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ABSTRACT. Le présent article est le premier d’une série de travaux consacrés a ’étude de la
géométrie asymptotique des surfaces de Riemann et de leurs espaces de modules.

Nous introduisons 'espace de modules des courbes hybrides comme une nouvelle com-
pactification de ’espace de modules des courbes, raffinant celle construite par Deligne et
Mumford. Il s’agit de ’espace de modules pour les objets géométriques multi-échelles qui
mélangent la géométrie complexe et la géométrie tropicale et non archimédienne de rang
supérieur, reflétant a la fois des caractéristiques discrétes et continues.

Nous définissons des mesures canoniques sur les courbes hybrides qui généralisent les
mesures d’Arakelov-Bergman sur les surfaces de Riemann et les mesures de Zhang sur les
graphes métriques.

Nous montrons ensuite que la famille universelle de courbes hybrides munies de leurs
mesures canoniques est une famille continue d’espaces mesurables au-dessus de cet espace de
modules hybride. Ce résultat fournit un lien précis entre la mesure de Zhang non archimé-
dienne et les variations des mesures d’Arakelov—Bergman dans les familles de surfaces de
Riemann, répondant ainsi & une question ouverte depuis les travaux pionniers de Zhang sur
I’accouplement admissible dans les années quatre-vingt-dix.

The present paper is the first in a series devoted to the study of asymptotic geometry of
Riemann surfaces and their moduli spaces.

We introduce the moduli space of hybrid curves as a new compactification of the moduli
space of curves, refining the one obtained by Deligne and Mumford. This is the moduli
space for multiscale geometric objects which mix complex and higher rank tropical and non-
Archimedean geometries, reflecting both discrete and continuous features.

We define canonical measures on hybrid curves which combine and generalize Arakelov—
Bergman measures on Riemann surfaces and Zhang measures on metric graphs.

We then show that the universal family of canonically measured hybrid curves over this
moduli space varies continuously. This provides a precise link between the non-Archimedean
Zhang measure and variations of Arakelov—Bergman measures in families of Riemann sur-
faces, answering a question which has been open since the pioneering work of Zhang on
admissible pairing in the nineties.
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1. INTRODUCTION

In this paper we study canonical measures on Riemann surfaces and their tropical and
hybrid limits.

By canonical measure on a Riemann surface we mean the Arakelov-Bergman measure
defined in terms of holomorphic one-forms. For a compact Riemann surface S of positive
genus ¢, this is the positive density measure of total mass g on S given by

i 9
My, = 5 ij‘ N Wy,
J=1

where i = 4/—1 and wy,...,wy form an orthonormal basis for the space of holomorphic one-
forms on S, with respect to the Hermitian inner product

i _
i,y = 2J m A2
S

for pairs of holomorphic one-forms 71,7 on S.

Let .#, be the moduli space of curves of genus g and let //?g be its Deligne-Mumford
compactification, consisting of stable curves of genus g. The question we address in this paper
is the following:

Question 1.1. Consider a sequence of smooth compact Riemann surfaces S; of genus g such
that the corresponding points s; of My converge to a point in My. Let w3 be the canonical
measure of Sj. What is the asymptotic behavior of the measures p3™ 7

Since the measures p$" live on distinct surfaces, the first problem to handle consists in
giving a precise mathematical meaning to the question. Moreover, once this has been taken
care of, the answer to the question appears to be sensitive to the speed and direction of the
convergence of the sequence of points (s;). Formalizing these points leads to the definition of
new geometric objects called hybrid curves and their moduli spaces.

Although discovered in context with canonical measures, hybrid curves and their moduli
spaces provide a framework in which several other questions can be answered as well, see
Section 1.5 for a brief outlook on further developments.

1.1. Hybrid curves. Let s, be the limit of (s;) and let S, be the stable Riemann surface
corresponding to s,. Denote by G = (V, E) the dual graph of S, : its vertices are in bijection
with the irreducible components of S, and its edges are in bijection with the nodes (singular
points) of S,. If an edge e corresponds to a node p, then its endpoints are given by the two
components of S, (possibly identical, if e is a loop) containing p. The genera of components
of S, define a genus function g: V'— N. The pair (G, g) is called the stable dual graph of S,,.

With the help of the stable dual graph, it will be possible to capture additional information
on the speed and direction of convergence of the sequence.

We can view the speed of convergence as a way to distinguish the relative order of appearance
of the singular points in the limit, when the sequence 51, S2, ... approaches the stable Riemann
surface S,. This leads to an ordered partition m = (7y,...,m,) of the edge set F, where m;
are the edges corresponding to the fastest appearing nodes, mo are the ones which are fastest
among the remaining nodes, and so on. We will call the ordered partition 7 a layering of the
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FIGURE 1. An example of a hybrid curve of rank three. The graph of the
underlying stable Riemann surface has five vertices and seven edges. Its edges
are partitioned into three sets my, w2, and 3.

graph, the elements of 7 the layers, and the graph G endowed with the layering a layered
graph.

Capturing the direction corresponds to choosing edge length functions ¢1: m; — Ry, ...,
L. m — R, on the layers, each of them well-defined up to multiplication by a positive scalar.
Here and everywhere else, Ry denotes the set of strictly positive real numbers.

We have now arrived at the data underlying the definition of a hybrid curve:

e a stable curve S with stable dual graph G = (V| E, g) and
e an ordered partition 7 = (7q,...,m) of E, for some r € N, and
e an edge length function /: F — R,.

Given the triple (S, ¢, 7), we define the associated layered metrized complez as the metrized
complex M% from [AB15|, obtained as the metric realization of (S, ), and enriched with the
data of the layering .

