jong and Holmes [2] in the setting of what is called
normlike functions. The perturbations in [2] are nevertheless required to be symmetric for the
method to work, though, strictly speaking, the result in [2] is more general and goes beyond
the case of graphs. In comparison, the methods in this paper are purely combinatorial, the
results on the exchange graph should be of independent interest, and the approach taken here
also applies in more generality. Indeed, since the first appearance of this paper, Matthieu
Piquerez has obtained a generalisation of Theorem to the setting of higher dimensional
simplicial complexes and matroids. The strategy of the proof is very similar to our strategy
here: the exchange graph we use here is replaced by a similar exchange graph for the matroid,
and the arguments of Section [3| can be applied to this general setting in order to obtain the
above mentioned generalisation of Theorem We refer to [8] for more details.

We now explain an application of Theorem from [I], c.f. Theorem below, discussed
in more detail in Section [4]

1.3. Boundedness of variation of the Archimedean height pairing. Let Cj be a stable
curve of genus g over C, and with dual graph G = (V, E) which has genus h = |E| — |V| + 1,
h<g.

Consider the versal analytic deformation 7 : C — S of Cj, where S is a polydisc of dimension
3g — 3. The total space C is regular and we let D, C S denote the divisor parametrising
those deformations in which the point associated to e remains singular. The divisor D =
Uecr De is a normal crossings divisor whose complement U = S\ D can be identified with
(A*)E x A39-3-IE] - Assume that two collections of sections of 7 are given, which we denote
by o1 = (0¢1)e=1,..n and o2 = (0¢2)¢=1,..n- Since C is regular, the points 0;;(0) lie on
the smooth locus of Cy. Consider two fixed vectors p. = (pi1)j=; and p, = (Pr,2)j=; with
Pl € RP which each satisfy the conservation of momentum . We obtain a pair of relative
degree zero RP-valued divisors

n n
A= Prioi1, Be=> Pi20i2.
=1 =1

Assume further that o1 and o9 are disjoint on each fiber of w. To any pair 2, 9B of degree
zero (integer-valued) divisors with disjoint support on a smooth projective complex curve C,
one associates a real number, the Archimedean height

(2,) = Re( | w),

T8
by integrating a canonical logarithmic differential wg with residue 2 along any 1-chain
supported on C'\ |2(| and having boundary ®B. Coupling with the Minkowski bilinear form on
RP| the definition extends to RP-valued divisors [I]. We thus get a real-valued function

s+ (Us, By),

defined on U.

For any point s € U, and an edge e € E, we denote by s. € A* the e-th coordinate of s
when U is identified with A*E x A39=3=IEl For any point s € U and an edge e € E, define
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Ye := 52 log|se| and put y = y(s) = (ye)ecr- We have shown in [I] that after shrinking U,
if necessary, the asymptotic of the height pairing is given by the following theorem. Here
¢c(p,p’,Y) denotes the bilinear form associated to ¢¢ (which is a quadratic form in p).

Theorem 1.2 (Amini, Bloch, Burgos, Fresén [1]). Notations as above, there exists a bounded

function h: U — R such that

¢G (Efa 2207 y)
Ya(y)

In Section 4}, we will show how to deduce this theorem from Theorem and the explicit
formula obtained in [I] by means of the nilpotent orbit theorem in Hodge theory for the
variation of the Archimedean height pairing, c.f. Proposition

(As,Bs) =27 + h(s).
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of the paper, and for many suggestions which helped to improve the presentation. It is a plea-
sure to thank S. Bloch, J. Burgos Gil, and J. Fresan for the collaboration and the discussions
that are the motivation behind the results of this paper. Special thanks to Matthieu Piquerez
for interesting discussions related to the results of this paper, in particular, for pointing out
an inaccuracy of signs in Section 3 in an earlier version of this paper.

2. EXCHANGE GRAPH

Let G = (V, E) be a connected multigraph with vertex set V' and edge set E. By a spanning
subgraph of G we mean a subgraph H of G with V(H) = V. For an integer k > 1, a spanning
k-forest in GG is a subgraph of G with vertex set V' without any cycle which has precisely k-
connected components; a spanning k-forest has precisely |V| — k edges. For k = 1, a spanning
1-forest is precisely a spanning tree of G. We are particularly interested in the “exchange
properties“ between spanning 2-forest and spanning trees in a graph G. To make this precise,
we will define a new graph J# that we call the exchange graph of G. First we need to define
an equivalence relation on the set of spanning 2-forests of G.

Definition 2.1. e For a spanning 2-forest F' of a graph G, we denote by P(F) = {X,Y'}
the partition V' = X UY of the vertices into the vertex sets X and Y of the two
connected components of F.

e For any partition P of V, we denote by E(P) the set of all edges in G which connect
two vertices lying in two different elements of P.
e Two 2-forests F' and F’ are called (vertex) equivalent, and we write F ~, F’  if

P(F)=P(F).
The following proposition is straightforward.

Proposition 2.2. The following statements are equivalent for F,F' € SFs:

(1) F and F' are not (vertex) equivalent.
(2) there exists an edge e € F' such that F'U{e} is a tree.

Notation. In what follows, for a spanning subgraph G’ of G = (V,F) and e € E\ E(G’),
we simply write G’ + e to denote the spanning subgraph of G with the edge set E(G’) U {e}.
For an edge e € E(G’), we write G’ — e for the spanning subgraph of G with the edge set

E(G)\ {e}-
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Definition 2.3. The exchange graph € = A = (V,&) of G is defined as follows. The
vertex set ¥ of J# is the disjoint union of two sets ¥; and 75, where

¥ = { (F,T)| F € SFo(G),T € ST(G), E(F) N E(T) =0 }

and
Vo= {(T,F)| T € ST(G), F € SF2(G), E(F) N E(T) =0 }.

There is an edge in & connecting (F,T) € ¥1 to (T",F') € ¥5 if there is an edge e € E(T)
such that F/ =T —eand T' = F +e.

Definition 2.4. If (T, F) and (F',T") are adjacent in 5 and F' =T — e, we say (F',T") is
obtained from (7', F') by pivoting involving the edge e.

Our aim in this section is to describe the connected components of .77.

First note that there is no isolated vertex in ¢ consider a spanning tree T' and a spanning
2-forest F' of G with disjoint sets of edges. Let P(F) = {X,Y}, be the vertex sets of the
two connected components of F'. By connectivity of T, there is an edge e of T" which joins a
vertex of X to a vertex of Y. It follows that 7" = F' + e and F’ = T — e are spanning tree
and 2-forest in G, respectively, and (F,T) € ¥] is connected to (1", F') € ¥5.

Let now 7% = (%,&p) be a connected component of JZ. Write %) = %1 U %2 with
Y, C ¥, for i = 1,2. Note that both 75 and %, are non-empty. Let (F,T) € %;.
Let Gy = (V, Ey) be the spanning subgraph of G having the edge set Fy = E(T) U E(F).
By definition of the edges in 4, and connectivity of %, we have for all (4, B) € %,
E(A) U E(B) = E(Gp). We refer to Gy as the spanning subgraph of G associated to the
connected component 7 of 7.

Notation. For a subset X C V of the vertices of a (multi)graph G = (V, E), we denote by
G[X] the induced graph on X: it has vertex set X and edge set all the edge of E with both
end-points lying both in X.

Note that for any subset X C V, the induced subgraph Go[X]| has at most 2| X| — 2 edges.
The following natural definition thus distinguishes the subsets for which the equality holds.

Definition 2.5 (Saturated sets and components). A subset X of vertices of Gy is called
saturated (with respect to Gp) if the induced subgraph Go[X] has precisely 2| X| — 2 edges.
A saturated component X of Gy is a saturated subset of vertices which is maximal for inclusion.

2.1. Partition of the vertex set induced by saturated components. Let 74 be a
connected component of J# with associated spanning subgraph Gy. We will show in a moment
that the saturated components of Gg form a partition of its vertex set.

Lemma 2.6. Let X be a saturated subset of Go. Then for all vertices (A,B) € %, X is
connected in both A and B, i.e., the induced graphs A[X] and B[X] are disjoint trees on the
vertex set X.

Proof. Both A[X] and B[X] are free of cycles. Since Go[X] has precisely 2|X| — 2 edges, and
A[X] and B[X] are disjoint, both A[X] and B[X] are trees on vertex set X. O

Let now X be saturated subset of Gy, and (A4, B) a vertex of #j. Since the induced graphs
A[X] and B[X] are both trees, for any edge e of A with both end-points in X, the graph
B + e has a cycle. Similarly, for any edge e of B which lie in X, the graph A 4 e has a cycle.
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It follows that pivoting in Gy do not involve any edge in X, and by connectivity of 74, we
thus have for any pair (A, B') € %) that A'[X] = A[X] and B'[X] = B[X].

Proposition 2.7. Saturated components of Gy form a partition of V(G) = V(Gy).

