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Abstract. The aim of this paper is to study homological properties of tropical fans and to
propose a notion of smoothness in tropical geometry, which goes beyond matroids and their
Bergman fans and which leads to an enrichment of the category of smooth tropical varieties.

Among the resulting applications, we prove the Hodge isomorphism theorem which asserts
that the Chow rings of smooth unimodular tropical fans are isomorphic to the tropical
cohomology rings of their corresponding canonical compactifications, and prove a slightly
weaker statement for any unimodular fan. We furthermore introduce a notion of shellability
for tropical fans and show that shellable tropical fans are smooth and thus enjoy all the
nice homological properties of smooth tropical fans. Several other interesting properties for
tropical fans are shown to be shellable. Finally, we obtain a generalization, both in the
tropical and in the classical setting, of the pioneering work of Feichtner-Yuzvinsky and De
Concini-Procesi on the cohomology ring of wonderful compactifications of complements of
hyperplane arrangements.

The results in this paper form the basis for our subsequent works on Hodge theory for
tropical and non-Archimedean varieties.

Contents

1. Introduction 1
2. Preliminaries 11
3. Smoothness in tropical geometry 18
4. Tropical divisors 24
5. Tropical shellability 28
6. Chow rings of tropical fans 43
7. Hodge isomorphism for unimodular fans 57
8. Tropical Deligne resolution 66
9. Compactifications of complements of hyperplane arrangements 70
10. Homology of tropical modifications and shellability of smoothness 73
11. Examples and further questions 78
References 82

1. Introduction

The work undertaken in this paper is motivated by the following fundamental questions in
tropical geometry:

Question 1.1. • What it means for a tropical variety to be smooth?
• What are algebraic varieties which admit a smooth tropicalization?

Date: May 5, 2021.
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As in differential topology and algebraic geometry, tropical smoothness should be a local
notion. Since tropical fans and their supports form the building blocks of more general tropical
varieties, the first part of the question will be reduced to the same one for tropical fans. We
precise what we mean by a tropical fan.

Let N ' Zn be a lattice of finite rank and denote by NR the vector space generated by N .
Recall that a fan Σ in NR is a non-empty collection of strongly convex polyhedral cones which
verify the following two properties. First, for any cone σ ∈ Σ, any face of σ belongs to Σ.
Moreover, for two cones σ and η in Σ, the intersection σ∩η is a common face of both σ and η.
In particular, Σ always contains the cone 0 := {0}. We denote by |σ| the dimension of a face
σ. A fan is called rational if any cone in Σ is rational in the sense that it is generated by rays
which have non-zero intersection with the lattice N . In that case, each cone σ in Σ defines a
sublattice Nσ of N of the same rank as the dimension of σ, and given by the integral points of
the vector subspace of NR generated by σ. A fan is pure dimensional if all its maximal cones
have the same dimension. The support of a fan Σ is denoted by |Σ|.

A tropical fan is a pure dimensional rational fan Σ in NR as above which in addition verifies
the following foundational principle in tropical geometry called the balancing condition: for
any cone τ of codimension one in Σ, we have the vanishing in the quotient lattice N

/
Nτ of

the following sum ∑
σ⊃τ

eτσ = 0

where the sum is over faces σ of maximal dimension containing τ and eτσ is the vector which
generates the quotient (σ∩N)

/
(τ∩N) ' Z>0. This might be regarded as a polyhedral analogue

of orientability and leads to the definition of a fundamental class which plays an important role
in the treatment of the duality and other finer geometric properties in polyhedral geometry.

A special class of tropical fans are the realizable ones which are those arising from (faithful)
tropicalizations of subvarieties of algebraic tori over trivially valued fields. Tropical fans and
their supports form the local charts for more general tropical varieties. This includes in partic-
ular the realizable ones which are those coming from (faithful) tropicalizations of subvarieties
of algebraic tori and more general toric varieties over non-Archimedean fields.

As in classical geometry, the natural properties we can expect for a tropical notion of
smoothness are the following:

(1) Tropical smoothness should be a property only of the support.

(2) Smoothness for a tropical fan should be itself a local condition: local star fans which
appear around each point of a smooth tropical fan should be themselves smooth.

(3) Smooth tropical fans should satisfy a polyhedral analogue of the Poincaré duality.

The main objective of this paper is to propose a notion of smoothness in tropical geometry
with the above desired list of properties. On the way to doing this, we establish several
other interesting properties enjoyed by tropical fans in general, and by smooth tropical fans in
particular, which we hope could be of independent interest. We also derive some applications
of our results to algebraic geometry; more in connection with Hodge theory and in the direction
of answering the second part of Question 1.1 will be elaborated in our forthcoming work.

In the remaining of this introduction, we provide a brief discussion of our results.
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1.1. Tropical smoothness. The definition of tropical smoothness that we propose in this
work is homological. In this regard, it is in the spirit of the notion of homology mani-
fold [Cec33, Lef33, Beg42, Bor57, Wil65, BFMW96, BFMW07, Mio00, Wei02] and the homo-
logical characterization of regular local rings [Ser55,AB56,AB57,Ser97].

Let Σ be a rational fan. We denote by Fp the sheaf of p-multivectors on Σ and by Fp its
dual. The sheaf Fp is simplicial and on each cone σ is defined by

Fp(σ) :=
∑
η∈Σ
η⊇σ

∧pNη ⊆
∧pN, and Fp(σ) := Fp(σ)?.

The dual Fp (with real coefficients) can be regarded as the sheaf of tropical holomorphic
p-forms on Σ, cf. [JSS19].

The above coefficient sheaves lead to the definition of cohomology and homology groups
Hp,q(Σ), Hp,q

c (Σ), Hp,q(Σ), and HBM

p,q (Σ), with the last one being the tropical analogue of the
Borel-Moore homology. These were introduced in [IKMZ19] and further studied in [JSS19,
MZ14,JRS18,GS19b,GS19a,AB14,ARS19,Aks19,AP20a,Mik20a,AP20b]. We recall the rel-
evant definitions in Section 2.

Let Σ be a tropical fan of dimension d. The Borel-Moore homology group HBM

d,d(Σ) contains
a canonical element νΣ, the analogue of the fundamental cycle in the tropical setting.

Using the cap product _, we get a natural map

·_ νΣ : Hp,q(Σ) −→ H
BM

d−p,d−q(Σ).

We say that a simplicial tropical fan Σ verifies the Poincaré duality if the above map is an
isomorphism for any bidegree (p, q). As we will show later, it is easy to see that this is in fact
equivalent to the vanishing of HBM

a,b (Σ) for b 6= d, and the surjectivity of the natural maps

Fp(0)→ H
BM

d−p,d(Σ), α 7→ ια(νΣ),

defined by contraction of multivectors. We will see in Section 3 that this map is always
injective for any tropical fan. The question of classification of tropical fans which verify the
Poincaré duality is an interesting problem, and some results in this direction has been obtained
by Edvard Aksnes in his master thesis [Aks19].

A tropical fan Σ is called smooth if for any cone σ ∈ Σ, the star fan Σσ verifies the Poincaré
duality. In this paper, the star fan Σσ refers to the fan in NR

/
Nσ,R induced by the cones η in

Σ which contain σ as a face.
The following is a list of properties satisfied in the category of smooth tropical fans.
(1) Smoothness only depends on the support of the tropical fan.
(2) Smoothness is a local condition, namely that, a tropical fan is smooth if it is smooth

around each of its points.
(3) The category of smooth tropical fans is closed under products. In fact, we have the

following stronger property: Let Σ1,Σ2 be two tropical fans and set Σ = Σ1 × Σ2

(which is again a tropical fan). Then Σ is smooth if and only if Σ1 and Σ2 are both
smooth.

(4) Any complete rational fan, i.e., a fan with support equal to NR, is tropically smooth.
The current-in-use notion of smoothness in tropical geometry has been so far based on

the notion of matroids and their associated Bergman fans. To any matroid M over a base
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set E one associates a polyhedral fan ΣM called the Bergman fan of the matroid in the real
vector space RE

/
R(1, . . . , 1). We give the precise definition in Section 5.10. In the case the

matroid is given by an arrangement of hyperplanes, the Bergman fan can be identified with the
tropicalization of the complement of the hyperplane arrangement, for the coordinates given
by the linear functions which define the hyperplane arrangement. From the calculation of
homology groups of Bergman fans, proved in [Sha13,JSS19,JRS18], and the observation that
star fans of Bergman fans are themselves Bergman, it follows that

(5) Bergman fans of matroids are tropically smooth in the above sense.
This last property shows that the results we will prove in this paper in particular apply to

those tropical varieties which are locally modeled by the support of Bergman fans of matroids.
The proof of the Poincaré duality for matroids is based on the use of tropical modifica-

tions and the operations of deletion and contraction on matroids, which allow to proceed by
induction [Sha13]. More generally, we will prove the following result.

(6) The category of smooth tropical fans is stable under tropical modifications along
smooth divisors.

The notions of divisors and tropical modifications along a divisor will be studied in detail
in Sections 4 and 5, and lead to a notion of tropical shellability for fans in tropical geometry
discussed in Section 1.4 below. We prove that

(7) Any shellable tropical fan is smooth.
We will see that Bergman fans are shellable but there exist shellable tropical fans which are

not coming from matroids. This shows that the category of smooth tropical fans introduced
in this paper is strictly larger than the category of generalized Bergman fans which are those
fans having the same support as the Bergman fan of a matroid.

From the above properties, we deduce the following global duality theorem.

Theorem 1.2 (Poincaré duality for smooth tropical varieties). Let X be a smooth connected
tropical variety of dimension d. The cap product with the fundamental class νX ∈ H

BM

d,d(X)
leads to the Poincaré duality with integral coefficients

·_ νX : Hp,q(X)→ H
BM

d−p,d−q(X).

In particular, we have Hd,d
c (X,Q) ' Q and the natural pairing

Hp,q(X,Q)×Hd−p,d−q
c (X,Q)→ Hd,d

c (X,Q) ' Q

is perfect.

1.2. Chow groups of unimodular fans and Hodge isomorphism theorem. Recall that
for a unimodular fan Σ in NR with the set of rays denoted by Σ1, the Chow ring A•(Σ) is
defined as the quotient

A•(Σ) := Z[Xρ | ρ ∈ Σ1]
/(
I + J

)
where

• I is the ideal generated by the products Xρ1 · · ·Xρk , k ∈ N, such that ρ1, . . . , ρk do not
form a cone in Σ, and
• J is the ideal generated by the elements of the form∑

ρ∈Σ1

〈m, eρ〉Xρ
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for m ∈M where eρ is the generator of N ∩ ρ.
It is well-known that this can be identified with the Chow ring of the toric variety PΣ

associated to Σ, see [Dan78, Jur80] for complete unimodular fans and [BDP90,Bri96, FY04]
for the general case.

We prove the following general theorem on the relation between Chow groups of unimodular
fans and tropical cohomology groups of their canonical compactifications.

The canonical compactification Σ of a simplicial fan Σ in RN is defined as the result of
completing any cone of Σ to a hypercube, by adding some faces at infinity. So any ray %
becomes a segment by adding a point ∞% at infinity. Any two dimensional cone σ with two
rays %1 and %2 becomes a parallelogram with vertex set the origin, ∞%1 ,∞%2 , and a new
point ∞σ associated to σ. The higher dimensional cones are completed similarly, see Section
2 for more details. Alternatively, Σ is obtained by taking the closure of Σ in the partial
compactification of NR given by the tropical toric variety TPΣ associated to Σ, obtained by
taking the tropicalization of the toric variety PΣ.

Theorem 1.3 (Hodge isomorphism for unimodular fans). Let Σ be a unimodular fan of
dimension d. Assume that A1(Σσ) is torsion-free for all σ ∈ Σ. Then, for any non-negative
integer p 6 d, there is an isomorphism Ap(Σ) ∼−→ Hp,p(Σ). These isomorphisms together
induce an isomorphism of Z-algebras between the Chow ring of Σ and the tropical cohomology
ring

⊕
pH

p,p(Σ). Moreover, the cohomology groups Hp,q(Σ) for p < q or p > q = 0 are
all vanishing. Finally, the result holds with rational coefficients without the torsion-freeness
assumption.

Torsion-freeness of A1(Σ) in the statement of the theorem is equivalent to requiring that
the primitive vectors of the rays of Σ generate the full lattice induced by N in the vector space
defined by Σ. If this happens for all star fans Σσ, we say that the fan Σ is saturated. Without
this condition, the statement cannot be true. In this case, the map is always surjective but we
might have a torsion kernel. As stated in the theorem, the result holds for rational coefficients
without the torsion-freeness assumption. The same holds with integral coefficients if one works
with the version of tropical cohomology given by Gross and Shokrieh [GS19b].

Note that in the above theorem, we do not assume that the fan is tropical. In the case Σ
is a smooth tropical fan, the canonical compactification Σ is a smooth tropical variety. By
Poincaré duality for Σ stated in Theorem 1.2, and by the vanishing result in Theorem 1.3, we
get vanishing of the cohomology groups Hp,q(Σ) for p > q. This leads to the following refined
theorem in the smooth setting. For each k ∈ Z>0, define

Hk(Σ) :=
⊕
p+q=k

Hp,q(Σ).

Theorem 1.4 (Hodge isomorphism for smooth unimodular tropical fans). Let Σ be a saturated
unimodular tropical fan in NR. Suppose in addition that Σ is tropically smooth. Then we get
an isomorphism of rings A•(Σ) ∼−→ H2•(Σ). Moreover, all the cohomology groups H2•+1(Σ)
are vanishing.

As we will see later, the Hodge isomorphism property actually leads to an equivalent formu-
lation of the notion of smoothness in tropical geometry. The precise statement is as follows.

Theorem 1.5 (Alternate characterization of tropical smoothness). A unimodular tropical fan
Σ is smooth if and only if for any face σ of Σ, the canonically compactified star fan Σ

σ verifies
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the Poincaré duality. That is, if any only if, for any σ, Hp,q(Σ
σ
) = 0 for p > q and the ring

H•(Σ
σ
) verifies the Poincaré duality.

More generally, a tropical fan Σ is smooth if any unimodular fan with the same support as Σ
verifies the content of Theorem 1.5. This theorem implies that the tropical smoothness studied
in this paper reflects a notion of maximal degeneracy in the polyhedral setting, consistent with
the work of Deligne [Del97]. We will elaborate on this in our forthcoming work.

The above results in particular provide on one side a tropical analogue of a generalized
version of a theorem of Feichtner and Yuzvinsky [FY04], which proves a similar in spirit
result for some specific combinatorially defined wonderful compactifications of complements
of hyperplane arrangements, and on the other side shed light on the work of Adiprasito-Huh-
Katz [AHK18] on Hodge theory for matroids:
– Concerning the latter, as it was noted in [AHK18], in the case where the matroid M is
non-realizable over any field, the Chow ring A•(ΣM) does not correspond to the Chow ring
of any smooth projective variety over any field. So it came somehow as a surprise that in the
non-realizable case, the Chow ring A•(ΣM), which is the Chow ring of a non-complete smooth
toric variety, verifies all the nice properties enjoyed by the cohomology rings of projective
complex manifolds. Our Hodge isomorphism theorem above, combined with the observation
that ΣM is a smooth projective tropical variety, explains that although M is non-realizable,
the ring A•(ΣM) is still the cohomology ring of a smooth projective variety... in the tropical
world. The results in our series of work, starting with this and its companions [AP20a,AP20b],
provide generalizations of the results of [AHK18] to more general classes of tropical varieties.

– Concerning the former, Feichtner and Yuzvinsky proved in [FY04] that the Chow ring of the
realizable matroid M given by an arrangement of complex hyperplanes becomes isomorphic
to the cohomology ring of a wonderful compactification of the complement of the hyperplane
arrangement. Theorem 1.7 stated below provides a generalization of this result to any smooth
tropical compactification (in the sense of Tevelev [Tev07], we will recall this later in Section 9)
of the complement of the hyperplane arrangement, by doing away with the combinatorial data
of building and nested sets, assumed usually in the framework of wonderful compactifications
for getting control on cohomology. Since Theorem 1.3 holds for any saturated unimodular fan
and Theorem 1.4 for any smooth saturated tropical fan, which as we mentioned form a richer
class compared to generalized Bergman fans, one can expect that Theorem 1.7 stated below
should also hold for more general classes of tropical compactifications.

We mention here that a non-Archimedean version of the vanishing statement in Theorem
1.3, with rational coefficients, is independently proved in a recent work of Ryota Mikami
[Mik20a] where building on the work of Liu [Liu20], and using a non-Archimedean analogue
of the Gersten resolution [Mik20b], he proves that the tropical cohomology groups of the
Berkovich analytification Xan of a smooth variety X over a trivially valued field vanish in
bidegrees (p, q) for p < q. Mikami also establishes an isomorphism between the Chow groups
ofX and the tropical cohomology groups in Hodge bidegrees of the analytificationXan. By the
work of Jell [Jel19], the cohomology groups of the Berkovich analytification Xan for projective
X can be obtained as the limit of its tropicalizations. In this regard, Mikami’s results and our
theorem stated above are complementing each other.

1.3. Tropical Deligne resolution and cohomology of wonderful compactifications.
Let Σ be a smooth unimodular tropical fan. By definition, for any σ ∈ Σ, the star fan Σσ is a
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smooth unimodular tropical fan in Nσ
R . We denote by Σ

σ its canonical compactification and
as before set

Hk(Σ
σ
) :=

⊕
p+q=k

Hp,q(Σ
σ
).

By our Theorem 1.4, Hk(Σ
σ
) is non-vanishing only in even degrees in which case it becomes

equal to Hk/2,k/2(Σ
σ
). In Section 8 we prove the following theorem.

Theorem 1.6 (Tropical Deligne resolution). Let Σ be a smooth unimodular tropical fan. Then
for any non-negative integer p, we have the following long exact sequence

0→ Fp(0)→
⊕
σ∈Σ
|σ|=p

H0(Σ
σ
)→

⊕
σ∈Σ
|σ|=p−1

H2(Σ
σ
)→ · · · →

⊕
σ∈Σ
|σ|=1

H2p−2(Σ
σ
)→ H2p(Σ)→ 0.

In the above sequence, the notation |σ| stands for the dimension of the face σ, and the
maps between cohomology groups are given by the Gysin maps in tropical geometry, as we
will expand later in the paper.

The above theorem could be regarded as a cohomological version of the inclusion-exclusion
principle in the sense that the cohomology groups are described with the help of coefficient
sheaves and the coefficient sheaves themselves can be recovered from the cohomology groups.

The origin of the name given to the theorem comes from the Deligne spectral sequence
in Hodge theory [Del71] which puts a mixed Hodge structure on the cohomology of smooth
quasi-projective complex varieties. In the case of a complement of an arrangement of complex
hyperplanes, by the results of Orlik-Solomon [OT13] and Zharkov [Zha13], the cohomology in
degree p coincides with Fp(0) of the Bergman fan ΣM, for the matroid M associated to the
hyperplane arrangement, and a wonderful compactification of the hyperplanes complement
produces a long exact sequence as above with the cohomology groups of the strata in the
compactification, see [IKMZ19]. This is a consequence of a theorem of Shapiro [Sha93] which
states that the complement of an arrangement of complex hyperplanes has a pure Hodge
structure of Hodge-Tate type, concentrated in bidegree (p, p) for the degree p cohomology.
The above theorem generalizes this to any smooth tropical fan.

Note that the terms appearing in the statement of our theorem above are with integral
coefficients, so even in the case of a complex hyperplane arrangement, we get a refinement
over the proof obtained by using Deligne spectral sequence.

The essence of the above stated theorem is thus the assertion that the coefficient group
Fp(0) of any smooth tropical fan Σ should be regarded as the p-th cohomology group of a
variety Y with a Hodge structure of Hodge-Tate type concentrated in bidegree (p, p). This
variety is precisely the support of the tropical fan Y = |Σ| which has cohomology Hp(Y ) =

Hp,0(Σ) = Fp(0) for any p. We will elaborate further on the connection to the Hodge theory
of tropical varieties in our upcoming work.

We note here that a similar in spirit sequence dealing with the Stanley-Reisner rings of sim-
plicial complexes and their quotients by (generic) linear forms play a central role in the recent
works [Adi18,AY20] on partition complexes, and have found several interesting applications.

We provide in Section 9 an application of the above result to the cohomology of compact-
ifications of complements of hyperplane arrangements. (A second application is discussed in
the next section below.) Namely, consider a collection of hyperplanes H0, H1, . . . ,Hm in CPr
given by linear forms `0, `1, . . . , `m. Assume furthermore that the vector space generated by
`0, `1, . . . , `m has maximum rank, i.e., the intersection H0 ∩ H1 ∩ · · · ∩ Hm is empty. Let
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X be the complement CPr r
⋃m
j=0Hj and consider the embedding X ↪→ T for the torus

T = Spec(C[M ]) with

M = ker(deg : Zm+1 → Z), deg(x0, . . . , xm) = x0 + · · ·+ xm.

The embedding is given by coordinates [`0 : · · · : `m]. Denote by N the dual lattice to M .
By the theorem of Ardila and Klivans [AK06], the tropicalization of X with respect to

the above embedding coincides with the support of the Bergman fan ΣM for the matroid M
associated to the arrangement. We prove the following theorem.

Theorem 1.7. Let Σ be a unimodular fan with support Trop(X) = |ΣM| and denote by X the
corresponding compactification obtained by taking the closure of X in the toric complex variety
CPΣ. The cohomology ring of X is concentrated in even degrees and it is of Hodge-Tate type,
i.e., the Hodge-decomposition in degree 2p is concentrated in bidegree (p, p). Moreover, the
restriction map

A•(Σ) ' A•(CPΣ) −→ H2•(X)

is an isomorphism of rings.

Combined with Theorem 1.4, this leads to an isomorphism

H2p(Σ) ' H2p(X).

As we mentioned previously, the theorem provides a tropical generalization of the re-
sults of Feichtner-Yuzvinsky [FY04] and De Concini-Procesi [DP95], by doing away with the
combinatorial data of building and nested sets, assumed usually in the theory of wonder-
ful compactifications. In this regard, it would be interesting to extend the above theorem
to the setting of arrangements of more general subvarieties, for examples those considered
in [Li09,FM94,Kee93,DD15,CD17,CDD+20,DG18,DG19,DS18].

1.4. Tropical shellability. In order to show the category of smooth tropical fans is large,
we introduce a tropical notion of shellability. This will be based on two types of operations
on tropical fans: star subdivision and tropical modification. Star subdivision corresponds to
the fundamental notion of blow-up in algebraic geometry. And the importance of tropical
modifications in tropical algebraic geometry was pointed out by Mikhalkin [Mik06,Mik07],
and resides in the possibility of producing richer tropicalizations out of the existing ones by
introducing new coordinates. A tropical fan will be called shellable if, broadly speaking, it can
be obtained from a collection of basic tropical fans by only using these two operations.

We give the idea of the definition here and refer to Section 5 for more precisions. Let C be
a class of tropical fans. Let B be a subset of C that we call the base set. The set of tropically
C -shellable fans over B denoted by ShC (B) is defined as the smallest class of tropical fans
all in C which verifies the following properties.

• (Any element in the base set is tropically C -shellable) B ⊆ ShC (B).
• (Closeness under products) If Σ,Σ′ ∈ ShC (B) and the product Σ× Σ′ belongs to C ,
then Σ× Σ′ ∈ ShC (B).
• (Closeness under tropical modifications along a tropically shellable divisor) If Σ ∈
ShC (B), then a tropical modification Σ̃ of Σ along a divisor ∆ which is in ShC (B)
belongs to ShC (B) provided that it remains in C .
• (Closeness under blow-ups and blow-downs with shellable center) If Σ ∈ C , for any
cone σ ∈ Σ whose star fan Σσ belongs to ShC (B) and such that the star subdivision of
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Σ at σ belongs to C , we have Σ ∈ ShC (B) if and only if the star subdivision belongs
to ShC (B).

The main examples of classes C of tropical fans which are of interest to us are all, resp.
simplicial, resp. unimodular, resp. quasi-projective, resp. principal, resp. div-faithful, and resp.
locally irreducible tropical fans. If C is the class of all tropical fans, we just write Sh(B). The
last three classes and their properties will be introduced and studied later in the paper.

An important example of the base set is the set B0 = {{0},Λ} where Λ is the complete
fan in R with three cones 0,R>0, and R60. In fact, already in this case, Sh(B0) contains
many interesting fans. For example, complete and generalized Bergman fans are all within
this class, but Sh(B0) is strictly larger.

Definition 1.8. • If C is a class of tropical fans, a tropical fan Σ is called shellable in
C if Σ ∈ ShC (B0). If C = Trop, we simply say that Σ is shellable.
• If P is a predicate on tropical fans and C is a class of tropical fans, then P is called
shellable in C if the subclass S of fans of C verifying P verifies ShC (S ) = S . �

As we will show later in Sections 5, 6, and 10, several nice properties of tropical fans are
shellable:

(1) Normality, local irreducibility, and div-faithfulness are all shellable.
(2) Principality is shellable in the class of locally irreducible fans.
(3) Poincaré duality for the Chow ring is shellable in the class of div-faithful unimodular

tropical fans.
For the algebraic geometric terminology normal, irreducible, principal, div-faithful for tropical
fans, we refer to Sections 3 and 4.

Most notably, we prove the following result.

Theorem 1.9. Tropical smoothness is shellable.

The proof of this theorem is based on results we prove on cohomology groups of tropical
modifications, which we hope could be of independent interest, and which we obtain as a
second application of the tropical Deligne resolution theorem.

We will prove in [AP20a] the following theorem which provides a generalization of the main
result of Adiprasito, Huh, and Katz [AHK18] and its refinement for generalized Bergman fans,
proved independently in [ADH20] by Ardila, Denham, and Huh, and in an earlier version of
our work [AP20a]. (Further related results on geometry of matroids and their Bergman fans
can be found in [BHM+20a,BHM+20b,BES19,BEST21,Eur20,DR21,Ard18,Bak18,Cha18].)

Theorem 1.10. The Hard Lefschetz property for quasi-projective unimodular tropical fans is
shellable. The same statement holds for Hodge-Riemann relations.

This local result furthermore leads to the development of Hodge theory for smooth projective
tropical varieties, the account of which can be found in our work [AP20a].

1.5. Reformulation of the tropical smoothness. After finishing the writing of this paper,
we learned from Edvard Aksnes that in his forthcoming paper [Aks21] he proves the following
theorem.

Theorem 1.11. Let Σ be a tropical fan of dimension n > 2. Suppose that for any face σ of
Σ, the Borel-Moore homology groups HBM

a,b (Σσ,Q) are vanishing for all pairs a, b with b 6= |σ|.
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Then Σ satisfies the Poincaré duality if each of the star-fans Σσ for σ 6= 0 satisfies the
Poincaré duality.

From the above theorem, proceeding by induction, and working with rational coefficients
(instead of integral), one can deduce the following reformulation of the smoothness.

Theorem 1.12. A tropical fan Σ is smooth if and only if it is smooth in codimension one and
the vanishing property HBM

a,b (Σσ,Q) = 0 holds for any face σ of Σ and any pair of integers a, b
with b 6= |σ|.

1.6. Organization of the paper. In Section 2 we provide necessary background in polyhe-
dral geometry, recall the definition of canonical compactifications and give the definitions of
tropical homology and cohomology groups.

Tropical fans are introduced in Section 3. That section introduces the notions of normality,
(local) irreducibility, and smoothness for tropical fans and discuss basic properties enjoyed by
smooth tropical fans.

Divisors on tropical fans and their characteristics are studied in Section 4. In that section
we introduce the class of principal and div-faithful tropical fans and show that smooth tropical
fans are both principal and div-faithful.

In Section 5, we recall the definition of tropical modification along a divisor on tropical fans
and introduce the above mentioned notion of shellability for tropical fans. Basic properties of
shellability are studied in this section.

In Section 6 we define the cycle class map from the Chow groups of a tropical fan to the
tropical homology groups of the canonical compactification, and show the compatibility of
tropical modifications with the cycle class map. Moreover, we show the invariance of the
Chow ring with respect to tropical modifications in the class of div-faithful tropical fans. We
furthermore prove the shellability of principality and div-faithfulness, and use these results
to show the property for the Chow ring of a tropical fan to satisfy the Poincaré duality is
shellable in the class of unimodular div-faithful tropical fans.

In Section 7, we prove the Hodge isomorphism theorem for saturated unimodular fans, and
derive the equivalent formulation of smoothness stated in Theorem 1.5.

Tropical Deligne resolution for smooth tropical fans is proved in Section 8.
The generalization of the theorem of Feichtner and Yuzvinsky on cohomology rings of

tropical compactifications of complements of hyperplane arrangement is presented in Section 9.
Finally, in Section 10 we prove Theorem 1.9 on shellability of tropical smoothness. The

technical part is to show that smoothness is preserved by tropical modifications along smooth
divisors, which we do by using the tropical Deligne resolution.

1.7. Basic notations. The set of natural numbers is denoted by N = {1, 2, 3, . . . }. For any
natural number n, we denote by [n] the set {1, . . . , n}. For a set E, a subset A ⊆ E and an
element a ∈ E, if a ∈ A, we denote by A − a the set A r {a}; if a /∈ A, we denote by A + a
the set A ∪ {a}.

The set of non-negative real numbers is denoted by R+.

We use basic results and constructions in multilinear algebra. In particular, for a lattice N ,
we view its dual M = N? as (linear) forms on N and refer to elements of the exterior algebras∧•N and

∧•M as multivectors and multiforms, respectively. If ` ∈ M is a linear map on N
and if v ∈

∧pN is a multivector, we denote by ι`(v) ∈
∧p−1N the classical contraction of v
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by `. For v1, . . . , vp ∈ N and v = v1 ∧ · · · ∧ vp, this is given by

ι`(v1 ∧ · · · ∧ vp) =

p∑
i=1

(−1)i−1`(vi)v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vp ∈
∧p−1N,

where the notation v̂i indicates, as usual, that the factor vi is removed from the wedge product.
We extend this definition to k-forms, for any k ∈ N, by setting, recursively, ι`∧α := ια ◦ ι` for
any α ∈

∧kM and ` ∈M .
Given a poset (P,≺) and a functor φ from P to a category C, if φ is covariant (resp.

contravariant), then for a pair of elements τ ≺ σ in P , we denote by φτ≺σ (resp. φσ�τ ), the
corresponding map φ(τ)→ φ(σ) (resp. φ(σ)→ φ(τ)) in C, the idea being that in the subscript
of the map φ• representing the arrow in C, the first item refers to the source and the second to
the target. This convention will be in particular applied to the poset of faces in a polyhedral
complex.

In this article, unless otherwise stated, we will work with homology and cohomology with
integral coefficients.

2. Preliminaries

The aim of this section is to introduce basic notations and definitions which will be used
all through the paper.

Throughout, N will be a free Z-module of finite rank and M = N? = Hom(N,Z) will be
the dual of N . We denote by NR and MR the corresponding real vector spaces, so we have
MR = N?

R. For a rational polyhedral cone σ in NR, we use the notation Nσ,R to denote the
real vector subspace of NR generated by elements of σ and set Nσ

R := NR
/
Nσ,R. Since σ is

rational, we get natural lattices Nσ and Nσ in Nσ
R and Nσ,R, respectively, which are both of

full rank.
For the ease of reading, we adopt the following convention. We use σ (or any other face of

Σ) as a superscript where referring to the quotient of some space by Nσ,R or to the elements
related to this quotient. In contrast, we use σ as a subscript for subspaces of Nσ,R or for
elements associated to these subspaces.