We recall that M% is obtained by taking first the normalization S of S, which is by
definition the disjoint union of the (normalization of the) irreducible components of S, then
taking an interval Z, of length £, for each edge e € E associated to a node p, in S, and finally
gluing the two extremities of Z, to the two points in the normalization S corresponding to the
node p in S (see Figure 1).

We then define the following conformal equivalence relation (at infinity) on layered metrized
complexes. Two layered metrized complexes M% and M%”’ are conformally equivalent if there
exists an isomorphism of the semistable curves underlying M% and M%” so that under this
isomorphism, they have the same underlying graph G' = (V, E) (this will be automatic), the
same ordered partition m = (my,...,m) on E, and for each layer 7;, j = 1,...,r of m, there
is a positive number A; > 0 such that

0, =xe),
for the respective edge length functions ¢,¢': E — R,

A hybrid curve ¢"" is a conformal equivalence class of layered metrized complexes. In other

words, the edge length function £ is well defined only up to multiplying its restrictions ¢ \Wj to

layers by positive real numbers. Imposing >’ le =1 foreach j =1,...,r leads to a unique

€Em;
choice of ¢. The integer r is called the rank of .

Note that each metrized complex ME gives rise to a hybrid curve €, namely the confor-
mal equivalence class of M% endowed with the trivial layering (the trivial ordered partition
consisting of one element 7 = (F)). In particular, hybrid curves provide an enrichment of the

category of metrized curve complexes (with normalized edges lengths).

1.2. Moduli space ///ghyb of hybrid curves of genus g. In order to answer Question 1.1,
we will construct the moduli space .///;yb of hybrid curves of genus g that provides a new
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compactification of .#,; naturally lying over the Deligne-Mumford compactification M. g One
may view ///;yb as a higher rank tropical refinement of //79, that allows to study problems
involving both Archimedean and tropical non-Archimedean aspects of Riemann surfaces and
their families. The precise meaning of this is subject to our work [AN22]| and its forthcoming
sequels (see Section 1.5).

The points in ///;yb correspond to hybrid limits of Riemann surfaces of genus g. The
topology reflects aspects which are reminiscent of both analytic and Zariski topologies in .//79.
Roughly speaking, our construction replaces each point of //79 representing a non-smooth
stable Riemann surface S by infinitely many hybrid points representing the hybrid curves
with S as their underlying stable Riemann surface.

We outline the construction here and refer to Section 4.4 for the details.

1.2.1. Hybrid spaces of higher rank. The definition of the hybrid moduli space ///ghyb is based
on a general construction of hybrid spaces of higher rank. To a complex manifold B and a
simple normal crossing divisor D, we associate a hybrid space B by enriching the points x
on the divisor D with additional simplicial coordinates. In the following, we briefly summarize
this procedure (see Section 3 for more information).

Let B be an N-dimensional complex manifold, for a positive integer N, and consider a simple
normal crossing divisor D = | ..z De in B. That is, we require that (De)cecp is a finite family
of smooth, connected and closed submanifolds of codimension one in B such that for any
subset F' € F, the stratum

F = ﬂ De

eeF

is either empty or a smooth submanifold of codimension |F'| with only finitely many connected
components. We define the inner stratum of I’ as the subset

]_O)F = Dp ~ U D..
e¢F

Note that for F' = @&, we recover the open part Dy = B~ D = B*. Moreover, the inner
strata provide a partition of B,
B= || Dr.

FCcFE
Let II(F') be the set of ordered partitions of a subset F' < E. Each element 7 € II(F) is
an ordered sequence m = (my,my,..., ), for some r € N, consisting of non-empty, pairwise

disjoint subsets m; € F with | ||_, m = F.
For an ordered partition 7 = (m;)/_, in II(F), F € E, the hybrid stratum D.." is defined as

hyb

D, :=Dp X0p X+ X0p,

where for a finite set A, we denote by o, the standard simplex in R4, with vertices the
standard basis of R4, and by &, the relative interior of o,. For m = 7y, that is, the empty
ordered partition of the empty set ' = @ € E, we set Dhy) = Dy = B*. The hybrid space

B"" is the disjoint union

hyb L |_| |_| Dhyb . |_| |_| Dhyb

FCFE nell(F @G FCE nell(F)

equipped with the hybrid topology (see Section 3).
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1.2.2. Definition of the hybrid moduli space. In the definition of the moduli space ///ghyb, we
apply the above to the versal deformation spaces of stable Riemann surfaces S. In this context
B = AN is a polydisc and the divisor is a union of coordinate hyperplanes D = | J . p{ze = 0},
where z., e € E, are coordinates parametrizing the appearance of the nodes of S. The polydisk
B provides an étale chart around the point s that represents S in the Deligne-Mumford stack
//79. We call the resulting hybrid space B™ a hybrid étale chart. The topology on B""
formalizes the aforementioned layered appearance of the nodes. The hybrid moduli space

///;yb is then obtained by glueing the hybrid étale charts.

The hybrid moduli space ///ghyb naturally comes with the universal family of hybrid curves
hyb

of genus g, defined more precisely on hybrid étale charts B,
%,

g

hyb hyb

-, S

hyb N Bhyb'
The fiber S, over any point t € B"" corresponds to the hybrid curve represented by t. The
universal family in turn inherits a natural hybrid topology which makes the projection maps

hyb hyb hyb hyb . . . . .
(ggy — ///gy and S” — B"”" continuous. This leads to commutative diagrams of continuous

maps
¢, —— M, s B
R
¢, //79 S—— B

with %, refering to the universal family of stable Riemann surfaces of genus g over ./Z,,
defined over an étale chart B — .#, by the map S — B with fiber S; at t € B given by the
corresponding stable Riemann surface to ¢t. The constructions are thus compatible with the
classical picture. We refer to Section 4 for more details.