Proof. Let X and X’ be two distinct saturated components of Gy. We need to show that
XNX' =0. Let F and T be any spanning 2-forest and spanning tree of G, respectively, such
that By = E(F)UE(T). Since X and X’ are saturated with respect to Gy, it follows from the
previous lemma that all the induced subgraphs F[X], T[X], F[X'], and T[X’] are connected.
For the sake of a contradiction, suppose X and X’ have a non-empty intersection. It follows
that the induced subgraphs F[X U X’] and T[X U X'] are both connected, which implies that
the set X U X' is saturated. By the maximality of X and X’ and distinct, this is impossible,
and the proposition follows. O

Denote by X1,..., X, all the different saturated components of Gy, thus we get a partition
of V=X3U---UX,.

Note that, by definition, there exist for any j = 1,...,r, two disjoint trees T ; and T}
with vertex set X; so that for any pair (A4, B) € %, we have A[X;] = T} and B[X;] = T}2.

2.2. Alternative characterisation of saturated components. We now give another
characterisation of the saturated components of Gy. This will be in terms of the connected
component g = (%), &p) of A and involves the definition of two equivalence relations ~
and ~9 on the set of vertices, defined as follows. Note that the vertex set % is partitioned
into sets %1 and % 2.

Definition 2.8. For any pair of vertices u,v € V,

e we say u o~ v if for any (F,T) € %51, both vertices v and v lie in the same connected
component of 7'\ E(P(F')). Similarly,

e we say u ~y v if for any (T, F') € %2, both vertices u and v lie in the same connected
component of T'\ E(P(F)).

It is straightforward to show that ~; and ~5 induce an equivalence relation on the set of
vertices V. We actually show that the two equivalence relations above are in fact identical.
We need the following basic lemma.

Lemma 2.9. Let F and T be a spanning 2-forest and a spanning tree of Gy, respectively. Let
u,v € V be a pair of vertices lying in two different connected components of T \ E(P(F)).
There exists an edge e € E(P(F)) N E(T) such that w and v are not connected in T — e.

Proof. Denote by S, and S, the two connected components of 7'\ E(P(F')) which contain u
and v, respectively. There is a unique path in T joining S, to S,. Since S, # S,, it contains
an edge e € E(P(F)). For this edge e, clearly v and v are not connected in 7' — e. O

The previous lemma allows to prove the following proposition.
Proposition 2.10. The two equivalence relations ~1 and ~o are the same.

Proof. Let u,v € V be two vertices. By symmetry, it will be enough to show that if u %5 v,
then u %5 v. Since u %2 v, by definition, there must exist a pair (7, F') € %2 such that u,v
belong to two different connected components of T\ E(P(F)). Applying the previous lemma,
we infer the existence of an edge e € E(T) N E(P(F)) such that u and v are not connected in
T — e. Pivoting involving e gives a pair (F',T") € ¥ such that v and v lie in two different
connected components of F’. It follows that u 21 v. O
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Since the two equivalence relations are identical, we drop the indices and denote by ~ both
~,;. We have actually proved the following

Proposition 2.11. The following properties are equivalent for any pair u,v € V:

(1) we have u % v.

(2) there exists (F,T) € %1 such that u and v lie in different connected components of F.
(3) there exists (T', F') € %2 such that u,v lie in two different connected components of F'.

Denote by P~ the partition of V' induced by the equivalence classes of ~. We have

Proposition 2.12. The partition P~ coincides with the partition of V into saturated com-
ponents of Gg.

Proof. Let u and v be two vertices in V' = V(Gyp). If v and v lie in a saturated component
X of Go, then for any pair (F,T) € %1, the induced graph F[X] is connected. This shows u
and v are in the same connected component of F', and so u and v are equivalent for ~. This
shows the partition into saturated components is a refinement of P~.

In order to prove the proposition, it will be thus enough to show that each element in P~
is saturated with respect to Gy. Let X C V be an element of P~, and consider two vertices
a,be X. Let (F,T) € % be a vertex of .7, and let P be the unique path in 7" joining a and
b. We claim that P is contained in X. To see this, note that there is no edge e € E(P(F)) in
the path P: otherwise, the pair (F'+ e, T — e) would be a vertex of 7, and the two vertices
a and b would lie in two different connected components of the 2-forest T' — e, which would
be clearly in contradiction with Proposition [2.11

By definition of the edges in 7, and by connectivity of ), this shows that for any
(F1, 1Y), (Ta, Fy) € %, the path P is included in 77 and Fy. By the definition of the equivalence
relation ~ and Proposition [2.11] we infer that X contains all the vertices of the path P. This
shows that T'[X] is connected.

A similar argument shows that the induced graph F'[X] is connected. Since the sets E(F)
and F(T) are disjoint, we infer that X is a saturated set with respect to Gy. ]

2.3. Classification of the components of the exchange graph 77. We can now state
the main result of this section.

Theorem 2.13. Let G be a multigraph.

(1) The exchange graph F is connected if and only if the following two conditions hold:

(i) the edge set of G can be partitioned as E(G) = E(T) U E(F') for a spanning tree
T and a spanning 2-forest F' of G; and

(ii) any non-empty subset X of V' saturated with respect to G consists of a single
verter.

(2) More generally, there is a bijection between the connected components 6 of H and
the pair (Go;{Tv1,Th2,...,Tr1,Tr2}) where

(i) Go is a spanning subgraph of G which is a disjoint union of a spanning tree T
and a spanning 2-forest F' of G;

(ii) denoting the mazimal subsets of V' saturated with respect to Gy by X1,...,X,,
then T;1 and Tj, are two disjoint spanning trees on the vertexr set X;, and
E(Go[X]]) = E(Tj’l) (W E(Tj’g), forg=1,...r.

Under this correspondence, the vertex set of 7 consists of all the vertices (A, B) € ¥

which verify E(A) U E(B) = E(Gy), and for all j = 1,...,r, A[X;] = Tj1 and

BIX;] = Tja.
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FiGure 1. Example of a graph G, on the left, which is a disjoint union of a
spanning tree and a spanning 2-forest, in which all saturated components are
singletons. Note that G contains a spanning tree 7', given on the right, with
a complement which is not a spanning 2-forest.

The rest of this section is devoted to the proof of this theorem. In the following, we
will use the well-known exchange property for the spanning trees of GG: it asserts that for a
pair of spanning trees 7' and 7", and for any edge e € E(T) \ E(T"), there exists an edge
¢/ € E(T")\ E(T) such that T'— e+ ¢’ is a spanning tree of G. (In other words, spanning trees
of G form the basis of a matroid on the ground set E. Such matroids are called graphic.)

Before giving the proof of this theorem, we make the following remark.

Remark 2.14. Let G be a graph whose edge set is a disjoint union of the edges of a spanning
tree and a spanning 2-forest, and with the property that there is no saturated subset of size
larger than two. The graph G might contain spanning trees T' with the property that G\ E(T)
is not a spanning 2-forest. An example is given in Figure[2.3] In a sense, Theorem[I.2]concerns
smaller number of spanning trees of G, and the theorem does not seem to follow from the
well-known connectivity property of edge-exchanges for spanning trees.

Proof of Theorem [2.15(1). We first show the necessity of (i) and (ii).

So suppose that the exchange graph .# is connected. We show E(G) = E(T) U E(F),
which proves (i). For the sake of a contradiction, suppose this is not the case, and let e be an
edge of G which is neither in T nor in F. There exists an edge ¢ in T so that 7" =T — ¢’ +e¢
is a spanning tree of G. The pair (7", F') is then a vertex of .7 which obviously cannot be in
the same connected component as (T, F') by the very definition of the edges in the exchange
graph. This contradicts the assumption on the connectivity of #, and proves (i).

To prove (ii), let Xi,..., X, be all the different saturated components of G, and assume
for the sake of a contradiction, and without loss of generality, that |X;| > 1. Let Tj; and
T; 2 be the two edge-disjoint trees on X; associated to . Recall that this means we have
Tj1 = A[X;] and T = B[X;] for any vertex (A, B) of # (the connectivity of ¢ implies
the definition is independent of the choice of the vertex (A, B)).

Let (A, B) € ¥ be a vertex of . Define the pair (A, B’) by A’ = A— E(T11) + E(T\ 2)
and B’ = B — E(Th2) + E(Th1). Note that (A’,B’) is a vertex of . since A’ and B’
have the same number of edges as A and B, respectively, both are without cycles, and
E(G) = E(A)UE(B) = E(A)UE(B’). On the other hand, since pivoting only involves edges
which are neither in T 1 nor in T 2, this shows that (A’, B’) cannot be connected to (A, B),
which is a contradiction with the assumption on the connectivity of 7.

We now prove the sufficiency of (i) in (ii). So suppose that both (i) and (ii) in (1) hold, we
show that the exchange graph J# is connected.
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Since any vertex (F,T) in # is connected to a vertex of ¥#3, it will be enough to prove that
any two vertices (T, F), (T', F') € ¥4 are connected by a path in JZ.