We denote by R := R∪{∞} the extended real line with the topology induced by that of R
and a basis of open neighborhoods of infinity given by intervals (a,∞] for a ∈ R. Extending
the addition of R to R in a natural way, by setting ∞ + a = ∞ for all a ∈ R, gives R
the structure of a topological monoid called the monoid of tropical numbers. We denote by
R+ := R+∪{∞} the submonoid of non-negative tropical numbers with the induced topology.
Both monoids admit a natural scalar multiplication by non-negative real numbers (setting
0 · ∞ = 0). Moreover, the multiplication by any factor is continuous. As such, R and R+

can be seen as modules over the semiring R+. Recall that modules over semirings are quite
similar to classical modules over rings except that, instead of being abelian groups, they are
commutative monoids. Another important collection of examples of topological modules over
R+ are the cones. We can naturally define the tensor product of two modules over R+.

2.1. Fans. Let Σ be a fan of dimension d in NR. The dimension of a cone σ in Σ is denoted
by |σ|. The set of k-dimensional cones of Σ is denoted by Σk, and elements of Σ1 are called
rays. We denote by 0 the cone {0}. Any k-dimensional cone σ in Σ is determined by its set
of rays in Σ1. The support of Σ denoted |Σ| is the closed subset of NR obtained by taking the
union of the cones in Σ. A facet of Σ is a cone which is maximal for the inclusion. Σ is pure
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dimensional if all its facets have the same dimension. The k-skeleton of Σ is by definition the
subfan of Σ consisting of all the cones of dimension at most k, and we denote it by Σ(k).

Let Σ be a fan in NR. The set of linear functions on Σ is defined as the restriction to |Σ|
of linear functions on NR; such a linear function is defined by an element of MR. In the case
Σ is rational, a linear function on Σ is called integral if it is defined by an element of M .

Let f : |Σ| → R be a continuous function. We say that f is conewise linear on Σ if on each
face σ of Σ, the restriction f |σ of f to σ is linear. In such a case, we simply write f : Σ→ R,
and denote by fσ the linear form on Nσ,R which coincides with f |σ on σ. If the linear forms
fσ are all integral, then we say f is conewise integral linear.

A conewise linear function f : Σ→ R is called convex, resp. strictly convex, if for each face
σ of Σ, there exists a linear function ` on Σ such that f − ` vanishes on σ and is non-negative,
resp. strictly positive, on U r σ for an open neighborhood U of the relative interior of σ in
|Σ|.

A fan Σ is called quasi-projective if it admits a strictly convex conewise linear function. A
projective fan is a fan which is both projective and complete. In the case Σ is rational, it is
quasi-projective, resp. projective, if and only if the toric variety PΣ is quasi-projective, resp.
projective.

A rational fan Σ is called saturated at σ for σ ∈ Σ if the set of integral linear functions on
Σσ coincides with the set of linear functions which are conewise integral. This amounts in
asking the lattice generated by Σσ ∩Nσ to be saturated in Nσ. The fan Σ is called saturated
if it is saturated at all its faces.

We recall that in this paper the star fan Σσ refers to the fan in NR
/
Nσ,R induced by the

cones η in Σ which contain σ as a face. This is consistent with the terminology used in [AHK18]
and differs from the one in [Kar04,BBFK02] where this is called transversal fan.

For any fan Σ of pure dimension d, we define the connectivity-through-codimension-one graph
of Σ as follows. This is the graph G = (Σd, E) whose vertex set is equal to the set of facets Σd

and has an edge connecting any pair of facets σ and η which share a codimension one face in Σ.
We say Σ is connected through codimension one if the connectivity-through-codimension-one
graph of Σ is connected.

Convention. In this paper we work with fans modulo isomorphisms. For a rational fan Σ,
we denote by NΣ the restriction of the ambient lattice to the subspace spanned by Σ. Two
rational fans Σ and Σ′ are called isomorphic if there exists an integral linear isomorphism
φ : NΣ⊗R ∼−→ NΣ′ ⊗R inducing an isomorphism between NΣ and NΣ′ such that for each face
σ ∈ Σ, φ(σ) is a face of Σ′ and for each face σ′ ∈ Σ′, φ−1(σ′) is a face of Σ.

Any rational fan is isomorphic to a fan in the space Rn endowed with the lattice Zn for a
sufficiently big n. Hence we can talk about the set of isomorphism classes of rational fans.
In practice, by an abuse of the language, we will make no difference between an isomorphism
class of rational fans and one of its representative.

2.2. Canonical compactification. In this section, we describe canonical compactifications
of fans, and describe their combinatorics. In the case the fan is rational, the compactification
is the extended tropicalization of the corresponding toric variety. A more detailed presentation
of the constructions is given in [AP20a,OR11].

Let Σ be a fan in NR. We do not need to suppose for now that Σ is rational.
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For any cone σ, denote by σ∨ the dual cone defined by

σ∨ :=
{
m ∈MR

∣∣ 〈m, a〉 > 0 for all a ∈ σ
}
.

The canonical compactification σ of σ (called sometimes the extended cone of σ) is defined
by

σ := σ ⊗R+ R+.

Alternatively, σ is given by HomR+(σ∨,R+), i.e., by the set of morphisms σ∨ → R+

in the category of R+-modules. In both definitions, we can naturally identify σ with the
corresponding subset of σ.

The topology on σ is the natural one, i.e., the finest one such that the projections

(σ ×R+)k −→ σ
(xi, ai)16i6k 7−→

∑
i xi ⊗ ai,

for k ∈ N, are continuous. This makes σ a compact topological space whose induced topology
on σ coincides with the usual one.

There is a special point ∞σ in σ defined by x ⊗∞ for any x in the relative interior of σ
(equivalently by the map σ∨ → R which is zero on σ⊥ and∞ elsewhere). The definition does
not depend on the chosen x. Note that for the cone 0, we have ∞0 = 0.

For an inclusion of cones τ ⊆ σ, we get an inclusion map τ ⊆ σ. This identifies τ as the
topological closure of τ in σ.

The canonical compactification Σ is defined as the union of extended cones σ, σ ∈ Σ, where
for an inclusion of cones τ ⊆ σ in Σ, we identify τ with the corresponding subspace of σ. The
topology of Σ is the induced quotient topology. Note that each extended cone σ naturally
embeds as a subspace of Σ.

2.3. Partial compactification TPΣ of NR. The canonical compactification Σ of a fan Σ
naturally lives in a partial compactification TPΣ of NR defined by the fan Σ. Moreover, this
partial compactification allows to enrich the conical stratification of Σ that we will define in
Section 2.4 into an extended polyhedral structure which will be described in Section 2.7.

We define TPΣ as follows. For any cone σ in Σ, we consider the space σ̃ defined as the
pushout NR +σ σ in the category of R+-modules, for the inclusions NR ←↩ σ ↪→ σ, that
we endow with the finest topology for which the sum NR × σ → σ̃ becomes continuous.
Alternatively, one can define σ̃ as HomR+(σ∨,R). Notice that HomR+(σ∨,R) ' NR. We set
Nσ
∞,R := NR +∞σ ⊆ σ̃. Note that with these notations we have N0

∞,R = NR.
The space σ̃ is naturally stratified into a disjoint union of subspaces N τ

∞,R each isomorphic
to N τ

R for τ running over faces of σ. Moreover, the inclusions τ̃ ⊆ σ̃ for pairs of elements
τ ⊆ σ in Σ allow to glue these spaces and to define the space TPΣ.

The partial compactification TPΣ of NR is naturally stratified as the disjoint union of
Nσ
∞,R ' Nσ

R for σ ∈ Σ.

We have a natural inclusion of σ into σ̃. We thus get an embedding Σ ⊆ TPΣ which
identifies Σ as the closure of Σ in TPΣ.

2.4. Conical stratification of Σ. The canonical compactification admits a natural stratifi-
cation into cones that we will enrich later into an extended polyhedral structure.

Consider a cone σ ∈ Σ and a face τ of σ. Let Cτσ be the subset of σ defined by

Cτσ := {∞τ + x | x ∈ σ}.
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Under the natural isomorphism N τ
∞,R ' N τ

R, one can see that Cτσ becomes isomorphic to the
projection of the cone σ into the linear space N τ

R ' N τ
∞,R; the isomorphism is given by adding

∞τ . We denote by C̊τσ the relative interior of Cτσ . The following proposition gives a precise
description of how these different sets are positioned together in the canonical compactification.

Proposition 2.1. Let Σ be a fan in NR.
• The canonical compactification Σ is a disjoint union of (open) cones C̊τσ for pairs (τ, σ)
of elements of Σ with τ ⊆ σ. The linear span of the cone Cτσ is the real vector space
N τ
∞,σ,R, i.e., the projection of Nσ,R into N τ

∞,R.

• For any pair (τ, σ), the closure Cτσ of Cτσ in Σ is the union of all the (open) cones C̊τ ′σ′
with τ ⊆ τ ′ ⊆ σ′ ⊆ σ.

Note that in order to lighten the notations, we write Cτσ for the compactification of Cτσ
instead of the more correct form Cτσ . We use this kind of simplifications all through the paper.

Proof. The proof is a consequence of the tropical orbit-stratum correspondence theorem in
the tropical toric variety TPΣ and the observation we made previously that Σ is the closure
of Σ in TPΣ. We omit the details. �

The cones C̊τσ form the open strata of what we call the conical stratification of Σ. We refer
to the topological closures Cτσ as the closed strata of Σ.

In the case Σ is simplicial, closed stratum of dimension k are isomorphic to the hypercube
Rk

+. In this case, we prefer to use the notation �τσ instead of Cτσ.

2.5. Stratification of Σ into fans. There is a second stratification of Σ into fans that we
describe now.

Definition 2.2 (Fans at infinity). Let τ be a cone in Σ. The fan at infinity based at ∞τ

denoted by Στ
∞ is the fan in N τ

∞,R which consists of all the cones Cτσ for σ in Σ with σ ⊇ τ .
Note that we have Σ0

∞ = Σ, and more generally, Στ
∞ is isomorphic to the star fan Στ of τ . �

From the above descriptions, we get the following proposition.

Proposition 2.3. The collection of fans at infinity Στ
∞, τ ∈ Σ, provides a partition of Σ

into locally closed subspaces. The closure of Στ
∞ in Σ is naturally isomorphic to the canonical

compactification Σ
τ of the star fan Στ .

Proof. The proof follows directly from Proposition 2.1. �

2.6. Combinatorics of the conical and fan stratifications of Σ. For a fan Σ, we denote
by LΣ the face poset of Σ in which the partial order ≺ is given by the inclusion of faces: we
write τ ≺ σ if τ ⊆ σ. Set 0 := 0. The extended poset L̂Σ is defined as L̂Σ := LΣ t {1}
obtained by adding an element 1 and extending the partial order to L̂Σ by declaring σ ≺ 1
for all σ ∈ LΣ.

The join and meet operations ∨ and ∧ on LΣ are defined as follows. For two cones σ and
τ of Σ, we set σ ∧ τ := σ ∩ τ . To define the operation ∨, note that the set of cones in Σ which
contain both σ and τ is either empty or has a minimal element η ∈ Σ. In the former case,
we set σ ∨ τ := 1, and in the latter case, σ ∨ τ := η. The two operations are extended to the
augmented poset L̂Σ by σ ∧ 1 = σ and σ ∨ 1 = 1 for any cone σ of Σ.



HOMOLOGY OF TROPICAL FANS 15

Notations. The above discussion leads to the following notations. Let τ and σ be a pair of
faces in Σ. We say σ covers τ and write τ ≺· σ if τ ≺ σ and |τ | = |σ| − 1. A family of faces
σ1, . . . , σk are called comparable if σ1 ∨ · · · ∨ σk 6= 1. Moreover, we use the notation σ ∼ σ′

for two faces σ and σ′ if σ ∧ σ′ = 0 and σ ∨ σ′ 6= 1.

The following proposition is straightforward.

Proposition 2.4. The poset (L̂Σ,≺) with the operations ∧ and ∨, and minimal and maximal
elements 0 and 1, respectively, is a lattice.

The term lattice in the proposition is understood in the sense of order theory [MMT18].
For a poset (L ,6), and two elements a, b in L , the (closed) interval [a, b] is the set of all

elements c with a 6 c 6 b. By an abuse of the notation, we denote the empty interval by 0.
Note in particular that the interval [0,0] = {0} is different from 0. We denote by I (L ) the
poset of intervals of L ordered by inclusion.

For a lattice L̂ , the poset of intervals I (L̂ ) becomes a lattice for the join and meet
operations ∨ and ∧ on the intervals defined by

• [a1, b1] ∧ [a2, b2] := [a1 ∨ a2, b1 ∧ b2], and
• [a1, b1] ∨ [a2, b2] := [a1 ∧ a2, b1 ∨ b2].

We have the following characterization of the combinatorics of open and closed strata in
the above two stratifications of the canonical compactification of a fan.

Theorem 2.5. Let Σ be a fan in NR and consider its canonical compactification Σ.
(1) There is a bijection between the open strata in the conical stratification of Σ and the

non-empty elements of the interval lattice I (LΣ). Under the above bijection, the poset
of closed strata of Σ (for the partial order given by inclusion) becomes isomorphic to
the poset I (LΣ)− 0 of non-empty intervals in the lattice LΣ.

(2) Consider now the fan stratification of Σ. The induced poset by closed strata Σ
τ in this

stratification is isomorphic to the opposite poset of LΣ.

Proof. Both the claims can be proved by straightforward verification. �

Question 2.6. Characterize the interval lattices associate to the face lattices of polyhedra.
In particular, is it true that the interval lattice of the face lattice of a polyhedron is itself the
face lattice of a polyhedron?

2.7. Extended polyhedral structure. The closed strata Cτσ, for τ ≺ σ a pair of faces of Σ,
endow Σ with an extended polyhedral structure. We give a brief description of these structures
here and refer to [JSS19,MZ14, IKMZ19,ACP15,AP20a] for more details.

Extended polyhedral structures in [JSS19,MZ14] are called polyhedral spaces with a face
structure. In our context, the faces of Σ are the closed strata in the conical stratification
we defined above. These faces verify the same axioms as those of polyhedral complexes with
the difference that each face is now an extended polyhedron. An extended polyhedron is the
closure of a polyhedron in the partial compactification of the ambient vector space induced
by this polyhedron. For instance, using the notations of Section 2.3, Cτσ is the closure of the
polyhedron Cτσ ⊆ N τ

∞,R in the associated partial compactification C̃τσ of N τ
∞,R, where the cone

Cτσ is seen as a face of Στ
∞ ' Στ .

In the rest of this article, all canonical compactifications Σ are considered as extended
polyhedral structures. We extend to Σ the notations introduced for simplicial complexes. In
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particular, δ ∈ Σ means that δ is a face of Σ, |Σ| denotes the support of Σ, and Σk denotes
the set of faces of dimension k in Σ.

In the setting considered in this paper, the sedentarity of a face δ = C
τ
σ denoted by sed(δ)

is by definition the element τ of Σ, and refers to the point ∞τ at which the stratum Cτσ is
based. By an abuse of the terminology, remembering only the dimension of sed(δ), we might
say sometimes that δ has sedentarity k where k is the dimension of τ .

2.8. Canonical elements, unit normal vectors and orientations. Let now Σ be a ra-
tional fan of pure dimension d. Let σ be a cone of Σ and let τ be a face of codimension one in
σ. Then, Nτ,R cuts Nσ,R into two closed half-spaces only one of which contains σ. Denote this
half-space by Hσ. By a unit normal vector to τ in σ we mean any vector v of Nσ ∩Hσ such
that Nτ + Zv = Nσ. We usually denote such an element by nσ/τ and note that it induces a
well-defined vector in N τ

σ = Nσ

/
Nτ that we denote by eτσ. We naturally extend the definition

to similar pair of faces in Σ having the same sedentarity. In the case σ is a ray (and τ is a
point of the same sedentarity as σ), we also use the notation eσ instead of nσ/τ .

On each face σ of Σ, we choose a generator of
∧|σ|Nσ denoted by νσ. We call this element

the canonical multivector of σ. The dual notion in
∧|σ|N?

σ is denoted ωσ and is called the
canonical form on σ. In the rest of the article, we assume that ν0 = 1 and that νρ = eρ for
any ray ρ.

From the above discussion, we obtain in particular the canonical element of Σ that we
denote by νΣ as

νΣ := (νη)η∈Σd ∈
⊕
η∈Σd

∧dNη.

As we will see later, in the case of tropical fans, this defines an element of the Borel-Moore
homology HBM

d,d(Σ) (defined in Section 2.9 below) that we call the fundamental class of Σ.
We extend the above definitions to Σ by choosing an element ντσ ∈

∧|σ|−|τ |N τ
σ for each

polyhedron Cτσ (as we see below, for simplicial Σ, there is a natural choice).
These choices define an orientation on Σ. In particular, to any pair of closed faces γ ≺· δ

of Σ, we associate a sign defined as follows. If both faces have the same sedentarity, then
sign(γ, δ) is the sign of ωδ

(
nδ/γ ∧νγ

)
. Otherwise, there exists a pair of cones τ ′≺· τ and a cone

σ in Σ such that γ = C
τ
σ and δ = C

τ ′

σ . In this case, sign(γ, δ) is the sign of −ωδ(eτ
′
τ ∧π∗τ ′≺·τ (νγ))

where πτ ′≺·τ : N τ ′
∞ → N τ

∞ is the natural projection and eτ
′
τ refers, as above, to the primitive

vector of the ray Cτ ′τ in Cτ ′σ .
In the case Σ is simplicial, there is a natural choice for extending the orientation of Σ to

Σ. If τ ≺ σ is a pair of cones, there exists a unique minimal τ ′ such that σ = τ ∨ τ ′. Then we
set ντσ to be the image of ντ ′ via the projection NR → N τ

∞,R ' N τ
R.

2.9. Tropical homology and cohomology groups. Let Σ be a rational fan. The extended
polyhedral structure on Σ leads to the definition of tropical homology groups and cohomology
groups introduced in [IKMZ19] and further studied in [JSS19,MZ14, JRS18, GS19b,GS19a,
AB14,ARS19,Aks19,AP20a,Mik20a,AP20b].

We recall the definition of the multi-tangent and multi-cotangent (integral) spaces Fp and
Fp for Σ for the face structure given by the closed strata Cτσ in the conical stratification of Σ,
for pairs of faces τ ≺ σ in Σ, and give a combinatorial complex which calculates the tropical
homology and cohomology groups of Σ. The definitions are naturally adapted to faces in Σ.
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For any face δ = C
τ
σ, we set Nδ = N τ

∞,σ ' Nσ,R
/
Nτ,R. For any non-negative integer p, the

p-th multi-tangent and the p-th multicotangent space of Σ at δ denoted by Fp(δ) and Fp(δ),
respectively, are given by

Fp(δ) :=
∑
η�δ

sed(η)=sed(δ)

∧pNη ⊆
∧pN τ , and Fp(δ) := Fp(δ)

?.

For an inclusion of faces γ ≺ δ in Σ, we get maps iδ�γ : Fp(δ)→ Fp(γ) and i∗γ≺δ : Fp(γ)→
Fp(δ) defined as follows. If γ and δ have the same sedentarity, the map iδ�γ is just an inclusion.
If γ = C

τ ′

σ and δ = C
τ
σ with τ ≺ τ ′ ≺ σ, then the map iδ�γ is induced by the projection

N τ
∞,R → N τ ′

∞,R. In the general case, iδ�γ is given by the composition of the projection and the
inclusion; the map i∗γ≺δ is the dual of iδ�γ .

Let X be a fan or its compactification. For a pair of non-negative integers p, q, define

Cp,q(X) :=
⊕
δ∈X
|δ|=q

δ compact

Fp(δ)

and consider the corresponding complexes

Cp,• : . . . −→ Cp,q(X)
∂q−−→ Cp,q−1(X)

∂q−1−−−−→ Cp,q−2(X) −→ · · ·
where the differential is given by the sum of maps sign(γ, δ) · iδ�γ with the signs corresponding
to a chosen orientation on X as explained in Section 2.8.

The tropical homology of X is defined by

Hp,q(X) := Hq(Cp,•).

Similarly, we have a cochain complex

Cp,• : . . . −→ Cp,q−2(X)
dq−2

−−−−→ Cp,q−1(X)
dq−1

−−−−→ Cp,q(X) −→ · · ·
where

Cp,q(X) := Cp,q(X)? '
⊕
δ∈X
|δ|=q

δ compact

Fp(δ)

and the tropical cohomology of X is defined by

Hp,q(X) := Hq(Cp,•).

We can also define the compact-dual versions of tropical homology and cohomology by
allowing non-compact faces. These are called Borel-Moore homology and cohomology with
compact support, and are defined as follows. We define

C
BM

p,q (X) :=
⊕
δ∈X
|δ|=q

Fp(δ) and Cp,qc (X) :=
⊕
δ∈X
|δ|=q

Fp(δ).

We get the corresponding (co)chain complexes CBM

p,• and Cp,•c , and the Borel-Moore tropical
homology and the tropical cohomology with compact support are respectively

H
BM

p,q (X) := Hq(C
BM

p,•(X)) and Hp,q
c (X) := Hq(Cp,•c (X)).

If X is compact, then both notions of homology and both notions of cohomology coincide.
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Here, we defined the cellular versions of tropical homology and cohomology. As in the
classical setting, there exist other ways of computing the same groups: for instance using
either of singular, cubical, or sheaf cohomologies. We note in particular that the homology
and cohomology only depends on the support. Moreover, when it is more convenient, we
sometimes use one of these alternative versions.

Homology and cohomology in this paper refer to the tropical ones, so we usually omit the
mention of the word tropical.

3. Smoothness in tropical geometry

In this section we study a natural notion of smoothness in tropical geometry. As in differ-
ential topology, the smoothness is a local notion, and we consider therefore local charts for
tropical varieties which are supports of tropical fans.

3.1. Balancing condition and tropical fans. We start by giving the definition of tropical
fans and present some of their basic properties. More results related to algebraic and complex
geometry can be found in [Mik06,Mik07,AR10,GKM09,KM09,Kat12, Bab14, BH17,Gro18]
and [MS15,MR09,BIMS15].

A tropical fan Σ is a rational fan of pure dimension d, for a natural number d ∈ Z>0, which
in addition verifies the so-called balancing condition: namely, for any cone τ of dimension d−1
in Σ, we require ∑

σ·�τ
nσ/τ ∈ Nτ .

Equivalently, this means, for any τ of dimension d− 1, we have∑
σ·�τ

eτσ = 0 in N τ
σ .(3.1)

If the above relation between the vectors nσ/τ is the only one up to multiplication by a
scalar, that is, if for any τ ∈ Σd−1 and real numbers aσ for σ ·� τ , the relation∑

σ·�τ
aσnσ/τ ∈ Nτ

implies that all the coefficients aσ are equal, then we say that Σ is tropically normal, or simply
normal if it is understood that Σ is a tropical fan, or that Σ is smooth in codimension one.
This is equivalent to requiring the one-dimensional star fan Στ to be a tropical line (i.e., its
rays be generated by independent unit vectors e1, . . . , ek and a last vector e0 = −e1−· · ·−ek),
for any codimension one face τ of Σ.

Under the normality condition for a tropical fan Σ, we also qualify the canonical compact-
ification Σ as being normal.

Remark 3.1 (Balancing condition and tropicalization). The balancing condition is extended
naturally to weighted pure dimensional fans (or polyhedral complexes) where each facet is
endowed with an (integral) number called weight of the facet. This is the point of view taken
in [GKM09,AR10], for example, for defining tropical fans and studying their intersection the-
ory. Weighted tropical fans arise naturally in connection with tropicalizations of subvarieties of
algebraic tori. In this regard, tropical fans we consider in this paper, with weights all equal to
one, are the abstract generalization of those which arise from faithful tropicalizations: roughly
speaking, if the tropicalization of X ⊆ T , for an algebraic tori T = Spec(k[M ]), over a trivially
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valued field k, is a tropical fan Σ ⊆ NR with all weights equal to one, then Σ naturally embeds
in the Berkovich analytification Xan of X and forms a skeleton in Xan, see [GRW17,GRW16]
for more precise discussion.

Some of the results of this article extend naturally to the more general setting of tropical
fans in the presence of a nontrivial weight function. Since our primary purpose in this paper is
to discuss the smoothness properties in tropical geometry, in which case all the weights should
be equal to one, in order to simplify the presentation, we restrict ourselves to the reduced case
meaning that we require all the weights to be equal to one on the ambient tropical fan. This
being said, we note that even in this case, the weighted balancing condition appears naturally
when we will talk later about divisors and Minkowski weights. �

As a follow-up to the above remark we make the following definition.

Definition 3.2 (Realizable tropical fan). A tropical fan Σ which arises as the tropicalization
of a subvariety X of an algebraic torus T = Spec(k[M ]) over a trivially valued field k is called
realizable over k. A tropical fan is called realizable if it can be realized over some field k. �

Remark 3.3 (Balancing condition and smoothness). In continuation of the previous remark,
we note that the balancing condition is a crucial ingredient for extracting a tropical notion
of smoothness. In fact, it can be seen as a tropical analogue of orientability which allows to
define a fundamental class for the fan. In the foundational works [CLD12,GK17,BH17,JSS19],
this is used to establish a tropical analogue of the Stoke’s formula, ultimately leading to the
Poincaré duality in [JSS19] under the extra condition for the tropical varieties in question to
be matroidal. It plays a central role as well in almost all the results we prove in this paper. �

3.1.1. Localness of the balancing condition. A property P on rational fans is called local or
stellar-stable if for any fan Σ verifying P , all the star fans Σσ for σ ∈ Σ also verify P .

A property P is called a property of the support, or we say P only depends on the support,
if a rational fan Σ inside NR verifies P if and only if any rational fan Σ′ considered with a
possibly different lattice N ′ such that |Σ| = |Σ′| and |Σ| ∩N = |Σ′| ∩N ′ verifies P .

We have the following proposition which summarizes basic properties of tropical fans.

Proposition 3.4. • (Support property) Both the balancing condition and the tropical
normality are properties of the support.
• (Localness of the balancing condition) To be tropical, resp. tropically normal, is a local
property.

Proof. The first part can be obtained by direct verification. The second part is obtained by
identifying star fans of cones in a star fan Ση, for η ∈ Σ, as appropriate star fans in the original
fan Σ. �

3.1.2. Stability under products. We have the following basic result.

Proposition 3.5. The category of tropical fans and their supports is closed under products.
The same holds for the category of normal tropical fans.

Proof. A codimension one cone in the product Σ × Σ′ of two fans Σ and Σ′ is of the form
σ× τ ′ or τ × σ′ for facets σ and σ′ of Σ and Σ′, and codimension one faces τ and τ ′ of Σ and
Σ′, respectively. It follows that the star fan of a codimension one face in the product fan can
be identified with the star fan of a codimension one face in either Σ or Σ′, from which the
result follows. �
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3.1.3. The fundamental class of a tropical fan. Recall from Section 2 that to a rational fan Σ
of pure dimension d, we associate its canonical element νΣ

νΣ = (νσ)σ∈Σd ∈
⊕
σ∈Σd

∧dNσ.

Here, for each facet σ of Σ, νσ is the canonical multivector of σ which is a generator of∧|σ|Nσ = F|σ|(σ). We have the following well-known property, see for example [BH17,CLD12].

Proposition 3.6. The fan Σ is tropical if and only if νΣ is a cycle of CBM

d,d(Σ).

In this case, by an abuse of the notation, we denote by νΣ the corresponding element in
H

BM

d,d(Σ) and call it the fundamental class of Σ.

3.1.4. Tropical irreducibility. We now present a tropical notion of irreducibility which as we
show below will be directly related to (but slightly stronger than) the normality of tropical
fans introduced in the previous section. This is a property which we will need to assume at
some occasions in the paper.

Definition 3.7 (Tropical irreducibility). A tropical fan Σ is called irreducible at η, for a cone
η ∈ Σ, if the homology group HBM

d−|η|,d−|η|(Σ
η) is generated by the fundamental cycle νΣη . A

tropical fan irreducible at 0 is simply called irreducible.
The fan Σ is called locally irreducible if it is irreducible at any cone η ∈ Σ. �

Proposition 3.8 (Localness of local irreducibility). Being locally irreducible is a local property
of tropical fans.

Proof. This is tautological from the definition. �

The following theorem gives a link between normality and local irreducibility.

Theorem 3.9 (Characterization of locally irreducible tropical fans). A tropical fan Σ is
locally irreducible if and only if it is normal and each star fan Ση, η ∈ Σ, is connected through
codimension one.

Proof. Suppose Σ is locally irreducible. Consider a cone τ of codimension one in Σ. The star
fan Στ is an irreducible tropical fan of dimension one. Let ρ1, . . . , ρk be the rays of Στ . Then
the balancing condition for Στ implies that the vectors eρ1 , . . . , eρk sum up to zero, and the
local irreducibility implies that the canonical cycle νΣτ is a generator of HBM

1,1(Στ ). For any
relation in N τ of the form

k∑
j=1

ajeρj = 0

for scalars aj , we get an element α ∈ HBM

1,1(Στ ). Since Στ is irreducible, α is a multiple of νΣτ
which implies that the scalars aj are all equal. This proves that Σ is normal.

Consider now a cone η ∈ Σ. It remains to prove that Ση is connected through codimension
one. Suppose this is not the case. Then we can find a partition of the facets of Ση

d into a
disjoint union S1 t · · · t Sl, for some l > 2, so that Sj form the connected components of the
connectivity-through-codimension-one graph of the facets of Ση. It follows that each element
αj := (νσ)σ∈Sj form a cycle in HBM

d,d(Ση) which contradicts the irreducibility of Ση.
We now prove the reverse implication. Suppose Σ is normal and that for each η ∈ Σ, Ση

is connected through codimension one. Let η be a face of Σ and let α =
∑

σ∈Ση
d−|η|

aσνσ be
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an element in HBM

d−|η|,d−|η|(Σ
η). Applying the normality condition to a codimension one face

τ of Ση, we infer that the scalars ασ are all equal for σ ·� τ . Using now the connectivity of
Ση through codimension one, we conclude that the scalars aσ are all equal. This shows α is a
multiple of νΣη and the irreducibility at η follows. Since this holds for any η, we conclude the
local irreducibility of Σ. �

Theorem 3.9 justifies the following definition via Corollary 3.11.

Definition 3.10 (Irreducible components of a normal tropical fan). Let Σ be a normal tropical
fan of dimension d. Consider the connectivity-through-codimension-one graph G = (Σd, E)
of Σ. Any connected component of G with vertex set V ⊆ Σd defines a subfan of Σ which is
tropical, normal and connected through codimension one. We refer to these as the irreducible
components of Σ. �
Corollary 3.11. Let Σ be a normal tropical fan of dimension d. The irreducible components
of Σ are irreducible. Moreover, they induces a partition of the facets Σd.

Proof. This follows from the proof of Theorem 3.9 and from the definition. �

Note that the statement in the corollary claims the irreducibility only at 0 (this is weaker
than local irreducibility by Example 11.3).

Remark 3.12. Another natural definition for irreducible components of a tropical fan Σ is the
following. A subfan ∆ of Σ is an irreducible component of Σ if it is the support of a nonzero
element in H

BM

d,d(Σ), and if it is minimal among the subfans with this property. In the case
Σ is normal, this definition coincides with the one given above. However, for general tropical
fans, irreducible components might not induce a partition of Σd (cf. Example 11.13). �
Proposition 3.13. The category of locally irreducible tropical fans is closed under products.

Proof. This follows from Theorem 3.9 and the same property for the category of tropical
normal fans and fans which are connected through codimension one. �

3.2. Poincaré duality and cap product. Recall that the coefficient ring of our homology
and cohomology groups is Z unless otherwise stated.

Let Σ be a simplicial tropical fan. Then HBM

d,d(Σ) contains a canonical element νΣ. Using
the cap product _

_ : Hp1,q1(Σ)×HBM

p2,q2(Σ) −→ H
BM

p2−p1,q2−q1(Σ),

that we describe below, we get a natural map

·_ νΣ : Hp,q(Σ) −→ H
BM

d−p,d−q(Σ).