1.3. Hybrid canonical measures. In order to identify all the possible limits in Question 1.1,
we will define a canonical measure on a hybrid curve. This measure combines and generalizes
both Archimedean canonical measures on Riemann surfaces and non-Archimedean measures
on metric graphs. The latter arise naturally in non-Archimedean Arakelov geometry, when
working with analytification of curves over non-Archimedean fields and their skeleta.

The canonical measure on a metric graph is the one introduced by Zhang in his work on
admissible pairing [Zha93]. Zhang’s measure j,, is a weighted combination of Lebesgue mea-
sures on edges, with weights carrying interesting information on spanning trees (see Section 5
for several equivalent definitions). Moreover, when viewed on the analytified curve, it carries
essential arithmetic geometric information [Zha93,Zhal0,Cinll, Amil4,dJ19].

Consider a hybrid curve €"", defined as the metric realization of a stable curve S with dual
graph G = (V, E), endowed with a layering 7 = (71, ..., 7, ), and a layerwise normalized edge
length function ¢. We define the canonical measure pu®" on ¢"" as the sum

can

H ::MAY+H;I1+'“+M;h

where

(1) the measure p, , the Archimedean part of the canonical measure, restricts to the Arakelov—
Bergman measure on each positive-genus component of .S, viewed inside ‘Khyb, and vanishes
elsewhere;

(2) the measure /‘%h’ the §* graded non-Archimedean part of the canonical measure, is sup-
ported on the intervals Z, for edges e € 7}, in ¢"". On each such interval Z,, it has the
same restriction as the Zhang measure of the metric graph obtained by removing all edges

which appear in lower layers 71,...,m;_1 and then contracting all edges which appear in
upper layers m;11,...,m,. Since these graphs appear as result of deletion and subsequent
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contraction, we call them graded minors of ", appealing to Robertson—Seymour theory
of graph minors. (Any minor of G appears in this way as a graded minor associated to
some ordered partition of E.)

Examples of canonical measures are given in Figure 4. Note that when &"™" corresponds
to a smooth curve, then p* = p, . If ¢"" is a metrized curve complex M with the trivial
ordered partition 7 = (E), then u®" = p, +p,, is the Arakelov-Zhang measure on M%. The
latter underlies the equidistribution of Weierstrass points on non-Archimedean curves [Amil4].

When the rank of hybrid curves is larger than 2, this definition becomes very sensitive to
the order of the layers, that is, a change in order (while keeping the same edge lengths) can
drastically change the canonical measure.

1.4. Continuity of the canonical measures over the hybrid moduli space. The main
theorem of this paper reads as follows.

Theorem 1.2. For each hybrid étale chart B"™", the family of canonically measured hybrid
hyb . . hyb .
curves (S, u™) forms a continuous family of measured spaces over B~ . In particular, the

universal family of canonically measured hybrid curves (%;yb, ue) forms a continuous family

hyb

of measured spaces over the hybrid moduli space M, .

Continuity in the above statement is defined in the distributional sense. That is, for any
hyb hyb

hybrid étale chart B™" - , Wwith the corresponding family S " B™", and any continuous
function f: 8" — R, the induced function F: B""

F(t) = Jh ) T e A", te B,
S S

— R defined by integration along fibers

. . hyb ’ . . hyb
is continuous on B"". Here, ug™ denotes the canonical measure on the hybrid curve S, the
hyb

fiber of S over the point t € B .
The second statement in Theorem 1.2 asserts that the universal family Cfghyb — //lghyb ver-

ifies the analogous distributional continuity. Note that the fiber ng,yb over t € ///ghyb is the
topological quotient of the hybrid curve represented by t by the action of its automorphism
group. The canonical measure pg™ on the fiber ‘to”thyb is defined as the pushforward measure of
the canonical measure on the corresponding hybrid curve by the quotient map. The claimed

continuity follows directly from the first statement of the theorem, since %;yb — //lghyb is lo-

cally a topological quotient of the hybrid family 8" — B"™" over a hybrid étale chart B™"
(see Section 4).

Theorem 1.2 gives a complete answer to Question 1.1. If the sequence (s;) converges in
///ghyb to a point t corresponding to the hybrid curve S:yb, then the canonical measures 0

of S; converge to the canonical measure of S, . Since the hybrid moduli space //{ghyb is a
compact Hausdorff space, the converse is also true. In particular, Theorem 1.2 proves that
the canonical measure cannot be extended continuously to the singular curves in the universal
family over //79.

In Sections 3 and 4, we will construct a tower of hybrid spaces interpolating between ./, 9
and ///ghyb. Instead of all hybrid curves of a fixed genus g, we restrict to those having rank at
most k. This means that their layerings m = (m,...,7m,) have at most k parts, i.e., r < k.
The k-th hybrid space //Z;wb(k) compactifies .#, by adding these hybrid curves as its boundary
part. However, to ensure compactness, the notions are slightly relaxed to allow some vanishing
edge lengths (see Sections 3 and 4). Altogether, this leads to the following tower of hybrid
compactifications
—hyb(1) —hyb(2) —hyb(N)

«—

(1.1) My — M, — M, — M,

g 9 g

hyb

= A,
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for N = 3g — 3. We refer to //7;ybm as the rank k hybrid compactification of .#, and call it the
compactified moduli space of hybrid curves of rank at most k (because of the possible presence

of length zero edges). Then, .///;yb(k), the moduli space of hybrid curves of rank at most k, is
)

an open subset. The first hybrid space //Z;yb(l
by means of metrized complexes.