We prove this proceeding by induction on the integer number

r = diff(T,T') := | E(T) \ E(T").

e For the base of our induction, If » = 0, then T'= 7", and so by (i), we must have F' = F’,
and the claim trivially holds.

e Assuming the assertion holds for » € NU {0}, we prove it holds for r + 1. So let v = (T, F),
v’ = (T", F') € ¥3 be two vertices with | E(T)\ E(T") | = r+1. For the sake of a contradiction,
assume that v and v’ are not connected in 7. Denote by %) the connected component of
¢ which contains v. A contradiction will be achieved through a set of claims (I) - (V).

We claim

(I) There is no edge e in E(T)\ E(T") with F + e € ST(G). (Similarly, there is no edge
ein E(T")\ E(T) with F' +e € ST(G).)

Otherwise, suppose e € E(T) \ E(T') be an edge such that F + e is a spanning tree of
G. There exists ¢ € E(T") \ E(T) such that 7" := T — e + €’ is a spanning tree of G. The
complement of 7”7 in G is F”’ := F + e — ¢’. Since F + e is a spanning tree of G, and ¢’ € F,
the subgraph F” is a spanning 2-forest of G, and thus v’ := (T, F") is a vertex in %;. By
definition, v = (T, F') and (F +e,T — e) are adjacent in .. Moreover, (F' +e,T — e) and
v” are adjacent in . Note that diff(T”,T") = r, and so by the hypothesis of our induction,
v” and v’ are connected by a path in 2. Thus v and v’ are connected in .7, which is a
contradiction to the assumption we made. This proves our first claim (I).

As a consequence of (I) we now show that the following claim.
(IT) We have F ~, F', i.e., the two partitions P(F) and P(F") of V coincide.

Recall that two spanning 2-forests which induce the same partition of vertices are said
equivalent for the the equivalence relation ~,,.

To show this claim, let P(F) = {X,Y} and P(F’) = {X',Y’}, and suppose for the sake
of a contradiction that the two partitions are not equal. The partition P(F') (resp. P(F’))
induces a partition of both X’ and Y’ (resp. X and Y'). One of these four induced partitions
has to be non-trivial: by this we mean that, without loss of generality, we can assume for
example that Z := X N X’ and W := X NY’ are both non-empty. Since F[X] is connected,
there is an edge e = {u,v} € F with u € Z and v € W. This edge does not belong to F’
since it joins a vertex in X’ to a vertex in Y’, therefore, e € T'. Moreover, since F’ + e is
is a spanning tree of G. In other words, e is an edge of E(T") N E(F) = E(T') \ E(T) with
F'+ e € ST(G), which is a contradiction to (I). This proves our claim (II).

Let P(F) = P(F') = {X,Y}. Denote by Px the partition of X given by the vertex sets
of the connected components of T'[X]. Also, denote by P% the partition of X induced by
the connected components of 7'[X]. Similarly, define Py and P%,. Let E(Px) (resp. E(Py))
be the set of all edges e of G with end-points in two different members of Px (resp. Py),
respectively. Similarly, define E(PY% ) and E(Py,).

We now claim.
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(IIT) All the pairwise intersections E(T')NE(Px), E(T")NE(Py), E(T)NE(PY), E(T)N
E(Py,) are empty.

Otherwise, without loss of generality, suppose there is an edge ¢/ € T” with ¢/ € E(Px).
Since €’ joins two different connected components of T[X], we must have ¢’ € F. The graph
T + € has a cycle, which, once again since ¢’ joins two different connected components of
T[X], must include an edge e € E(P(F)). Since P(F) = P(F’), we should have e € E(T").

Let v1 := (Fl,Tl) with /i1 =T —eand 17 = F + e, and vy := (TQ,FQ) with Ty = Fy + ¢
and Fy, = T1 — €’. By choices we made of e and €/, both v; and vy are vertices in .. The
three vertices v, 01, vy form a path of length two. An easy inspection shows in addition that
diff (7o, T") = diff (T, 7") = r + 1.

Since F, contains the edge e € E(P(F)), we infer that P(Fy) # P(F'). By our assumption,
the two vertices v and v’ are not connected in .##. This shows that the two vertices vy and
v’ are not connected in .# neither. Applying the above reasoning to vy and v/, we must
therefore have by Claim (II) that P(Fy) = P(F’) = P(F), which gives a contradiction. This
proves our claim (III).

As an immediate corollary of (IIT), we get
(IV) We have the equality of partitions Px = P and Py = P,

Indeed, since E(T") N E(Px) = 0, any subset Z' of X with T'[Z’] connected should be
entirely included in an element of Px. This in particular, when applied to each Z' € P,
shows that the partition P’ is a refinement of Px. By symmetry, the partition Px should
be, as well, a refinement of P%. Thus, we get the equality of the two partitions Px = P%.
The equality Py = Py, follows similarly.

As an immediate corollary, we get
(V) The equality E(Px)U E(Py) = E(Py) U E(Ps,) holds.
We are now ready to finish the proof of the theorem.

By the definition of JZ, all the vertices vy = (1%, F) of ¢ at distance 2 from (7, F) are
precisely of the form Ty =T — e; + eg and Fy = F' + e — eg for any e; € E(P(F)) and any
es € E(Px)U E(Py). Indeed, if for an edge e;, we have F + e; € ST(G), then e; should
be in E(P(F)). An edge ez # e; which belongs to the spanning tree F' + e; must have its
end-points either both in X or both in Y. Moreover, if T'—e; +e2 € ST (G), then the edge ey
must be in E(Px)UE(Py). To see this, note that otherwise, both the end-points of e3 would
lie in a connected component of T[X] or T[Y], which would imply the existence of a cycle in
T — e1 4+ eo. This proves one part of the claim. For the other direction, one easily verifies
that for a pair of distinct edges e; € E(P(F)) and es € E(Px) U E(Py), the pair (11, F») is
a vertex of ¢, which is clearly at distance two from (7', F').

Now by Claim (II), we have E(P(F)) = E(P(F’)), and by Claim (V), we have E(Px) U
E(Py) = E(PY) U E(P).

Thus, applying the observation which precedes, for such a vertex vy = (T'—e; +ea, F+e1 —
es), the pair v, = (T4, F}) defined by Ty = T' — e1 + e3 and Fy = F' + e; — eg is also a vertex
of # which is at distance two from v’. In addition, we have diff (7, 7%) = diff (7,7") = r + 1.

Since by our assumption, v and v” are not connected in %, any pair of vertices vy and v},
obtained as above (i.e., at distance two from and ’, respectively) are not connected in 7.
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Since the two spanning trees T and T” are not equal, there is an edge e, € E(T")\ E(T). For
any choice of e1, ez as above, we have e, # e1, ea, and thus we must have e, € E(T3) \ E(T?).

Applying the same reasoning to the pair vy and v}, and proceeding inductively on k, we
infer that for any vertex vor = (Tog, For) of S obtained from (7', F') by an ordered sequence
of pivoting involving edges e, €2, . .., €21, €2x, the pair v}, = (Tj,, F}, ) obtained from v’ by
pivoting involving the same ordered sequence of edges eq, e, ..., e91_1, €9 is a vertex of 57,
and we have by (I)-(V):

o P(Fy) = P(F5,) = {Xak, Yor } (with X and Yoy, depending on the sequence of edges
Clye.ny egk),

e E(Px,,) UE(Py,,) = E(’PS{%) 8 E(ng%)-

o diff (voy, v),) = r + 1, and vy, and vl are not connected in J2.

o coe E(TY) \ E(Ty)

Let %) be the connected component of 57 which contains v. To get a contradiction, note
that all the vertices in #4) which belong to ¥ appear among the set of vertices vy, and we
have e, € E(Ty;) \ E(Tor) C E(Fy). In other words, for any pair (A, B) € #; which is a
vertex of %), the two end-points of e, are both in the same connected component of the
spanning 2-forest B. By Propositions and it follows that the two end-points of e,
are in the same equivalence class for the equivalence relation ~ we defined for J7j. Since by
Proposition[2.12] the partition P~ coincides with the partition of V' into saturated components
of GG, this leads to a contradiction to the assumption that all the saturated components are
singletons. This final contradiction proves the step r + 1 of our induction and finishes the
proof of the first part of our theorem. O

Proof of Theorem [2.13(2). Part (2) follows directly from part (1): contract all the edges lying
in a saturated component in Gy in order to get the graph Go. One can verify that in Gy, all
the saturated components are singleton, and the edges of G are a disjoint union of the edges
of a spanning tree and a spanning 2-forest. Thus by part (1), the graph %éo is connected.
There is an isomorphism from 7 to ,%%O which sends a pair (A4, B) in %) to the pair (j, E)
in iféo obtained by contracting all the edges in the trees 11,7}, for j =1,...,7. -

3. PROOF OF THEOREM [L.1]

For an r x ¢t matrix X, and subsets I C {1,...,r} and J C {1,...,t} with |I| = |J|, we
note by X7 ; the square |I| x |I| submatrix of X with rows and columns in I, J, respectively.
Ifr<t,and I ={1,...,r} and J C {1,...,t}, we simply write X instead of X ;.