Definition 3.14 (Integral Poincaré duality). We say that a simplicial tropical fan Σ verifies
the integral Poincaré duality if the above map is an isomorphism for any bidegree (p, q). �

Since the homology and cohomology groups of Σ only depend on the support |Σ|, we get
the following.

Proposition 3.15. The integral Poincaré duality is a property of the support.

The above notion of duality can be defined in the same way for the compactification of Σ.
In this case, Hd,d(Σ) still contains a canonical element νΣ. Since Σ is simplicial, Σ is a cubical
complex, and so the cap product can be defined. For unimodular tropical fans, we get the
following theorem. (See Theorem 3.23 for a more general statement.)
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Theorem 3.16. Let Σ be a unimodular tropical fan. Assume that for any face σ of Σ
(including 0), Σσ verifies the integral Poincaré duality. Then Σ verifies the integral Poincaré
duality.

Proof. There is a natural cover of Σ by open sets Uσ where Uσ is the union of all relative
interior of faces containing ∞σ. Then Uσ is isomorphic to a nice open set of Σσ ×R|σ| and
the arguments of [JRS18, Section 5] can be applied to prove the Poincaré duality for the Uσ

and to glue them together. An alternate proof can be obtained from the results we prove later
in Section 7, see Theorem 7.9 and below. �

3.2.1. Description of the cohomology of fans and of the cap product. Let Σ be a tropical fan.
The cohomology of Σ is very simple since the only compact face of Σ is 0. Thus,

Hp,q(Σ) ' Cp,q(Σ) '

{
Fp(0) if q = 0,
0 otherwise.

Keeping this in mind, we now describe the cap product on Σ. Recall from Section 1.7 that
for a k-form α ∈

∧kM , we denote by ια the contraction of multivectors by α. Contraction
naturally extends to chains by linearity and gives a map

ια : C
BM

p,q (Σ)→ C
BM

p−k,q(Σ).

Identifying now Ck,0(Σ) with Fk(0) ⊆
∧kM , we can view this as the cap product.

3.2.2. Reformulation of the integral Poincaré duality. The discussion from the previous section
leads to a map

Fp(0)→ H
BM

d−p,d(Σ), α 7→ ια(νΣ).

For any p, this is an injective map. The surjectivity of this map in any degree as well as the
vanishing of HBM

p,q (Σ) for q 6= d is the essence of the integral Poincaré duality for Σ.

3.2.3. Stable invariance of the Poincaré duality. A property P of fans which only depends on
the support is called stably invariant if for a fan Σ and a positive integer k, fans supported
on |Σ| verify P if and only if those supported on |Rk × Σ| verify P .
Proposition 3.17. Poincaré duality is stably invariant.

We actually prove the following stronger property.

Proposition 3.18. Let Σ and Σ′ be two tropical fans and consider the product Σ×Σ′ which
is a tropical fan. Then Σ×Σ′ verifies the Poincaré duality if and only if Σ and Σ′ verify the
Poincaré duality.

Proof of Proposition 3.17. Any fan Σ′ supported in Rk verifies the Poincaré duality. Applying
the above proposition to Σ, Σ′ and the product Σ× Σ′ leads to the result. �

Proof of Proposition 3.18. Let d and d′ be the dimensions of Σ and Σ′, respectively.
We first prove that if both Σ and Σ′ verify the Poincaré duality, then so does Σ× Σ′.
By Künneth decomposition [GS19b], since the cohomology groups H•,•(Σ) and H•,•(Σ′)

are torsion-free, and since by Poincaré duality the same holds for the Borel-Moore homology
groups, we get decompositions

Hp,q(Σ× Σ′) '
⊕

06r6p
06s6q

Hr,s(Σ)⊗Hp−r,q−s(Σ′), and
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H
BM

p,q (Σ× Σ′) '
⊕

06r6p
06s6q

H
BM

r,s (Σ)⊗HBM

p−r,q−s(Σ
′).

The Poincaré duality pairing (the cap product) is compatible with the Künneth decomposition.
This leads to the assertion that Σ× Σ′ verifies the Poincaré duality.

For the other direction, assume Σ × Σ′ verifies the Poincaré duality. We show this holds
as well for Σ, and by symmetry, we get the result for Σ′. The cohomology H•,•(Σ × Σ′)

is torsion-free, and the Poincaré duality implies that HBM

•,•(Σ × Σ′) is torsion-free. Applying
Künneth formula, we get that the cohomology groups and Borel-Moore homology groups of
Σ and of Σ′ are torsion-free and that the previous decompositions hold.

Once again, the cap product respects these decompositions. Hence, for any integers p, q,
the isomorphism

Hp,q(Σ× Σ′) ∼−→ H
BM

d+d′−p,d+d′−q(Σ× Σ′)

induces an isomorphism on each part: for each pair r, s with 0 6 r 6 p and 0 6 s 6 q,

Hr,s(Σ)⊗Hp−r,q−s(Σ′) ∼−→ H
BM

d−r,d−s(Σ)⊗HBM

d′−p+r,d′−q+s(Σ
′).

In particular, for r = p and s = q, we get the Poincaré duality for Σ in bidegree (p, q). �

3.3. Tropical smoothness.

Definition 3.19 (Tropical smoothness). A tropical fan Σ is called smooth if for any cone
σ ∈ Σ, the star fan Σσ verifies the Poincaré duality. �

Theorem 3.20. The property of being smooth depends only on the support of the tropical fan.

Proof. Let Σ and Σ′ be two tropical fans with the same support X. Let x be a point of X and
denote by σ ∈ Σ and τ ∈ Σ′ the cones of Σ and Σ′ which contain x in their relative interiors.
It follows that we have the isomorphism R|σ| × Σσ ' R|τ | × Σ′τ . Applying Proposition 3.17,
we infer that Σσ verifies the Poincaré duality if and only if Σ′τ does. Since this happens for
all points of X, the result follows. �

Proposition 3.21. Let Σ and Σ′ be two tropical fans. Then Σ×Σ′ is smooth if and only if Σ
and Σ′ are smooth. In particular, the category of smooth tropical fans is stable under products.

Proof. These follow from Proposition 3.18, and the fact that for any face σ × σ′ of Σ × Σ′,(
Σ× Σ′

)σ×σ′ ' Σσ × Σ′σ
′ . �

Definition 3.22. • Let X be the support of a tropical fan. We say X is smooth if one,
and so any, tropical fan Σ with support X is smooth.
• A tropical variety X is called smooth if each point of X has an open neighborhood
which is isomorphic to an open neighborhood of a point in the canonical compactifi-
cation Σ of a smooth simplicial tropical fan Σ. �

A tropical variety in the above definition means a connected topological space with a com-
patible atlas of charts each identified with an open subset of a canonically compactified uni-
modular tropical fan such that the maps which give transition between the charts are affine
integral linear. We omit the formal definition here and refer to [AP20a] and [JSS19] for more
details.
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3.4. Integral Poincaré duality for smooth tropical varieties. As in the local setting,
a tropical variety X of dimension d comes with its canonical class νX ∈ H

sing,BM

d,d (X). Here,
H

sing,BM

•,• refers to singular Borel-Moore tropical homology as defined in [JRS18]. (As previously
mentioned, in the case X = Σ or Σ, this coincides with the previously introduced Borel-Moore
tropical homology.)

We say X verifies the Poincaré duality with integral coefficients if the cap product

·_ νX : Hp,q
sing

(X)→ H
sing,BM

d−p,d−q(X)

is an isomorphism.
The following is the general form of Theorem 3.16.

Theorem 3.23 (Poincaré duality for smooth tropical varieties). A smooth tropical variety
verifies the Poincaré duality.

Proof. Combined with the results which preceded, concerning the calculation of the cohomol-
ogy and the integral Poincaré duality for tropical fans, the proof is similar to the one given
in [JRS18] for matroidal tropical varieties. We refer as well to [GS19b] for a sheaf-theoretic
approach and to [JSS19] for a proof of the duality for cohomology with rational coefficients.
Both these proofs are presented for tropical varieties which are locally matroidal, but com-
bined with the results we proved in this section, they can be applied to the general setting
considered in this paper. �

Remark 3.24. We will later give Example 11.1 which is a normal unimodular tropical fan Σ′

with rk(H2,1(Σ
′
)) = 2 but rk(H1,2(Σ

′
)) = 0. This shows the theorem does not hold in general

only assuming unimodularity, and the smoothness assumption is needed in general to ensure
the Poincaré duality for the canonical compactification Σ of a tropical fan Σ. �

4. Tropical divisors

In this section, we consider a tropical fan Σ of pure dimension d in NR ' Rn for some n
and study divisors associated to conewise linear functions.

4.1. Minkowski weights on rational fans. Let p, d be two non-negative integers with
p 6 d. Let Σ be a rational fan of dimension d in NR.

Assume for each cone σ of Σ of dimension d− p we are given a weight which is an integer
denoted by w(σ). Let C := (Σ(d−p), w) be the corresponding weighted fan with the weight
function w on the facets of Σ(d−p). The weight function w is called a Minkowski weight of
dimension d− p on Σ if the following balancing condition is verified:

∀ τ ∈ Σd−p−1,
∑
σ·�τ

w(σ)nσ/τ = 0 ∈ N τ .

We denote by MWd−p(Σ) the set of all Minkowski weights of dimension d− p on Σ. Addition
of weights cell by cell turns MWd−p(Σ) into a group.

Note that in the case where Σ is a tropical fan, we get a canonical element denoted by [Σ]
in MWd(Σ). This is given by the weight function 1 on facets of Σ.
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4.2. Divisors on tropical fans. Let now Σ be a tropical fan. A divisor of Σ is the data of
a pair (∆, w) consisting of a (possibly empty) subfan ∆ ⊂ Σ of dimension d− 1 and a weight
function w : ∆d−1 → Z r {0} such that the weighted fan ∆ is balanced. This means for any
cone η ∈ ∆ of dimension d− 2, the balancing condition∑

τ∈∆d−1
τ ·�η

w(τ)nτ/η ∈ Nη

holds. Equivalently, a divisor in Σ is any element of MWd−1(Σ). In this case, the fan ∆ will
be the support of w, i.e., the subfan of Σ defined by all τ ∈ Σd−1 with w(τ) 6= 0.

In what follows, we denote by Div(Σ) the group of divisors on Σ and note that we have
Div(Σ) = MWd−1(Σ).

4.3. Principal divisor associated to a conewise integral linear function. Let f : Σ→
R be a conewise integral linear function on Σ as defined in Section 2.1, i.e., f is continuous
and it is integral linear on each cone σ of Σ. Recall that for each face η of Σ, we denote by fη
the linear form induced by f on Nη,R.

Let τ be a face of codimension one in Σ. The order of vanishing of f along τ denoted by
ordτ (f) is defined as

ordτ (f) := −
∑
σ·�τ

fσ(nσ/τ ) + fτ

(∑
σ·�τ

nσ/τ

)
with the sums running over over all cones σ ∈ Σd containing τ .

Proposition 4.1. Notations as above, the order of vanishing ordτ (f) is well-defined, that is,
it is independent of the choice of normal vectors nσ/τ ∈ Nσ.

Proof. For each pair σ ·� τ , two different choices nσ/τ and n′σ/τ of normal vectors differ by a
vector in Nτ . It follows that

−
∑
σ·�τ

fσ(nσ/τ ) + fτ

(∑
σ·�τ

nσ/τ

)
+
∑
σ·�τ

fσ(n′σ/τ )− fτ
(∑
σ·�τ

n′σ/τ

)
= −

∑
σ·�τ

fσ(nσ/τ − n′σ/τ ) + fτ

(∑
σ·�τ

nσ/τ −
∑
σ·�τ

n′σ/τ

)
= −

∑
σ·�τ

fτ (nσ/τ − n′σ/τ ) + fτ

(∑
σ·�τ

nσ/τ −
∑
σ·�τ

n′σ/τ

)
= 0. �

The order of vanishing function gives a weight function ord(f) : Σd−1 → Z. We associate
to f the data of the pair (∆, w) where ∆ is the fan defined by the support of ord(f), i.e., by
those cones τ of dimension d− 1 in Σ for which we have ordτ (f) 6= 0, and the weight function
w : ∆d−1 → Zr {0} is given by w(τ) = ordτ (f). We have the following well-known result, see
for example [AR10].

Proposition 4.2. Notations as above, the pair (∆, w) is a divisor.

Proof. For the sake of completeness, we provide a proof. We need to prove the balancing
condition around each cone η in ∆ of dimension d − 2. It will be enough to work in Σ and
extend the weight function w by 0 on all cones which are not included in ∆.
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Replacing f with f − fη, and passing to the quotient by Nη,R, we can assume that Σ is a
tropical fan of dimension two and η = 0. In this case, we have to show that∑

τ∈Σ1

ordτ (f)eτ = 0.

We choose primitive vectors nσ/τ in N for any pair of non-zero cones σ ·� τ in Σ such that
we have the balancing condition

(4.1) ∀ τ ∈ Σ1,
∑
σ·�τ

nσ/τ = 0.

Consider a pair σ ·� τ and denote by τ ′ the other ray of σ. We can write

bτ,τ ′ nσ/τ = eτ ′ + aτ,τ ′ eτ

for a unique pair of integers aτ,τ ′ and bτ,τ ′ . Note that bτ,τ ′ 6= 0. Equation (4.1) now reads∑
τ ′∼τ

1

bτ,τ ′
eτ ′ = −

(∑
τ ′∼τ

aτ,τ ′

bτ,τ ′

)
eτ ,

where, we recall, the notation τ ′ ∼ τ means τ ′ and τ are the two rays of a two dimensional
cone in Σ. To conclude note that∑
τ∈Σ1

ordτ (f)eτ =−
∑
τ∈Σ1

∑
σ·�τ

fσ(nσ/τ )eτ +
∑
τ∈Σ1

fτ

(∑
σ·�τ

nσ/τ

)
eτ

= −
∑
τ∈Σ1

∑
σ·�τ

fσ(nσ/τ )eτ

= −
∑
τ∈Σ1

∑
τ ′∼τ

fσ

( eτ ′

bτ,τ ′
+
aτ,τ ′eτ
bτ,τ ′

)
eτ (with σ = τ ∨ τ ′)

= −
∑
τ∈Σ1

∑
τ ′∼τ

fτ ′(eτ ′)

bτ,τ ′
eτ −

∑
τ∈Σ1

∑
τ ′∼τ

fτ (eτ )aτ,τ ′

bτ,τ ′
eτ (since fσ|τ = fτ for σ ·� τ)

= −
∑
τ∈Σ1

∑
τ ′∼τ

fτ ′(eτ ′)

bτ,τ ′
eτ +

∑
τ∈Σ1

fτ (eτ )
(
−
∑
τ ′∼τ

aτ,τ ′

bτ,τ ′

)
eτ

= −
∑
τ∈Σ1

∑
τ ′∼τ

fτ ′(eτ ′)

bτ,τ ′
eτ +

∑
τ∈Σ1

fτ (eτ )
∑
τ ′∼τ

1

bτ,τ ′
eτ ′

= −
∑
τ∈Σ1

∑
τ ′∼τ

fτ ′(eτ ′)

bτ,τ ′
eτ +

∑
τ∈Σ1

∑
τ ′∼τ

fτ (eτ )

bτ,τ ′
eτ ′ = 0.

To see the last equality, note that bτ,τ ′ = bτ ′,τ , both terms being equal to the covolume of
the sublattice of N generated by eτ and eτ ′ . Using this and the symmetry, we infer that the
difference of the last sums is zero. �

Definition 4.3 (Principal divisors). Let Σ be a tropical fan. For any conewise integral linear
function on Σ, we denote by div(f) the divisor associated to f . Such divisors are called
principal. Principal divisors form a subgroup of Div(Σ) that we denote by Prin(Σ). �

Definition 4.4 (Effective and reduced divisors). A divisor (∆, w) on Σ is called effective if
all the coefficients w(τ) for τ a (d−1)-dimensional cone in ∆ are positive. An effective divisor
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is called reduced if all the weights are equal to one, i.e., w(τ) = 1 for any facet τ of ∆. In such
a case, we simply omit the mention of the weight function. �

4.4. Principal and div-faithful tropical fans. We now define a class of tropical fans on
which divisors behave nicely.

Definition 4.5. Let Σ be a tropical fan and let η be a cone in Σ.
• We say that Σ is principal at η if any divisor on Ση is principal. We call the tropical
fan Σ principal if Σ is principal at any cone η ∈ Σ.
• We say that Σ is divisorially faithful at η or simply div-faithful at η if for any conewise
integral linear function f on Ση, if div(f) is trivial in Div(Ση), then f is a linear
function on Ση. We call the tropical fan Σ div-faithful if Σ is div-faithful at any cone
η ∈ Σ. �

The importance of div-faithfulness in our work relies on the fact that tropical modifications
behave very nicely on div-faithful tropical fans, cf. Section 5.1.6.

Proposition 4.6. The properties of being principal and div-faithful are both local.

Proof. The statement is tautological. �

Remark 4.7. Examples 11.5 and 11.3 show that being principal, resp. div-faithful, at 0 does
not imply the fan is principal, resp. div-faithful. �

4.5. Characterization of principal and div-faithful saturated unimodular tropical
fans. We now provide a characterization of principality and divisorial faithfulness in the case
the tropical fan is saturated and unimodular. This will be given via the map

cl : A1(Σ)→ Div(Σ) ' MWd−1(Σ)

that we describe now. Here, as in the introduction, A•(Σ) refers to the Chow ring of Σ.
We start by recalling the definition of the above map. First, for any k, we get a natural

isomorphism
MWk(Σ) ' Ak(Σ)?.

This is [AHK18, Proposition 5.6], and is a consequence of Localization Lemma 6.1, see Re-
mark 6.2.

For k = d, this gives the degree map

deg : Ad(Σ)→ Z, α→
∫

Σ
α

where the notation
∫

Σ means evaluation at the canonical element [Σ] of MWd(Σ) given by the
weight function 1 on Σd, see Remark 6.2.

The composition of the product map in the Chow ring with the degree

Ak(Σ)×Ad−k(Σ) Ad(Σ) Z,

(α, β) deg(α · β),

gives the map
clk : Ak(Σ)→ Ad−k(Σ)? ' MWd−k(Σ).

For k = 1, this gives the map
cl : A1(Σ)→ Div(Σ).
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Notice also that, since Σ is unimodular, Z1(Σ) coincides with the set of conewise integral
linear forms on Σ. Moreover, since Σ is saturated, A1(Σ) is isomorphic to conewise integral
linear forms modulo globally linear ones.

Proposition 4.8. The map cl is described as follows. Consider an element α =
∑

ρ∈Σ1
aρXρ

in A1(Σ) with coefficients aρ ∈ Z. Let f be the conewise linear function on Σ which takes
value aρ at eρ, for any ray ρ. Then we have cl(α) = −div(f).

Proof. Notations as above, we need to show that for each τ ∈ Σd−1, we have the equality

deg(α · Xτ ) = − ordτ (f).

Let ` be an integral linear function on N which is equal to f on τ and let X` =
∑

ρ∈Σ1
`(eρ)Xρ.

Since X` is zero in the Chow ring, replacing α by α − X`, we can assume that aρ = 0 for any
ray ρ in τ . The proposition now follows by observing that

deg(α · Xτ ) =
∑
ρ∈Σ1
ρ∼τ

aρ deg(XρXτ ) =
∑
ρ∈Σ1
ρ∼τ

aρ = − ordτ (f − `) = − ordτ (f). �

Theorem 4.9 (Characterization of principal and div-faithful fans). Let Σ be a unimodular
tropical fan of dimension d and let η be a cone in Σ. Assume Σ is saturated at η. Consider
the map clη : A1(Ση)→ Div(Ση). We have

• Σ is principal at η if and only if clη is surjective.
• Σ is div-faithful at η if and only if clη is injective.

Proof. Both parts follow directly from Proposition 4.8 applied to Ση. �

Remark 4.10. Notice that principality and div-faithfulness are independent of the lattice
outside the support of the fan. By this, we mean that a tropical fan Σ in NR is principal,
resp. div-faithful, if and only if for any other lattice N ′ which verifies |Σ| ∩N = |Σ| ∩N ′, Σ
is principal, resp. div-faithful, when considered equipped with this new lattice.

For such properties, replacing the lattice N by F1(Σ) if necessary, there is no harm in as-
suming that the fan is saturated at 0 (though we cannot assume global saturation by Example
11.10). �
Theorem 4.11. A smooth tropical fan is both principal and div-faithful.

Proof. Let Σ be a smooth fan. We first assume that Σ is saturated and unimodular. By the
Hodge Isomorphism Theorem 7.2 for smooth tropical fans, for any cone η ∈ Σ, A•(Ση) verifies
the Poincaré duality. Hence, we get an isomorphism Ak(Ση) ' Ad−k(Ση)? ' MWd−k(Σ

η).
This implies that the map clη : A1(Ση) → Div(Ση) is bijective. We infer from the previous
theorem that Σ is both principal and div-faithful at η. This being the case for any η ∈ Σ, the
theorem follows.

We now argue that the saturation condition is not needed by Remark 4.10. What is more,
we do not need to require unimodularity, nor even simpliciality: Theorem 5.7 combined with
Theorem 5.9 (3) and (4) imply that div-faithfulness and principality are properties of the
support provided the support is locally irreducible. This finishes the proof of our theorem. �

5. Tropical shellability

As in the previous section, Σ will be a tropical fan of pure dimension d in NR ' Rn for
some natural number n. We moreover fix an orientation (νσ)σ∈Σ, and consider the canonical
compactification Σ of Σ with a compatible orientation.
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5.1. Tropical modifications. We start by recalling the definition of tropical modifications
and introducing some variants of it in context related to canonical compactifications. A survey
of results and references related to the concept can be found in [Kal15].

Let f : |Σ| → R be a conewise integral linear function on Σ. Assume that the principal
divisor div(f) is reduced. Denote by ∆ the corresponding subfan of Σ. We allow the case the
divisor div(f) is trivial, in which case, ∆ will be empty. In this section, we will define three
types of tropical modifications defined by ∆, or more precisely by f , that we call open, closed,
and extended, as described below.

5.1.1. Open tropical modification. We start by defining the open tropical modification of Σ

with respect to f . This will be a fan in ÑR ' Rn+1 = Rn × R, for the lattice Ñ := N × Z,
that we will denote by TMf (Σ).

Consider the graph of f which is the map Γf defined as

Γ = Γf : |Σ| −→ ÑR = NR × R,
x 7−→ (x, f(x)).

For each cone σ of Σ, we consider the cone σo in ÑR which is the image of σ by Γf , i.e.,
σo := Γf (σ) ⊂ ÑR. Moreover, to each face δ of ∆, we associate the face δ := δo+R+e , where
e = (0, 1) ∈ NR × R. Here 0 in e = (0, 1) refers to the origin in NR.

The open tropical modification of Σ along ∆ with respect to f , or simply the tropical
modification of Σ along ∆ if the other terms are understood from the context, is the fan
TMf (Σ) in ÑR ' Rn+1 defined as

TMf (Σ) :=
{
σo | σ ∈ Σ

}
∪
{
δ | δ ∈ ∆

}
.

Proposition 5.1. The tropical modification TMf (Σ) is a tropical fan. Moreover, we have a
natural projection map

p : |TMf (Σ)| → |Σ|
which is conewise integral linear.

Before going through the proof, we make some remarks and introduce some notations. First,
we observe that the fan TMf (Σ) is rational with respect to the lattice Ñ , and that for each
face σ ∈ Σ, the lattice Ñσo can be identified with the image Γf (Nσ). This shows that for an
inclusion of cones τ ≺· σ, we can pick

nσo/τo = (nσ/τ , fσ(nσ/τ )) ∈ Ñ = N × Z,

where, as before, fσ ∈ N?
σ denotes the linear form which coincides with f on σ. Second, we

observe that for each δ ∈ ∆, the lattice Ñδ can be identified with Ñδo × Z ' Nδ × Z, and
that we can choose nδ /δo = e . Finally, for an inclusion of cones τ ·� δ in ∆, we can set
nτ /δ = (nτ/δ, 0) ∈ Ñ .

Proof of Proposition 5.1. We need to prove the balancing condition around any codimension
one face of TMf (Σ). These are of two kinds, namely faces of the form τo for τ ∈ Σd−1 and
those of the form δ for δ ∈ ∆d−2.

First let τ ∈ Σd−1, and consider the codimension one face τo of TMf (Σ). Two cases happen:
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• Either τ ∈ ∆, in which case the d-dimensional faces around τo are of the form σo for σ ·� τ
in Σ as well as the face τ . The balancing condition in this case amounts to showing that
the vector

nτ /τ +
∑
σ·�τ
σ∈Σ

nσo/τo = e +
∑
σ·�τ
σ∈Σ

(nσ/τ , fσ(nσ/τ )) = (0, 1) +
(∑
σ·�τ
σ∈Σ

nσ/τ ,
∑
σ·�τ
σ∈Σ

fσ(nσ/τ )
)

belongs to Ñτo . Since ordτ (f) = 1, the term on the right hand side of the above equality
becomes equal to (∑

σ·�τ
σ∈Σ

nσ/τ , fτ
(∑
σ·�τ
σ∈Σ

nσ/τ
))
,

which by balancing condition at τ in Σ belongs to Ñτo = Γf (Nτ ).

• Or we have τ /∈ ∆, i.e., ordτ (f) = 0. In this case, the facets around τo are of the form σo
for σ ·� τ in Σ, and we get∑
σ·�τ
σ∈Σ

nσo/τo =
∑
σ·�τ
σ∈Σ

(nσ/τ , fσ(nσ/τ )) =
(∑
σ·�τ
σ∈Σ

nσ/τ ,
∑
σ·�τ
σ∈Σ

fσ(nσ/τ )
)

=
(∑
σ·�τ
σ∈Σ

nσ/τ , fτ
(∑
σ·�τ
σ∈Σ

nσ/τ
))
,

which again belongs to Ñτo = Γf (Nτ ).

It remains to check the balancing condition around a codimension one face of the form δ
in TMf (Σ) with δ ∈ ∆d−2. Facets around δ are all the cones τ for τ ∈ ∆d−1 and τ ·� δ.
Using the balancing condition in ∆ = div(f) around δ, Proposition 4.2, we see that the sum∑

τ ·�δ
τ∈∆

nτ /δ =
(∑
τ ·�δ
τ∈∆

nτ/δ, 0
)

belongs to Nδ × Z ⊆ Ñδ , and the assertion follows.

The second statement is straightforward. �

We naturally endow TMf (Σ) with the orientation induced by the one of Σ on faces of the
form σo, for σ ∈ Σ, and extend it so that sign(δo, δ ) = +1 for any δ ∈ ∆.

5.1.2. Closed tropical modification. The closed tropical modification lives in NR ×R, and is
defined as the closure of the open tropical modification.

We still denote by σo the image in ÑR = NR × R of a cone σ of Σ. For each δ ∈ ∆, we
consider the cone δ = δo +R+e defined in the previous section, and denote by δ the closure
of δ in Rn×R. Moreover, for any δ ∈ ∆, we denote by δ∞ the extended polyhedron δo+∞·e ,
which is also equal to δ r (NR × R).

The closed tropical modification of Σ with respect to f is the extended polyhedral complex
in NR×R which consists of faces {σo | σ ∈ Σ}∪ {δ | δ ∈ ∆}∪ {δ∞ | δ ∈ ∆}. We denote it by
CTMf (Σ). We extend the orientation induced by the one on TMf (Σ), adding the condition
sign(δ∞, δ ) = −1 for any δ ∈ ∆.
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5.1.3. Extended tropical modification. We now define the extended tropical modification. Let
Σ be the canonical compactification of Σ, and let ∆ be the compactification of ∆ inside Σ.
Then the closed extended tropical modification of Σ with respect to f denoted by CTMf (Σ) is
defined as the canonical compactification of the fan TMf (Σ). The set of faces of CTMf (Σ) is
exactly

{σo | σ ∈ Σ} ∪ {δ | δ ∈ ∆} ∪ {δ∞ | δ ∈ ∆},
where σo, δ and δ∞ are defined as above with the map Γf extended by continuity. The
projection p extends to this context.

We also define the open extended tropical modification of Σ with respect to f denoted by
TMf (Σ) as follows. Let Σ̃ be the tropical modification TMf (Σ). Then, TMf (Σ) is defined as
the restriction of CTMf (Σ) to the space TP

Σ̃
rTP

Σ̃
e
∞
. The set of faces of TMf (Σ) is exactly

{σo | σ ∈ Σ} ∪ {δ | δ ∈ ∆}.

5.1.4. Degenerate tropical modifications. In the case where ∆ is trivial, the tropical modifica-
tion of Σ with respect to f still has a meaning. In this case, the tropical modification is called
degenerate. The closed and the open tropical modifications coincide: they become both equal
to the graph of f . The faces of the tropical modification are in one-to-one correspondance
with faces of Σ. However, unless f is a linear form on Σ, the tropical modification is not
isomorphic to Σ. We refer to Example 11.4 in Section 11 which explains this phenomenon.
On the contrary, if f is integral linear, then we just obtain the image of Σ by a linear map, and
in this case, the fans Σ and TMf (Σ) are isomorphic. In particular, if Σ is div-faithful at 0,
then the vanishing of div(f) implies that f is linear, and in this case, the tropical modification
becomes isomorphic to Σ.

Unless otherwise stated, in this article we allow tropical modifications to be degenerate.

5.1.5. The case of tropical fans which are both principal and div-faithful at 0. Assume Σ is a
tropical fan which is principal and div-faithful at the cone 0 ∈ Σ. In this case any divisor ∆
is the divisor of a conewise integral linear function f on Σ, and in addition, if g is another
integral conewise linear function on Σ such that div(g) = ∆, then f − g is linear. Therefore,
when ∆ is reduced, the two tropical modifications TMf (Σ) and TMg(Σ) are isomorphic via
the affine map which sends the point x ∈ Rn+1 to the point x + `(p(x))e where ` ∈ M is
a linear form restricting to f − g on |Σ|. Hence, working modulo isomorphisms, we can talk
about the open tropical modification of Σ along ∆. We denote it by TM∆(Σ). The same
applies to the extended setting and leads for instance to what we call the closed extended
tropical modification of Σ along ∆ that we denote by CTM∆(Σ).

5.1.6. Star fans of a tropical modification. Let Σ be any fan and let σ ∈ Σ. Let f be a conewise
linear map on Σ. Then f induces a conewise linear map fσ on the star fan Σσ defined as
follows. Let ` ∈ MR be a linear map that coincide with f on σ. Then f − ` is zero on σ and
we set fσ = π∗(f − `) where π : NR → Nσ

R is the natural projection. Then fσ is a conewise
linear map on Σσ. Note that although fσ depends on the choice of `, it is well-defined up
to an element of Mσ,R = (Nσ

R)?. This is enough for our purpose. That is why, abusing the
terminology, we sometimes call fσ the conewise linear map induced by f on Σσ. We also note
that in the case Σ is rational and f is integral, by choosing ` ∈ M we can ensure that fσ is
conewise integral linear on Σσ.
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Proposition 5.2. Let Σ be a tropical fan and let f be a conewise integral linear map on Σ.
Assume the divisor div(f) is reduced and denote it by ∆. Set Σ̃ = TMf (Σ). Then we have
the following description of the star fans of Σ̃.

• If δ ∈ ∆, then Σ̃δ ' ∆δ.

• If σ ∈ ∆, then Σ̃σo ' TMfσ(Σσ) where fσ is the conewise integral linear map induced
by f on Σσ.