None of the intermediate spaces in the tower verify the continuity property in Theorem 1.2.

Theorem 1.2 implies similar continuity results for other families of Riemann surfaces. Con-
sider a family of stable Riemann surfaces S — X, over a complex manifold X, whose dis-
criminant locus (i.e., the locus of points in X whose fiber in the family is not smooth) forms
a simple normal crossing divisor D in X. Assume that S — X comes from a toroidal map
f: X — .#,, meaning that we have an isomorphism S ~ f*(%,) locally on étale charts. From
" .///ghyh, defined locally on hybrid étale
charts. The hybrid space X " associated to X and the divisor D lies above X and comes with
the family of hybrid curves S = fhyb* (%;‘yb), which is obtained by removing the non-smooth

can be interpreted as a compactification of .#

the toroidal assumption we get a map fhyh: X

fibers over D and adding appropriate hybrid curves as fibers over X" ~ (X ~ D). Initially,
this is defined on hybrid étale charts, but since the original family is defined over X, the family
of hybrid curves descends over X" (see the discussion in Section 4.6).

3 hyb . .
Theorem 1.3. The family of measured spaces (S, pg™) x5 continuous.

One specific case of Theorem 1.3 concerns families varying over a one-dimensional base, i.e.,
when dim(X) = 1. In this case, the divisor D consists of a finite set of points g, ..., %, in X
and our hybrid construction simply replaces the stable curves &, t € D, with the corresponding
metrized complex M%;. Let & be the underlying stable metric graph of M%"; and consider
the projection map M%; — %,;. The pushout of the canonical measure on M%; coincides
with the Zhang measure on the stable metric graph 4. In this specific situation, we get the
following theorem independently proved by Sanal Shivaprasad [Shi24| using methods from
non-Archimedean analysis.

Theorem 1.4 (Shivaprasad [Shi24]). Let X be a complex curve, and consider a one parameter
family S — X of stable complex curves of genus g over X with smooth generic fiber. For a
point tg € X with singular fiber Sy, let M€, be the corresponding metrized complex. Then,
as t tends to to, the measured spaces (Sg, ui™) converge weakly to (MG, pg).

In particular, in a one parameter family as above, the Zhang measure on the stable metric
graph %, may be viewed as the limit of the canonical measures ™ when ¢ tends to t9. A
special consequence of Theorem 1.4, the total mass of the limit measure on a node of S, was
obtained by R. de Jong [dJ19]. Wentworth [Wen91]| treated the case where the stable Riemann
surface has a single node, i.e., the dual graph has only one edge, and the base space X has
dimension dim(X) = 1. More recently, the case where S, is a curve of compact type (that
is, the dual graph is a tree), or a rational curve with nodes (that is, the dual graph is a rose)
was treated by Ng—Yeung [NY22].

As a comparison to Theorem 1.2, we note that other natural families of measures associated
to Riemann surfaces, namely hyperbolic and Narasimhan-Simha measures, behave completely
differently. In both cases, the measures extend continuously to the boundary of the Deligne-
Mumford compactification, see [Abi77] (and recent work [PS22]) for the former, and [Shi22]
for the latter. In the hyperbolic case, the limit measure on a stable Riemann surface is the
sum of hyperbolic measures on its punctured irreducible components, punctures being given
by the nodes.

1.5. Applications and outlook. The present paper forms the basis for a series of works
where we study the asymptotic geometry of Riemann surfaces and their moduli spaces.
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In the sequel [AN22], we introduce a notion of Laplace operator and formulate a Poisson
equation on hybrid curves. We then obtain the asymptotics of solutions to Poisson equations
on degenerating families of Riemann surfaces in terms of solutions to the hybrid Poisson equa-
tion. Using Theorem 1.2, we describe the behavior of the Arakelov—Bergman Green function
on Riemann surfaces close to the boundary of their moduli space. This solves essentially
completely a problem arising in Arakelov geometry and mathematical physics [DGP19,dJ19,
Fal21, Jor90, Wen91|. Moreover, [AN22] is related to the recent work of Yang Li [Li20] on SYZ
conjecture and Monge-Ampére equation. In this work, Yang Li reduces the SYZ conjecture
in one parameter families to the existence of solutions (still conjectural) to some skeletonized
Monge-Ampeére equation. He then obtains the dominating terms of the solution to the nearby
complex Monge-Ampére equation. On Riemann surfaces, the Monge-Ampére equation corre-
sponds to the Poisson equation. In [AN22], we obtain a full asymptotic expansion for solutions,
including higher order terms, for multiparameter families of degenerating Riemann surfaces.

In the third part of our series, we establish for hybrid curves analogs of fundamental theo-
rems on smooth compact Riemann surfaces (e.g., Riemann—Roch, Abel-Jacobi, and Poincaré-
Lelong theorems). In particular, we associate Jacobian tori to hybrid curves and interpret
them as multi-scale Gromov-Hausdorff limits of Jacobians of degenerating Riemann surfaces.
For this purpose, we apply the framework of higher rank inner products developed in [AN23]

The canonical measure and Arakelov—Bergman Green function are used to define invariants
of Riemann surfaces, e.g., Faltings, Kawazumi-Zhang and Wilms invariants [Fal84, Zhal0,
Will7,dJS21, Wil21] and modular graph functions in string theory [DGP19]. In another
forthcoming work, we apply the results of this paper and [AN22] to study the asymptotics of
modular graph functions on degenerating Riemann surfaces.