We use the notation of the introduction: choosing a basis 71, . . .,y for H1 (G, Z), we denote
by M the h x m matrix of the coefficients of 7; in the standard basis {e;}/; of R™. Similarly,
for the element w € RF in the inverse image 0~!(p) of the vector of external momenta
p = (pv), we denote by H, the (h + 1)-dimensional vector subspace of R™ generated by w
and H;(G,R). The space H, comes with a basis consisting of 71, ...,7,w, and we denote by
N the (h+ 1) x m matrix of the coefficients of this basis in the standard basis {e;}I"; of R™.
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By Cauchy-Binet formula, we have

(3.1) det(NYNT) = E det(Ny) det(Y7,s) det(Ny).
1,JC{1,...,m}
|I|=|J|=h+1

Since Y is a diagonal matrix, for I # J, we have det(Y7 ;) = 0. Moreover, for I = J, we
have det(Y7,r) = y!, where, as usual, we pose y! := [Lic; ¥i- Therefore, the above sum can
be reduced to the following sum

det(NYNT) = Y det(N;)*y".

Ic{1,...m}
[I|=h+1
Similarly, we have
(3.2) det(MYM™) = > det(M)*y".
Ic{1,..m}
T|=h

For a subgraph F'in G, by an abuse of the notation, we write F'° (instead of E'\ E(F)) for
the set of edges of G not in F.

Lemma 3.1. (1) For a subset I C {1,...,m} of size h, we have det(My) # 0 if and only
if I =T¢ for a spanning tree T of G. In this case, we have det(M)? = 1.
(2) For a subset I C {1,...,m} of size h+ 1, we have det(Ny) = 0 unless I = F° for a
spanning 2-forest F' of G, in which case, we have

det(N)? = ¢(F) = (3 pu)-(O_ po).
)

veX veY
where {X,Y} denotes the partition of V given by F.

Proof of (1). This is folklore. The complement I¢ of I has precisely n — 1 edges, where n is
the number of vertices of the graph. If I¢ is not the edge set of a spanning tree, then the
spanning subgraph of G on vertex set V which contains I¢ as the edge set is not connected.
Let {X,Y} be a partition of V such that all the edges of I¢ have either both end-points in
X or both end-points in Y. It follows that all the edges F(X,Y) are in I. Without loss of
generality, we can assume that these edges are all oriented from X to Y. It follows that for
all cycles ;, we have . gy yy7i(€) = 0, which shows that det(M[) = 0.

Let now I = E(T)¢ for a spanning tree T" of G. For any edge e; € I, the graph T + e; has
a unique cycle 7/, which in addition contains e;. The collection of cycles ~ for e; € I form a
basis of Hi(G,Z). Since all the edges of ; different form e; are in E(T'), it follows that the
matrix My in the basis v1,. .., is the identity matrix. The change of basis matrix from the
basis {7}/, to {7/}ics has determinant 1 or —1, from which the result follows. O

Proof of (2). Denote by e;,,...,e;, the (h+ 1) edges of I. Developing det(N) with respect
to the last row (which corresponds to the coefficients of w), we have

m

det(N7) = > (=1 w(e;) det(Mpe, 1)-
Jj=1
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From the first part, it follows that det(N;) = 0 if none of I —e;; is the complement set of edges
of a spanning tree, i.e., if I is not of the form F° for a spanning 2-forest of G. So suppose
now that I = F€¢, denote by {X,Y} the partition of V induced by F, and without loss of
generality, let e;,, ..., e;, be the set of all the edges in E(P(F')). We can assume that e;’s are
all oriented from X to Y. Let Tj = F'U {e;,; } be the spanning tree F'U {e;,; } for j =1,...,r
It follows, developing with respect to the last row corresponding to w, that

det(Ny) = (—1)"+1 Z 1) w(e;, ) det(Mrpe).

Since (w) = p, and the edges e;,,...,e;, are oriented from X to Y, it follows that

T

> wlei) =) po
j=1

veX

So the lemma follows once we prove that (—1)7 det(M I\{eij}) takes the same value for all
j=1,...,7. By symmetry, it will be enough to prove det(Mr¢) + det(M7g) = 0. By multi-
linearity of the determinant with respect to the columns, we see that det(Mre) +det(Mryg) =
det(P) where P is the h x h matrix with the first column equal to the sum of the first columns
of MTf and MTQC, and the j’th column equal to the j’th column of MTf (which is the same
as that of Mry), for j > 2. So it will be enough to show that det(P) = 0. The subgraph
FU{e;,, e, } has a unique cycle v which contains both e;,, e;, from F° and all the other edges
are in F. Writing v as a linear combination v = Z?:1 a;~y; of the cycles ~;, we show that

(a1,...,ap)P = 0. The first coefficient of (a,...,an)P is zero since the cycle v has e;, and
ei, with different signs. All the other coordinates of (ai,...,ap)P are zero since the only
edges of v in F'¢ are e;, and e;,. O

The following remark and the definition of the orientation factors € are important in what
follows.

Remark 3.2. The proof of the above lemma shows the following useful property. Suppose
that I and J are the complement of the edges of two (vertex-)equivalent 2-forests F; ~, F3
inducing the partition V= X UY of V, respectively. Let e € E({X,Y}) be an edge with one
end-point in each of X and Y, so both T7 = F; U {e} and T» = F5 U {e} are spanning trees.

Then ()
det NJ _
J)m—i > wlh),
FEE(XY)

det(N[)

e(e; I)m = €(e;

for two factors e(e; I),e(e;j) € {—1,41} depending on the place of the column indexed by
e in the matrix N; and Nj, respectively, and where f in the above sum runs over all the
oriented edges from X to Y. (More precisely, e(e; I) = (—1)7 if e is the jth element in I, and
similar for €(e;J).) In particular, we have

(3.3) det(Ny) det(Ny) = e(e; I)e(e; J)q(F1) det(Mre) det(Mry)

1

(3.4) = e(e; I)e(e; J)q(Fy) det(Mre) det(Mryg).

From Lemma [3.1] we infer that in the sum (3.1)) (resp. (3.2)) above describing det(MY MT)
(resp. det(NY NT)), the only possible non-zero terms correspond to subsets I which are
complements of the edges of a spanning tree (resp. spanning 2-forest) of G.



16 OMID AMINI

Consider the set-up of Theorem as in the introduction, where U is a topological space
and y1,...,ym : U — Rsg are m continuous functions. Denote by Y the diagonal matrix-
valued function on U given by Y (s) = diag(y1(s),...,ym(s)). Let p € (R)"'? be a fixed
vector

Define two real-valued functions fi; and fo on U by

(3.5) fi(s) i=det(MYMT) = Y y(s)’, and
TeST
1=T¢

and

fals) = det(NYNT) = q(F)y(s)",
=

at each point s € U. Note that fi(s) = ¢(y(s)), for ¢ the first Symanzik polynomial, and
f2(s) = Ya(w,y(s))), for ¢ the second Symanzik polynomial of the graph G.

Let now A : U — Maty,xm(R) be a matrix-valued map taking at s € U the value A(s).
Assume that A verifies the two properties

(i) Aisabounded function, i.e., all the entries A; ; of A take values in a bounded interval

[—C, C] of R, for some positive constant C' > 0.
(ii) The two matrices M (Y + A)M™ and N(Y + A)N7 are invertible at all points s € U.

Define real-valued functions g1,g2 on U by ¢1(s) := det(M(Y + A)M7) and gao(s) =
det(N(Y + A)N7). We have by Cauchy-Binet formula,

gu=Y_  det(M;)det(Y + A)s s det(M;), and
T, T2€ST
I=T¢,J=T5

D det(Np)det(Y + A) s det(Ny).

F1,FoeSFo
I=Fy},J=F¢

To prove Theorem we must show that ga/g1 — f2/fi1 = Oy(1) on U. Observe first that

92

Claim 3.3. There exist constants c1,ca,C > 0 such that

(3.6) c1fi(s) < gi(s) < cafi(s),
for all points s € U with y1(s),...,ym(s) > C.

Proof. By assumption, all the coordinates of A are bounded functions on U. Developing the
determinant det(Y +A); s as a sum (with £ sign) over permutations of the products of entries
of (Y 4+ A)r s, one observes that each term in the sum is the product of a bounded function
with a monomial in the y;’s for indices j in a subset of I N J. For I # J, these terms become
o(y’). Also for I = J, all the terms but the unique one coming from the product of the entries
on the diagonal which gives y are o(y!). Since f; = Y TesT yT°, the assertion follows. O

Therefore, in order to prove Theorem (1.1}, it will be enough to show that

(3.7) g2f1 — g1.fa = Oy (7).
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In considering the terms in gs f1 — g1 f2 it will become very convenient to define the bipartite
graph & = (%0, €), a variation of the exchange graph introduced in the previous section. The
vertex set ¥ of & is partitioned into two sets U; and U, with

T, = {(Fl,FQ,T) |Fi, Fy € SF,T € ST},
and
o = {(Tl,Tg,F) Ty, Ty € ST, F € SIQ}

There is an edge between (Fi, F5,T) € Uy and (11,Ts, F) € Uy in & iff there is an edge
e€ Esuchthat T=F+e,and I} =T) —e and F5, =T — e.