• If σ ∈ Σ r ∆, then once again we have Σ̃σo ' TMfσ(Σσ). However, this time the
tropical modification is degenerate. In particular, if Σ is div-faithful (at σ), then Σ̃σo

is isomorphic to Σσ.

Proof. The proof is a direct verification. �

5.2. Star subdivision. Let Σ be any rational fan. Let σ ∈ Σ be any cone of Σ of dimension
at least one. Let ρ be a rational ray generated by a vector in the relative interior of σ. The
blow-up of Σ along ρ, also called the star subdivision of Σ along ρ, consists in replacing any
face σ ∨ η′ for η′ ∼ σ by the faces of the form τ ∨ ρ ∨ η′ for any proper subface τ of σ. We
obtain a new fan with the same support which we denote by Σ(ρ). On the contrary, if Σ is the
blow-up of some fan Σ′ along a ray ρ, then Σ′ is called the blow-down of Σ along ρ. By an
abuse of the terminology we say a fan Σ̃ is obtained by a blow-up of Σ along σ if there exists
a ray ρ in the relative interior of σ as above so that Σ̃ coincides with Σ(ρ).

If Σ is unimodular, a blow-up of Σ along σ is called unimodular if Σ(ρ) is still unimodular.
Such a blow-up is in fact unique. Indeed, for any face σ with rays %1, . . . , %k, there is exactly
one ray ρ such that the blow-up along ρ is unimodular. This ray is generated by e%1 + · · ·+e%k .
Via the link to toric geometry, the unimodular blow-up Σ̃ of Σ along σ corresponds to the
blow-up of the toric variety PΣ along the closure Dσ of the torus orbit T σ associated to σ.
For this reason, we denote this blow-up by B`σ(Σ).

5.3. C -shellability. In the previous sections, we defined two types of operations on tropical
fans: tropical modifications and star subdivisions. In this section, we define a notion of
shellability using these operations. Roughly speaking, a tropical fan is shellable if it can be
obtained from a collection of basic tropical fans by only using the above operations.

The idea behind the definition is that if a property P holds for our basic tropical fans and
if, in addition, this property happens to be preserved by the above operations, we then obtain
a wide collection of tropical fans all verifying the property P . This happens in practice for
many examples of properties which will be discussed later in the paper.

Recall that by our convention from Section 2, we work with fans modulo isomorphisms, so
that we can talk about the set of isomorphism classes of rational fans.

Definition 5.3 (Tropical shellability). Let C be a class of tropical fans (or more precisely, a
set of isomorphism classes of tropical fans). Let B be a subset of C that we call the base set.
The set of tropically C -shellable fans over B denoted by ShC (B) is defined as the smallest
class of tropical fans all in C which verifies the following properties.

• (Any element in the base set is tropically C -shellable) We have B ⊆ ShC (B).
• (Closeness under products) If Σ,Σ′ ∈ ShC (B) and the product Σ× Σ′ belongs to C ,
then Σ× Σ′ ∈ ShC (B).
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• (Closeness under tropical modifications along a tropically shellable divisor) If Σ ∈
ShC (B) and if f is a conewise integral linear function on Σ such that either the
divisor div(f) is reduced and div(f) ∈ ShC (B), or div(f) is trivial, and if in addition
TMf (Σ) ∈ C , then TMf (Σ) ∈ ShC (B).
• (Closeness under blow-ups and blow-downs with shellable center) If Σ ∈ C , for any
cone σ ∈ Σ and any ray ρ in the relative interior of σ which verify Σσ ∈ ShC (B) and
Σ(ρ) ∈ C , we have

Σ ∈ ShC (B)⇐⇒ Σ(ρ) ∈ ShC (B).

If C is the set of all tropical fans, we just write Sh(B). �

We note that the category of tropical fans is stable by the above list of operations. The main
purpose of restricting the operations to be performed inside C is to forbid arbitrary blow-ups
and blow-downs. The main examples of classes C of tropical fans which are of interest to
us are all, resp. simplicial, resp. unimodular, resp. unimodular quasi-projective, tropical fans
that we denote by Trop, Tropsimp

, Tropunim , and Tropuqproj , respectively. We call them the standard
classes of tropical fans. These classes only constrain blow-ups and blow-downs since they are
all stable by products and by tropical modifications (see Theorem 5.6).

An important example of the base set is the set B0 = {{0},Λ} where Λ is the complete
fan in R with three cones 0,R>0, and R60. We will later see that Sh(B0) contains many
interesting fans.

Definition 5.4 (Shellable fans). A fan Σ is called shellable in C if Σ ∈ ShC (B0). If C = Trop,
we simply say that Σ is shellable. �

Definition 5.5 (Shellable properties). Let C be a class of tropical fans.
• A subclass S of C is called stable by shellability in C if ShC (S ) = S .
• By extension, if P is a predicate on tropical fans of C , then P is called stable by
shellability in C , or simply shellable, if the subclass of fans of C verifying P is stable
by shellability. Equivalently, P is shellable if for any subclass B of C such that all
elements of B verifies P , then all elements of ShC (B) verifies P . �

5.4. Stellar-stability. A class S of tropical fans is called stellar-stable if for any Σ ∈ S
and any σ ∈ Σ, the star fan Σσ also belongs to S . For instance, the four standard classes
Trop, Tropsimp

, Tropunim , and Tropuqproj , as well as B0 are stellar-stable (cf. Theorem 5.6). Recall that
a predicate P on fans is called local or stellar-stable if P (Σ)⇒ P (Σσ) for any σ ∈ Σ.

There is a natural way to construct a stellar-stable predicate from an arbitrary one. If P is
any predicate on tropical fans, then we denote by P F the predicate

P F(Σ): ∀ σ ∈ Σ, P (Σσ).

For instance, local irreducibility, div-faithfulness, and principality are all defined in this way
relative to the corresponding property at 0. The same holds for the smoothness property
where P is the Poincaré duality of the fan at cone 0. As we will see later in Lemma 5.10,
viewing them this way allows to considerably simplify the proofs we give of their shellability.

5.5. Properties of standard classes. The following theorem summarizes several nice prop-
erties enjoyed by the four standard classes of tropical fans that we introduced in the previous
section.
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Theorem 5.6. Let C be one of the four standard classes of tropical fans. Then C verifies the
following.

• (Closeness under products) If Σ and Σ′ belong to C , then we have Σ× Σ′ ∈ C .

• (Closeness under tropical modifications) If Σ ∈ C and if f is a conewise integral linear
function on Σ such that either div(f) is reduced, or it is trivial, then TMf (Σ) ∈ C .

• (Containment of the basic fans) Both fans of B0 are in C .

• (Stellar-stability) The class C is stellar-stable.

• (Existence of unimodular quasi-projective subdivisions) Any fan in C has a subdivision
in C which is unimodular and quasi-projective.

• (Weak factorization) Let Σ and Σ′ be two fans in C with the same support. Then there
exists a sequence of fans Σ = Σ0,Σ1,Σ2, . . . ,Σk = Σ′ in C such that for any i 6 k−1,
Σi+1 is obtained from Σi by performing a blow-up or a blow-down.

Proof. We only sketch the proof here.

• (Closeness under products) For Trop this is stated by Proposition 3.5. Moreover, simpliciality
and unimodularity are preserved by taking products. Let us justify that the product of two
quasi-projective fans Σ and Σ′ is quasi-projective. Let π : Σ×Σ′ → Σ and π′ : Σ×Σ′ → Σ′ be
the two natural projections. Let f and f ′ be two convex conewise linear functions on Σ and
Σ′, respectively. Then a direct calculation proves that π∗(f) + π′∗(f ′) is convex on Σ × Σ′,
and so the product remains quasi-projective.

• (Closeness under tropical modifications) For Trop, this is Proposition 5.1. The new cones of
the form δ with δ in the divisor are simplicial, resp. unimodular, provided δ is simplicial, resp.
unimodular. Hence, simpliciality and unimodularity are preserved by tropical modifications.
For quasi-projectivity, if g is a convex conewise linear function on a fan Σ and if p is the
projection associated to a tropical modification Σ̃ of Σ, then we claim that p∗(g) is convex on
Σ̃. Take δ ∈ ∆ and let us prove that p∗(g) is convex around δo. By the very definition, we
know that there exists a linear form ` such that g − ` is zero on δ and is strictly positive on
rays ρ ∼ δ. Moreover, let l be a linear form which takes values one on e and 0 on δo. Then,
for a small enough positive real number ε, p∗(g)− p∗(`) + εl is zero on δo, takes value ε > 0
on e , and is strictly positive on rays ρo for ρ ∼ δ. This proves that p∗(g) is convex around δo.
One can prove similarly that g is convex around other faces of Σ̃. Hence Σ̃ is quasi-projective.

• (Containment of the basic fans) This is trivial.

• (Stellar-stability) For Trop, stellar-stability follows from Proposition 3.4. Simpliciality and
unimodularity are local properties. For quasi-projectivity, a conewise linear convex function
on a fan induces convex functions on the star fans around its faces.

• (Existence of unimodular quasi-projective subdivisions) This is a well-known fact. We refer
to Section 4 of [AP20a] for more details.

• (Weak factorization) This last property is far from trivial. For Tropsimp and Tropunim , this is The-
orem A of [Wło97], proved independently by Morelli [Mor96] and expanded by Abramovich-
Matsuki-Rashid, see [AMR99].

For Tropuqproj , this can be obtained from relevant parts of [Wło97,Mor96,AKMW02] as dis-
cussed and generalized by Abramovich and Temkin in [AT19, Section 3]. �
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5.6. Shellability, support and factorization. The following shows that in some cases of
interest, shellability is only a property of the support and of the ambient lattice.

Theorem 5.7. Let C be a standard class. Let S be subclass of C which is both stellar-stable
and stable by shellability. Then a tropical fan Σ of C is in S if and only if any tropical fan
of C with the same support |Σ| and considered with the same lattice is in S .

Notice that here we remember the ambient lattice. This is weaker than being a property
of the support. For instance, if Σ is not saturated in NR and if Σ′ is the same fan considered
with a different lattice N ′ = F1(Σ), then the above theorem does not imply that Σ ∈ S if
and only if Σ′ ∈ S , even though Σ∩N = Σ′ ∩N ′. For many applications, e.g., for properties
depending on Σ ∩N in the sense of Remark 4.10, this remark has no importance. However,
for the study of the Chow ring, for instance for the shellability statement in Theorem 5.9 (5)
in the next section, some counter-examples can be easily constructed (see Example 11.8).

Proof. Let Σ ∈ S and let Σ′ be another fan of C with the same support and the same
lattice. By the weak factorization property of Theorem 5.6, there exists a sequence of fans
Σ = Σ0,Σ1, . . . ,Σk−1,Σk = Σ′ all belonging to C such that Σi+1 is obtained from Σi by
performing a blow-up or a blow-down.

Let us prove that Σ1 ∈ S . If Σ1 is obtained from Σ by blowing up the face η ∈ Σ, then
we have Ση ∈ S by stellar-stability. Hence S is closed by blow-up along η, and we have
Σ1 ∈ S . Otherwise, this is Σ which is obtained from Σ1 by blowing up along a ray ρ which is
in the relative interior of some face η′ ∈ Σ1. In this case, notice that (Σ1)η

′
= Στ∨ρ where τ is

any face of codimension one in η′. Once again, (Σ1)η
′ belongs to S and, by closeness under

blow-downs, we get Σ1 ∈ S .
Proceeding step by step and using the same argument for the next fans in the sequence, we

obtain that Σ′ = Σk ∈ S . �

Remark 5.8. Note that the proof is still valid if we just require S to be stellar-stable and
closed by blow-ups and blow-downs along faces whose star fan belongs to S . �

5.7. Examples of shellable properties. The following theorem gives important examples
of properties which are shellable in relevant classes of tropical fans.

Theorem 5.9. We have the following.
(1) Normality is shellable.
(2) Local irreducibility is shellable.
(3) Div-faithfulness is shellable.
(4) Principality is shellable in the class of locally irreducible fans. More precisely, the

property of being both principal and locally irreducible is shellable.
(5) Poincaré duality for the Chow ring is shellable in the class of div-faithful unimodular

fans. More precisely, the set of div-faithful fans whose Chow rings verify the Poincaré
duality is stable by shellability in Tropunim .

(6) Hodge-Riemann and Hard Lefschetz for the Chow ring are both shellable in Tropuqproj .
(7) Smoothness is shellable.

Proof. In order to prove this theorem, we will introduce in Section 5.8 a useful tool called
shellability meta lemma which allows to simplify the proofs of the different points in the
definition of shellability. Then, we will be able to prove points (1) and (2) in Section 5.9.
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The other points are treated later: (3) and (4) are the contents of Theorems 6.9 and 6.7,
both proved in Section 6. Property (5) is Theorem 6.10, which is also established in the same
section.

Point (6) is proved in [AP20a]. The last point is the content of Theorem 10.4 and will be
proved in Section 10, using tools we will introduce in Section 8. �

All the properties of Theorem 5.9 are verified by elements of B0. Hence, all these properties
are true in Sh

Trop
uqproj (B0). In Section 5.10, we prove that this class contains an interesting

class of fans, namely generalized Bergman fans.

5.8. A tool to prove shellability. Checking all the axioms of shellability might be somehow
tedious in general. The following meta lemma helps in practice to simplify the verification of
these different points.

Lemma 5.10 (Shellability meta lemma). Let C be one of the four standard classes. Let P be
a predicate on elements of C . Assume that the elements of B0 verify P .

Let Σ be an arbitrary fan in C such that for any face σ 6= 0 in Σ, the star fan Σσ verifies
P F, and such that at least one of the following points is verified.

• Σ is the product of two unimodular quasi-projective fans verifying P F.

• Σ is the tropical modification of a unimodular quasi-projective fan verifying P F with
respect to some conewise integral linear function f such that either div(f) vanishes,
or div(f) is reduced, unimodular, quasi-projective, and verifies P F.

• Σ is the blow-up along some ray of a fan verifying P F.

• Σ is the blow-down along some ray of a fan verifying P F.

If for any fan Σ as above, the property P is verified, then P F is shellable in C .

Moreover, if P is a predicate only depending on the support of the fan, we can restrict
ourselves to fans Σ verifying one of the two first points.

Using this lemma, one can now just focus on the following goal: proving that Σ verifies P
for each of the four cases. For instance, we have to prove that if Σ is a product of two fans
verifying P ?, then Σ verifies P . To do so, we can assume without loss of generality that the
two factors (and thus Σ itself) are unimodular and quasi-projective, and that every proper
star fan of Σ verifies P ?. Most of the time, it is not really needed to assume so many properties
to be verified by Σ, and we can proceed in more generality. This being said, we will often
assume Σ is unimodular for instance.

The rest of this section is devoted to the proof of the above lemma. First, notice that the
very last part of the proposition is clear since blow-ups and blow-downs do not change the
support of the fan.

Let S ⊆ C be the class of fans verifying P F. Since P F is stellar-shellable, so is S . For any
integer n, we use the notation C<n, resp. C6n, to denote the subset of C of fans of dimension
less than n, resp. at most n. We define S <n and S 6n similarly.

Let us prove that, under the assumption of the lemma, S is stable by shellability. We
prove it by induction on n. Assume that, for some integer n, S <n is stable by shellability in
C<n. This is clear for n = 1. We prove that S 6n is stable by shellability inside C6n.
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5.8.1. Closeness under blow-ups and blow-downs. We verify that S 6n is closed under blow-
ups and blow-downs. Let Σ be a fan in C6n. Let η ∈ Σ be a face and let ρ be the ray in the
relative interior of η. Assume that Σ(ρ) ∈ C6n. We need to show the equivalence

Σ ∈ S 6n ⇐⇒ Σ(ρ) ∈ S 6n.

We first prove if Σ(ρ) ∈ S 6n, then Σ ∈ S 6n. For this, we compare the star fans of Σ and
Σ(ρ) as follows. Consider a face σ of Σ different from 0. There are three cases.

• First, assume that σ is not comparable with η. In this case, the two star fans Σσ
(ρ) and

Σσ are identical. Since S is stellar-stable, the first one is in S by assumption. Hence
Σσ ∈ S .
• Second, we assume that σ � η. In this case, we have Σσ ' Στ∨ρ

(ρ) where τ is any face
of codimension one in σ such that τ ∧ η ≺· η. Once again Σσ ∈ S .
• Finally, assume that σ and η are comparable but σ 6� η. Denote by ησ, resp. ρσ, the
face corresponding to η, resp. to ρ, in Σσ. Then ρσ is a ray in the relative interior ησ.
The star fan Σσ

(ρ) is then naturally isomorphic to the blow-up star fan
(
Σσ
)

(ρσ)
. By

assumption, Σσ
(ρ) ∈ S <n. Moreover

(
Σσ
)ησ

= Σσ∨η which is in S <n by the second
point above. Hence, applying the closeness by blow-down of S <n, we deduce that Σσ

is also in S <n ⊆ S .
In any case, Σσ ∈ S for any face σ 6= 0. One can apply the assumption of the lemma to

deduce that Σ verifies P . Hence, Σ verifies P F, thus Σ ∈ S 6n. This proves the direction ⇐.
To prove the direction ⇒, assume Σ ∈ S 6n. Take a cone ζ in Σ(ρ) different from 0.

Apart from the faces which already appeared in the above case analysis for which the reversed
argument applies, it remains to consider those faces ζ with ρ ≺ ζ. Denote by ζ − ρ the face
of ζ of codimension one which does not contain ρ. Set σ = (ζ − ρ) ∨ η. Then we get

|Σζ
(ρ)| ' |Σσ| × Rk,

where k = |σ| − |ζ| ∈ {0, . . . , n − 1}. Since S <n is stellar-stable and closed by blow-ups
and blow-downs, we can apply Remark 5.8 and Theorem 5.7: Σζ

(ρ) is in S <n if and only if
there exists a fan with the same support in S <n. This is the case. Indeed, Σσ ∈ S <n.
Moreover, Λ and {0} belong to S by assumption. Since S <n is stable by shellability, we
deduce that Σσ × Λk ∈ S <n. This last fan has the same support as Σζ

(ρ). Hence, we infer

that Σζ
(ρ) ∈ S <n ⊆ S .

We have proved that Σζ
(ρ) ∈ S for any nontrivial face ζ ∈ Σ(ρ). As before, we apply the

assumption of the lemma to deduce that Σ(ρ) ∈ S 6n. Hence, S 6n is stable by blow-ups and
blow-downs. In particular, we can apply Theorem 5.7 in S 6n for the rest of this proof.

5.8.2. Closeness under products. We whish to prove that S 6n is stable by products inside
C6n. Let Σ̃ ∈ C6n be the product of two fans in S 6n. Let us prove that Σ̃ ∈ S 6n.

Denote this two factors by Σ̃1 and Σ̃2. Let Σ1, resp. Σ2, be a unimodular quasi-projective
subdivision in C of Σ1, resp. of Σ2, which exists by Theorem 5.6. Then, clearly Σ1 has the
same support as Σ̃1, and by Theorem 5.7, we get Σ1 ∈ S 6n. In the same way, we obtain
Σ2 ∈ S 6n. Set Σ = Σ1 × Σ2. Let σ1 × σ2 be a nontrivial face of Σ. Then

Σσ1×σ2 ' (Σ1)σ
1 × (Σ2)σ

2
.
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By stellar-stability of S , both factors belong to S <n. Hence, the stability by shellability of
S <n implies that the product belongs to S <n.

Therefore, for any nontrivial face σ of Σ, we get Σσ ∈ S . Applying the assumption of
the lemma, we deduce that Σ verifies P and thus Σ ∈ S 6n. Since Σ and Σ̃ have the same
support, we can apply Theorem 5.7 to deduce that Σ̃ ∈ S 6n as well. Thus, S 6n is stable by
products.

5.8.3. Closeness under tropical modifications. Let Σ′ be a fan in S 6n. Let f be a conewise
integral linear function on Σ′ such that div(f) is reduced. Set Σ̃′ = TMf (Σ′). Set ∆′ = div(f)
and assume that ∆′ is in S 6n (by convention, we assume in this proof that ∅ ∈ S 6n). We
wish to prove that Σ̃′ is in S 6n.

Let Σ be a unimodular quasi-projective subdivision of Σ′. Then f is still conewise integral
linear on Σ. Moreover, ∆ := div(f), taken in Σ, is a unimodular quasi-projective subdivision
of ∆′. As for the case of the product, Theorem 5.7 implies that both Σ and ∆ are in S 6n.
Set Σ̃ = TMf (Σ). A face σ̃ of dimension k > 0 in Σ̃ is of two kinds, either it is equal to δ for
δ ∈ ∆k−1 or it coincides with σo for σ ∈ Σk. By Proposition 5.2, in the first case, the star fan
Σ̃δ is isomorphic to ∆δ and so belongs to S . So we can now assume that σ̃ = σo for a cone
σ ∈ Σ. Then, Σ̃σo is the tropical modification of Σσ along ∆σ with respect to the function
fσ. By convention here we set ∆σ = ∅ if σ 6∈ ∆. Note that Σσ and ∆σ are in S <n. Since
S <n is stable by shellability, TMfσ(Σσ) ∈ S <n. We infer again that Σ̃σ ∈ S , as desired.

At this point we have verified that for any nontrivial cone σ̃ in Σ̃, the star fan Σ̃σ̃ is in
S . Using the assumption of the lemma, we deduce that Σ̃ verifies P and so Σ̃ ∈ S 6n. By
Theorem 5.7, we deduce that Σ̃′ ∈ S 6n. Therefore, S 6n is closed by tropical modifications.

5.8.4. End of the proof. Finally, we have proved that S 6n is stable by shellability in C6n.
By induction, we deduce that S is stable by shellability, i.e., P F is shellable in C . �

5.9. Normality and local irreducibility are shellable. In this section, we prove Points
(1) and (2) of Theorem 5.9, namely that normality and local irreducibility are shellable. Let
us start with normality.

First recall that a tropical fan Σ is shellable if and only if for any face η of codimension one
in Σ, Ση is isomorphic to the tropical line in some Rk, i.e., if Ση has rays ρ0, . . . , ρk, then the
only linear relation of dependence between eρ0 , . . . , eρk is (up to a scalar) eρ0 + · · ·+eρk = 0. In
particular, normality is stellar-stable and only depends on the support (see Proposition 3.4).

Denote by P the predicate for a tropical fan to be normal. Hence P = P F. Note that
elements of B0 are normal. Let Σ be a fan verifying the condition of Lemma 5.10. In
particular, if the dimension of Σ is at least two, then for any face η of codimension one in Σ,
the star fan Ση is normal. As a consequence Σ verifies P .

It remains to treat the case where Σ has dimension one. In this special situation, the only
nontrivial case is when Σ is the tropical modification of a normal fan, i.e., of the tropical line
in Rk for some integer k. There are two cases.

• First, assume Σ is a non-degenerate tropical modification of the tropical line in Rk. Let
e0, . . . , ek, e be the unit vectors of the rays of Σ with e the special one, i.e., the one such
that p(e ) = 0 for the projection map p associated to the tropical modification. Let
a0, . . . , ak, a be some coefficients such that a0e0 +· · ·+a e = 0. Applying p we deduce
that a0p(e0) + · · ·+ akp(ek) = 0. The normality implies that a0 = · · · = ak. Moreover,
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by the balancing condition on Σ, we get e0 + · · ·+ ek = −e . Thus, (−a0 + a )e = 0.
Hence, we should have a0 = · · · = ak = a , which proves that Σ is normal.
• Otherwise, Σ is a degenerate tropical modification of a tropical line. One can prove in
the same way that Σ is normal in this case.

We have proved that normality fulfills the conditions of Lemma 5.10. Hence, normality is
shellable.

Denote by Q the property of being connected in codimension one. Recall that a fan Σ is
locally irreducible if and only if it is normal and verifies QF (this is Proposition 3.9). Thanks
to Lemma 5.10, one can easily prove that QF is shellable. Since normality is also shellable, it
is clear that local irreducibility is shellable. �

5.10. Shellability of the generalized Bergman fans. Recall that we say a tropical fan Σ
is a generalized Bergman fan if it is isomorphic to a tropical fan with the same support as the
Bergman fan of a matroid. In this section we prove the following theorem.

Theorem 5.11. The Bergman fan of a matroid is shellable in Tropuqproj . More generally, any
unimodular quasi-projective generalized Bergman fan is shellable in Tropuqproj .

Note that the Bergman fan of a matroid is quasi-projective. Indeed, the Bergman fan of
any matroid is a subfan of the Bergman fan of a free matroid, which is projective. This
last observation also implies that any complete fan is a generalized Bergman fan. The above
theorem thus implies that projective fans are shellable.

The rest of this section is devoted to recalling basic definitions and properties regarding
matroids and their Bergman fans, and then giving the proof of this theorem.

5.10.1. Matroids. We start by recalling basic definitions involving matroids and refer to rele-
vant part of [Oxl06] for more details.

A matroid can be defined in different equivalent ways, for example by specifying what is
called its collection of independent sets, or its collection of bases, or its collection of flats, or its
collection of circuits, or still by giving its rank function. The data of any of these collections
determines all the others. The definition of a matroid with respect to independent sets is the
following.

Definition 5.12 (Matroid: definition with respect to the family of independent sets). A
matroid M is a pair (E,I) consisting of a finite set E called the ground set and a collection
I of subsets of E called the family of independent sets of M which verifies the following
axiomatic properties:

(1) The empty set is an independent set: ∅ ∈ I.
(2) (Hereditary property) I is stable under inclusion: if J ⊂ I and I ∈ I, then J ∈ I.
(3) (Augmentation property) for two elements I, J ∈ I, if card(J) < card(I), then one

can find an element i in I r J such that J + i ∈ I. �

An example of a such a pair (E,I) is given by a collection of vectors v1, . . . , vm in a finite
dimensional vector space H over a field k. The corresponding matroid M has ground set
E = [m] and has independent sets I consisting of all subsets I ⊆ [m] verifying that the
corresponding vectors vi for i ∈ I are linearly independent. A matroid M of this form is said
to be representable (over k). A recent result of Peter Nelson [Nel18] shows that almost any
matroid is non-representable over any field : denoting by εm the proportion of representable
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matroids on the ground set [m] among all the matroids on this ground set, the numbers εm
converge to zero when m goes to infinity.

To a given matroid M = (E,I) we can associate the so-called rank function rk : 2E → Z>0

which is defined as follows. Consider a subset A ⊆ E. The rank of A is then defined by taking
the maximum of card(I) over all independent sets I which are included in A. The rank of M
is then the integer rk(E). The rank function satisfies what is called the submodularity property
which is

∀A,A′ ⊆ E, rk(A ∩A′) + rk(A ∪A′) 6 rk(A) + rk(A′).

The rank function rk determines I as the family of all subsets I ⊆ E which verify rk(I) =
card(I).

A basis of M by definition is a maximal independent set. The collection of bases of M is
denoted by B(M). On the contrary, a circuit of M is a minimal dependent set, where a set
is dependent if it is not independent. The collection of circuits of M is denoted by C(M).

The closure cl(A) of a subset A in E is defined as

cl(A) := {a ∈ E such that rk(A+ a) = rk(A)}.

A flat of M is a subset F ⊆ E with cl(F ) = F . Flats are also equally called closed sets and
the collection of flats of the matroid M is denoted by C̀ (M).

For a representable matroid, given by a collection of vectors v1, . . . , vm in a vector space
H ' kn, the above definitions coincide with the usual ones from linear algebra. For example,
a flat F of M is a subset of [m] such that {vi}i∈F is the set of all the vectors in the collection
which live in a vector subspace of H.

An element e in the ground set is a loop if {e} is not in I, that is, if rk({e}) = 0. Two
elements e and e′ of E are called parallel if rk({e, e′}) = rk({e}) = rk({e′}) = 1. A simple
matroid is a one which neither contains a loop nor parallel elements.

An element e ∈ E is called a coloop if rk(E − e) = rk(E) − 1. This is equivalent to E − e
being a flat.

Finally, a proper element in a matroid is an element which is neither a loop nor a coloop.

5.10.2. Bergman fans. For a simple matroid M on a ground set E, the Bergman fan of M
denoted by ΣM is defined as follows.

Recall that for a subset A ⊆ E, we denote by eA the sum
∑

i∈A ei. Here {ei}i∈E is the
standard basis of RE . Let N = ZE

/
ZeE and denote by M the dual of N . By an abuse of

the notation, we denote by the same notation eA the projection in NR of
∑

i∈A ei. Note in
particular that eE = 0.

The Bergman fan ΣM of M is a rational fan in NR of dimension rk(M) − 1 defined as
follows. First, a flag of proper flats F of M is a collection

F : ∅ 6= F1 ( F2 ( · · · ( F` 6= E

consisting of flats F1, . . . , F` of M. The number ` is called the length of F .
To such a flag F , we associate the rational cone σF ⊆ NR generated by the vectors

eF1 , eF2 , . . . , eF` , that is

σF :=
{
λ1eF1 + · · ·+ λ`eF`

∣∣∣ λ1, . . . , λ` > 0
}
.

Obviously, the dimension of σF is equal to the length of F .
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The Bergman fan of M is the fan consisting of all the cones σF , F a flag of proper flats of
M, i.e.,

ΣM :=
{
σF

∣∣∣ F flag of proper flats of M
}
.

It is straightforward using the properties of matroids to check that ΣM is a tropical fan of pure
dimension rk(M) − 1. A generalized Bergman fan is any fan isomorphic to a fan of support
|ΣM| (considered with the same lattice) for some matroid M.

We now mention some basic properties and examples of generalized Bergman fans. Let M
be a matroid on the ground set E = [m] and denote by C(M) the circuits of M. The support
of ΣM can be described as follows, see [AK06] for more details. Let Σ̂M be the set of points
x = (xi)i∈E ∈ RE such that for every circuit C ∈ C(M), the minimum of xi for i ∈ C is
achieved at least twice. Note that if x ∈ Σ̂M, then x+ λ(1, . . . , 1) ∈ Σ̂M for all λ ∈ R.

Proposition 5.13 (Ardila-Klivans [AK06]). The support of ΣM coincides with the projection
of Σ̂M in RE

/
R(1, . . . , 1).

As we previously said, any complete rational fan Σ is a generalized Bergman fan. To see this,
let Ur+1 be the uniform matroid on the ground set E = [r+ 1], with collection of independent
sets I = 2[r+1]. In this case, the support of ΣUr+1 is the full space Rr ' Rr+1

/
ReE .

Let now M be a realizable matroid on the ground set E = [m] defined by a collection of non-
zero vectors v1, . . . , vm in a vector space V over the field k. We can view v1, . . . , vm as elements
of the dual vector space of V ? and in this case, we get a collection of hyperplanesH1, . . . ,Hm ⊂
V ? with Hj = ker

(
vj : V ? → k

)
, j ∈ [m]. This leads to a hyperplane arrangement in the

projective space P(V ?) again denoted by an abuse of the notation H1, . . . ,Hm ⊆ P(V ?).
Let now X be the complement in P(V ?) of the union H1∪· · ·∪Hm. The collection of linear

forms vj gives an embedding of X ↪→ T = Spec(k[M ]) ' Gm
m

/
Gm with Gm = Spec(k[X±1])

the algebraic torus over k. The quotient Gm
m

/
Gm here refers to the diagonal action of Gm

on Gm
m. In this case, the tropicalization of X ↪→ T coincides with the Bergman fan ΣM,

see [AK06,MS15] for more details.
As mentioned above, we have the following proposition.

Proposition 5.14. The product of two generalized Bergman fans is again a generalized
Bergman fan.

More precisely, for two matroids M and M′, we have

|ΣM| × |ΣM′ | ' |ΣM∨M′ |
where M∨M′ is any parallel connection of M and M′. We give the definition below and refer
to [Oxl06, Chapter 7] for more details.