Hybrid spaces introduced in this paper refine previous constructions of hybrid spaces [MS84,
Ber09, A’C75, AB15,BJ17] and go beyond by producing higher rank compactifications which
are themselves hybrid on their boundaries. The constructions presented here are related to
higher rank non-Archimedean geometry. In this regard, a geometric study of higher rank
valuations appears in [AI22|, and the underlying higher rank polyhedral geometry is further
developed by Hernan Iriarte in his PhD thesis |Iri22].

1.6. Notes and references to related work. Properties of hyperbolic surfaces and their
behavior close to the boundary of the moduli spaces are largely studied in the literature, see
e.g., [Wol83, Wol87, Wol90, Wol92, Wol10, Ji93, GZ97| for a sample of results on the type of
questions studied in this paper. The geometric behavior of Riemann surfaces close to the
boundary of their moduli spaces is studied primarily in connection with Arakelov geometry
and mathematical physics in [Ara74, Fal84, Smi88, Jor90, Wen91, JW92, JK06, JK09, Zhal0,
Fal21,dJ19, Wen08, DGP19, Will7,dJS21].

This paper fits into the current research aiming to explain large scale limits of classical (e.g.,
algebraic and complex) geometry. In the past decade, this has given rise in particular to the
development of tropical geometry and has spread into diverse fields of mathematics, ranging
from algebraic and complex geometry to mathematical physics, combinatorics, computer sci-
ence and optimization theory. Our results in this paper and its sequels show the interest of
developing a higher rank version of tropical and non-Archimedean geometries.

The question of understanding non-Archimedean limits of complex manifolds, in particular,
has been an active area of research. Pioneering work on the subject goes back already to the
work of Bergman [Ber71], Bieri-Groves [BG84], Gelfand—Kapranov—Zelvinsky [GKZ94], Pas-
sare and Rullgard [PR04, Rul01], Einsiedler—-Kapranov—Lindand [EKL06|, Mikhalkin [Mik04],
Jonsson [Jonl6], and others. Recently, it has emerged in the work of Kontsevich and Soibel-
man [KS06], in relation with mirror symmetry, in a conjectural formulation of the non-
Archiemdean Calabi metric as the tropical limit of maximal degenerations of Calabi—Yau
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varieties. This has resulted in a series of works linking non-Archimedean and tropical geome-
try to metric limits of complex geometry, see e.g., [KS06, GW00,GTZ13,GTZ16,BFJ15,Sus18,
0018, BJ18, Li20].

The first appearance of hybrid spaces can be traced back in the works of A’Campo [A’C75]
on monodromy zeta functions, Morgan—Shalen [MS84], in the study of degenerations of hyper-
bolic structures on surfaces to real trees, and more recently in the work of Berkovich [Ber09],
in providing a non-Archimedean interpretation of the weight zero part of the limit mixed
Hodge structures, in degenerating families of complex algebraic varieties. Metrized complexes
were used in [AB15] as a tool to study degenerations of linear series, and found applications
in the study of curves and their moduli spaces [ABBR15, BJ16, FJP20]. Recently, hybrid
spaces have found applications in describing limits of Calabi-Yau measures in one parameter
families of Calabi-Yau varieties [BJ17,Shil9], in the study of degenerations of Kéhler-Einstein
measures |[PS22], and in dynamics in the works [Fav18 DKY20,DF19, Poi22a, Poi22b|. Parker
has introduced the formalism of exploded manifolds in symplectic geometry [Parl2| which is
reminiscent of the works [A’C75, AB15] in that setting.

In connection with this paper, an equidistribution theorem for limits of Weierstrass points
on families of complex curves was proved in [Amil4]|. The Archimedean version of this result
is a theorem of Neeman and Mumford [Nee84|. A deeper link between the Zhang and Arakelov
measures was naturally suggested by these results, the recent works of Faltings [Fal21| and
R. de Jong [dJ19] on non-Archimedean limits of Faltings d-invariants, that of [ABBF16] on
non-Archimedean limits of height pairing, and that of Baik—Shokrieh-Wu [SW19, BSW20] on
Kazhdan theorems for metric graphs and Riemann surfaces.

In another direction related to the results of this paper, tropicalization of moduli spaces of
curves has been studied by Abramovich—Caporaso—Payne [ACP15], and by Chan—Galatius—
Payne in context with the cohomology of the moduli space of curves [CGP21|. Tropical
moduli spaces have been used in [Odal9a,0dal9b,0018|, in connection with the constructions
of [BJ17], to construct compactifications of moduli spaces of curves, Abelian varieties, and

K3 surfaces. The hybrid moduli space //{;ybm which appears through the constructions
given in Sections 3.4 and 4.7 provides in a sense a refinement of these compactifications,
replacing the dual complex with the dual metrized complex, making a more precise link
between [A’C75,AB15| and [BJ17]. Moduli spaces of graphs have also been studied in the
pioneering work of Culler—Vogtmann [CV86].

Finally, we mention that degenerations of holomorphic differential forms and integrals to
non-Archimedean differential forms and integrals have been studied in [CLT10, Lagl2, CLD12,
DHIL23, BGJK21], and connections to asymptotic Hodge theory appear in [AP20a, AP20b,
GS06,IKMZ19, Rud21].

1.7. Organization of the paper. This paper is structured as follows. Section 2 is of prelimi-
nary character, where we collect necessary definitions. In Section 3, we define the hybrid space
B"" associated to a complex manifold B with SNC divisor D. The moduli space of hybrid
curves ///fb and its universal curve Cg;yb are introduced in Section 4. Section 5 contains the
definitions of canonical measures on different geometric objects. Section 6 concerns a purely
tropical version of Theorem 1.2. In Section 7 and Section 8, we study the period matrix of
Riemann surfaces undergoing degeneration to a hybrid curve. Sections 9 and 10 contain the
proof of Theorem 1.2. In Appendix A, we define the topology on the versal hybrid family of
a stable curve.