Definition 3.4. If (F}, F5,T) € U, and (11, 1%, F) € Uy are adjacent in &, we say (17, 1», F') €
0, is obtained from (Fi, F5,T') by pivoting involving the edge e (with E(T) \ E(F) = {e}).

Define two weight functions &,¢ : U — C°(U,R) on the vertices of & as follows. For
(Fl,FQ,T) € 01, let

§(F17F27T) = det(Y =+ A)Ff,FQF yTC7
C(Fl,FQ,T) = det(NFf) det(NFé:)f(F17F27T)7

and for (11,Ts, F) € Uy, define

E(T1, Ty, F) :=det(Y + A)ge 1 y",
C(Tl, TQ, F) = det(MTlc) det(MTZC)q(F) f(Tl, Tg, F)

Note that these weights are precisely the terms which appear in the products gof; and
g1 fa; we have

(3-8) ngl = Z C(F17F27T)7

(F1,F2,T)eY,

and

(3.9) g1f2 = Z C(Th, Ty, F).

(Th,T>,F)eV2

We have the following claim. Recall that for a 2-forest /" and and edge e ¢ F, we defined
e(e; I) = (—1)? for j being the place of e in the complement I = F¢, c.f. Remark

Claim 3.5. e For any (F1, F»,T) € U1, we have
E(F1, B, T) = O, (y" iy ™).
e For any (T1,T», F) € Vs, we have
§(T1,To, F) = Oy (y" 13 y™).

e For two adjacent vertices (Fy, F»,T) € Uy and (T1,T», F) € By, let e ne the unique
edge in T\ F. We have

E(F, B, T) = e(e; FY)e(e; F5) &(T1, To, F) + Oy (f7).
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Proof. The first two assertions are straightforward. To prove the last one, let e be the unique
edge in T\ F. We have

det(Y + A)Ff,FQC = 6(6; Ff)e(e; Ff)ye det(Y + A)Tf,TQC + Og(ny),
Multiplying both sides by y* gives
ﬁ(Fl, F, T) = 6(6; Flc)€(e; FQC)g(Th 13, F) + Oy(yTCny)

= e(es FY)e(e; F)E(T1, Ty, F) + Oy (f7).

O

We now define ordinary and special vertices of U. Roughly speaking, special vertices are
those vertices whose contributions to go fi and ¢; fo are small, so roughly speaking, they can
be ignored in proving the theorem. The contribution is then made only by ordinary vertices,
and this will be understood by the results we proved for the exchange graph in the previous
section.

Definition 3.6. o A triple (F1, Fy,T) € U, is called special if Fy o, Fy, i.e., if the
partition of vertices induced by Fj is different from the one induced by F5. Otherwise,
it is called ordinary.

e A triple (T1,T», F) € Vs is called special if there exists either e € E(Ty) \ E(Tz) or
e € E(Ty) \ E(T}) such that F + e is a spanning tree. Otherwise, it is called ordinary.

The following observations are crucial for the proof of our theorem. They show that
connected components of & which contain special vertices have only ”light weight” vertices.

Claim 3.7. (1) For any special vertez v in 0, we have
E(v) = Oy (/7).
(2) For any vertex v € U connected by a path in & to a special vertex u, we have
£(v) = Oy (f7).

Proof. (1) If o = (Fy, F5,T) € By, then since Fy ¢, Fy, there exists an edge e € F» such that
Ty = F1 + e is a tree. In this case, since e ¢ Fy, we have Ff N Fy C Tf, and so we have by
Claim [3.5

E(F1, o, T) = Oy (y" 175y ™) = 0y (y"Ty™") = Oy (7).
Similarly, let o = (11,75, F) € Us be special, and assume without loss of generality that

there is an edge e € E(T1) \ E(T») such that T = F + e is a spanning tree. Since e ¢ Th, we
have {e} U (TY NTy) C Ts, which shows that

yey T = 0, (y"%).
Observing that ™ = y.y”", and applying Claim we get
§(T1, Ty, F) = Oy (y i3 y™") = Oy ("1 yey™) = O, (y"3y™") = Oy (f7).
(2) This follows from (1) and the third assertion in Claim [3.5 O

Definition 3.8. Let p € R""? be the vector of external momenta. For any ordinary vertex
u= (T1,Ts, F) € Vs, define ¢q(u) := ¢(F). For any ordinary vertex v = (Fy, F5, T) € U3 (so
with Fy ~, Fb), define q(v) := q(F1) = q(F2).

As corollary of the above claims, we get



THE EXCHANGE GRAPH AND VARIATIONS OF THE RATIO OF SYMANZIK POLYNOMIALS 19

Corollary 3.9. o Let G be a connected component of &. If G contains a special vertex,
then for any vertex v € B(G), we have

¢(0) = Oy(f7).

o Let G be a connected component of & entirely composed of ordinary vertices. There
exists a real-valued function p defined on U such that for any vertex vwo of G, we have

(() = q(w)p + Oy (7).

Proof. The first assertion already follows from Claim

We prove the second part. So let G be a component entirely composed of ordinary vertices.
Note that G contains both vertices in U7 and Ua. Let ug = (Tp1, 70,2, Fo) be a vertex of G,
with Tp1 and Tp 2 spanning trees and Fy a spanning 2-forest of G. Let eg be the edge such
that. Define

p = det(MToc,1) det(MToc,Q)g(ug).

Let now v = (F1, F»,T) € Uy and u = (11, T, F') € Vs be two vertices of G. Suppose that
u and v are adjacent, and let e be the edge in F with T'= F+e, Ty = F1+e and Ty = Fy +e.

By an abuse of the notation, we define €(u, b) = e(v,u) := e(e; Ff)e(e; F5), as in Remark [3.2]

By assumption, we have F] ~, Fs. By Equation , we have

det(NFf) det(Npgc) = 6(11, U) det(MTlc) det(MTf)q(Fl).

Since this is true for all vectors of momenta, we infer that for any pair of vertices u =
(Th, T, F) and w = (11, T», F) adjacent to v, we have

(3.10) e(u, v) det(Mre) det(Mrg) = €(to, v) det (M,

c
1

) det(MTg)'

Define now the function € : U(G) — {—1,+1} as follows:

For any vertex to, let v, = w,to_1,...,01,109 = Uy be a path in G from to to ug. Set
é(w) = [1j25 e(wj, wj41).

We claim that € is well-defined, i.e., it does not depend on the choice of the path. Indeed,
the union of two paths between 1 and v can be decomposed as a union of cycles, and it will
be enough to show that for any cycle ug,uy, ..., g, Ug11 = Ug, we have H?:o e(uj, uj41) = 1.
But this follows from taking the product of the quantities €(u, v) det(Mr¢) det(Mry) for any
edge {u, v} in the cycle, which is then equal to one by Equation applied to all the vertices
in the cycle which lie in 21, and observing that the determinants are all £1, which finally
using that each determinant appears twice in the product gives the claim.

Using again the connectivity of G implies that for all vertices u = (71, T3, F) of G, we should

have
€(u) det(Mre) det(Mry) = det(MT&l) det(Mrg.,).

On the other hand, we already noted that for any pair of adjacent vertices, we have
(3.11) £(0) = e(u, 0)E(w) + Oy (fD).

By connectivity of G, this shows that for any vertex u as above, we have

ew)é(u) = &(uo) + Oy(f7).

Multiplying both sides of this equation by €(u) det(Mr¢) det(Mrg) = det(Mrg ) det(Mrg,),
gives
(3.12) det(Mre) det(Mrg)¢(w) = p+ Oy(f7),
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which finally implies that
((u) = q(u)p + Oy (f7),
which proves the claim for all vertices of G in Us.
To prove the result for v € U;, note that multiplying both sides of Equation by
det(Npe) det(Npg), and using Equation (3-3), we infer that for a vertex u € U, adjacent to v,

€(v) det(Npy) det(Npg) = €(u) det(Mry) det(Mrg)q(F1),
and so

€(0)¢(0) = E(w)e(u, v) det(Mry ) det(Mrg )q(v)€(u) + Oy (f7)
= &(v) det(Mye) det(Mgg)q(0)é(u) + Oy (f7)
By Equation this becomes
¢(0) = q(0)p + Oy (f7),

and the claim follows for all vertices v of G which lie in ;. ]
The following proposition finally allows us to prove Theorem

Proposition 3.10. Let G = (V, ) be a connected component of & with vertex setV = ViLUVs,
with V; =V N*Y;. Suppose that G is entirely composed of ordinary vertices. Then we have

Y aw) =Y g(w).
ueV; eEVs
We will give the proof of this proposition in the next section. Let us first explain how to

deduce Theorem assuming this result.