A pointed matroid is a matroid M on a ground set E with a choice of a distinguished
element ∗ = ∗M in E. Let now M and M′ be two pointed matroids on the ground sets
E and E′ with distinguished elements ∗M ∈ E and ∗M′ ∈ E′, respectively. The parallel
connection of M and M′ denoted by M ∨M′ is by definition the pointed matroid on the
ground set E ∨ E′ = E t E′

/
(∗M = ∗M′), the wedge sum of the two pointed sets E and E′,

with distinguished element ∗ = ∗M = ∗M′ , and with the following collection of bases:

B(M ∨M′) =
{
B ∪B′

∣∣ B ∈ B(M), B′ ∈ B(M′) with ∗M ∈ B and ∗M′ ∈ B′
}
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∪
{
B ∪B′ r {∗M}

∣∣ B ∈ B(M), B′ ∈ B(M′) with ∗M ∈ B and ∗M′ /∈ B′
}

∪
{
B ∪B′ r {∗M′}

∣∣ B ∈ B(M), B′ ∈ B(M′) with ∗M /∈ B and ∗M′ ∈ B′
}
.

We note that the circuits of M ∨M′ are given by

C(M ∨M′) = C(M) ∪ C(M′)

∪
{

(C ∪ C ′) r {∗}
∣∣ C ∈ C(M) with ∗M ∈ C and C ′ ∈ C(M ′) with ∗M′ ∈ C ′

}
.

A parallel connection of two matroids M and M′ is the wedge sum of the form (M, e) ∨
(M′, e′) for choices elements e ∈M and e′ ∈M′ which make pointed matroids out of them.

The analogous operation for graphs consists in gluing two different graphs along distin-
guished oriented edges as illustrated below. One can check that the relations between the
bases, resp. the circuits, of three matroids involved in a parallel connection mimics the rela-
tions between the spanning trees, resp. the circuits, of the three graphs.

> ∨ > = >

Proof of Proposition 5.14. Let M and M′ be two matroids on ground sets E = [m] and E′ =
[m′], respectively. We show that the support of ΣM×ΣM′ is isomorphic, by an integral linear
isomorphism on the ambient spaces, to ΣM∨M′ .

Consider the following maps

RE∨E
′ φ×φ′−−−−→ RE × RE

′ π×π′−−−−→ RE
/
R(1, . . . , 1)× RE

′/
R(1, . . . , 1).

Here, π, π′, φ and φ′ are the natural projections.
We follow the notations introduced in Proposition 5.13 and consider the subsets Σ̂M∨M′ ,

Σ̂M and Σ̂M′ of RE∨E
′ , RE and RE′ , respectively.

Since C(M∨M′) contains C(M) and C(M′), it is clear that φ×φ′ restricts to a map φ̂× φ̂′

from Σ̂M∨M′ to Σ̂M × Σ̂M′ . Let us denote by ψ : Σ̂M∨M′ → |ΣM| × |ΣM′ | the composition of
this map with the projection π × π′. It is clear that ψ is a linear map and that ker(ψ) =
R(1, . . . , 1). Hence, it remains to prove that ψ is surjective. But the surjectivity can be
checked directly by using the description of the circuits in M∨M′ given above and by applying
Proposition 5.13. �

5.10.3. Proof of the shellability of quasi-projective Bergman fans. We are now in position to
give the proof.

Proof of Theorem 5.11. Let M be a simple matroid with Bergman fan ΣM. We need to show
that any quasi-projective fan Σ with |Σ| = |ΣM| in Tropuqproj is shellable.

By Theorem 5.7, it will be enough to produce one such fan Σ and show it is shellable.
First, we observe that since Λ ∈ B0, the product Λn is shellable. This implies that complete

fans in Tropuqproj are all shellable.
It follows that projective fans are shellable. We can therefore assume that M is not a free

matroid. We now proceed by induction on the size of M.
There exists a proper element of M that is an element i in the ground set E of M such

that M r {i} has the same rank as M. It is well-known that in this case, the tropical
modification of ΣMr{i} along the divisor ΣM/{i} ⊂ ΣMr{i} is a quasi-projective fan of support
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|ΣM|, see [Sha13]. By induction, both ΣMr{i} and ΣM/{i} are shellable in Tropuqproj . Since ΣM

is quasi-projective, it is itself shellable in Tropuqproj and the result follows. �

Example 11.11 shows that the property of being a generalized Bergman fan is not shellable,
and at the same time provides an example of a shellable tropical fan which is not a generalized
Bergman fan.

6. Chow rings of tropical fans

In this section, we study Chow rings of tropical fans. We define a natural cycle class
map from the Chow groups to the tropical homology groups of the compactification Σ, and
moreover, study the behavior of Chow groups under tropical modifications and blow-ups.
From this description, we deduce the shellability of local irreducibility and div-faithfulness
stated in Theorem 5.9.

Unless otherwise explicitly stated, Σ will be a simplicial tropical fan; we will assume uni-
modularity for the cycle class map and for the Poincaré duality.

6.1. The additive structure of the Chow ring of a simplicial fan. Consider a rational
simplicial fan Σ in NR. We do not assume in this subsection that Σ is tropical.

Recall that the Chow ring A•(Σ) is defined as the quotient

A•(Σ) = Z[Xρ | ρ ∈ Σ1]
/

(I + J)

where
• I is the ideal generated by the products Xρ1 · · ·Xρk , for k ∈ N, such that ρ1, . . . , ρk do
not form a cone in Σ, and
• J is the ideal generated by the elements of the form∑

ρ∈Σ1

`(eρ)Xρ

for ` ∈M where the primitive vector eρ is the generator of N ∩ ρ.
In order to distinguish to which fan we refer, sometimes we denote by NΣ and MΣ the lattices
underlying the definition of Σ, MΣ = N?

Σ, and denote by IΣ and JΣ the ideals used above in
the definition of A•(Σ).

In the following, if σ is a cone of Σ, we set

Xσ :=
∏
ρ∈Σ1
ρ≺σ

Xρ.

Let
Zk(Σ) :=

⊕
σ∈Σk

ZXσ ↪→ Z[Xρ | ρ ∈ Σ1]

so that we get a well-defined map Zk(Σ)→ Ak(Σ).

Lemma 6.1 (Localization Lemma). The map Zk(Σ)→ Ak(Σ) is surjective and its kernel is
generated by elements of the form ∑

ρ∈Σ1
τ∼ρ

`(eρ)XρXτ ,

where τ ∈ Σk−1 and ` is an element in M that is zero on τ .
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Proof. This fact is a special case of a more general result stated in [FMSS95, Theorem 1], which
establishes an isomorphism between the Chow groups of a variety coming with an action of a
solvable linear algebraic group with the specific Chow groups defined by cycles and relations
which are all stable under the action of the group. A generalization of that theorem can be
found in [Tot14] and subsequent works [Fra06,Jos01,Pay06].

We will give an elementary combinatorial proof in Section 6.8. �

Remark 6.2. In the case the fan Σ is unimodular, the above lemma provides an isomorphism
MWk(Σ) ' Ak(Σ)?. Namely, we have a pairing

〈· , ·〉 : Zk(Σ)×MWk(Σ)→ Z, 〈Xσ, (Σk, w)〉 → w(σ)

for any σ ∈ Σk. By the balancing condition for the element (Σk, w) and Localization Lemma,
the pairing vanishes on the kernel of the map Zk(Σ) → Ak(Σ) and we get the desired map
MWk(Σ) → Ak(Σ)?. A direct application of Localization Lemma shows that this map is
actually an isomorphism, see [AHK18, Proposition 5.6]. However, Ak(Σ) might have torsion
(see Examples 11.8 and 11.10), in which case Ak(Σ) is not isomorphic to MWk(Σ)?. We will
discuss torsion-freeness of the Chow ring of tropical fans further in Section 7.

For k = d and if Σ is tropical, this gives the degree map deg : Ad(Σ)→ Z which is obtained
by evaluating at the canonical element [Σ] ∈ MWd(Σ). More precisely, the degree map is
obtained by sending the element Xσ of Zd(Σ) to 1, for any σ ∈ Σd. �

Proposition 6.3 (Künneth formula). Let Σ and Σ′ be two simplicial fans. Then

A•(Σ× Σ′) ' A•(Σ)⊗A•(Σ′) and MW•(Σ× Σ′) ' MW•(Σ)⊗MW•(Σ
′).

Moreover, the first isomorphism is a ring isomorphism.

In this section, every tensor product is over Z.

Proof. Notice that for two simplicial fans Σ and Σ′, we have MΣ×Σ′ 'MΣ ×MΣ′ . Then one
can check that

IΣ ⊗ Z[X% | % ∈ Σ′1] + Z[X% | % ∈ Σ1]⊗ IΣ′ = IΣ×Σ′ , and

JΣ ⊗ Z[X% | % ∈ Σ′1] + Z[X% | % ∈ Σ1]⊗ JΣ′ = JΣ×Σ′ .

The first part of the statement then follows because the tensor product is right-exact.
For Minkowski weights, there is a perfect pairing Zk(Σ)×Wk(Σ)→ Z where Wk(Σ) ' ZΣk

denotes the group of weights of dimension k on Σ. The orthogonal sum of the different degrees
leads to a perfect pairing between Z•(Σ) and W•(Σ). Denote by Zk0 (Σ) the subgroup of Zk(Σ)
generated by elements of the form ∑

σ·�τ
`(nσ/τ )Xσ,

where τ ∈ Σk−1 and ` is an element inMΣ that is zero on τ . From the definition of Minkowski
weights we infer that MWk(Σ) is equal to Zk0 (Σ)⊥. One can check that

Z•0 (Σ)⊗ Z•(Σ′) + Z•(Σ)⊗ Z•0 (Σ′) = Z•0 (Σ× Σ′).

Taking the orthogonal of each member in W•(Σ)⊗W•(Σ
′) 'W•(Σ×Σ′), we get the desired

isomorphism MW•(Σ)⊗MW•(Σ
′) ' MW•(Σ× Σ′). �
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6.2. The cycle class map from the Chow ring to the tropical homology. Let now Σ
be a unimodular tropical fan. In this section, we prove the following proposition.

Proposition 6.4. For any integer k, there exists a well-defined map ψ : Ak(Σ)→ Hd−k,d−k(Σ)

defined by sending Xσ to the canonical element νΣσ∞ associated to Σ
σ
∞.

For any σ, the support of νΣσ∞ is the compactification of a tropical fan. Thus, it is a tropical
cycle of Σ. One can thus think of the image of A•(Σ) as a part of the homology generated by
tropical Chow groups of Σ, endowed with the intersection product.

Recall from Section 2 that for simplicial Σ, and τ ≺ η, the face Cτη of Σ is denoted by �τη .

Proof. The fact that νΣσ∞ is a cycle comes from the balancing condition. By Localization
Lemma 6.1, it remains to check that, for any τ ∈ Σk−1 and any ` ∈ M orthogonal to τ ,∑

ρ∼τ `(eρ)νΣτ∨ρ∞
is a boundary. This then shows the natural map Zk → Hd−k,d−k(Σ) passes

to the quotient and defines the map stated in the proposition.
Since ` is orthogonal to τ , it induces a linear map on N τ which we also denote by `. To

each facet η � τ , we associate the contraction of ντη by ` denoted ι`(ν
τ
η ) ∈ Fd−k(�τη): if

ρ1, . . . , ρd−k+1 are the rays generating �τη in N τ
∞,R such that ντη = eρ1 ∧ · · · ∧ eρd−k+1

, then

ι`(ν
τ
η ) =

d−k+1∑
i=1

(−1)i−1`(eρi)eρ1 ∧ · · · ∧ êρi ∧ · · · ∧ eρd−k+1
.

Set ι`(νΣτ∞) :=
∑

η∈Σd
η�τ

ι`(ν
τ
η ). A direct computation shows that

∂
(
−ι`(νΣτ∞)

)
=
∑
ρ∈Σ1
ρ∼τ

`(eρ)νΣτ∨ρ∞
,

which proves the claim, and concludes the proof. �

There is another natural cycle class map. It is given by the following composition.

φ : Ak(Σ)→ Ad−k(Σ)? ∼−→ MWd−k(Σ) ∼−→ Hd−k,d−k(Σ).

The first map sends α to
(
β 7→ deg(α · β)

)
and the last map sends a Minkowski weight

(Σ(d−k), w) to
(
w(σ)νσ

)
σ∈Σd−k

∈ Cd−k,d−k(Σ). This last map is studied in detail in Section 7
where we prove that it is an isomorphism.

We claim the above two cycle class maps coincide. Let us briefly justify this fact.
Let σ be a face of dimension k in Σ. There is a natural ring morphism i∗ : A•(Σ)→ A•(Σσ

∞)
described for instance in [AHK18,AP20a]. This map is entirely determined by the property
that, for a ray ρ 6≺ σ, it maps Xρ to 0 if ρ is not comparable with σ, and to Xρσ if ρ ∼ σ where
ρσ is the corresponding ray of Σσ

∞. Using the arguments in Section 7.4, one can check that the
map Ap(Σ) → Ap(Σσ

∞) commutes with the restriction map i∗ : Hp,p(Σ) → Hp,p(Σ
σ
∞). (This

is the reason the map between the Chow rings is denoted i∗.) With this in mind, we get the
following commutative diagram.

A0(Σσ
∞) Ad−k(Σσ

∞)? MWd−k(Σ
σ
∞) Hd−k,d−k(Σ

σ
∞)

Ak(Σ) Ad−k(Σ)? MWd−k(Σ) Hd−k,d−k(Σ)

∼ ∼

i∗

∼ ∼
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The second and last vertical maps are the dual of the maps i∗ described above. The first vertical
map sends 1 to Xσ. In the first row, 1 is mapped to the Minkowski weight [Σσ

∞] ∈ MWd−k(Σ
σ
∞)

and then to νΣσ∞ . Hence, the last vertical map sends νΣσ∞ = ψ(Xσ) to φ(Xσ).

6.3. Chow ring and tropical modifications. In this section, we prove that the Chow ring
and the cycle class map behave well with respect to tropical modifications.

Let Σ be a simplicial tropical fan of dimension d and let ∆ = div(f) be the principal divisor
associated to a conewise integral linear function on Σ. Assume that ∆ is effective reduced,
and let Σ̃ be the fan obtained by the open tropical modification of Σ with respect to Σ.

Proposition 6.5. Notations as above, we have a natural surjective ring morphism

A•(Σ)� A•(Σ̃).

Proof. Following the notations of Section 5.1, for any ray % ∈ Σ1, we denotes by %o the
corresponding ray in Σ̃1. We assume for now that ∆ is nontrivial and denote by ρ the only
ray of Σ̃ that does not come from Σ, that is, ρ = 0 where 0 refers to the zero cone 0Σ of Σ.

Consider the map ψ : Z[X% | % ∈ Σ1]→ Z[X% | % ∈ Σ̃1] defined by sending X% to X%0 . Let IΣ,
JΣ, IΣ̃

and J
Σ̃
be the ideals appearing in the definition of the Chow rings of Σ and Σ̃. We

clearly have ψ(IΣ) ⊆ I
Σ̃
. Moreover, if ` is a linear form on the ambient space of Σ and if p

denotes the projection associated to the tropical modification, since p∗` is zero on the special
ray ρ, we get that

ψ
(∑
%∈Σ1

`(e%)X%

)
=
∑
%∈Σ1

p∗`(e%o)X%o =
∑
%∈Σ̃1

p∗`(e%)X%.

This implies that ψ(JΣ) ⊆ J
Σ̃
. All together, we thus get a well-defined map ψ from A•(Σ) to

A•(Σ̃).
To prove the surjectivity, by the definition of ψ, we just need to find a preimage for Xρ ∈

A•(Σ̃). For this, take any integral linear form ` on Ñ that takes value one on the primitive
vector eρ of the special ray ρ. In the Chow ring A•(Σ̃), using `, we can express Xρ as a linear
combination of the X% for % ∈ Σ̃1 − ρ. This linear combination is in the image of ψ, and the
surjectivity of ψ follows. In the case ∆ = div(f) is trivial, the proof is similar. �

For the sake of completeness, we state the following proposition and refer to Sections 7 and 10
for the definition of the relevant maps used in the statement.

Proposition 6.6. Let Σ be a unimodular tropical fan. The morphism A•(Σ) → A•(Σ̃) com-
mutes via the Hodge isomorphism theorem with the map H•,•(Σ) → H•,•(Σ̃) studied in Sec-
tion 10. Hence, it also commutes with cycle class maps and we get the following diagram.

Ak(Σ̃) Hd−k,d−k(Σ̃)

Ak(Σ) Hd−k,d−k(Σ)

Proof. The proof is straightforward once the different maps have been defined. �
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6.4. Shellability of the principality. In this section we prove the following theorem.

Theorem 6.7 (Shellability of the principality for locally irreducible tropical fans). The prop-
erty for a tropical fan to be both principal and locally irreducible is shellable.

Local irreducibility assumption is needed here as shown by Example 11.7. To prove the
theorem, we need to check the different cases of Lemma 5.10. The fact that elements of B0

are locally irreducible and principal is trivial.

6.4.1. Closeness under products. Consider two locally irreducible principal tropical fans Σ,Σ′

of dimension d and d′, respectively. By Theorem 5.9 (2), local irreducibility is shellable. Hence
Σ× Σ′ is locally irreducible. Let us prove that Σ× Σ′ is principal at 0. By Künneth formula
for Minkowski weights, we get

MWd+d′−1(Σ× Σ′) = MWd(Σ)⊗MWd′−1(Σ′) ⊕ MWd−1(Σ)⊗MWd′(Σ
′).

Using the above decomposition, and arguing by symmetry, we only need to verify that divisors
of the form D × C ′ for D ∈ MWd−1(Σ) and C ′ ∈ MWd′(Σ

′) are principal.
Since Σ′ is locally irreducible, we can suppose that C ′ is equal to the element [Σ′] in

MWd′(Σ
′) given by Σ′. Since Σ is principal, we have D = div(f) for a conewise integral linear

function f on Σ. Denote by π : Σ × Σ′ → Σ the natural projection. We have div(π∗f) =
div(f)× [Σ′] = D × C ′, from which the result follows.

6.4.2. Closeness under tropical modifications. Let Σ be a locally irreducible principal tropical
fan, and let Σ̃ be a tropical modification of Σ. Once again Σ̃ is locally irreducible. By Lemma
5.10, we can assume without loss of generality that Σ is unimodular.

By Proposition 6.5, the applications A1(Σ) → A1(Σ̃) and Ad−1(Σ) → Ad−1(Σ̃) are both
surjective. It follows that the dual map Ad−1(Σ̃)∗ → Ad−1(Σ)∗ is injective, and from the
explicit description of the map cl1 given in Proposition 4.8, we get the following commutative
diagram

A1(Σ̃) Ad−1(Σ̃)∗ MWd−1(Σ̃)

A1(Σ) Ad−1(Σ)∗ MWd−1(Σ)

∼

∼

We now show that Σ̃ is principal at 0. By Theorem 4.9 this is equivalent to the surjectivity
of the map A1(Σ̃) → MWd−1(Σ̃) (saturation is not needed for this part of the theorem).
Moreover, since Σ is principal, A1(Σ) → MWd−1(Σ) is surjective. Using the above diagram,
we obtain the surjectivity of A1(Σ̃)→ MWd−1(Σ̃). This in turn implies that Σ̃ is principal at
0, as desired.

6.4.3. Closeness under blow-ups and blow-downs. Once again, closeness of local irreducibility
has already been checked. Consider a tropical fan Σ of dimension d and let σ be a cone of Σ
and ρ a ray inside σ. Set Σ′ = Σ(ρ). Assume that Σ and Σ′ are principal at any nontrivial
face. We need to prove Σ is principal at 0Σ if and only if Σ′ is principal at 0Σ′ .

Assume first that Σ is principal. Let D be a divisor in Σ′. Let Dρ be the induced divisor
on Σ′ρ. We infer the existence of a conewise integral linear function fρ on Σ′ρ such that
div(fρ) = Dρ. Via the projection map NR → Nρ

R, we view fρ as a conewise integral linear
function on the fan Σ′′ ⊂ Σ′ consisting of the cones τ comparable with ρ, and extend it to
a conewise integral linear function on full Σ′. By an abuse of the notation, we denote this
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function by fρ. The divisor D − div(fρ) on Σ′ does not have any of the faces τ � ρ with
τ ∈ Σ′d−1 in its support. This means it can be viewed as a divisor in Σ. Since Σ is principal,
we can find a conewise integral linear function f on Σ with div(f) = D − div(fρ). We infer
that D is the divisor of the conewise integral linear function f + fρ on Σ′, which shows that
D is principal, as desired.

Assume now that Σ′ is principal. Let D be divisor in Σ. Viewing D as a divisor in Σ′, we
find a conewise integral linear function f on Σ′ such that div(f) = D. Take a facet η � σ in
Σ. Denote by Σ′|η the fan of support η induced by Σ′. If f is not linear on η, then one can
find a face τ of dimension d− 1 in Σ′|η rΣ such that ordf (τ) 6= 0. This is impossible since D
is supported on faces of Σ. Hence f is linear on all the facets of Σ containing σ. Therefore f
is conewise integral linear on Σ which proves that D is principal in Σ.

6.4.4. Proof of Theorem 6.7. At this point, we have verified all the cases of Lemma 5.10 and
this concludes the proof of Theorem 6.7. �

6.5. Div-faithfulness and stability of the Chow ring under tropical modifications.
The following theorem implies the invariance of the Chow ring under tropical modifications
under the assumption that the underlying tropical fan Σ is div-faithful.

We follow the preceding notations and denote by Σ̃ the tropical modification of Σ along
∆ = div(f).

Theorem 6.8 (Stability of the Chow ring under tropical modifications). Notations as above,
let Σ̃ be the tropical modification of the tropical fan Σ along ∆. Assume furthermore that Σ
is div-faithful. Then we get an isomorphism

A•(Σ̃) ' A•(Σ)

between the Chow rings. Moreover, this isomorphism is compatible with the Poincaré duality
for Chow rings.

Proof. If ∆ is empty, since Σ is div-faithful, f is linear and Σ̃ ' Σ from which the result
follows. Hence, in what follows, we assume ∆ 6= ∅, and we denote by ρ the special ray of Σ̃.
We already know there exists a surjective map ψ : A•(Σ) � A•(Σ̃) given in Proposition 6.5.
We now construct a surjective map φ : A•(Σ̃)� A•(Σ) and show that φ ◦ ψ = id, from which
we get the result.

Consider first the surjective map φ : Z[X% | % ∈ Σ̃1] → Z[X% | % ∈ Σ1], which appeared
implicitly in the proof of Proposition 6.5. This is defined on the level of generators as follows.
Take the linear form ` on Ñ that takes value one on the primitive vector eρ of the special ray
ρ and that is zero on N × {0}. For each ray of Σ̃ of the form %o for % ∈ Σ1, set φ(X%o) := X%,
and define

φ(Xρ) = −
∑
%∈Σ

`(e%o)X%.

Notice that from the equality e%o = (e%, f(e%)), we get `(e%o) = f(e%).
We claim that φ passes to the quotient. In this case, it is clear that φ induces an inverse to

ψ, and the isomorphism between A•(Σ) and A•(Σ̃) stated in the theorem follows.
Denote by IΣ, JΣ, IΣ̃

and J
Σ̃
the ideals appearing in the definition of the Chow rings of Σ

and Σ̃, as previously.
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We show that we have φ(J
Σ̃

) ⊆ JΣ and φ(I
Σ̃

) ⊆ IΣ +JΣ, which allow to pass to the quotient
and get the above map on the level of Chow rings.

To show that φ(J
Σ̃

) ⊆ JΣ, consider an integral linear form l on Ñ . Let l′ := l − l(eρ)`. We
have l′(eρ) = 0 and so l′ gives an integral linear form on N ' Ñ

/
Zeρ. We have

φ
(∑
%∈Σ̃1

l(e%)X%

)
= l(eρ)φ(Xρ) +

∑
%∈Σ1

l(e%o)φ(X%o) =
∑
%∈Σ1

l′(e%)X%.

This shows that φ(J
Σ̃

) ⊆ JΣ.

We now consider the image of I
Σ̃
. Consider a collection of distinct rays ρ1, . . . , ρk of Σ̃,

k ∈ N, and suppose they are not comparable so that we have Xρ1 . . .Xρk ∈ IΣ̃
. Two cases can

happen.
(1) Either ρ1, . . . , ρk are different from ρ.
(2) Or one of the rays, say ρ1, is equal to ρ.

Consider first the case (1). Then we have ρj = (%j)o for j = 1, . . . , k and rays %j in Σ.
Moreover, the rays %1, . . . , %k do not form a cone in Σ and we get φ(Xρ1 . . .Xρk) = X%1 . . .X%k ∈
IΣ, as desired.

We now study the case (2). Let as in the previous case, ρj = (%j)o for j = 2, . . . , k and rays
%j in Σ. At this point, two cases can happen. Either, these rays do not form a cone in Σ in
which case we get

φ(Xρ1Xρ2 . . .Xρk) = φ(Xρ)X%2 . . .X%k ∈ IΣ.

Or, %2, . . . , %k form a cone τ in Σ. Note that τ 6∈ ∆: otherwise τo and ρ would be comparable
which would contradict our assumption. This implies that the divisor induced by div(f) on
Στ is trivial. In particular, taking an integral linear function l on NR which has restriction to
τ equal to f , the difference f τ := f − l induces a conewise integral linear function π∗(f τ ) on
Στ , where π : N → N τ is the projection, and div(π∗(f

τ )) = 0. Since Σ is div-faithful at τ ,
this implies that π∗(f τ ) coincides with an integral linear function lτ on N τ

R. All together, this
means f coincides with the restriction of the linear function lτ := l + π∗(lτ ) on all faces σ of
Σ with σ � τ . Set f̃ = f − lτ . In particular, f̃ is zero on every ray comparable with τ .

We now observe that

φ(Xρ) = −
∑
%∈Σ1

f(e%)X% = −
∑
%∈Σ1

f̃(e%)X% −
∑
%∈Σ1

lτ (e%)X%,

and so, using the notation Xτ = X%2 · · ·X%k ,

φ(Xρ1Xρ2 . . .Xρk) = φ(Xρ)Xτ = −
∑
%∈Σ1

f̃(e%)X%Xτ −
(∑
%∈Σ1

lτ (e%)X%

)
Xτ .

Since f̃(e%) is trivial if % is comparable with τ , the first sum is in IΣ. Since lτ ∈M , the second
term is in JΣ.

In any case, we conclude that φ(Xρ1Xρ2 · · ·Xρk) ∈ IΣ + JΣ, as desired. This finishes the
proof of the theorem. �

6.6. Shellability of div-faithfulness. In this section we prove the following.

Theorem 6.9. The property for a tropical fan to be div-faithful is shellable.

Once again, we study the different cases of Lemma 5.10.
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6.6.1. Closeness under products. Consider two tropical fans Σ and Σ′ that are div-faithful.
It will be enough to show that Σ × Σ′ is div-faithful at 0. We can assume without loss of
generality that Σ and Σ′ are unimodular (by Lemma 5.10) and saturated at 0 (see Remark
4.10).

We use the decomposition

MWd+d′−1(Σ× Σ′) = MWd−1(Σ)⊗MWd′(Σ
′) ⊕ MWd(Σ)⊗MWd′−1(Σ′).

We have injections Z = A0(Σ) ↪→ MWd(Σ) and A0(Σ′) ↪→ MWd′(Σ
′). We have moreover a

decomposition
A1(Σ× Σ′) ' A1(Σ)⊗A0(Σ′) ⊕ A0(Σ)⊗A1(Σ′).

The injectivity of the map A1(Σ×Σ′)→ MWd+d′−1(Σ×Σ′) now follows from the injectivity
of the corresponding maps for Σ and Σ′, given by Theorem 4.9, which shows that Σ × Σ′ is
div-faithful at 0, as desired.

6.6.2. Closeness under tropical modifications. Let Σ be a tropical fan that is div-faithful. Let
Σ̃ be a tropical modification of Σ and let us prove that Σ̃ is div-faithful at 0. Once again we
assume without loss of generality that Σ is unimodular and saturated at 0.

By Theorem 6.8, we get isomorphisms A1(Σ) ' A1(Σ̃) and Ad−1(Σ) ' Ad−1(Σ̃). The
injectivity of the map A1(Σ̃) → MWd−1(Σ̃) then follows from the injectivity of A1(Σ) →
MWd−1(Σ). This implies that Σ̃ is div-faithful at 0.

6.6.3. Closeness under blow-ups and blow-downs. Consider a fan Σ, and let σ be a cone of Σ
and ρ a ray inside σ. Set Σ′ = Σ(ρ). Assume that Σ and Σ′ are div-faithful at any nontrivial
faces. Let us prove that Σ is div-faithful at 0 if and only if Σ′ is div-faithful at 0.

First assume that Σ′ is div-faithful. Let f be a conewise integral linear function on Σ such
that div(f) = 0. Then f is also a conewise linear function on Σ′, and since its divisor is trivial,
it is linear. This proves the direction ⇐.

In the other direction, assume f is a conewise integral linear function on Σ′ whose divisor is
trivial. Then the induced conewise integral linear function fρ on Σρ also verifies div(fρ) = 0.
By assumption, Σρ is div-faithful. Thus, fρ is integral linear, and we deduce that f is integral
linear on each face η � σ of Σ. Thus, f is conewise integral linear on Σ. We infer that f is
globally linear which concludes this part of the proof.

6.6.4. Proof of Theorem 6.9. We have studied all the cases of Lemma 5.10. This concludes
the proof of Theorem 6.9. �

6.7. Shellability of the Poincaré duality for the Chow ring of div-faithful unimod-
ular fans. Let Σ be a unimodular tropical fan of dimension d. In this section, we denote by
PDChow(Σ) the Poincaré duality for the Chow ring of Σ. This is the statement that the map

A•(Σ)×Ad−•(Σ)→ Z, (α, β)→ deg(α · β),

is a perfect pairing. Recall that the degree map deg : Ad(Σ)→ Z is given by [Σ] ∈ MWd(Σ) '
Ad(Σ)?. In particular, it maps any element Xσ, σ a facet of Σ, to 1.

In case of Poincaré duality for the Chow ring, Ad(Σ) ' Z has a natural generator of degree 1
that we denote ωΣ. We have ωΣ = Xσ for any facet σ ∈ Σd, this last element being independent
of the choice of the facet.

Theorem 6.10. The set of div-faithful fans whose Chow rings verify the Poincaré duality is
stable by shellability in Tropunim .
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As a corollary, we get the following theorem.

Theorem 6.11. The property PDF
Chow is shellable in Tropunim .

Proof. If Σ verifies PDChow, then it is div-faithful at 0. Indeed, in this case, we have A1(Σσ) '
MWd−1(Σσ). Hence PDF

Chow implies div-faithfulness. The theorem now follows from Theorem
6.10 via Lemma 5.10. �

Remark 6.12. By Remark 7.6 in the next section, the Poincaré duality for Chow ring is
implied by the cohomological Poincaré duality for Σ. However, the two notions could be a
priori different since the Poincaré duality for Chow groups does not imply the vanishing of
the cohomology groups Hp,q of canonical compactifications for bidegrees p > q. This is for
instance the case for Example 11.1 with rational coefficients. The authors are not aware of
any such example for integral coefficients.

Example 11.3 describes a fan Σ which verifies PDChow and such that Σ verifies the Poincaré
duality, but Σ is not smooth and does not verify PDF

Chow. This shows that PDChow is not a local
property. �

The rest of this section is devoted to the proof of this theorem. This time, we cannot
use Lemma 5.10 since PDChow is not local as we discussed in the previous remark. We have
already proved that div-faithfulness is shellable. Hence in what follows we only focus on the
shellability of PDChow.