1.8. Basic notation. A curve in this paper means a complex projective algebraic curve. The
analytification of a complex curve is a compact Riemann surface. We deliberately use the
terminology curve and Riemann surface to switch back and forth between the algebraic and
complex analytic setting, however, we essentially work in the latter setting.
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R, denotes the set of strictly positive real numbers. We set i :== 4/—1.

For a non-negative integer n, the symbol [n] means the set {1,...,n}. "Almost all" in this
paper means for all but a finite number of exceptions.

For a subset F' € E, we denote by F¢ the complement of F' in E.

The letter G is used for graphs. We use the symbols ¢, €, M% and ¢"" for metric
graphs, tropical curves, metrized complexes and hybrid curves, respectively. Moreover, when
working with the family of curves over a versal deformation space, we use the notation s™
for the corresponding family of hybrid curves over the hybrid deformation space B™".

In context with asymptotics, we will also make use of the standard Landau symbols. Let
X be a topological space, x a point in X and g: U \ {x} — (0,0) a function on a punctured
neighborhood of z. Recall that the expressions O(g) and o(g) are used to abbreviate functions
f such that the quotient |f(y)|/g(y) remains bounded and goes to zero, respectively, as y goes
to z in X (here, f is defined on a punctured neighborhood of z as well).

For an n x m matrix A, and a pair i € [n] and j € [m], the (4, j)-coordinate of A is denoted

by A(i, 5).

Acknowledgments. We thank the referees for their careful reading of our manuscript, and
for their helpful comments which enabled us to improve the presentation. We would like to
thank Mirko Mauri for pointing out the reference [A’C75].

O.A. is part of the project ANR-18-CE40-0009. N.N. acknowledges financial support by
the Austrian Science Fund (FWF) under Grants No. P 28807, W 1245 and J 4497.

2. PRELIMINARIES

In this preliminary section we introduce the combinatorial objects appearing in the upcom-
ing sections. These are graphs, ordered partitions, layered graphs and their graded minors,
spanning trees, and augmented graphs. We then provide a metric version of these notions,
introducing metric graphs and tropical curves. We should clarify that our use of the latter
notion is a multi-scale higher rank refinement of the current usage in the literature. Tropical
curves introduced here encode in addition the choice of a layering, a concept introduced below,
and are uniformized to have normalized edge lengths on each layer. This naturally leads to
the definition of hybrid curves, as uniformized metrized complexes endowed with a layering
on their underlying graphs.

2.1. Graphs. Part of the terminology and notation concerning graphs in this paper is stan-
dard either in graph theory or algebraic geometry. The aim of this section is to recall
some of these notions. For more information, we refer to classical text books on graph the-
ory [Bol98, BM08, Die00] and algebraic geometry [ACGHS84]. All our graphs are finite. We
allow parallel edges and loops.

The vertex set and the edge set of a graph G are denoted by V(G) and E(G), respectively.
If G is clear from the context, we simply use V and E and write G = (V, E) to indicate the
vertex and edge sets.

Two vertices v and v in G are called adjacent if there is an edge with extremities u and v.
In this case we write u ~ v. An edge e and a vertex v are incident and we write e ~ v if v is
an extremity of e.

The degree of a vertex v is defined by

deg(v) = ‘{eeE‘e ~v}’ + ’{eeE’e~v and e isaloop}’.

In other words, deg(v) counts the number of half-edges incident to v, so every loop contributes
twice to the degree of the vertex.

A subgraph of G = (V,FE) is a graph H = (W, F) with W < V and FF < E. We say
that a subgraph H = (W, F) of G is spanning if W =V i.e., if it contains all vertices of G.
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For a collection of spanning subgraphs H; = (V, Ey),...,H, = (V, E,) of G, we denote by
Hy v - U H, the spanning subgraph of G with edge set Fh u --- U E,.

For a subset of edges F' < E, we denote by G[F'| the spanning subgraph of G with edge set
Fiie., G|F] = (V,F).

By a spanning tree of a graph G = (V, E) we mean a spanning subgraph 7" of G without
any cycle and with the same number of connected components as G. Equivalently, T" has the
maximum possible number of edges without containing any cycle. We denote by 7 (G) the set
of all spanning trees of G. Spanning trees are the central combinatorial structures underlying
the definition of the canonical measure (see Section 5.1).

There are two simple operations that can be defined on graphs. These are called deletion
and contraction and lead to the definition of minors of a graph. Despite their simplicity, these
operations profoundly reflect the global properties of graphs, when seen as a whole, for instance
in the context of Robertson—Seymour’s theory of graph minors. Special minors associated to
ordered partitions of edge sets, that we will call graded minors, are introduced below and play
a central role in this paper.

Given a graph G = (V| E) and an edge e € E, we denote by G — e the spanning subgraph H
of G with edge set E \ {e}. In this case we say H is obtained from G by deleting e. Moreover,
we denote by G / e the graph obtained by contracting the edge e: it has as vertex set the set U
obtained by identifying the two extremities of e, and as edge set, the set E \ {e} viewed in U
via the projection map V' — U. More generally, for a subset F' < E, we denote by G — F' and
G / F' the graphs obtained by deletion and contraction of F' in G, respectively: G — F' is the
spanning subgraph of G with edge set £\ F, and G / F' is the graph obtained by contracting
one by one all edges in F. (One shows that the order does not matter.) Later on, we will
introduce a notion of contractions for augmented graphs, which are graphs endowed with a
genus function on vertices. In this case, the contraction remembers the sum of the genera
of connected components of the contracted part, thus keeping the genus of the graph constant
before and after contraction.