Proof of Theorem [I.1. We have to show that ga f1—g1 f2 = Oy(f%) Let G = V1,81),...,Gn =
(Vn,En) be all the connected components of &. For each i = 1,..., N, denote by V;1 V2
the intersection of V; with 2U; and U, respectively. Using Equations (3.8)) and (3.9), we can

write

ph—gfa= Y Co)= ) ()

veY, ucUs
N

=3 (X = Y cw).
=1 veV; ueV; 2

For each 1 < ¢ < N, we have the following two possibilities. Either, G; contains a special
vertex, in which case we have ((w) = Oy( f?) for all ro € V(G;). In particular,

> Clo) = D ) =0y (fD).
eV u€V; o

Or, G; contains only ordinary vertices. In this case, by Corollary [3.9] there exists a real-valued
function p; such that ¢(b) = q(v)p; + O, (f?) for all vertices v of G;. We must then have

S )= Y cw=p( X ato)— D aw) + 0y ()

UGVi’l ueVLQ UEV¢,1 uEVi,g

= Og(ff) (by Proposition [3.10]).
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Thus, g2f1 — g1.f2 = Oy( f?) and the theorem follows. O

3.1. Proof of Proposition Recall that for a partition P of V into sets Xi,..., Xk,
we denote by E(P) the set of all edges in G with end-points lying in two different sets among
X;s. For a spanning 2-forest F', the partition of V into the vertex sets of the two connected
components of F' is as before denoted by P(F).

Let G be a connected component of & which is entirely composed of ordinary vertices. Let
VY = V1 U Vs be the vertex set of G with V; C U;, for ¢ = 1,2. We will give a complete
description of the structure of G using the structure theorem we proved for the exchange
graph, which in particular allows to prove Proposition [3.10

Define equivalence relations =1, =9, =3 on the set of vertices V of G as follows. For two
vertices u,v € V,

e we say u = v if for any (71,72, F) € Va, both vertices u and v lie in the same
connected component of T} \ E(P(F)).

Similarly,

e we say u =y v if for any (77,72, F) € Vs, both vertices u and v lie in the same
connected component of T \ E(P(F)).

And finally,

e we say u =3 v if for any (F1,F»,T) € Vi, both vertices u and v lie in the same
connected component of 7'\ E(P(F})).

Note that since G does not contain any special vertex, we have Fy ~,, F» for all (Fy, F»,T) €
V. In particular, T\ E(P(F1)) =T \ E(P(F2)).

The following statements are analogous to the statements of Lemma [2.9] and Proposi-
tion for the exchange graph.

Lemma 3.11. Let F be a spanning 2-forest in GG. Let T be a spanning tree of G. Suppose
two vertices u,v € V' are in two different connected components of T\ E(P(F)). There exists
and edge e € E(P(F)) N E(T1) such that w and v are not connected in T — e.

Proof. Denote by S, and S, the two connected components of 7"\ E(P(F')) which contain u
and v, respectively. There is a path joining S, to S, in T'. Since S,, # S, it contains an edge
e € E(P(F)). For such an edge e, u and v are not connected in 7' — e. O

The previous lemma allows to prove the following claim.
Claim 3.12. The three equivalence relations =1, =2, =3 are the same.

Proof. To prove that =; and =» are the same, suppose for the sake of a contradiction that
u =1 v but u #5 v for two vertices v and v in V. This implies the existence of (11, T, F) € Vs
such that

e the two vertices u and v are both in X with P(F) = {X, X¢}.
e v and v are in the same connected component of T1[X], and they are in two different
connected components of T[X].

Applying the previous lemma, there exists an edge e € E(T2) N E(P(F)) such that u and v
lie in two different connected components of Fy = Ty — e. Since (11,75, F') is not special, and
e € E(P(F)), we have e € Ty. In particular, u,v are in the same connected component of
Fy, =Ty — e. We have proved that P(Fy) # P(F3), i.e., the triple (Fy, F,T) obtained from
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(Th,T>, F') by pivoting involving e is special. This contradicts the assumption on G (that it
does not contain special vertices), and proves our claim.

We now prove that =; and =3 are similar. Suppose for the sake of a contradiction that this
is not the case. Let u,v € V be two vertices with u =3 v but u #; v (the other case u #Z3 v but
u =1 v has a similar treatment that we omit). This implies the existence of (17,75, F') € Vo
such that w,v belong to two different connected components of 77 \ E(P(F')). Applying the
previous lemma, we infer the existence of an edge e € E(T1) N E(P(F)) such that u and v
are not connected in 77 — e. Pivoting involving e gives a triple (Fy, F5,T) such that u and v
lie in two different connected components of Fy. In particular, it follows that u #3 v, which
is a contradiction. This proves the claim. ([l

We denote by = the equivalence relation on vertices induced by =;. As in Proposition[2.11
we have the following remark.

Remark 3.13. Note that if u and v are two vertices with u # v, there exists (Fy, Fa,T) €
V1 such that u and v lie in different connected components of F;. Similarly, there exists
(Th, T, F') € Vs, such that u,v lie in different connected components of F'.

Denote by P= = {X1,..., X%} the partition of V' induced by the equivalence classes X; of
=. Note that pivoting only involves edges in E(P=), i.e, those edges which are not contained
in any of the sets Xi,...,Xg. By connectivity of G, it follows that for each i, there are
three trees 7;1,7; 2,73 on the vertex set X; such that for any (Fj,F>,T) € Vi and any
(Th,Ts, F) € Vo, we have

N[X;] = F1[X;] = 11, To[Xi] = B[ X)) = 1o, T[X;] = FIX] = 73
In other words, the subtrees 7; 1, 7 2, 7; 3 are the "constant” part of the elements in G.

(To see that T1[X;] is a tree, consider two vertices u,v of X;, and let P be the unique

path in 77 which connectes v to v. By Remark all the vertices of P are in the same

equivalence class X, i.e., T1[X;] is connected, and so it is a tree. The other cases follow by a
similar argument.)

We now prove
Claim 3.14. For any (Th,T5, F) € Vo, we have

T\ (O E(7i1)) = T2 \ (O B(7;2)).
=1 =1

In other words, the edges of T1 and T which lie outside all X;s are the same.

Proof. Let e = {u,v} be an edge of 71 with v and v lying in two different equivalence classes
X; and X;. By Remark there exists (77,74, F') € V1 such that u and v belong to two
different sets of the partition P(F'). By connectivity of G, the edges in F(T1) U E(F) are the
same as those in E(T]) U E(F'). Since e ¢ E(F') and e € E(T1), we must have e € E(T7).
Since (17, T4, F') is ordinary, we infer e € E(T3). By connectivity of G, and the way the edges
are defined (which requires pivoting involving the same edge for the two trees in any vertex
of V), we must have e € F(Ty), and the claim follows. O

Let v = (Tl,TQ,F) € Vs. Let
ELQ(U) = E(Tl) N E(P;) = E(TQ) N E(P;), and
Es(0) := E(F) N E(P=).
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(Note that the equality of the two sets in the definition of E; () follows from Claim )

Obviously, we have

k k
E(Ty) = Erp(0) U| | E(7in) . E(T) = Ei2(0) U| | E(7iz) , and
i=1 i=1
k
E(F) = Es(v) U | J E(7i1).
=1

Define the multiset

Eg = ELQ(D) U Eg(t)).
By the definition of the edges in the graph &, and connectivity of (the connected component)
G, Eg is independent of the choice of v € V,. In addition, if for u € Vi, we define Ej 2(u) =
E(Fy) N E(P=), and E3(u) = E(T) N E(P=), we should have Eg = Eq 2(u) U E3(u).

Define an (auxiliary) multigraph Gy = (Vp, Eg) obtained by contracting each equivalence
class X; to a vertex x; and having the multiset of edges Eg = Eg. More precisely, G has the
vertex set Vo = {x1,..., 2}, and an edge {z;,z;} for any edge e = {u, v} in the multiset Eg
which joins a vertex u € X; to a vertex v € X;. By an abuse of the notation, we identify Ejy
with Eg.

Each v = (11,15, F) € V, gives a pair (Ty, Fy) that we denote by m(v) consisting of a
spanning tree T, of G with edges Ej2(v) and a spanning 2-forest F, of Gy with edge set
Es(v). As a multiset, we have Ey = E(T,) U E(Fy). Similarly, each u = (Fy, F»,T) € V; gives
a pair 7(u) = (Fy,Ty) consisting of a spanning 2-forest F, and a spanning tree T, of Gy with
edge sets Eq o(u) and Es(u), respectively.

We will describe G in terms of the multigraph Go. Let s = (%, o) be the exchange
graph associated to the multigraph Gy as in Section [2| Recall that the vertex set % of J4) is
the disjoint union of two sets 751 and 72, where

%n::{(RTHl?ESfowﬁTGSTK%%l%F)uEU):Eb}

and
%Qrz{ﬁﬂﬂ}TESTK%LFGSfﬂG@,E@UUEGU:Eb}

There is an edge in &) connecting (F,T) € %1 to (T', F') € %2 if (T", F’) is obtained from
(F,T) by pivoting involving an edge e € Fy, i.e.,if F=T —eand F' =T —e.