6.7.1. Closeness under products. Let Σ and Σ′ be two unimodular tropical fans of dimension
d and d′, respectively. We know that we have a ring isomorphism

A•(Σ× Σ′) ' A•(Σ)⊗A•(Σ′).

Moreover, the dual isomorphism sends degΣ×Σ′ to degΣ⊗degΣ′ . We infer that PDChow(Σ×Σ′)
holds provided that PDChow(Σ) and PDChow(Σ′) both hold.

6.7.2. Closeness under tropical modifications. Let Σ be a div-faithful tropical fan and let Σ̃ be
a tropical modification of Σ. Applying Theorem 6.8, we obtain the Chow stability of tropical
modification, namely that the natural ring morphism A•(Σ)→ A•(Σ̃) is an isomorphism. By
compatibility of the degree maps, we conclude that PDChow(Σ) implies PDChow(Σ̃).

6.7.3. Closeness under blow-ups and blow-downs. Consider a unimodular fan Σ of dimension
d and let σ be a cone in Σ. Let Σ′ = B`σ(Σ) be the unimodular star subdivision of Σ obtained
by star subdividing the cone σ and denote by ρ the new ray in Σ′, that is, ρ = R+(e1 + · · ·+ek)
with e1, . . . , ek the primitive vectors of the rays of σ. Recall that for any σ ∈ Σ, we have a
surjective map i∗0≺σ : A•(Σ)→ A•(Σσ) described in Section 6.2. We state the following useful
result.

Theorem 6.13 (Keel’s lemma). Let J be the kernel of the surjective map i∗0≺σ : A•(Σ) →
A•(Σσ) and let

P (T ) :=
∏
%≺σ
|%|=1

(X% + T ).

We have
A•(Σ′) ' A•(Σ)[T ]

/
(JT + P (T )).
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The isomorphism is given by the map

χ : A•(Σ)[T ]
/

(JT + P (T )) ∼−→ A•(Σ′)

which sends T to −Xρ and which verifies

∀ % ∈ Σ1, χ(X%) =

{
X% + Xρ if % ≺ σ,
X% otherwise.

In particular this gives a vector space decomposition of A•(Σ′) as

(6.1) A•(Σ′) ' A•(Σ)⊕A•−1(Σσ)T ⊕ · · · ⊕A•−|σ|+1(Σσ)T |σ|−1.

Proof. This follows from [Kee92, Theorem 1 in the appendix] for the map of toric varieties
PΣ′ → PΣ. Here P (T ) is the polynomial in A•(PΣ) whose restriction in A•(PΣσ) is the Chern
polynomial of the normal bundle for the inclusion of toric varieties PΣσ ↪→ PΣ.

For an elementary proof, one can follow the proof of an analogous statement in [AHK18]. �

Assume now PDChow(Σσ). We have to show the equivalence of PDChow(Σ) and PDChow(Σ′).
We follow the proof of an analogue result in [AHK18].

By Keel’s lemma, we get Ad(Σ) ' Ad(Σ′), and under this isomorphism, the canonical
element ωΣ gets identified with the canonical element ωΣ′ .

Let α be a lifting of the canonical element ωΣσ in Ad−|σ|(Σ), for the restriction map
i∗σ : A•(Σ) → A•(Σσ), so that we have ωΣσ = i∗σ(α). We can obtain such a lifting by fix-
ing a top dimensional cone in Σσ, i.e., a cone of the form ησ for η ∈ Σd and η � σ. Denoting
by τ the face of η generated by all the rays of η not included in σ, we get

ωΣσ = Xησ =
∏
ζ≺ησ
|ζ|=1

Xζ

and a lifting of ωΣσ in Ad−|σ|(Σ) is given by

α = Xτ =
∏
%≺τ
|%|=1

X%.

We now claim that the canonical element ωΣ′ can be identified with the element −T |σ|α in
A•(Σ′) ' A•(Σ)[T ]

/
(JT + P (T )). Indeed, using the identity P (T ) = 0, we get

−T |σ| =
|σ|∑
j=1

SjT
|σ|−j

with Sj referring to the j-th symmetric function in the variables X% ∈ A1(Σ′) for % a ray in σ.
Therefore,

−T |σ|α =

|σ|∑
j=1

SjαT
|σ|−j =

∏
%≺σ
|%|=1

X% · α+

|σ|−1∑
j=1

SjαT
|σ|−j .

Since ωΣσ = i∗σ(α) lives in the top-degree part of A•(Σσ), the products Sjα all belong to J.
We infer that the terms of the sum are all vanishing for j = 1, . . . , |σ| − 1, and

−T |σ|α =
∏
%≺σ
|%|=1

X% · α = Xσ · Xτ = ωΣ = ωΣ′ .



HOMOLOGY OF TROPICAL FANS 53

We thus obtain the following commutative diagram.

Ad−|σ|(Σσ) Ad(Σ′) Ad(Σ)

Z

·(−T |σ|)
∼
∼

deg

∼

deg

∼

deg
∼

Let us denote by Ψk(Σ
′) the pairing Ak(Σ′) × Ad−k(Σ′) → Z. We use similar notations for

Σ and Σσ. The above diagram allows us to describe the pairing induced by Ψk(Σ
′) on the

different parts of the decomposition given by the Keel’s lemma.
• Between Ak(Σ) and Ad−k(Σ) we get the pairing Ψk(Σ).
• For any integer number i, between Ak−i(Σσ)T i and Ad−|σ|−k+i(Σσ)T |σ|−i we get the
pairing −Ψk−i(Σ

σ).
• For integers i < j, between Ak−i(Σσ)T i and Ad−|σ|−k+j(Σσ)T |σ|−j the pairing is trivial
since Ad−|σ|+j−i(Σσ) is trivial.
• For any integer i < |σ|, the pairing betweenAk(Σ) andAd−k−i(Σσ)T i is trivial. Indeed,
the product lives in Ad−i(Σσ)T i which is trivial since d− i > d− |σ|.

We do not need to compute the pairing between the other parts. The bilinear form Ψk(Σ
′)

can be written in the form of a block matrix consisting of bilinear maps, as follows.

Ad−k(Σ) Ad−k−|σ|+1(Σσ)T |σ|−1 · · · Ad−k−1(Σσ)T

Ak(Σ) Ψk(Σ) 0

Ak−1(Σσ)T 0 −Ψk−1(Σσ)

...
... · · ·

Ak−|σ|+1(Σσ)T |σ|−1 0 −Ψk−|σ|+1(Σσ)

0

*




The matrix is lower triangular. On the diagonal, all the bilinear maps apart from the first one
are non-degenerate, since we have PDChow(Σσ). Thus, Ψk(Σ

′) is non-degenerate if and only if
Ψk(Σ) is non-degenerate. This shows the properties PDChow(Σ) and PDChow(Σ′) are equivalent
provided that PDChow(Σσ) holds.

6.7.4. Proof of Theorem 6.10. At this point, we have verified all the needed properties for the
shellability of the property PDChow in Tropunim , and this concludes the proof of Theorem 6.10. �

6.8. Elementary proof of Localization Lemma 6.1. In this section, we give a combina-
torial self-contained proof of Lemma 6.1. Although the proof is somehow technical, we hope
it could be of independent interest for several reasons. First, the result is used by Adiprasito-
Huh-Katz [AHK18] in order to prove the duality between the Chow groups and the Minkowski
weights of unimodular simplicial fans. While almost all the proofs in that paper are written
to be accessible to a combinatorial audience, this one refers to a more general result taken
from [FMSS95] on Chow rings of algebraic varieties admitting a solvable group action. The
proof we give is elementary and arguably more transparent. Second, combined with a similar
in spirit theorem proved in [Ami16] for the combinatorial Chow rings of products of graphs, in
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connection with semi-stable reduction theorem, it suggests a more general phenomenon con-
cerning the combinatorial part of the Chow rings of algebraic varieties that certainly merits a
further study.

6.8.1. Admissible expansions. Let Σ be any simplicial rational fan. It will be convenient in
the course of the proof to introduce the following notation. For an element ` ∈M = N?, let

X` :=
∑
ρ∈Σ1

`(eρ)Xρ.

Let Bk be the group of homogeneous polynomials of degree k in Z[Xρ | ρ ∈ Σ1]. Recall
that I is the ideal generated by the products Xρ1 · · ·Xρs , for s ∈ N, such that ρ1, . . . , ρs do not
belong to a same cone in Σ, and that J is the ideal generated by the elements X` for ` ∈M .

Recall that Zk =
⊕

σ∈Σk
ZXσ, which is thus a subgroup of Bk. We need to show that

Zk → Bk
/
Bk ∩ (I + J) is surjective and to determine its kernel. We will prove the latter, the

former becomes clear in the course of the proof; one can also find a proof of the surjectivity
in [AHK18].

Let Kk be the subgroup of Bk generated by elements of the form∑
ρ∈Σ1
ρ∼τ

`(eρ)XρXτ ,

for τ ∈ Σk−1 and ` an element in M which is orthogonal to τ . Consider an element a of
Bk ∩

(
I + J

)
which belongs to Zk. We want to prove that a ∈ Kk.

First, notice that we can write a as an element of I plus a sum of monomials of the form
X`X%2 · · ·X%k for some ` ∈M = N? and rays %2, . . . , %k. The first step is to prove the following
result.

Claim 6.14. Each element a ∈ Bk ∩ (I+J) can be written as a sum consisting of an element
in I and a sum consisting of elements of the form X`1X`2 · · ·X`sXτ for s ∈ N, τ ∈ Σk−s, and
`1, . . . , `s ∈M .

An expansion of the form described in the claim for an element a ∈ Bk ∩ (I + J) will be
called admissible in the sequel.

Proof. To prove the above claim, it will be enough to prove the statement for an element a of
the form X`1 · · ·X`sX

κs+1
%s+1 · · ·Xκr%r with κs+1 > . . . > κr and %s+1, . . . , %r distinct and comparable,

i.e., they form the rays of some cone τ of dimension r−s. Actually, the case s = 1 will already
give the result, but considering arbitrary values for s allows to proceed by induction on the
lexicographical order of the k-tuples of non-negative integer numbers.

To a term of the form X`1 · · ·X`sX
κs+1
%s+1 · · ·Xκr%r with κs+1 > . . . > κr we associate the k-tuple

of integers (κs+1, . . . , κr, 0, . . . , 0). We now show that an element as above with κs+1 > 1 can
be rewritten as the sum of an element of I and a sum of terms of the above form having a
k-tuple with strictly smaller lexicographical order.

So suppose κs+1 > 1. We take a linear form l which takes the value one on e%s+1 and 0 on
the other rays %s+2, . . . , %r. This is doable since τ is simplicial. Using

Xl = X%s+1 +
∑
ρ∈Σ1
ρ6≺τ

l(eρ)Xρ,
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we get

X`1 · · ·X`sX
κs+1
%s+1
· · ·Xκr%r = X`1 · · ·X`sXlX

κs+1−1
%s+1

X
κs+2
%s+2
· · ·Xκr%r

−
∑
ρ∈Σ1
ρ 6≺τ

l(eρ)X`1 · · ·X`sXρX
κs+1−1
%s+1

X
κs+2
%s+2
· · ·Xκr%r .

Each term in the right hand side is either in I or is of the form described above with a lower
lexicographic order. Proceeding by induction, we get the claim. �

So each element a ∈ Bk ∩ (I + J) is the sum of an element of I plus a sum of terms of the
form X`1 · · ·X`sXτ with 1 6 s < k and for a cone τ ∈ Σk−s.

6.8.2. An auxilary filtration. Using admissible expansions, we now introduce an increasing
filtration F• on Zk ∩ (I + J) as follows.

First, for each s > 0, denote by Gs the group generated by the elements of Bk of the form
X`1 · · ·X`sXτ for some linear forms `1, . . . , `s ∈M and for some τ ∈ Σk−s. Moreover, for s = 0,
define the subgroup G0 ⊆ G1 as the one generated by the elements of the form X`Xτ for some
τ ∈ Σk−1 and some linear form ` orthogonal to τ .

For any t > 0, let Ht := G0 + · · ·+ Gt and define Ft := Zk ∩ (Ht + I). Note that Ht is the
subgroup generated by the elements which admit an admissible expansion having only terms
X`1X`2 · · ·X`sXτ with s 6 t. In this way, we get a filtration

F0 ⊆ F1 ⊆ · · · ⊆ Fk−1 ⊆ Fk ⊆ Zk ∩ (I + J).

We now prove that all these inclusions are equalities.

Claim 6.15. We have F0 = F1 = · · · = Fk−1 = Fk = Zk ∩ (I + J).

Proof. By Claim 6.14, we have Fk = Zk ∩ (I + J), which proves the last equality. We prove
all the other equalities.

So fix s > 0 and let a be an element of Fs = Zk ∩ (Hs + I) admitting an admissible
expansion consisting of an element of I plus a sum of terms each in G1, . . . ,Gs−1 or Gs. We
need to show that a ∈ Fs−1.

We can assume there is a term of a in this admissible expansion which lies in Gs, i.e., of
the form X`1 · · ·X`sXτ , with τ ∈ Σk−s. Otherwise, the statement a ∈ Fs−1 holds trivially.
Consider all the terms in the admissible expansion of a which are of the form X`′1

· · ·X`′sXτ

with the same cone τ , but with possibly different linear forms `′1, . . . , `′s. We will prove that
the sum of those terms that we denote by aτ belongs to Gs−1 + I. Applying this to any
τ ∈ Σk−s, we obtain a ∈ Fs−1 and the claim follows.

For each ray ρ of τ , choose a linear form `ρ,τ which takes value one on eρ and zero on other
rays of τ . This is again possible since Σ is simplicial. Then `1, for instance, can be decomposed
as the sum

`1 = l1 +
∑
ρ≺τ
ρ∈Σ1

`1(eρ)`ρ,τ

with l1 vanishing on τ .
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The observation now is that the term Xl1X`2 · · ·X`sXτ belongs to Gs−1+I: this is by definition
if s = 1, and for s > 1 is obtained by expanding the product

Xl1X`2 · · ·X`sXτ =
∑
ρ∈Σ1
ρ6≺τ

l1(eρ)XρX`2 · · ·X`sXτ

and by observing that each term in the right hand side is either in I or is in Gs−1. (Note that
the sum is on rays ρ 6≺ τ because l1 vanishes on τ .) Hence, in proving that aτ belongs to
Gs−1 + I, we can ignore this term.

Decomposing in the same way each X`i which appear in a term in the initial admissible
expansion of aτ , we can rewrite aτ as a sum of terms which already belong to Hs−1 + I plus
a sum of terms of the form

(6.2)
∏
ρ≺τ
ρ∈Σ1

X
κρ
`ρ,τ

Xτ , κρ ∈ Z>0.

These all together give a new admissible expansion of a in which aτ (defined as before in the
new admissible expansion) is a sum of the terms of the form in (6.2). We will work from now
on with this admissible expansion of a.

Fix non-negative integers κρ for rays ρ of τ whose sum is s. Denote by
[∏

ρ∈τ X
κρ+1
ρ

]
a the

coefficient of this monomial in a written as sum of monomials in Bk. Since a belongs to Zk,
all the monomials of a are square-free. But the product

∏
ρ∈τ X

κρ+1
ρ is not square-free since

s > 0. Hence, the corresponding coefficient is zero.
Consider now the monomial

∏
ρ∈τ X

κρ+1
ρ and let us see in which terms in the admissible

expansion of a it can occur. Such a monomial cannot appear in a term of the admissible
expansion of a which belongs to I. It cannot neither be in a term of a of the form Xλ1 · · ·Xλs′Xσ
with σ ∈ Σk−s′ with s′ < s nor with σ ∈ Σk−s and σ 6= τ .

It follows that the monomial
∏
ρ∈τ X

κρ+1
ρ can only appear in the terms of aτ . More precisely,

by the definition of `ρ,τ , it can only appear in each term of the form
∏
ρ≺τ X

κρ
`ρ,τ

Xτ for the chosen
κρ, and with coefficient one in each term. Hence, the sum of these terms have to cancel out.
This proves that aτ is zero in the new admissible expansion, which shows that a ∈ Fs−1 and
the claim follows. �

6.8.3. End of the proof. We can now finish the proof of the lemma.

Proof of Lemma 6.1. Recall that Kk is the set generated by elements of the form∑
ρ∈Σ1
ρ∼τ

`(eρ)XρXτ ,

where τ ∈ Σk−1 and ` is orthogonal to τ . The following facts are then clear:

F0 ⊆ Kk + I, Kk ⊆ Zk, and I ∩ Zk = {0}.

Since F0 ⊆ Zk, we deduce that F0 ⊆ Kk. Applying Claim 6.15, we get Zk ∩ (I + J) = F0

which implies Zk ∩ (I + J) ⊆ Kk. The inclusion Kk ⊆ Zk ∩ (I + J) is obvious. So we get
Zk ∩ (I + J) = Kk which concludes the proof. �
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7. Hodge isomorphism for unimodular fans

In this section we prove the Hodge isomorphism theorem which relates the Chow group of
unimodular fans to their cohomology groups. As a byproduct of the methods we develop in
this section, we obtain an alternate characterization of tropical smoothness.

Unless otherwise stated, the fans which appear in this section are not assumed to be tropical.

7.1. Statement of the main theorems. The main theorem we prove in this section is the
following.

Theorem 7.1 (Hodge isomorphism for unimodular fans). Let Σ be a saturated unimodular
fan in NR. For any integer p, there is a well-defined isomorphism

Ψ: Hp,p(Σ)
∼−→ Ap(Σ)

α 7−→
∑
σ∈Σp

ασ(νσ)Xσ

which induces a ring morphism H•,•(Σ) → A•(Σ) by mapping Hp,q(Σ) to zero in bidegrees
p 6= q. Moreover, Hp,q(Σ) is trivial in bidegrees p < q and bidegrees (p, 0) for p > 0.

As an immediate corollary, we get the following theorem.

Theorem 7.2 (Hodge isomorphism for smooth unimodular tropical fans). Let Σ be a saturated
unimodular tropical fan in NR. Suppose in addition that Σ is tropically smooth. Then we get
an isomorphism of rings A•(Σ) ∼−→ H•,•(Σ). Moreover, A•(Σ) verifies the Poincaré duality.
In particular, all these groups are torsion-free.

Proof. This follows from the discussion in Remark 7.6. �

This saturation hypothesis is not always possible to obtain (see Example 11.10). The
following dual version of the above theorem, which does not use the saturation hypothesis, is
sometimes more useful for applications.

Theorem 7.3. Let Σ be any unimodular fan in NR. Then the natural map MWp(Σ) →
Hp,p(Σ) is an isomorphism. Moreover, Hp,q(Σ) is trivial in bidegrees p < q and bidegrees
(p, 0) for p > 0.

Proof. Once again, this follows from the discussion in Remark 7.6 (and from a direct compu-
tation for the vanishing of Hp,0(Σ) for p > 0). �

In the smooth case, we get the following corollary.

Theorem 7.4 (Hodge conjecture for tropical fans). If Σ is a smooth unimodular tropical fan,
Hp,q(Σ) and Hp,q(Σ) are trivial for p 6= q. Moreover, to each element α in Hp,p(Σ) one can
associate a tropical cycle whose class in Hd−p,d−p(Σ) is the Poincaré dual of α.

Proof. The tropical cycle is obtained via the isomorphism

Hp,p(Σ) ' Hd−p,d−p(Σ) ' MWd−p(Σ).

The details can be found in Remark 7.6. �

Before going through the proof of Theorem 7.1, we state some clarifying remarks.
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Remark 7.5 (Non saturated case). The proof of Theorem 7.1 gives as well results in the case Σ
is not saturated. In this situation, we still have a surjective ring morphism A•(Σ)→ H•,•(Σ),
but this is never injective. Indeed, the kernel is a nontrivial torsion group. In particular,
we get an isomorphism for rational coefficients, as well as a dual isomorphism for integral
coefficients: A•(Σ)? ' H•,•(Σ)?. In any case, the last part of the theorem concerning the
vanishing are still valid. �

Remark 7.6 (Torsion-freeness and duality for Chow rings). Let Σ be a unimodular fan. By
the universal coefficient theorem applied to the tropical chain and cochain complexes of Σ, for
each pair of non-negative integers p, q, we get the following exact sequences

0→ Ext
(
Hp,q+1(Σ),Z

)
→ Hp,q(Σ)→ Hp,q(Σ)? → 0, and(7.1)

0→ Ext
(
Hp,q−1(Σ),Z

)
→ Hp,q(Σ)→ Hp,q(Σ)? → 0.(7.2)

From the first exact sequence, using the vanishing result stated in Theorem 7.1, we obtain an
isomorphism Hp,q(Σ) ' Hp,q(Σ)? for p 6 q. This shows the vanishing of Hp,q(Σ) for p < q

and an isomorphism Hp,p(Σ) ' Hp,p(Σ)?. This in turn implies in particular that Hp,p(Σ) is
torsion-free.

In the case Σ is saturated, the dual of the map from Hp,p(Σ) to Ap(Σ) depicted in the state-
ment of Theorem 7.1 is the natural morphism from the group of Minkowski weights MWp(Σ)

to the tropical homology group Hp,p(Σ). This map is obtained by sending a Minkowski weight
to its closure in Σ, which is a tropical cycle of dimension p, and then taking the corresponding
homology class in Hp,p(Σ), as described in Section 6.2; for the cycle class map, see for exam-
ple [MZ14,Sha11, JRS18,GS19a]. Theorem 7.1 implies that this map is an isomorphism. By
Remark 7.5, this isomorphism still exists in the non saturated case.

In the case Σ is a smooth saturated unimodular tropical fan, we get an isomorphism
Hp,q(Σ) ' H

BM

d−p,d−q(Σ) = Hd−p,d−q(Σ), p, q ∈ Z>0, which implies as well the vanishing of
Hp,q(Σ) for p > q. Applying the exact sequence (7.2), we infer the isomorphism Hp,q(Σ) '
Hp,q(Σ)?. This in particular implies that the cohomology groups Hp,p(Σ) and so Ap(Σ) are all
torsion-free, we have Ap(Σ) ' MWp(Σ)?, and the Chow ring verifies the Poincaré duality. �

Remark 7.7. The smoothness assumption in the statement of Theorem 7.2 is needed, and
the result is not true, in general, for any saturated unimodular tropical fan. Example 11.1 is
a saturated unimodular tropical fan Σ with H2,1(Σ) of rank two. �

In order to prove Theorem 7.1, we establish an alternative way of computing the cohomology
of Σ by using its decomposition into hypercubes. The proof of the first half then follows quite
directly from this description by using the localization Lemma 6.1 proved in the previous
section. To show the second half, concerning the products, we provide an explicit description
of the inverse of the map Ψ from Ap(Σ) to Hp,p(Σ), a result which might be of independent
interest.

For non-negative integers p, q, we define

Cp,q
�

(Σ) :=
⊕
|σ|=q

Fp−q(∞σ).

We get a cochain complex for each integer p

Cp,•
�

: . . . −→ Cp,q−2
�

(Σ)
dq−2
�−−−−→ Cp,q−1

�
(Σ)

dq−1
�−−−−→ Cp,q

�
(Σ) −→ · · ·
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where the differential is given by the sum of the following maps for τ ≺· σ
Fk(∞τ ) −→ Fk−1(∞σ),

α 7−→ π∗(ιeτσ(α)).

Here π : N τ → Nσ is the natural projection.

Theorem 7.8. The cohomology of
(
Cp,•

�
, d�

)
is Hp,•(Σ).

The theorem is obtained by exploiting the decomposition of Σ into hypercubes. This ex-
plains the notation for this new complex. Note that one can also use the dual complex which
compute the homology of Σ.

The proof of Theorem 7.8 uses an interesting double complex. A deeper exploitation of this
double complex leads to the proof of the following alternate characterization of smoothness.

Theorem 7.9 (Alternate characterization of tropical smoothness). A unimodular tropical fan
Σ is smooth if and only if, for any face σ ∈ Σ, Σ

σ verifies the Poincaré duality.

Note that, in particular, this theorem gives a new proof of Theorem 3.16 which states that
if Σ is smooth, then Σ verifies the Poincaré duality.

The rest of this section is devoted to the proof of the above results.

7.2. Proof of Theorem 7.8. We start with the proof of Theorem 7.8. We fix a non-negative
integer p.

7.2.1. The fine double complex. The idea behind the proof is quite natural. The original
tropical cochain complex Cp,•(Σ) has a finer decomposition. Namely, for a face �τσ = C

τ
σ of

Σ, instead of using a grading just following its dimension |σ| − |τ |, which is what is done in
Cp,•(Σ), one can remember both |σ| and |τ |. In this way, the tropical cochain complex Cp,•(Σ)
can be unfolded and identified with the total complex of the following double complex:

pE
a,b :=

⊕
τ≺σ
|σ|=a
|τ |=−b

Fp(�τσ)

where the differentials are given by the ones between the coefficient groups Fp of faces of Σ
which define the differentials of Cp,•(Σ). So we have Cp,•(Σ) = Tot•(pE

•,•).
The cohomology of Cp,•(Σ) can be calculated by using the spectral sequence associated to

the filtration given by the columns of pE•,•. (We will use below the other filtration, the one
given by the rows, in the proof the other stated results.)

We denote by ↓pE
•,•
0 the 0-th page of this spectral sequence which has abutment

↓
pE
•,•
0 =⇒ Hp,•(Σ).

7.2.2. Computation of the first page. The proof of Theorem 7.8 is given by the following claim.

Claim 7.10. On the first page of the spectral sequence, we have

↓
pE

a,b
1 =

{
Cp,a

�
(Σ) for b = 0,

0 otherwise.

Moreover, the differential on the first page for b = 0 coincides with the differential d•
�

of
Cp,•

�
(Σ).
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We prove the claim. Fix an integer a. Then the a-th column in page zero of the spectral
sequence is

↓
pE

a,•
0 : . . . −→

⊕
τ≺σ
|σ|=a
|τ |=−b+1

Fp(�τσ) −→
⊕
τ≺σ
|σ|=a
|τ |=−b

Fp(�τσ) −→
⊕
τ≺σ
|σ|=a
|τ |=−b−1

Fp(�τσ) −→ · · ·

This complex can be decomposed as a direct sum running on the faces σ ∈ Σa of the complexes

. . . −→
⊕
τ≺σ

|τ |=−b+1

Fp(�τσ) −→
⊕
τ≺σ
|τ |=−b

Fp(�τσ) −→
⊕
τ≺σ

|τ |=−b−1

Fp(�τσ) −→ · · ·

Denote this last complex by ↓pE
σ,•
0 , σ ∈ Σ, and let ↓pE

σ,•
1 be its cohomology. We thus have

(7.3) ↓
pE

a,•
0 =

⊕
σ∈Σa

↓
pE

σ,•
0 , ↓

pE
a,•
1 =

⊕
σ∈Σa

↓
pE

σ,•
1 .

These latter cohomology groups are given by the following lemma.

Lemma 7.11 (Hypercube vanishing lemma). For any face σ of Σ, the cohomology ↓pE
σ,•
1 of

the complex ↓pE
σ,•
0 is given by

↓
pE

σ,b
1 '

{
Fp−|σ|(∞σ) if b = 0,
0 otherwise.

This isomorphism is moreover induced by the natural map
↓
pE

σ,0
0 ' Fp(σ) −→ Fp−|σ|(∞σ),

α 7−→ π∗(ιν
σ
(α))

with π referring to the projection N → Nσ, extended to the exterior algebra and restricted to
the corresponding subspaces Fp.

Let us assume the lemma for the moment and finish the proof of the claim.

Proof of Claim 7.10. By the above lemma, and in view of the decomposition given in 7.3, the
first page of the spectral sequence is concentrated in the 0-th row and is given by

↓
pE

a,0
1 =

⊕
|σ|=a

Fp−a(∞σ),

which is exactly Cp,a
�

(Σ). It thus remains to check that the differentials coincide. Let τ ≺· σ
and denote by dτ≺·σ : Fp−|τ |(∞τ ) → Fp−|σ|(∞σ) the corresponding part of the differential in
↓
pE
•,0. By Lemma 7.11, we have the following commutative diagram.

Fp(τ) Fp(σ)

Fp−|τ |(∞τ ) Fp−|σ|(∞σ)

sign(τ,σ)i∗

πτ∗◦ ιντ πσ∗ ◦ ινσ
dτ≺·σ

We infer that the bottom map should be given by π∗ ◦ ιeτσ with π : N τ → Nσ, i.e., by the
differential of Cp,•

�
(Σ). This concludes the proof of the claim. �
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7.2.3. Proof of the hybercube vanishing lemma. It remains to prove Lemma 7.11. For faces
τ ≺ σ, we have isomorphisms

Fp(�τσ) '
⊕

p1+p2=p

∧p1N τ ?
σ ⊗ Fp2(∞σ).

These isomorphisms are not canonical, nevertheless, we can choose them in a compatible way.
In fact, the terms appearing in the above decomposition of FpΣ(�τσ) correspond to the graded
pieces associated to a natural filtration on FpΣ(�τσ), that we name the toric weight filtration,
which plays an important role in the results we prove in [AP20a]. In order to simplify the
presentation here, we do not detail this filtration here and refer to the relevant part of [AP20a]
for more information.

We can decompose ↓pE
σ,•
0 as a direct sum of complexes

↓
pE

σ,•
0 '

⊕
p1+p2=p

(
. . . −→

⊕
τ�σ

|τ |=−b+1

∧p1N τ ?
σ −→

⊕
τ�σ
|τ |=−b

∧p1N τ ?
σ −→ · · ·

)
⊗ Fp2(∞σ).

Since σ is unimodular, the cochain complex appearing in the above summand is isomorphic
to Cp1,•+|σ|

c (R|σ|) for the natural subdivision {R,∞}|σ|:
↓
pE

σ,•
0 '

⊕
p1+p2=p

Cp1,•+|σ|
c (R|σ|)⊗ Fp2(∞σ).

Hence, the cohomology is given by
↓
pE

σ,•
1 '

⊕
p1+p2=p

Hp1,•+|σ|
c (R|σ|)⊗ Fp2(∞σ).

The cohomology of H•,•c (Rk) is easy to compute: this is only nontrivial in bidegree (k, k)

where it is isomorphic to Z. It follows that ↓pE
σ,b
1 is trivial unless b = 0 in which case it becomes

equal to Fp−|σ|(∞σ). The last part of the lemma follows from a cautious study of the different
isomorphisms, that we omit here. This concludes the proof of Lemma 7.11. �

7.2.4. Proof of Theorem 7.8. This is a direct consequence of Claim 7.10, which shows that the
spectral sequence degenerates at page two, and, moreover, we have

Hp,q(Σ) ' pE
q,0
2 = Hq

(
Cp,•

�
(Σ)
)
. �

Proof of Theorem 7.9. We have so far used only one of the two spectral sequences coming
from the double complex. The spectral sequence →pE•,• given by the filtration by rows will
allow to prove Theorem 7.9. We explain this now before going through the proof of the hodge
isomorphism theorem.

We first prove the forward direction. Assume that Σ is a smooth unimodular tropical fan.
Recall that the b-th row of the double complex is

→
pE
•,b
0 : . . . −→

⊕
τ≺σ
|σ|=a−1
|τ |=−b

Fp(�τσ) −→
⊕
τ≺σ
|σ|=a
|τ |=−b

Fp(�τσ) −→
⊕
τ≺σ
|σ|=a+1
|τ |=−b

Fp(�τσ) −→ · · ·

We recognize the cochain complex for the cohomology with compact support of the star fans
of codimension −b:

→
pE
•,b
0 =

⊕
|τ |=−b

Cp,•+bc (Στ ).
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All the star fans are smooth by assumption, and so Hp,q
c (Στ ) is trivial unless q = d − (−b),

and for this q, we have Hp,d+b
c (Στ ) ' Fd−p+b(∞τ ). Hence, the first page is given by

→
pE

a,b
1 =

{⊕
|τ |=−bFd−p+b(∞τ ) if a = d,

0 otherwise.