A minor of a graph G is a graph H which can be obtained by contracting a subset of edges
in a subgraph H' = (W, F) of G.

For a graph G, we denote by H;(G) the first homology group of G with Z coefficients. The
rank of Hq(G), which coincides with the first Betti number of G viewed as a topological space,
is called genus of the graph. In this paper we use the letter h when referring to the genus of
graphs, and reserve the letters g and g for the genus of augmented graphs, algebraic curves,
and their analytic and hybrid variants.

The genus h of a graph G = (V, E) is equal to |E|— |V |+ ¢(G) where ¢(G) denotes the number
of connected components of G.

2.2. Ordered partitions. Let E be a finite set. An ordered partition of a (non-empty)
subset F' < E is an ordered sequence m = (71, m3,...,7,) of non-empty, pairwise disjoint
subsets m; € F', i € [r], such that

(21) F = |i|7rl-.
i=1

The integer r is called the rank of w. If F' = @&, then we make a slight abuse of notation and
allow my = @ as its only ordered partition. The set of ordered partitions of a subset /' € E
is denoted by II(F') (in particular, II(@) = {7z }).

The ordered partitions of a subset F' are in bijective correspondence with its filtrations: in
this paper, a filtration # of depth r on a (non-empty) subset F' € E is a strictly increasing
sequence of non-empty subsets

F: PGl c---gF =F



12 OMID AMINI AND NOEMA NICOLUSSI

for r € N. Clearly, each filtration .# on a subset F' € E defines an ordered partition 7 = (m;);_;
of F' by setting

mo=F; N Fi_q, 1=1,...,7,
with Fy := @ by convention, and this gives a bijection. Sometimes we use the notation .#™
to emphasize the associated ordered partition 7. Again, for F' = & we allow .#< := & as the
only filtration.

Given an ordered partition m = (m,...,7,), we set E := m U -+ U 7, the subset of E
underlying the ordered partition.

We now define a natural partial order on the set of ordered partitions (equivalently, fil-
trations) of subsets of a given set E. A filtration .7 is a refinement of the filtration .#', if
F' < F as a set. That is, denoting by F| < --- & F, = F the elements of .%, and by
F{ ¢ --- ¢ F, = F' the elements of ., for each i € [s], there exists j € [r] such that F] = F).
We say that an ordered partition 7 is a refinement of an ordered partition 7/, and write 7’ < 7,
if this holds true for the corresponding filtrations .# and .#’. It is easy to see that 7/ < 7
exactly when 7 is obtained from 7’ by performing the following two steps:

(i) Replacing each set 7} in the ordered sequence n’ = (7})7_; by an ordered partition o =
(04 )y of .

(ii) Possibly adding an ordered partition ¢ = (0x);_; of a subset F* < E \ Er at the end of
the ordered sequence 7’.

(The use of the symbol F* will become clear when we link these constructions to geometry.)

We stress that in the definition of a refinement, the ordered partitions and filtrations are
not necessarily defined over the same subset of E (see Example 2.1). For instance, g < 7
for all ordered partitions m. However, if 7’ < 7 (or equivalently, %’ < .%), then this implies
E. < E;. It is also clear that "<" defines a partial order on II := | Jpc 5 II(F'), the set of all
ordered partitions of subsets F' € FE. a

Example 2.1. Assume that E = {e, f} for two elements e # f. Then, the ordered partitions
of subsets F' € E are given by

(@) = {mo}, () ={(e)}. 1M ={UN}
1(E) = {({e}. (1) (7} (). (e 1) .

The partial order "<" on II = (e II(F') consists of the following relations

({e}) < ({e}. {1}), ({f}) < ({3 {e}),
(e, f}) < ({eh Af}), (e f}) = ({f). {e}),

and the trivial relations that 7y < 7w and 7 < 7 for all 7 € 11 o

2.3. Layered graphs and their graded minors. A layered graph is the data of a graph
G = (V,E) and an ordered partition m = (my,...,7m,) on the set of edges E. We call 7 a
layering and the elements 7; of 7 the layers. The integer r is called the rank of the layered
graph G, which thus equals the rank of the ordered partition 7. By an abuse of the notation,
we use the same letter G to denote the layered graph (V, E, 7). The genus of a layered graph
is defined as that of its underlying graph.

Let now G = (V, E,m) be a layered graph with the ordered partition 7 = (m1,..., ) of E.
We define the graded minors of G as follows.

Consider the filtration

Fl. hh=0ckhckhc---cF.=F
associated to 7. For each j, we let

El =FENFj_1=TjUTjt1 U U,
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JN T A

FIGURE 2. A layered graph with ordered partition = = (7, w2, 3), with three
layers, and its graded minors grl(G), gr2(G) and gr3(G), from left to right.

and obtain a decreasing filtration on F,
E:E=FE2FE:2...Er2E " =g,
This leads to a decreasing sequence of spanning subgraphs of G
.1 2 3 1
G=G.o2Gi>G > -G oG = (V,9)

where for each j, Gl = (V, E%) has edge set EL. A
For each integer j = 1,...,r, the jth‘ graded minor of G, denoted by grk(G), is obtained by
contracting all the edges of EZ™! in GZ, i.e.,

(2.2) gl (G) = GL/EI* = G[Ff | /Ff = Gmju - um]/mjpm v U

It follows that grgr(G) has edge set equal to ;. More precisely, we should view the elements
of 7; in the contracted graph, but we simplify and identify the two sets in the writing. An
example is depicted in Figure 2. We denote by Vi the vertex set of grfr(G). If mor G
is understood from the context, we will simply write gr’/(G), gr‘zr, VI, etc. We denote by
A, GI — grl (@) the contraction map.