With this notation, we get an application 7 : V — ¥4. By what we have proved so far, it is
clear that 7 is injective. By the definition of edges in & and %), 7 induces a homomorphism
of graphs 7 : G — 4. In addition, any pivoting in J#) involving an edge e € Ey = Fg can be
lifted to pivoting involving the same edge e in G. This proves that 7 induces an isomorphism
onto (its image) a connected component of 7.

Proposition 3.15. The exchange graph ¢ is connected. As a consequence, the projection
map T 1S an isomorphism.

Proof. By the discussion preceding the proposition, we only need to show that &) is con-
nected. Since the multigraph Gy is a disjoint union of a spanning tree and a spanning forest,
we will get this latter statement from the first part of Theorem by observing that the
only saturated non-empty subsets of vertices of G are singletons.
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To see this, let S be a saturated component of Gy. Note that Go[S] is connected, and no
pivoting in Gq involves the edge set of S in Gy. By the injectivity of the projection map
m: G — ), and the observation we made that pivoting involving an edge e in G corresponds
to pivoting involving the same edge e in .7, it follows that no edge of S is involved in pivoting
ingG.

For the sake of a contradiction, suppose that S has size at least two, and let z; and z;
be two different vertices of S which are connected by an edge e. The edge e connected two
vertices u; and u; in G, such that u; € X; and u; € X;. For a triple v = (T, T3, F) € Vs, the
edge e belongs either to both T and T3, or it belongs to F'. In either case, since no pivoting
involves e, by connectivity of G and Remark it follows that u; = u; for the equivalence
defined by G. This implies that any vertex in X; is equivalent to any vertex in X;. This is
impossible since X; and X; are two different equivalence classes in P. This final contradiction
implies that |S| = 1 and the proposition follows. O

We can now prove Proposition [3.10]

Proof of Proposition[3.10. Let G = (V,€) be a connected component of & which consists
entirely of ordinary vertices. Let GGy be the multigraph we associated to G, and 7 : G — 4
be the isomorphism constructed above.

For (F,T) € %1, we have (T, F) € 2, and by definition, we have
¢(n (F,T)) = (= (T, F)).

Since 7 is an isomorphism, it follows that

Yoaw= Y q@ (TF)= Y g NET) =) ),

ueVs (T, F)e%,2 (F\TYe uel;

and the proposition follows. O

The proof of Theorem is now complete.

4. PROOF OF THEOREM

In this section we explain how to derive Theorem from Theorem The presentation
here is heavily based on the results and notations of [I], to which we refer for the missing
details.

First we recall the set-up. Let A be a small open disc around the origin in C, and denote
by A* = A\ {0} the punctured disk. Let S = A3973. Let Cj be a stable curve of arithmetic
genus g, and let G = (V, E) be the dual graph of Cy. Denote by h < g the genus of G,
so we have h = |E| — |[V| + 1. The versal analytic deformation of Cy over S is denoted by
7 :C — S. The fibres of 7 are smooth outside a normal crossing divisor D = |J .y De C S,
which has irreducible components indexed by the set of edges of G (which are in bijection
with the singular points of Cp). Let U be the complement of the divisor D in S, that we
identify with U = (A*)F x A39-3-1E] Let

(4.1) U:=HF x A93-1E @,

be the universal cover of U. The projection map U—Uis given by ze — exp(2miz,) in the
first factors corresponding to the edges of GG, and is the identity on the remaining factors.
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Suppose that we have two collections

or ={o11ti=1,.n, 02 ={012}1=1,..n
of sections 07;: S — C of m, for 1 <1 < n and i = 1,2. By regularity of C, these sections
cannot pass through double points of Cy, and for each [, 07 ;(S)NCy lies in a unique irreducible
component X, of Cy, which corresponds to a vertex v; of the dual graph G. We assume that
the sections 071 and 079 are distinct on Cp, which implies, after shrinking S if necessary, that
o1 and o9 are disjoint as well.

Let p, = {pr,1}iL, € (RP)™0 and P, = {pPi2}L; € (RP)™0 be two collections of external
momenta satisfying the conservation law ([1.1]). Using the labelings of sections and the external
momenta, we associate each marked point o;; with p;; € RP, and denote by E? = (pf 1) and
p2G = (va,2) the restriction of p, and p, to the graph G: for each vertex v of G, the vector
pUGﬂ» is the sum of all the momenta p;; with v; = v. In this way, at any point s € S, we get

two RP-valued degree zero divisors on the curve C; that we denote by 2, and B,: they are
defined by

n n
A=Y praoia(s),  Bs=) Pr20o12(s):
=1 =1

This gives us the real valued function on U which sends the point s of U to (2, B;), where
(.,.) denotes the archimedean height pairing between RP-valued degree zero divisors, see the
introduction and [I] for the definition of the height pairing and the extension to R”-valued
divisors defined by means of the given Minkowski bilinear form.

We are interested in understanding the behaviour of the function s — (2(s, B;) close to the
origin 0 € S\ U. This can be carried out using the nilpotent orbit theorem in Hodge theory,
c.f. [I]. We can reduce to the case where the external momenta are all integers, and in this
case, the divisors s and B, having integer coefficients at any point s, the Archimedean height
pairing between 2(; and B, can be described in terms of a biextension mixed Hodge structure,
c.f. [5LI]. Denoting by Hss, g, the biextension mixed Hodge structure associated to the pair 2
and B, the family Hy o, fit together into an admissible variation of mixed Hodge structures.
An explicit description of the period map for the variation of the biextension mixed Hodge
structures Hg, 9, was obtained in [I]. We briefly recall this now.

Fix base points sg € U and 5y € U lying above sg, and choose a symplectic basis
at,...,aq,b1,...,bq € Hi(Cy,,Z) = Ay ® By.
Shrinking S if necessary, the inclusion Cs, — C gives a surjective specialisation map
sp: Hi(Cs,,Z) — H1(C,Z) ~ H1(Cy, Z).

Denote by A C H;(Cs,,Z) the subspace spanned by the vanishing cycles a., one for each
e € E. We have the exact sequence

0— A — Hy(Cs,,Z) = H1(Co,Z) — 0,
and we define A’ = A +sp™ (P, H1(Xv,Z)) € H1(Cs,,Z). We have
(4.2) H(Csy,Z2)/A" ~ H(G,Z).

Changing the symplectic basis if necessary, we suppose that the space of vanishing cycles A
is generated by ai,...,an € A, and that by, ..., b, generate Hy(Cs,,Z)/A’ ~ H1(G,Z) as in
=)
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Fori=1,2, let Ei,s = {0'171'(8)7 ce ,Jn,i(s)}, and set X5 = 2175 @] 2275 and X; = LJS Ei,s- By
choosing loops that do not meet the points in ¥, we lift the classes a; and b;, j =1,...,¢g
to elements of Hi(Cy, \ Xs,,Z). By an abuse of the notation, we denote by a; and b; these
new classes as well. This symplectic basis can be spread out to a basis

al’g, e ,ag’g, bLg, ey bg’g

of Hi(C;5\ X5,Z), for any s € U and any § € U over s. The elements a; ; only depend on s
and not on §; we will also denote them by a; 5. If there is no risk of confusion, we drop s, and
use simply a; and b;.

In addition, we have a collection of 1-forms {w;}i—1,._, on 7~ }(U) C C such that the forms
{wis == wilc, }i=1,..g, for each s € U, are a basis of the holomorphic differentials on Cy and

(4.3) / Wj,s = 0ij-
Qjs

The period matrix for the curve Cj is given by (fb. wjys).

Choose now an integer valued 1-chain VB, ON Cs, \ 21,5, with B, as boundary. Adding
a linear combination of the b; if necessary, we further assume that

(4.4) (ai,yp,,) = 0.
We spread the class

(V2,1 € H1(Csy \ X1,50, 22,50, Z)
of s, to classes yg..

Similarly, we obtain a 1-form wy on 7~ }(U) \ £; such that each restriction wy s = walc,
is a holomorphic form of the third kind with residue 2. Adding to wg a linear combination
of the w; if needed, we can suppose that wg is normalised so that

(4.5) / was=0, i=1,...,¢.
ai,
Denote by Rowy(C) ~ CY and Coly(C) ~ C9 the g-dimensional vector space of row and
column matrices, and let
X :=H, x Row,(C) x Col,(C) x C.
We have the following description of the period map from [IJ.

Proposition 4.1 ([I]). The period map of the variation of mized Hodge structures Huy, o, is
given by
o:U — X

o (i) (e (f ) [ o).
B, i3 B,5

i,5

We now explain the action of the logarithm of monodromy map N, for e € E, c.f. [1].

As before, each vanishing cycle a. € Hi(Cs,,Z) for e € E can be lifted in a canonical way
to a cycle a. in Hi(Cs, \ Xy, Z).

In this homology group, we can write

(4.6) e =Y coitti+ Y desar+ Y e,
5 I I
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with 7;; denoting a small enough negatively oriented loop around the point o;;(sg). Note
that the coefficients c.; are zero for i > h (by the choice of the symplectic basis {a;, b;}).