Stated differently, →pEa,b is trivial unless a = d and

→
pE

d,• = C
�

d−p,−•(Σ),

where C�

d−p,•(Σ) denotes the dual complex of Cd−p,•
�

(Σ). Theorem 7.8 combined with the uni-
versal coefficient theorem imply that the homology of C�

d−p,•(Σ) computes Hd−p,•(Σ). Hence,
→
pE
•,• degenerates at page two, and we have

→
pE
•,• =⇒ Hd−p,d−•(Σ).

On the other hand, by the definition of the double complex, we know that

→
pE
•,• =⇒ Hp,•(Σ).

Therefore, we get the isomorphism of the Poincaré duality Hp,q(Σ) ' Hd−p,d−q(Σ); more
precisely, we infer that

Hp,p(Σ) ' ↓pEp,0∞ ' →pEd,p−d∞ ' Hd−p,d−p(Σ),

and every other terms of ↓pE•,•∞ and →pE•,•∞ are trivial. This concludes the forward direction.

Remark 7.12. In the same way that ↓pEp,0∞ is naturally isomorphic to Ap(Σ) (in the saturated
case), for any unimodular fan Σ we have the following isomorphisms

Hd−p,d−p(Σ) ' C�

p,d−p(Σ) = ker
( ⊕
|σ|=d−p

F0(∞σ)→
⊕

|τ |=d−p−1

F1(∞τ )
)
' MWd−p(Σ).

Moreover, if Σ is smooth as above, the study of the spectral sequences gives us a new
natural cycle class map Hp,p(Σ) ∼−→ MWd−p(Σ). To a cocycle a in Cp,p(Σ), one can associate
the Minkowski weight (Σ(d−p), w) where w(σ) = 〈a, νΣσ∞〉 for any σ ∈ Σd−p. �

We now prove the other direction. Assume that Σ
σ verifies the Poincaré duality for any

face σ of Σ. By induction, we can assume that Σσ is smooth for any proper face σ of Σ.
We have a natural inclusion of complexes Cp,•c (Σ) ' pE

•,0 ↪→ pE
•,•. Denote by pE

•,•<0 the
cokernel. We get a short exact sequence of complexes:

(7.4) 0 −→ Cp,•c (Σ) −→ Tot•(pE
•,•) −→ Tot•(pE

•,•<0) −→ 0.

We already know the cohomology of the first two terms. For the last one, we can compute the
first page as before (since the proper star fans are smooth) and we get pE

d,•<0
1 = C

�

d−p,−•>0(Σ)
where

C
�

d−p,•>0(Σ) := coker
(
Fd−p(0) ↪→ C

�

d−p,•(Σ)
)
,
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and every other terms are trivial. Assume for now that p < d − 1. The case p = d is trivial
and the case p = d− 1 is studied later below. Then we get

Hk(C
�

d−p,•>0(Σ)) =


Hd−p,d−p(Σ) if k = d− p,
Fd−p(0) if k = 1,
0 otherwise.

We are now ready to study the long exact sequence associated to (7.4):

· · · −→ Hp,q
c (Σ) −→ Hp,q(Σ) −→ Hq(C

�

d−p,(d−•)>0(Σ)) −→ Hp,q+1
c (Σ) −→ · · ·

The two middle terms are trivial unless q = p or q = d− 1. In the case q = p, we get a map
Hp,p(Σ) → Hd−p,d−p(Σ). By assumption, this is an isomorphism, and we can just replace
both terms by 0 in the long exact sequence. For q = d− 1, Hp,d−1(Σ) = Hp,d(Σ) = 0 and we
get

0 −→ Fd−p(0) −→ Hp,d
c (Σ) −→ 0.

All the other terms of Hp,•
c (Σ) vanish. Using the universal coefficient theorem, we get

H
BM

p,d(Σ) ' Hp,d
c (Σ)? ' F d−p(Σ), and H

BM

p,q (Σ) = 0 for q 6= d. This is exactly the Poincaré
duality for (the homology with coefficients in) Fp.

It remains to treat the case p = d− 1. In this case, C�

1,•>0(Σ) contains only one nontrivial
term: C

�

1,1>0(Σ) =
⊕

%∈Σ1
F0(∞%). Its cohomology is identical. In the above long exact

sequence, the only interesting part is the first row of the following diagram.

0 Hd−1,d−1
c (Σ) Hd−1,d−1(Σ)

⊕
%∈Σ1

F0(∞%) Hd−1,d
c (Σ) 0

0 MW1(Σ) W1(Σ) F1(Σ) 0

∼ ∼

Let us describe the second row and the vertical maps. We know thatHd−1,d−1(Σ) ' H1,1(Σ) '
MW1(Σ). Here, W1(Σ) := ZΣ1 '

⊕
%∈Σ1

F0(∞%) denotes the group of one dimensional
weights of Σ. Note also that we have a natural map Hd−1,d

c (Σ)→ F1(Σ): it is induced by the
dual of the map F1(Σ)→ H

BM

d−1,d(Σ). By the definition of the Minkowski weights, the second
row is a short exact sequence. The five lemma implies that the first and the last vertical
maps are isomorphisms. Therefore, Hd−1,q

c (Σ) is trivial for q 6= d, and Hd−1,q
c (Σ) ' F1(Σ).

Using the universal coefficient theorem as above, and dualizing, we get the Poincaré duality
for HBM

d−1,•(Σ). All together we obtain the Poincaré duality for HBM

•,•(Σ). �

7.3. Proof of Theorem 7.1. We conclude with the proof of Theorem 7.1, given in this
section and the next one.

First, we note that by Theorem 7.8, we have Hp,q(Σ) ' Hq(Cp,•
�

(Σ)). Notice as well that
for p < q, Cp,q

�
(Σ) is trivial. Hence Hp,q(Σ) is trivial for p < q.

For q = 0 and p > 0, we get

Hp,0(Σ) ' ker
(
Fp(0)→

⊕
%∈Σ1

Fp−1(∞%)
)
.

Let α ∈ Fp(0) be an element of the kernel. Then ιe%(α) = 0 for any % ∈ Σ1. Let V ⊆ NR
be the subspace spanned by Σ. Then α ∈

∧pV ?. Since the vectors e%, % ∈ Σ1, span V , any
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element of
∧pV ? whose contraction by each e% is trivial must be trivial. Hence, we obtain

α = 0 and Hp,0(Σ) = 0.
For p = q, we get

Hp,p(Σ) ' coker
(
Cp,p−1

�
(Σ)→ Cp,p

�
(Σ)
)
' coker

( ⊕
|τ |=p−1

F1(∞τ )→
⊕
|σ|=p

F0(∞σ)
)
.

We have a natural isomorphism
⊕
|σ|=pF

0(∞σ) ' Zp(Σ). Moreover, since Σ is saturated at
any face τ ∈ Σp−1,

⊕
|τ |=p−1 F

1(∞τ ) is naturally isomorphic to the kernel of Zp(Σ)→ Ap(Σ)

as described in the Localization Lemma 6.1. Hence Hp,p(Σ) ' Ap(Σ). Moreover, by Lemma
7.11, the isomorphism is induced by the map

Cp,p(Σ) Cp,p
�

(Σ) Zp(Σ)

α
∑

σ∈Σp α(νσ)Xσ.

It remains to prove that the above isomorphism respects the products. This can be done by
an explicit calculation of the inverse of the map Ψ in the statement of 7.1, given in the next
section, which shows that the cup-product in cohomology corresponds to product in Chow
ring. The theorem thus follows. �

7.4. Explicit description of the inverse Ψ−1 : Ap(Σ)→ Hp,p(Σ). In this section, we pro-
vide an explicit description of the inverse of Ψ.

Before going through the description, let us introduce some new notations which will help
in working with the cohomology of Σ. In the following, if a is a cochain in Cp,q(Σ) with
q = |σ| − |τ |, we denote by aτσ ∈ Fp(�τσ) the part of a which lives on the face �τσ. If τ = 0, we
just write aσ. Moreover, if δ is any face of dimension q in Σ and α ∈ Fp(δ), then we denote by
(δ, α) the cochain in Cp,q(Σ) whose restriction to δ is α and which vanishes everywhere else.

7.4.1. The inverse in cohomology degree one. We consider first the part A1(Σ). Let ρ ∈ Σ1.
We give an element of H1,1(Σ) whose image by Ψ coincides with Xρ. For this, we first define an
element a ∈ C1,1(Σ) as follows. For any cone σ ∼ ρ in Σ, we choose an element ασ ∈ F1(�σσ∨ρ)
which takes value one on the vector eσσ∨ρ. We then set

a :=
∑
σ∼ρ

(�σσ∨ρ, ασ).

Note that the only part of a which has sedentarity 0 is (�ρ, αρ), and we have Ψ(a) =
α0(eρ)Xρ = Xρ. So the statement would have followed if a were a cocycle. The idea now is to
find an element b in C1,1(Σ) supported only on faces of non-zero sedentarity such that a − b
is a cocycle: in that case, since Ψ(b) = 0, we still get Ψ(a− b) = Xρ and the inverse image of
Xρ will be represented by the class of a− b.

Recall that eσσ∨ρ is the projection of eρ at infinity into Nσ
∞. We now describe ã := da.

Consider a pair of faces τ ≺ η in Σ with |η| − |τ | = 2. Then, we have ãτη = 0 if either ρ 6≺ η or
ρ ≺ τ . In the remaining cases, there must exist a ray ρ′ such that η = τ ∨ ρ ∨ ρ′, and in this
case, we get

ãτη = ±(aττ∨ρ − π∗(a
τ∨ρ′
τ∨ρ′∨ρ)) = ±(ατ − π∗(ατ∨ρ′)),

where π is the projection N τ → N τ∨ρ′ . In particular, we notice that ãτη is zero on the
projection of eρ.
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From the above discussion, we obtain a well-defined pushforward πρ∗(ãτη) ∈ F1(�τ∨ρη ) where
πρ : N τ

∞ → N τ∨ρ
∞ is the natural projection.

Set
b :=

∑
τ,η

sign(�τ∨ρη ,�τη)
(
�τ∨ρη , πρ∗(ã

τ
η)
)

where the sum is restricted to pairs τ ≺ η for which the term is well-defined, that is those
with ρ 6≺ τ , ρ ≺ η and |η| − |τ | = 2. The element b has been defined in order to get db = da
on every face which is not in Σ

ρ
∞. In particular, the coboundary c := d(a − b) of a − b has

support in Σ
ρ
∞. Since dc = 0, the positive-sedentarity-vanishing lemma 7.13 below implies

that c = 0. This shows that a − b is a cocycle. Since b has support only on the faces of
non-zero sedentarity, we get in addition Ψ(a− b) = Xρ, as required.

Lemma 7.13 (Positive-sedentarity-vanishing lemma). Let Σ be a unimodular fan. Let ζ be
a non-zero face of Σ and let c ∈ Cp,q(Σ) be a cochain supported in Σζ

∞. Assume that dc = 0.
Then we have c = 0.

Proof. Actually this is a consequence of the vanishing of ↓pEa,b∞ for b < 0. Let us give a more
elementary proof here. Since c is supported in Σζ

∞, we need to show the vanishing of cτσ for
τ, σ in Σ with |σ| − |τ | = q and ζ ≺ τ .

Let ρ be a ray of ζ and set η ≺· τ so that we get τ = ρ ∨ η. Consider the face δ = �ησ of Σ
and note that δ is (a hypercube) of dimension q + 1. The only face of dimension q in δ which
lies in Σ

ζ
∞ is �τσ. Since c has support in Σ

ζ
∞, it follows that the components of c on faces of

δ different from �τσ are all zero. Denoting by π the projection Nη
∞ → N τ

∞, which induces a
surjection π∗ : Fp(�

η
σ)→ Fp(�τσ) and in injection π∗ : Fp(�τσ)→ Fp(�ησ), we thus get

π∗(cτσ) = ±(dc)ησ = 0.

This implies that cτσ = 0, and the lemma follows. �

7.4.2. Cup-product in cubical complexes. To extend the description of the inverse of Ψ to
higher degrees, we need to recall the formula for the cup product in cubical complexes. Let
a ∈ Cp,q(Σ) and b ∈ Cp′,q′(Σ). Then for any pair of faces τ ≺ η with |η| − |τ | = q + q′,

(a ^ b)τη =
∑

τ≺σ≺η
|σ|−|τ |=q

ωτη (ντσ ∧ π
∗(νση )) · aτσ ∧ π∗(bση )

where, for each τ ≺ σ, π : N τ → Nσ is the projection. As usual, this cup product induces a
cup product on cohomology ^ : Hp,q(Σ)×Hp′,q′(Σ)→ Hp+p′,q+q′(Σ).

7.4.3. The inverse in higher cohomological degrees. Let σ ∈ Σp. By Localization Lemma 6.1,
it suffices to find a preimage of Xσ. Let ρ1, . . . , ρp be the rays of σ. For i ∈ {1, . . . , p}, we
denote by ia the preimage of Xρi as defined in Section 7.4.1. In particular, we note that ia is
supported by faces of the form �τσ with ρi ≺ σ. We claim that the element

a := 1a ^ 2a ^ · · ·^ pa

is a preimage of Xσ. We compute a as follows. Consider a face σ′ ∈ Σp and denote by
ρ′1, . . . , ρ

′
p ∈ Σ1 the rays of σ′. In the following, for a permutation s ∈ Sp of [p] and k ∈ [p],

we set
σ′(s, k) := ρ′s(1) ∨ · · · ∨ ρ

′
s(k),

the face of σ′ with rays ρ′s(1), . . . , ρ
′
s(k).
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Expanding the cup product using the formula stated in the previous section, we find

aσ′ =
∑
s∈Sp

ωσ′(νρ′
s(1)
∧ · · · ∧ νρ′

s(p)
) · 1a

σ′(s,0)
σ′(s,1) ∧ 2a

σ′(s,1)
σ′(s,2) ∧ · · · ∧ pa

σ′(s,p−1)
σ′(s,p) ,

where for the ease of reading, we omit to precise the pullback by different projections. Each
term in the above sum is nontrivial only if ρ1 ≺ σ′(s, 1), ρ2 ≺ σ′(s, 2), . . . , and ρp ≺ σ′(s, p),
i.e., if and only if σ′ = σ and the permutation s is identity.

Since πσ′(id,j)(eρi) = 0 for j > i, we get that

aσ(νσ) = ωσ(eρ1 ∧ · · · ∧ eρp) · aσ(eρ1 ∧ · · · ∧ eρp)

=
(
ωσ(eρ1 ∧ · · · ∧ eρp)

)2(
1a
σ(id,0)
σ(id,1) ∧ 2a

σ(id,1)
σ(id,2) ∧ · · · ∧ pa

σ(id,p−1)
σ(id,p)

)(
eρ1 ∧ · · · ∧ eρp

)
= 1a

σ(id,0)
σ(id,0)∨ρ1

(eρ1) · · · paσ(id,p−1)
σ(id,p−1)∨ρp(eρp)

= 1.

We thus infer that a is a preimage of Xσ. This achieves the description of the inverse of the
map Ψ.

8. Tropical Deligne resolution

Let Σ be a smooth unimodular tropical fan. We follow the notations of previous sections.
In particular, for each cone σ, we denote by Σσ the star fan of σ in Σ, which is a smooth
unimodular tropical fan in Nσ

R , and by Σ
σ, we denote its canonical compactification. For the

canonical compactification of a tropical fan Σ, recall as well that we set

Hk(Σ) :=
⊕
p+q=k

Hp,q(Σ).

In the case of a smooth unimodular tropical fan Σ, by Theorem 7.4, Hk(Σ) is non-vanishing
only in even degrees and in that case it is equal to Hk/2,k/2(Σ).

The aim of this section is to prove the following theorem.

Theorem 8.1 (Tropical Deligne resolution). Notations as above, we have the following long
exact sequence

0→ Fp(0)→
⊕
σ∈Σp

H0(Σ
σ
∞)→

⊕
σ∈Σp−1

H2(Σ
σ
∞)→ · · · →

⊕
σ∈Σ1

H2p−2(Σ
σ
∞)→ H2p(Σ)→ 0.

The maps between cohomology groups in the above sequence are given by the sum of Gysin
maps. Namely, for a cone σ ∈ Σ, using the notations of Section 2, the fan Σσ

∞ is based at the
point∞σ of Σ, is naturally isomorphic to Σσ, and has closure Σ

σ
∞ in Σ which can be identified

with the canonical compactification Σ
σ of Σσ. This means the canonical compactification

Σ
σ
∞ naturally lives in Σ. Moreover, for an inclusion of cones τ ≺· σ, we get an inclusion

iσ·�τ : Σ
σ
∞ ↪→ Σ

τ
∞. This induces a map on cohomology i∗τ≺·σ : H•(Σ

σ
∞) → H•(Σ

τ
∞), which, by

applying the Poincaré duality for the smooth tropical varieties Σ
σ
∞ and Σ

τ
∞, leads to the Gysin

map Gysσ·�τ : H•(Σ
σ
∞)→ H•+2(Σ

τ
∞).

In what follows, in order to simplify the notations, sometimes we drop ∞ from indices and
identify Σ

σ with Σ
σ
∞ living naturally in Σ as the closure of those points which have sedentarity

equal to σ.
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Apart from the last subsection, where we study what happens is the non-smooth case, the
rest of this section is devoted to the proof of this theorem. As it becomes clear from the above
discussion, using the Poincaré duality for canonical compactifications Σ

σ, it will be enough to
prove the exactness of the following complex for each k (here k = d− p):

(8.1)
0→ H2k(Σ)→

⊕
σ∈Σ1

H2k(Σ
σ
)→

⊕
σ∈Σ2

H2k(Σ
σ
)→ · · · →

⊕
σ∈Σd−k

H2k(Σ
σ
)→ Fd−k(0)→ 0.

8.1. The sheaf of tropical holomorphic forms. Let Z be a tropical variety with an ex-
tended polyhedral structure. We will be only interested here in Z = Σ or Σ, for a tropical fan
Σ, so there is no harm in assuming this in what follows in this section.

For the tropical variety Z, we denote by Ωk
Z the sheaf of tropical holomorphic k-forms on

Z. With real coefficients, this can be defined as the kernel of the second differential operator
from Dolbeault (k, 0)-forms to Dolbeault (k, 1)-forms on Z, as in [JSS19,CLD12,GK17]. We
will give an alternative characterization of this sheaf which shows that it is actually defined
over Z as the sheafification of the combinatorial sheaf Fk. As we are going to use some results
from [JSS19], it might be helpful to note that this sheaf is denoted LkZ in loc. cit.

Let Z be a tropical variety with an extended polyhedral structure. If U is an open subset of
Z, we say that U is nice if either U is empty, or there exists a face γ of Z intersecting U such
that, for each face δ of Z, every connected components of U ∩ δ contains U ∩ γ. (Compare
with the basic open sets from [JSS19].) This implies that U is connected, and that for each
face δ ∈ Z which intersects U , γ is a face of δ and the intersection δ∩U is connected. We call
γ the minimum face of U . We have the following elementary result.

Proposition 8.2. Nice open sets form a basis of open sets on Z.

The sheaf Ωk
Z is the unique sheaf on Z such that for each nice open set U of Z with minimum

face γ, we have

Ωk
Z(U) = Fk(γ).

Suppose now Z is a compactification of Z and denote by i : Z ↪→ Z the inclusion. We
denote by Ωk

Z,c the sheaf of holomorphic k-forms on Z with compact support in Z defined on
connected open sets by

Ωk
Z,c(U) :=

{
Ωk
Z(U) if U ⊆ Z,

0 otherwise.

In other words, we have

Ωk
Z,c = i!Ω

k
Z

that is the direct image with compact support of the sheaf Ωk
Z . In particular, in the case

we study here, the cohomology with compact support of Ωk
Z is computed by the usual sheaf

cohomology of Ωk
Z,c, i.e., we have

H•c (Z,Ωk
Z) = H•(Z,Ωk

Z,c).
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8.2. Cohomology with coefficients in the sheaf of tropical holomorphic forms. We
now specify the above set-up for Z = Σ and Σ the canonical compactification of Σ.

For each cone σ ∈ Σ, we get the sheaf Ωk
Σ
σ
∞

of holomorphic k-forms on Σ
σ
∞ ↪→ Σ which by

extension by zero leads to a sheaf on Σ. We denote this sheaf by Ωk
σ. The following proposition

describes the cohomology of these sheaves.

Proposition 8.3. Notations as above, for each pair of non-negative integers m, k, we have

Hm(Σ,Ωk
σ) =

{
H2k(Σ

σ
) = Hk,k(Σ

σ
) if m = k,

0 otherwise.

Proof. We have

Hm(Σ,Ωk
σ) ' Hm(Σ

σ
∞,Ω

k
Σ
σ
∞

) ' Hm(Σ
σ
,Ωk

Σ
σ) ' Hk,m(Σ

σ
).

The result now follows from our Theorem 7.4. �

8.3. The resolution Ωk
• of the sheaf Ωk

Σ,c. For a pair of faces τ ≺ σ in Σ, from the inclusion
maps Σ

σ
∞ ↪→ Σ

τ
∞ ↪→ Σ, we get natural restriction maps of sheaves i∗τ≺σ : Ωk

τ → Ωk
σ on Σ. Here

as before, the map iτ≺σ = iσ�τ denotes the inclusion Σ
σ
∞ ↪→ Σ

τ
∞.

We consider now the following complex of sheaves on Σ

(8.2) Ωk
• : Ωk

0 →
⊕
%∈Σ1

Ωk
% →

⊕
σ∈Σ2

Ωk
σ → · · · →

⊕
σ∈Σd−k

Ωk
σ

concentrated in degrees 0, 1, . . . , d − k, given by the dimension of the cones σ in Σ, whose
boundary maps are given by

α ∈ Ωk
σ 7→ dα :=

∑
ζ·�σ

sign(σ, ζ)i∗σ≺·ζ(α).

We will derive Theorem 8.1 by looking at the hypercohomology groups H•(Σ,Ωk
•) of this

complex and by using the following proposition.

Proposition 8.4. The following sequence of sheaves is exact

0→ Ωk
Σ,c → Ωk

0 →
⊕
%∈Σ1

Ωk
% →

⊕
σ∈Σ2

Ωk
σ → · · · →

⊕
σ∈Σd−k

Ωk
σ → 0.

Proof. It will be enough to prove that taking sections over nice open sets U give exact sequences
of abelian groups.

If U is included in Σ, clearly by definition we have Ωk
Σ,c(U) ' Ωk

0(U), and the other sheaves
of the sequence have no nontrivial section over U . Thus, the sequence is exact over U .

It remains to prove that, for every nice open set U having non-empty intersection with
Σ r Σ, the sequence

0→ Ωk
0(U)→

⊕
%∈Σ1

Ωk
%(U)→

⊕
σ∈Σ2

Ωk
σ(U)→ · · · →

⊕
σ∈Σd−k

Ωk
σ(U)→ 0

is exact. Let γ ∈ Σ be the minimum face of U . Let σ ∈ Σ be the sedentarity of γ. The
closed strata (for the fan stratification) of Σ which intersect U are exactly those of the form
Σ
τ
∞ ' Σ

τ with τ ≺ σ. Moreover, if τ is a face of σ, we have

Ωk
τ (U) = Fk(γ).
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Thus, the previous sequence can be rewritten in the form

0→ Fk(γ)→
⊕
τ≺σ
|τ |=1

Fk(γ)→
⊕
τ≺σ
|τ |=2

Fk(γ)→ · · · →
⊕
τ≺σ
|τ |=|σ|

Fk(γ)→ 0.

This is just the cochain complex of the simplicial cohomology (for the natural simplicial
structure induced by the faces) of the cone σ with coefficients in the group Fk(γ). This
itself corresponds to the reduced simplicial cohomology of a simplex shifted by 1. This last
cohomology is trivial, thus the sequence is exact. That concludes the proof of the proposition.

�

Proof of Theorem 8.1. We have

Hm(Σ,Ωk
Σ,c) = Hm

c (Σ,Ωk
Σ) = Hk,m

c (Σ) =

{
Fd−k(0)? = Fd−k(0) if m = d,
0 otherwise.

By proposition 8.4, the cohomology of Ωk
Σ,c becomes isomorphic to the hypercohomology

H(Σ,Ωk
•). Thus, we get

H(Σ,Ωk
•) ' Fd−k(0)[−d],

meaning

Hm(Σ,Ωk
•) =

{
Fd−k(0) for m = d,
0 otherwise.

On the other hand, using the hypercohomology spectral sequence, combined with Proposi-
tion 8.3, we infer that the hypercohomology of Ωk

• is given by the cohomology of the following
complex:

0→ H2k(Σ)[−k]→
⊕
σ∈Σ1

H2k(Σ
σ
)[−k − 1]→ · · · →

⊕
σ∈Σd−k

H2k(Σ
σ
)[−d]→ 0.

We thus conclude the exactness of the sequence
(8.3)

0→ H2k(Σ)→
⊕
σ∈Σ1

H2k(Σ
σ
)→

⊕
σ∈Σ2

H2k(Σ
σ
)→ · · · →

⊕
σ∈Σd−k

H2k(Σ
σ
)→ Fd−k(0)→ 0,

and the theorem follows. �

8.4. The non-smooth case. In the case where Σ is not necessarily smooth, we still have the
following proposition that we will use in Section 10.

Proposition 8.5. Let Σ be any unimodular tropical fan and let k be an integer. Then the
following sequence is exact⊕

σ∈Σd−k−1

Hk,k(Σ
σ
) −→

⊕
σ∈Σd−k

Hk,k(Σ
σ
) −→ Hk,d

c (Σ) −→ 0.

In the smooth case, one can recognize the end of the long exact sequence (8.1): indeed,
when Σ is smooth, we have Hk,d

c (Σ) ' Fd−k(0).

Proof. Proposition 8.4 still holds. However, we only get that

H•(Σ,Ωk
•) ' Hk,•

c (Σ),

with no further simplification.
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If we denote by E•,•• the hypercohomology spectral sequence, we get

Ea,b1 =
⊕
σ∈Σa

Hk,b(Σ
σ
).

By Theorem 7.1 and Remark 7.5, we know that for any σ ∈ Σ, Hk,b(Σ
σ
) is trivial if b > k.

Moreover,Hk,b(Σ
σ
) is clearly trivial if |σ| > d−k. Hence Ea,b1 is nontrivial only for 0 6 a 6 d−k

and 0 6 b 6 k. Computing the further pages, we get that

Ed−k,k∞ = Ed−k,k2 = coker
(
Ed−k−1,k

1 → Ed−k,k1

)
.

Since Ed−k,k∞ is the only nontrivial term of degree d, we get

Hk,d
c (Σ) ' Ed−k,k∞ = coker

( ⊕
σ∈Σd−k−1

Hk,k(Σ
σ
) −→

⊕
σ∈Σd−k

Hk,k(Σ
σ
)
)
,

which concludes the proof. �

9. Compactifications of complements of hyperplane arrangements

The aim of this section is to discuss an application of the results we proved previously in
the study of cohomology rings of wonderful compactifications.

9.1. Tropical compactifications of subvarieties of tori. Let N be a lattice of finite rank
n and denote byM the dual lattice. Let T = Spec(C[M ]) be the corresponding complex torus
of dimension n.

Let X ↪→ T be a connected closed subvariety of T and let Trop(X) ⊆ NR be the trop-
icalization of X, which comes with a natural weight function. Any fan with support in
the tropicalization Trop(X) equipped with this weight function verifies the balancing condi-
tion [BIMS15,MR09,MS15]. In particular, if the weight function is equal to one, then Trop(X)
is a tropical fan. That is the assumption we make in this section.

We are interested in compactifications of X obtained by taking the closure in a toric variety
which contains T as open torus. The following theorem summarizes several known properties
of these compactifications.

Theorem 9.1. Notations as above, let X ↪→ T . Consider a unimodular fan Σ in NR and
denote by CPΣ the corresponding toric variety. Let X be the closure of X in CPΣ.

• ([Tev07,KKMS06]) X is proper if and only if |Σ| ⊇ Trop(X).
• ([ST08,Hac08]) The following conditions are equivalent

(1) |Σ| = Trop(X).
(2) for any torus orbit T σ, σ ∈ Σ, the intersection X ∩ T σ has pure dimension equal

to m− |σ|.
• ([Tev07,Hac08]) Assume |Σ| = Trop(X). The following conditions are then equivalent

(1) for each σ ∈ Σ, the intersection X ∩ T σ is smooth.
(2) the multiplication map m : T ×X → CPΣ is smooth.

• ([Tev07]) Assume that m : T × X → CPΣ is smooth. Then for any unimodular fan
Σ′ with support Trop(X), denoting by X ′ the closure of X in CPΣ′ , the multiplication
map m′ : T ×X ′ → CPΣ′ is smooth.

We have the following definitions introduced by Tevelev [Tev07].
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Definition 9.2 (Tropical compactification). Let X be a subvariety of the algebraic torus T .
• Let Σ be a unimodular fan with support Trop(X). The compactificationX obtained by
taking the closure of X in CPΣ is called tropical if the multiplication map m : T ×X →
CPΣ is faithfully flat.
• The subvariety X of the torus T is called schön if a compactification X ⊆ CPΣ with Σ

unimodular with support |Σ| = Trop(X) (and so any such compactification) has the
property that the multiplication map m : T ×X → CPΣ is smooth. �

Remark 9.3. In the case where X is schön, it follows that the weights are all equal to one. �

Tevelev proved in [Tev07] that any subvariety X of a torus T has a tropical compactification
X. Moreover, a tropical compactification X has the following properties:

(1) The boundary X rX is divisorial.
Denote this divisor by D and let D1, . . . , Dr be its irreducible components.

(2) The boundary divisor has combinatorial normal crossings: for any collection of r
irreducible divisors Di1 , . . . , Dir in D, the intersection Di1 ∩ · · · ∩Dir is either empty
or it has codimension r in X.

It follows from the properties listed above that in the case X is schön, the tropical com-
pactification X is smooth and the boundary divisor D is strict normal crossing (we assume
the underlying fan Σ is always unimodular, so the toric varieties we consider are all smooth).

9.2. Compactifications of the complement of a hyperplane arrangement. Consider
now a collection of hyperplanes H0, H1, . . . ,Hm in CPr given by linear forms `0, `1, . . . , `m.
We assume that the vector space generated by `0, `1, . . . , `m has maximum rank, i.e., the
intersection H0 ∩ H1 ∩ · · · ∩ Hm is empty. Let X be the complement CPr r

⋃m
j=0Hj and

consider the embedding X ↪→ T for the torus T = Spec(C[M ]) with

M = ker(deg : Zm+1 → Z), deg(x0, . . . , xm) = x0 + · · ·+ xm.

The embedding is given by coordinates [`0 : · · · : `m]. Denote by N the dual lattice to M .

Theorem 9.4. Notations as above, we have the following.
• (Tevelev [Tev07, Theorem 1.5]) The subvariety X ↪→ T is schön.
• (Ardila-Klivans [AK06]) The tropicalization of X coincides with the support of the
Bergman fan ΣM of the matroid M associated to the hyperplane arrangement.

Here is the main theorem of this section.

Theorem 9.5. Let Σ be a unimodular fan with support Trop(X) = |ΣM| and denote by X the
corresponding compactification. The cohomology ring of X is concentrated in even degrees and
it is of Hodge-Tate type, i.e., the Hodge-decomposition in degree 2p is concentrated in bidegree
(p, p). Moreover, the restriction map

A•(Σ) ' A•(CPΣ) −→ H2•(X)

is an isomorphism of rings.