By Picard-Lefschetz formula, we deduce from (4.4) and (4.6 that
(47) Ne(bz) = _<bi7 ae>ae = Ce,i0e,
(4'8) Ne(V‘BsO) - _<7%50 ) ae>ae = —Q¢ Z pl,Qde,l,Z-
!

Using (4.6), (4.5) and (4.3]), we can compute the integral of the forms w; and wy with respect
to the vanishing cycles, giving

(4.9) / Wj = Ce,j, / WA, = Zpllde,l,l
Qe
From ([£7), (£8) and ([{9), we get
Ne( / Wjso) = —(bi, ac) / Wj,s = Ce,iCe,j ;
i Qe

Ne(/ wa,, ) = _<biaae>/ WL, = Ceyi Zpl,lde,u;

b; Qe 1

Ne( / Wjso) = — {18, Ge) / Wis = —Cej Y Prades;
TBs, Qe l

Ne(/ wat,, ) = — (73, Ce) / wat,, = (Z P 1de,z,1> (Z pk,Qde,k,2>-
v k

Bsq

For each e € E, the logarithm of the monodromy N, is given by

0 0 EZEVG B;Fe P,
N, = 0 0 M, Zetp1 ’

0 0 0 0

0 0 0 0

where the matrices ]\7@, We, Ze, and I'. are given by

(Me)ij = cejiCe,s (We)ij = —Ce,jdey .2, (Ze)iy = Ceie 1, (Tryp) = —dep2de 1

One verifies that the matrix M, is the h x h matrix M, filled with zeros to a g X g matrix,
where M, is the matrix of the symmetric bilinear form (.). in the basis by, ..., by of H1(G,Z).
Similarly, one sees that the matrix We (resp. Ze) is obtained from a matrix W, (resp. Z)
that has only h columns (resp. rows) by extension with zeros. The entries of these matrices
are given as follows. The choice of the path vy provides a preimage wo for the vector p§ in
ZF | obtained by counting the number of times with sign that g crosses the vanishing cycle
ae. Similarly, wg gives a preimage w; for plG in C¥ whose e-th component, for e € E(G), is
given by [ w.

With these preliminaries, we can now state the expression of the height pairing in terms
of the period map. Let us separate the variables which correspond to the edges of the graph
G as sg. Any point s of U then can be written as s = sg X sge, where sge denotes all the
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other 3g — 3 — | E| coordinates. Denoting the coordinates in the universal cover U by ze, the
projection U — U is given in these coordinates by

exp(2mize), foree€ F,
S, =
‘ Ze, fored F.

The following expression for the height pairing is obtained in [1].

Proposition 4.2 ([I]). There exists ho > 0 and a holomorphic map Vg : U — X,
Yo (s) = (Qo(s), Wo(s), Zo(s), po(s)),

such that introducing
—1
Ye = Im(ze) = ﬁlog Isels
the height pairing is given by

(4.10) (s, Bs) = —2m Im(po) Z 27ryep2Fe p,+

eckE
27T(Im(W0) + Z yéBQW€> : (Im(QO) - Z yéﬂe)_l
eeE ecE

: (Im(Zo) + Y vz tgl),

eck

where Yy, = ye — hg.
We have

Theorem 4.3. There exists a bounded function h: U — R such that after shrinking the radius
of A if necessary, we can write the height pairing as

(4.11)

(A5, B) = = 2myep,le'p, + 27T(Zyep2 )(Zye e>_1(2yeZe tgl) + h(s).
eckE

eclE

This theorem was proved in [I] using normlike functions in the terminology of [2, Section
3.1]. We now give a proof based on Theorem

We treat first the case ¢ = h and explain later how to reduce to this case. Note that the
case g = h corresponds to all irreducible components of Cy being of genus zero.

Proof of Theorem [[.3 in the case g = h. We use the notations of Proposition Since pg
is a holomorphic function on S = A3973 after shrinking the radius of A if necessary, we
can assume that Im(po) is bounded. In addition, since hg is constant, the difference between
yepQF tpl and YeP, r.t P, is constant for each e. So we only need to prove that the third term
in the right hand 51de of equation (4.10]) is, up to a bounded function, equal to the second
term in the right hand side of ( -

First, we can reduce to the case where p; are real valued, c.f. [I]. Using the bilinearity of
the right hand side term in (4.11)), we can reduce to the case p; = po.

Let H = Hi(G,R), and let w € R¥ be given by p, and denote H, D H the subspace
generated by H and w as in Section Let o =", ve(,)e be the bilinear form on RE.
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L w
T (o )

where L is an invertible h x h matrix, W is a (column) vector of dimension h, and S is a
scalar, recall that the Schur complement of L is given by

T/L:= ‘WL 'W +8,

For a matrix of the form,

and it verifies the equation
detT"

det L

Using these observations, the expression on the right hand side of (4.11]) is the ratio
27 det(«|p,,)/det(a|gr), for the basis of H (resp. H,) given by B = {by,...,by} (resp.
B, = {b1,...,bp,w}). Similarly, the expression on the right hand side of Proposition
at any point s of U is the ratio 2w det(a|m,, + 5(s)|n,,)/det(a|g + B(s)|x) for a bilinear form
B(s) on H,, (given by Wy, Zy, Qo, ho, and T, We, Z,, M.), calculated using the basis B and
B, of H and H,).

By boundedness of Wy, Zy, Q, and hg, 3(s) lies in a compact subset of the space of bilinear
forms on H,,. Fixing a complmenet H' to H,, i.e., H,+H' = R™, and extending 3(s) trivially

—'WL'W + 8.

(by zero) to R™, we can assume that (s) is the restriction to H,, of a bilinear form £(s) on
R™, and that 5(s) lie in a compact subset of the space of bilinear forms on R™ for s € U.

Let M (resp. N) be the h x m (resp. (h+ 1) x m) matrix of the coefficients of the basis
B (resp. B,) in the standard basis of R™. Let Y = diag(y1, ..., ym) be the diagonal m x m
matrix of « in the standard basis of R™.

Let A : U — Mat;,xm(R) be the matrix-valued map taking at s € U the value A(s) equal
to the matrix of the bilinear form [(s) in the standard basis of R™.

Theorem [4.3]in the case g = h now follows from Theorem which is the statement that
the difference det(N(Y + A)N7)/det(M(Y + A)M7™) — det(NY N7)/det(MY MT) is Oy(1).
O

We now show how to reduce the treat the general case by reducing to a case similar to the
case g = h treated above.

Proof of Theorem[{.3, general case. Suppose g > h. Let # := Im(Wy) — > .cp YeP,We,
and write % = (#1,%>) with #1 the vector of the h first coordinates. Similarly, write
Z =Im(Zo)+ > e YeZe tgl, and write 2° = (27, 25) with 27 the first vector of the h first

coordinates. -
Let .4 =1m(Q) + > cpYeMe, and write

M A2
4.12 M =
(4.12) (///21 M.
Theorem now follows from Proposition [4.4] similar to the proof of the case g = h given
above. ]

Proposition 4.4. We have

WML~ <Zyenge) <ZyeMe>7l(ZyeZe t&) = Oy(1).

eckE eckE eck
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Proof. Let A = .#~"', and write

M1 M2
4.1 =
(4.13) o <JV21 JV22>

with 411 and 455 square matrices of size h x h and (g — h) X (g — h), respectively. Writing
WNZE =W M1+ W N2y + Wa N 2h + W N2 2o,

in order to prove Claim we prove

Vi 2= (D wep,We ) (D e e)_1<2yeZet21> =0y(1),

) ) ecE
and
M NMaZs = 0y(1), WaNanZi=0y(1), WaNaZs=0y(1).
For y1,...,ym large enough, since 412, #o1, #>2 are bounded, we have the following expres-
sions:

My = (M) — Mo Moy Mor) ™" , Nog = (Mg — Mo M M12) "
Mo = — M7 Mo (Mg — Moy M M) and
No = — Moy Moy (M) — Mo My May)
Note that .#3(s) = Qo.22(s) for s € U, and by our assumption on U, the matrices .#y"(s)
lies in a compact set for s € U. Thus, 411 = #(s) + >, yeM for an h x h matrix-valued

map & on U taking values in a compact set provided that yi,...,y, are large. It follows
from the result in the case g = h that

M N2~ (Zyep2 )(Zye e)_1<zyezet21) = 0y(1).
ecl

eck

The boundedness of the other three quantities can be proved similarly. For example, to
treat the term #] A419%5, we observe first that € = #2( Moo — ///21//!1_11///12)_1 lies in a
bounded compact set provided that yi,...,y, are large enough. We have

W Ny = WM = Il (61— %),

with 65 =) cp YeZe tgl and 61 = € + %-.
Applying the result in the case g = h, we have for both the quantities for k = 1,2

Wi N1 — (Zyep2 ) (Zye e)_1<2yeZe 'p,) = 0,(1).
eclE

Taking now their difference shows what we wanted to prove. O

To conclude the proof of Theorem we remark that by [I], the expression on the right
hand side of Theorem [4.3]is precisely the right hand side term in Theorem
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