Combined with Theorem 7.2, this leads to an isomorphism

H2p(Σ) ' H2p(X).
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The theorem provides a tropical generalization of the results of Feichtner-Yuzvinsky [FY04]
and De Concini-Procesi [DP95], by going beyond the combinatorial data of building and nested
sets, assumed usually in the theory of wonderful compactifications.

Proof of Theorem 9.5. We give the proof with rational coefficients, and sketch an alternate
proof in Remark 9.6 which works with integral coefficients.

Consider a cone σ ∈ Σ and let Xσ be the intersection of X with the torus orbit T σ in CPΣ

associated to σ. We have the following properties:
• Xσ is itself isomorphic to the complement of a hyperplane arrangement. The embed-
ding Xσ ↪→ T σ has tropicalization given by Trop(Xσ) = |Σσ

∞| ↪→ Nσ
∞.

• The closure of Xσ in X coincides with the compactification X
σ of Xσ in the toric

variety CPΣσ∞ .
Proceeding by induction on the dimension of X, we can thus assume that the theorem holds
for all the strata Xσ for any cone σ 6= 0 in Σ.

Consider now the smooth compactification X ↪→ X with strict normal crossing divisor,
as stated by Tevelev’s theorem. The Deligne spectral sequence, which describes the mixed
Hodge structure on the cohomology of X in terms of the cohomology of the closed strata in
the stratification of X given by the intersection of components of the boundary divisor, gives
the following exact sequence:

0→ Hp(X)→
⊕
σ∈Σ
|σ|=p

H0(X
σ
)→

⊕
σ∈Σ
|σ|=p−1

H2(X
σ
)→ · · · →

⊕
σ∈Σ
|σ|=1

H2p−2(X
σ
)→ H2p(X)→ 0,

where the maps between cohomology groups are again given by the Gysin maps for the em-
beddings Xσ

↪→ X
τ for pair of faces τ≺·σ. This was proved by [IKMZ19] and is a consequence

of a theorem of Shapiro [Sha93] which states that the p-th cohomology of the complement of
a hyperplane arrangement is pure of weight 2p concentrated in bidegree (p, p).

In Section 8 we proved a tropical analogue of the above exact sequence for any smooth
tropical fan, the tropical Deligne resolution:

0→ Fp(0)→
⊕
σ∈Σ
|σ|=p

H0(Σ
σ
∞)→

⊕
σ∈Σ
|σ|=p−1

H2(Σ
σ
∞)→ · · · →

⊕
σ∈Σ
|σ|=1

H2p−2(Σ
σ
∞)→ H2p(Σ)→ 0,

where the maps between cohomology groups are given by the Gysin maps for the embeddings
Σ
σ
∞ ↪→ Σ

τ
∞ for pair of faces τ ≺· σ.

It was also proved by Zharkov [Zha13] that the coefficient group Fp(0) is naturally isomor-
phic to the cohomology group Hp(X). Under this isomorphism and the isomorphism between
H2p(Σ

σ
) and H2p(X

σ
), obtained by combining the isomorphism of Theorem 7.2 and the re-

striction maps A•(Σσ) ' H2•(CPΣσ) → H2•(X
σ
), for all σ 6= 0, we get that the above two

Deligne exact sequences are actually isomorphic up to the last piece on the right. This shows
that the natural map

H2p(Σ)→ H2p(X),

given by the composition of maps H2p(Σ) ' Ap(Σ) ' Ap(CPΣ) → Ap(X) → H2p(X), must
be an isomorphism as well, which proves the theorem in even cohomological degrees.
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Again, proceeding by induction, the Deligne spectral sequence implies that the cohomology
groups H2p+1(X) are all vanishing. The same statement was proved for H2p+1(Σ) in Theo-
rem 7.2, so the isomorphism H•(Σ) ' H•(X) holds as well in odd cohomological degrees. �

Remark 9.6. We sketch an alternative argument which allows to get the result with integral
coefficients.

First, the case where the hyperplanes form the uniform matroid, and the fan Σ has the
same support as the Bergman fan ΣM, is direct. In this case, the toric variety and the com-
pactification coincide, and the result follows from the isomorphism between the cohomology
ring of the toric variety and the Chow ring of the fan, combined with the Hodge isomorphism
theorem.

Proceeding now by induction, we prove the result for the case of an arbitrary hyperplane
arrangement with Σ having the same support as ΣM, for M the matroid of the hyperplane
arrangement. Combining Keel’s lemma, the weak factorization theorem, and Theorem 9.4,
it will be enough to produce one specific fan with the same support as ΣM for which the
result holds. We take the linear form ` which defines one of the hyperplanes. We take the
tropicalization Trop(X ′) of the complement X ′ of all the other hyperplanes with respect to
the embedding given by their linear forms, and take the tropicalization of `, viewed as a
rational function defined on X ′, to obtain a piecewise integral linear function f on Trop(X ′).
The tropical modification of Trop(X ′) along the divisor div(f) produces a fan Σ with the
same support as the Bergman fan ΣM. Let Σ′ be the fan structure on Trop(X ′) and X ′ the
corresponding compactification. Let X be the compactification of X with respect to Σ. Then
we get an isomorphism X ' X

′, given by the graph of `, and an isomorphism between the
Chow rings of Σ and Σ′, given by Theorem 6.8. Combining these isomorphisms and applying
the hypothesis of the induction, we get the theorem for Σ, and thus for any unimodular fan
with the same support as Σ. �

10. Homology of tropical modifications and shellability of smoothness

The aim of this section is to study the behavior of homology and cohomology groups under
tropical modifications, and to prove shellability of smoothness for tropical fans.

10.1. Computation of the homology and cohomology of a tropical modification.
This section is devoted to the proof of the following theorem.

Theorem 10.1 (Tropical modification formula). Let Σ be a smooth tropical fan. Let f be a
conewise integral linear function on Σ such that div(f) is reduced. Set ∆ = div(f). Then the
following equalities between different homology and cohomology groups hold.

• (Open tropical modifications) We have

H•,•c (TMf (Σ)) ' H•,•c (Σ,∆) and H
BM

•,•(TMf (Σ)) ' HBM

•,•(Σ,∆),

where H•,•c (Σ,∆) and HBM

•,•(Σ,∆) denote the relative cohomology with compact support
and the relative Borel-Moore homology respectively.
• (Closed tropical modifications) We have

H•,•c (CTMf (Σ)) ' H•,•c (Σ) and H
BM

•,•(CTMf (Σ)) ' HBM

•,•(Σ),

and these isomorphisms are compatible with the Poincaré duality.
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• (Open extended tropical modifications) We have

H•,•c (TMf (Σ)) ' H•,•(Σ,∆) and H
BM

•,•(TMf (Σ)) ' H•,•(Σ,∆).

• (Closed extended tropical modifications) We have

H•,•(CTMf (Σ)) ' H•,•(Σ) and H•,•(CTMf (Σ)) ' H•,•(Σ),

and these isomorphisms are compatible with the Poincaré duality.

Remark 10.2. Let us describe briefly the different isomorphisms. For non-extended tropical
modifications, it is simply induced by the maps p∗ : F•(σo) → FΣ

• (σ) for σ ∈ Σ. For the
extended tropical modification however, one has to add the maps induced by the inclusions
i : F•(δ∞) ' F∆

• (δ) ↪→ FΣ
• (δ) for δ ∈ ∆. �

Notice that the notation F•(δ) is ambiguous for δ ∈ ∆. That is why, here and in the rest
of this section, we precise as a superscript in which fan we consider F•(δ): either F∆

• (δ) or
FΣ
• (δ).
First note that the theorem is trivial in the case of a degenerate tropical modification, i.e.,

if ∆ = 0. Indeed, since Σ is smooth, it is div-faithful by Theorem 4.11, and then TMf (Σ) is
isomorphic to Σ (see Proposition 5.2) and the theorem follows easily.

In what follows, we assume the tropical modification is non-degenerate. As usual, we use
the notations of Section 5.1. In particular, recall that p is the projection associated to the
tropical modification, and that e is the unit vector of the special new ray above 0 in the
tropical modification.

The key point in the proof of the theorem above is the following lemma which provides a
description of the coefficient sheaves in the tropical modification.

Lemma 10.3 (Local tropical modification formula). Let Σ be a smooth tropical fan, and let
∆ = div(f) be a reduced divisor associated to a conewise integral linear function on Σ. Let
Σ̃ = TM∆(Σ).

Let σ be a face in Σ r ∆, δ be a face in ∆, and let p be a non-negative integer. We have
the following short exact sequences.

0 FΣ̃
p (σo) FΣ

p (σ) 0,

0 F∆
p−1(δ) FΣ̃

p (δ ) F∆
p (δ) 0,

0 F∆
p−1(δ) FΣ̃

p (δo) FΣ
p (δ) 0

p∗

p∗

p∗

where the first map in the two last sequences is given by v 7→ e ∧ p∗(v) with p∗(v) denoting
any preimage of v by p∗.

Note that the map v 7→ e ∧ p∗(v) does not depend on the chosen preimage of v. The proof
of this lemma is based on the tropical Deligne sequence and will be given in Section 10.3. We
now proceed with the proof of the tropical modification formula.

Proof of Theorem 10.1. It is possible to derive the theorem by using the above local lemma
and by following the proof of Proposition 5.5 in [JRS18]. We present another proof here using
cellular homology.
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We first prove the isomorphism stated in the theorem concerning open tropical modifica-
tions. Let Σ̃ = TM∆(Σ). Summing the short exact sequences of Lemma 10.3 over all faces of
Σ̃, we get the following short exact sequence for any pair of integers p, q:

0 C
BM

p−1,q−1(∆)⊕ CBM

p−1,q(∆) C
BM

p,q (Σ̃) C
BM

p,q−1(∆)⊕ CBM

p,q (Σ) 0.

An inspection of the boundary operators leads to the following short exact sequence of
cochain complexes
(10.1)

0 Cone•

(
C

BM

p−1,•(∆)
id−→ C

BM

p−1,•(∆)
)

C
BM

p,•(Σ̃) Cone•

(
C

BM

p,•(∆) ↪→ C
BM

p,•(Σ)
)

0,

where for two complexes C• and D• and a morphism φ : C• → D•, the complex Cone•(φ) is
the mapping cone defined as follows

Conek(φ) = Ck−1 ⊕Dk, and ∂ : Ck−1 ⊕Dk −→ Ck−2 ⊕Dk−1,
a⊕ b 7−→ −da⊕ (φ(a) + db).

We refer to [KS90] for more information about the mapping cones and their basic properties.
As usual, we define the relative chain complex CBM

p,•(Σ,∆) as the cokernel of the inclusion
C

BM

p,•(∆) ↪→ C
BM

p,•(Σ).
The homology of the cone of the identity map is always zero. Moreover, the homology of

Cone•

(
C

BM

p,•(∆) ↪→ C
BM

p,•(Σ)
)
is isomorphic to the relative homology.

From the long exact sequence associated to the short exact sequence (10.1), we get the
following isomorphism

H
BM

•,•(Σ̃) ' HBM

•,•(Σ,∆),

which is exactly the first isomorphism of the theorem.

We now prove the isomorphism between HBM

•,•(CTMf (Σ)) and HBM

•,•(Σ). The chain complex
of CTMf (Σ) can be decomposed into the following short exact sequence

0 −→ Cone•

(
C

BM

p−1,•(∆)
id∆−→ C

BM

p−1,•(∆)
)
⊕ CBM

p,•(∆) −→ C
BM

p,•(CTMf (Σ))

−→ Cone•

(
C

BM

p,•(∆)
i∆
↪−→ C

BM

p,•(Σ)
)
−→ 0.

The only new term compared to (10.1) is the one coming from the stratum ∆∞ := Σ̃ρ
∞ (with

ρ the special ray) which is isomorphic to ∆. Moreover, when we compare this short exact
sequence with the short exact sequence of relative homology, we get the following commutative
diagram.

0 Cone•(id∆)⊕ CBM

p,•(∆) C
BM

p,•(CTMf (Σ)) Cone•(i∆) 0

0 C
BM

p,•(∆) C
BM

p,•(Σ) C
BM

p,•(Σ,∆) 0

π2 p∗+i∆∞ π1

Here, π2 denotes the projection on the second part, p∗ is the usual map coming from the
projections p∗ : Fp(σo) → FΣ

p (σ) for σ ∈ Σ, i∆∞ is given by the maps Fp(δ∞) ' F∆
p (δ) ↪→

FΣ
p (δ) for δ ∈ ∆, and π1 is the natural projection

C
BM

p,•(Σ)⊕ CBM

p,•−1(∆) −→ C
BM

p,•(Σ) −→ C
BM

p,•(Σ)
/
C

BM

p,•(∆).
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Hence we get a morphism between the associated long exact sequences.

· · · H
BM

p,q (∆) H
BM

p,q (CTMf (Σ)) Hq(Cone•(i∆)) H
BM

p,q−1(∆) · · ·

· · · H
BM

p,q (∆) H
BM

p,q (Σ) H
BM

p,q (Σ,∆) H
BM

p,q−1(∆) · · ·

p∗+i∆∞ ∼

The maps π2 and π1 induce isomorphisms in homology, and we conclude by using the five
lemma.

The other isomorphisms in the statement of the theorem can be obtained in similar ways
(using if necessary, for the cohomology, the dual of the local tropical modification formula,
Lemma 10.3). The theorem follows. �

10.2. Shellability of smoothness. As a consequence of Theorem 10.1, we get the following.

Theorem 10.4. Smoothness is shellable in Trop.

Proof. We use Lemma 5.10. It is a trivial fact that elements of B0 are smooth. Moreover,
since smoothness only depends on the support (Theorem 3.20), we only have to prove the
closeness by products and the closeness by tropical modifications. Closeness by products is
given by Proposition 3.21. It remains to prove the closeness by tropical modifications.

Let Σ be a tropical fan. Let f be a conewise integral linear function on Σ such that div(f)

is reduced. Set ∆ = div(f) and let Σ̃ = TMf (Σ). Assume moreover that ∆ is smooth (and
non-empty). By Lemma 5.10, we just have to prove the Poincaré duality for Σ̃.

By Theorem 10.1, we know that HBM

•,•(Σ̃) ' H
BM

•,•(Σ,∆). Using the long exact sequence of
relative homology, we get the following exact sequence

. . . −→ H
BM

p,q (∆) −→ H
BM

p,q (Σ) −→ H
BM

p,q (Σ̃) −→ H
BM

p,q−1(∆) −→ · · ·

Since Σ (resp. ∆) verifies the Poincaré duality, its Borel-Moore homology is trivial except for
q = d (resp. q = d − 1). We deduce that HBM

p,•(Σ̃) is trivial except in degree d and that we
have a short exact sequence

0 −→ H
BM

p,d(Σ) −→ H
BM

p,d(Σ̃) −→ H
BM

p,d−1(∆) −→ 0.

The cap products · _ νΥ for Υ any of the tropical fans Σ, ∆ or Σ̃ induces the following
commutative diagram.

0 Fd−p(Σ) Fd−p(Σ̃) Fd−p−1(∆) 0

0 H
BM

p,d(Σ) H
BM

p,d(Σ̃) H
BM

p,d−1(∆) 0

∼ ∼

We have already seen that the second row is exact. The first row is also a short exact sequence
by the dual of Lemma 10.3. The first and last vertical maps are isomorphisms because Σ and
∆ verify the Poincaré duality. Hence, by the five lemma, the second vertical map is an
isomorphism, and therefore, Σ̃ verifies the Poincaré duality. �
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10.3. Proof of Lemma 10.3. In this final section, we prove Lemma 10.3. So let Σ be a
smooth tropical fan. Let f be a conewise integral linear function on Σ such that div(f) is
reduced. Let ∆ = div(f) and Σ̃ = TMf (Σ). We have to prove the following three exact
sequences for any face σ ∈ Σ r ∆ and any δ ∈ ∆.

0 FΣ̃
p (σo) FΣ

p (σ) 0,

0 F∆
p−1(δ) FΣ̃

p (δ ) F∆
p (δ) 0,

0 F∆
p−1(δ) FΣ̃

p (δo) FΣ
p (δ) 0.

p∗

p∗

p∗

For the first exact sequence, let σ ∈ Σ r ∆. Let ` ∈ M be any integral linear map which
coincides with f on σ. Denote by πσ : N → Nσ the natural projection. Then, f − ` induces
a conewise integral linear map fσ = πσ∗ (f − `) on Σσ. Since no codimension one face of Σ
containing σ is in div(f), we deduce that div(fσ) is trivial. Since Σ is smooth, it is div-faithful
at σ. As a consequence, fσ must be a linear map on Σσ. Set ˜̀= πσ,∗(fσ) + `, and note that˜̀ is a linear map which coincides with f on the faces containing σ. The isomorphism between
FΣ
p (σ) and FΣ̃

p (σo) is now induced by the isomorphism between NR and Im(˜̀).
The second exact sequence is clear since η ' η × R+e for any cone η � δ in ∆.
It remains to prove the last one. We prove the exactness of the following sequence

0 −→ F∆
p−1(0∆) −→ FΣ̃

p (0
Σ̃

) −→ FΣ
p (0Σ) −→ 0.

The statement then follows by applying the same argument to ∆δ, Σ̃δo , and Σδ for all δ ∈ ∆,
and by using the compatible isomorphisms

FΥ• (µ) '
∧•Nµ ⊗ FΥ

µ

• (0Υµ)

for pairs (µ, Υ ) equal to (δ,∆), (δo, Σ̃), and (δ,Σ). Notice that the terms of the short exact
sequence only depend on the support of the respective fan. Hence, we can assume without
loss of generality that ∆, Σ and Σ̃ are unimodular.

Combining the sequence given by Proposition 8.5 for ∆,Σ and Σ̃, we get the diagram
depicted in Figure 1 in which the three rows are exact.

We describe the vertical maps. Let δ ∈ ∆. Then Σ̃δ ' ∆δ. In the same way, if σ ∈ Σr∆,
then Σ̃σo ' Σσ because Σ is div-faithful at σ. In both cases, we get an isomorphism in
cohomology. The last case concerns Σ̃σ with σ ∈ ∆. In this case, Σ̃σo ' TM∆σ(Σσ). Since
Σσ is div-faithful, we can combine Theorem 6.8 and Theorem 7.4 to get

Hp,p(Σ̃
σo

) ' MWd−p(Σ̃
σo) ' Ad−p(Σ̃σo)? ' Ad−p(Σσ)? ' Hp,p(Σ

σ
).

Summing all these isomorphisms, we get⊕
σ∈Σ̃k

Hp,p(Σ̃
σ
) =

⊕
δ∈∆k−1

Hp,p(Σ̃
δ

)⊕
⊕
σ∈Σk

Hp,p(Σ̃
σo

) '
⊕

δ∈∆k−1

Hp,p(∆
δ
)⊕

⊕
σ∈Σk

Hp,p(Σ
σ
).

The two first columns of Figure 1 are the split exact sequences obtained via the isomorphism
described above. The last column can be defined in a unique way to make the diagram
commutative. A diagram chasing proves that we obtain an exact sequence.
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0 0

⊕
δ∈∆

|δ|=d−p−2

Hp,p(∆
δ
)

⊕
δ∈∆

|δ|=d−p−1

Hp,p(∆
δ
) Hp,d−1

c (∆) 0

⊕
σ∈Σ̃

|σ|=d−p−1

Hp,p(Σ̃
σ
)

⊕
σ∈Σ̃
|σ|=d−p

Hp,p(Σ̃
σ
) Hp,d

c (Σ̃) 0

⊕
σ∈Σ

|σ|=d−p−1

Hp,p(Σ
σ
)

⊕
σ∈Σ
|σ|=d−p

Hp,p(Σ
σ
) Hp,d

c (Σ) 0

0 0 0

Figure 1. End of the duals of tropical Deligne sequences for a tropical mod-
ification

We now observe that we have a second commutative diagram.

Hp,d−1
c (∆) Hp,d

c (Σ̃) Hp,d
c (Σ) 0

0 F∆
d−p−1(0∆) FΣ̃

d−p(0Σ̃
) FΣ

d−p(0Σ) 0

∼

p∗

The vertical maps are the dual of the map described in 3.2.2. In the same way that the
map in 3.2.2 is injective, the vertical maps are surjective. Moreover, the last vertical map is
an isomorphism. Indeed, by assumption Σ is smooth and thus verifies the Poincaré duality.
Hence, we have an isomorphism Fd−pΣ (0Σ) ∼−→ H

BM

p,d(Σ). Moreover, sinceHp,•(Σ) is torsion-free,
the Poincaré duality implies that HBM

p,•(Σ) is torsion-free, and we have Hp,d
c (Σ) ' H

BM

p,d(Σ)?.
Since FΣ

d−p(0Σ) ' Fd−pΣ (0Σ)?, by dualizing, we get the isomorphism Hp,d
c (Σ) ∼−→ FΣ

d−p(0Σ).

The injectivity of the map F∆
d−p−1(0∆)→ FΣ̃

d−p(0Σ̃
) is clear. The rest of the exactness of the

second row then follows from a diagram chasing. This concludes the proof of Lemma 10.3. �

11. Examples and further questions

In this final section, we provide a collection of examples to which we referred in the text,
and complement this with remarks and questions which we hope could clarify the concepts
introduced in the paper.

11.1. The fan over the one-skeleton of the cube. A rich source of examples is given
by the fan defined over the 1-skeleton of a cube. More precisely, consider the standard cube
� with vertices (±1,±1,±1), and let Σ be the two-dimensional fan with rays generated by
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Hp,q
c (Σ) 0 1 2 Hp,q(Σ) 0 1 2

0 0 0 Z5 0 Z 0 0

1 0 0 Z3 × Z
/

2Z 1 0 Z5 0

2 0 Z2 Z 2 0 Z2 Z
Table 1. Cohomology of the fan Σ over the one-skeleton of the cube.

vertices and with facets generated by edges of the cube. The fan Σ is locally irreducible
and tropical but not unimodular. We obtain a unimodular fan changing the lattice: in what
follows, we work with the lattice N :=

∑
%∈Σ1

Ze%.
Table 1 summarizes the main cohomological data about the cube. One can compute the

homology via the universal coefficient theorem: the torsion part is shifted by one column
on the left, the rest remains unchanged. Moreover the image of A1(Σ) inside A1(Σ)? is a
sublattice of full rank and of index two.

Some general facts on the cohomology of fans. Let us start by making comments on some
relations in these tables that generalize to all fans. First notice that the last rows coincide.
This is a more general phenomenon: for any fan Σ′ of dimension d, Hd,q

c (Σ′) ' Hd,q(Σ
′
).

This is due to the vanishing of the sheaf Fd on faces of positive sedentarity. Moreover,
Hp,0
c (Σ) is trivial and Hp,1

c (Σ) is torsion-free for any p. Indeed, by definition of Fp(0), the
map

⊕
%∈Σ1

Fp(%)→ Fp(0) is surjective. Hence HBM

p,0(Σ) is trivial and the universal coefficient
theorem concludes.

Poincaré duality for fans and classical cohomology. Pursuing our study of the cohomology of
Σ, one can notice that the first row is just the reduced classical homology of the one-skeleton
of the cube shifted by one. This is clear because for p = 0 we retrieve the classical homology.
This gives us a precious information: a fan Σ′ of dimension d which verifies the Poincaré
duality must verify that Σ′ r {0} has its classical cohomology concentrated in degree d − 1,
and moreover, Hd−1

sing (Σ′) ' Zrk(Fd(0)). Combined with the fact that rk(Fd(0)) 6
(
n
d

)
, with

n the dimension of the space spanned by Σ, we deduce that locally irreducible tropical fans
verifying the Poincaré duality are very specific.

On cohomology groups of Σ for p > q > 0. Notice that by Theorem 7.1, the cohomology
groups Hp,q(Σ) are trivial when either p < q, or q = 0 and p > 0, and that Hp,p(Σ) ' Ap(Σ).
The theorem however provides no information about H2,1(Σ) for a general fan. For the fan
Σ consider here, this cohomology group is nontrivial, hence Σ does not verify the Poincaré
duality.

Other properties of Σ. The fan Σ can be served in the following examples.

Example 11.1 (A Chow-duality tropical fan which does not verify the Poincaré duality). The
cohomology of Σ does not verify the Poincaré duality. Its Chow ring with integral coefficients
neither. On the other hand, its Chow ring with rational coefficients does verify the Poincaré
duality. It also verifies the hard-Lefschetz property and the Hodge-Riemann bilinear relations.

�
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Example 11.2 (A non-principal locally irreducible unimodular fan). The map A1(Σ) →
A1(Σ)? is not surjective, hence Σ is not principal at 0 for integral coefficients (though it is
principal for rational coefficients). Indeed, the divisor D = R · (1, 1, 1) is not principal, but
2D is. In fact, this divisor is not a boundary for integral coefficients, and HBM

1,1(Σ) ' Z
/

2Z
has torsion. �
11.2. The cross. Consider the cross {xy = 0} in R2 with four rays. We denote it by ∆. It
is the simplest singular tropical fan. It can be used in several constructions to find various
counter-examples. We propose some of them below.

Example 11.3 (Poincaré duality for a non normal compactified fan). Recall that Λk is the
complete fan on Rk whose facets are the 2k orthants. Consider Σ := TM∆(Λ2). Since Λ2 is div-
faithful, by Theorem 6.8, A•(Σ) ' A•(Λ2). Moreover, since Λ2 is smooth, H•,•(Σ) ' H•,•(Λ2).
Hence, despite Σ being not normal, both the Chow ring of Σ and the cohomology of Σ verify
the Poincaré duality. In particular, Σ is irreducible, principal and div-faithful at 0. On the
other hand, it is neither locally irreducible nor div-faithful globally. However, Σ does not
verify the homological Poincaré duality: HBM

0,2(Σ) ' Z4 but F2(0) is of rank 3. �

Example 11.4 (A nontrivial degenerate tropical modification). Let f be the conewise integral
linear function on ∆ given by f = x − y on {x + y > 0} and 0 on the complement. Then
div(f) is trivial. The tropical modification TMf (∆) is a smooth tropical line. In particular
it verifies the Poincaré duality, which is not the case of ∆. This example is quite interesting:
it seems that tropical modifications tend to desingularize tropical varieties as blow-ups do in
algebraic geometry. �
Example 11.5 (Two non-principal unimodular tropical fans). Consider the two-dimensional
fan Σ = ∆×Λ in R3, i.e., it has the six rays of the axes and support {x = 0}∪ {y = 0} ⊂ R3.
The divisor {y = z = 0} in Σ is not principal. This means Σ is not principal at 0.

Following the idea of Example 11.3, one can go further and create a fan which is principal
at 0 but not globally principal: it suffices to take TMΣ(Λ3). �
Example 11.6 (Non-irreducible unimodular fans). We can find higher dimensional analogues
of the cross in R2. Consider any unimodular fan ∆′ of support {x1 = x2 = 0}∪{x3 = x4 = 0}
in R4. The fan Σ is normal, div-faithful and principal, but it is not irreducible. �
Example 11.7 (A normal div-faithful unimodular fan which is neither irreducible nor prin-
cipal). Let ∆′ be the fan defined in the previous example. Set Σ = ∆′ ×Λ. We get a tropical
fan Σ of dimension three which is still normal and div-faithful but it is neither irreducible,
nor principal: the divisor {x1 = x2 = 0} × {0} is not a principal divisor in Σ′. �
11.3. Non saturated and non unimodular fans. Let (e1, e2) be the standard basis of Z2

and let e0 = −e1− e2. Denote by ρi = R+ei, i ∈ {0, 1, 2} the corresponding rays. Let N be the
lattice Z(1, 0) +Z(−1/3,−1/3). Then the lattice Z2 generated by e0, e1, e2 is of index three in
N .

Example 11.8. Let Σ in R2 be the one-dimensional fan with rays ρi, for i = 0, 1, 2. Then Σ
is tropical, and tropically smooth, but it is not saturated. Any element of (Z2)? ⊂M induces
an integral linear form on Σ. As a consequence, A1(Σ) has torsion. For instance, Xρ1 − Xρ2 is
non-zero, but 3 · (Xρ1 − Xρ2) is zero in A1(Σ). �
Example 11.9. Let Σ be the complete fan in the plane R2, with N = Z2, whose rays are the
ρi. This time, Σ is not unimodular. As in example 11.8, A1(Σ) has torsion. Moreover, the
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cohomology group H1,2(Σ) ' Z
/

3Z is nontrivial even though we are in bidegree (p, q) = (1, 2)
with p < q. �
Example 11.10. Consider again the complete fan Σ of the previous Example. Let f be the
conewise integral linear function on Σ which maps e0 on −3 and e1 and e2 on 0. Then div(f)
is the reduced divisor ∆ with rays ρi for i = 0, 1, 2.

Let Σ′ be a unimodular subdivision of Σ; for instance one can add the rays along the vectors
1
3ei + 2

3ej for distinct i, j ∈ {0, 1, 2}. This fan is smooth. Set Σ̃ = TMf (Σ′) and denote by ρ
the new ray. Then Σ̃ is a smooth unimodular fan which is saturated at 0 but not at ρ. Even
worse, there is no way to change the lattice N to make it saturated without changing Σ̃ ∩N .

Since Σ̃ is saturated at 0, A1(Σ̃) has no torsion. However, the element Xρ(Xρ1−Xρ2) ∈ A2(Σ̃)
is an element of order three. �

The three previous examples show that the saturation and unimodularity assumptions in
Theorem 7.1 are needed in general.

11.4. Further examples.

Example 11.11 (A shellable tropical fan which is not generalized Bergman). Let Σ be the
two-dimensional skeleton of the fan of the projective space of dimension three: it has four rays
generated by vectors e1, e2, e3 and e0 = −e1 − e2 − e3, where (e1, e2, e3) is a basis of N , and
the six facets R+ei + R+ej for 0 6 i < j 6 3. We have |Σ| = |ΣM| for the uniform matroid
M = U3

4 of rank three on four elements. Let ∆ be the tropical curve in |Σ| with four rays
ρ1, ρ2, ρ3 and ρ4 with

ρ1 = R+(e1 + e2), ρ2 = R+e2, ρ3 = R+(e0 + 2e3), ρ4 = R+(e0 + e1).

Then we have ∆ ' ΣM′ with M′ = U2
4 the uniform matroid of rank two on four elements.

The tropical modification TM∆(Σ) is shellable but does not have the same support as the
Bergman fan of any matroid. It means it is not generalized Bergman. �
Example 11.12 (A non-shellable smooth fan). We study here an interesting example discov-
ered by Babaee and Huh [BH17]. We would like to thank Edvard Aksnes and Kristin Shaw
for pointing out the relevance of this example to us.

A full description of the fan is given in [BH17,Aks19]. We just mention its main properties.
It is a normal unimodular tropical fan Σ of dimension two living in R4. Aksnes computes its
rational homology in [Aks19] and concludes that it is smooth (this remains true with integral
coefficients). However, Σ does not verify the Hodge-Riemann bilinear relations: it is quasi-
projective, but the pairing A1(Σ) × A1(Σ) → Z has more than one positive eigenvalues. In
particular it is not shellable. Indeed, by Theorem 5.9 (6), any quasi-projective shellable fan
verifies the Hodge-Riemann bilinear relations. �
Example 11.13 (Irreducible components of non normal fans). Let Σ = be the 1-skeleton
of U3,3 in R2. There are five irreducible components in the sense of minimal support of an
element of HBM

1,1(Σ), but they do not induce a partition of Σ1. �
11.5. Questions. We end this section with a list of questions naturally arising in our study.
– Is the smoothness of a tropical fan Σ implied by the surjectivity of the map Fp(0Σσ) →
H

BM

d−p,d(Σ
σ), σ ∈ Σ. In other words, does the vanishing of HBM

p,q (Σ) follow from the surjectivity?

– Provide examples of unimodular fans Σ with torsion in Hp,q(Σ), for p > q.
– Provide a classification of smooth tropical fans.
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