2.4. Genus formula for layered graphs. Let G = (V, E, 7) be a layered graph. We denote
by ch the number of connected components and by hZ the genus of grgr(G). These are related
by bl = |mj| — V2| + k.

Proposition 2.2 (Genus formula). Let G be a layered graph of genus h with layering m =
(m1,...,m). Then, we have the equality

h= Z hi.
j=1

In preparation for the proof, consider grl (G) = (V.}, 7). For each vertex u € V., let V,, € V
be the set of vertices in V' that are contracted to u, i.e., V;, = #;'(u). Denote by FE, the set
of edges in E2 with both end-points in V. Define G, := (Vu, E.,).

Proposition 2.3. The subgraph G, = (Vi,, Ey) of G is connected.

Proof. The contraction of the edges of GG, results in a graph with a single vertex u. This can
only happen if the graph is connected. ([l

The ordered partition w of E induces an ordered partition m, of E,: we take first the
ordered partition

mnNnE, =3, mnkE, mnE, ..., mnE,

and then remove all the empty sets from the sequence. The pair (G, m,) is a layered graph.
Note that 7, has rank at most r — 1 since the first set m; N E,, is empty.
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(G-, WMTz)

7T1<:‘ e

IXOUUID

FIGURE 3. A layered graph (G, 7) with two layers and its four spanning trees
T1,T5,T5, and Ty. The underlying non-layered graph G has five spanning trees,
those of (G, ) and the spanning tree T' depicted in the figure.

Proof of Proposition 2.2. This can be obtained by induction on the rank of the ordered parti-
tion 7. If the partition 7 consists of a single set m; = E, the proposition is obvious. Otherwise,
let G2 = (V, E2) be the spanning subgraph of G with edge set E2. The set E2 is a disjoint
union of the sets E, for u € V1. It follows that G2 is the disjoint union of graphs G, for
u € V1. By the previous proposition, the number of connected components of G2 is |V.}|, and
its genus is thus given by

(2.3) WGE) = [EZ = VI + Vil = )] h(Gu).
ueVl
Using the induction hypothesis for the layered graphs G, we conclude. |

2.5. Spanning trees of layered graphs. Let G = (V,E) be a graph endowed with an
ordered partition m = (7,...,m) of E. Consider the graded minors gri(G),...,gr" (G)
introduced in (2.2).

For each j = 1,...,r, let T} be a spanning tree of grk(G) with edge set A; < 7;, so that
T, = (Vi,4;). Let A = Ay u---uU A, The following proposition can be regarded as a
refinement of the genus formula.

Proposition 2.4. The subgraph T = (V, A) of G is a spanning tree.

Definition 2.5 (Spanning trees of layered graphs). A spanning tree of a layered graph G =
(E,V,m) is a spanning tree T' = (V, A) of G which is obtained as above, i.e., A= A;u---U A,
for A; the edge set of a spanning tree of gri(G). We denote by 7(G) the set of all such
spanning trees. o

Remark 2.6. We have 7:(G) < T(G) but the two sets are different in general. An example
is given in Figure 3. o

Proof of Proposition 2.4. The sets Aj,..., A, are disjoint and |7; \ A;| = h}. By Proposi-
tion 2.2, we see that |[E \ A| = h. So it suffices to prove that T contains no cycles. For the
sake of a contradiction, suppose T' has a cycle C' = G, and let j be the smallest index with
E(C) nm; # @. But then, the set of edges E(C) n mj form a cycle in gry(G), which is a
contradiction. O

2.6. Marked graphs. Let n be a non-negative integer. A graph with n (labeled) marked
points is a graph G = (V, E) endowed with the data of labels 1,...,n placed on its vertices.
More formally, this is encoded in the marking function m: [n] — V.
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To a graph with n marked points, we associate the counting function n: V-— Nu {0} which
counts the numbers of labels at each vertex. That is, n(v) is the number of elements j € [n]
with m(j) = v.

2.7. Augmented and stable graphs. We now consider graphs endowed with a genus func-
tion on the vertex set that we call augmented graphs, using the terminology of [ABBRI15].
Note that the same objects are sometimes called weighted graphs in the literature.

An augmented graph is a graph G = (V, E) endowed with the data of an integer-valued
genus function g: V' — N U {0} on the vertex set. The integer g(v) is called the genus of the
vertex v € V. The genus of an augmented graph G = (V| E, g) is defined as

g=h+ > g),
veV
where h = |E| — |V| + ¢(G) is the genus of the underlying graph (V, E).

An augmented graph with n marked points is an augmented graph (V| E, g) with a marking
m: [n] > V.

We mostly consider augmented (marked) graphs which verify the following stability con-
dition. A stable graph with n marked points is a quadruple G = (V, E, g, m) with marking
and genus functions m: [n] — V and g: V' — N U {0}, respectively, subject to the following
stability condition:

e for every vertex v of genus zero, we have deg(v) + n(v) > 3, and
e for every vertex v of genus one, we have deg(v) + n(v) > 1.

A stable graph is a triple (V, E, g) (without any marking) that verifies these conditions for
the counting function n = 0.

By an abuse of the notation, we use G both for the stable (marked) graph and its underlying
graph (V, E), forgetting the genus function (and marking).

The notion of deletion and contraction can be extended to stable marked graphs. (The
construction works more generally without the stability condition. However, in our appli-
cations, we restrict to the stable case.) Let G = (V, E,g,m) be a stable marked graph of
genus g with n marked points. For an edge e € E, we define the stable marked graph
Gle =: G' = (V',E',g’,w’) as follows. First, the underlying graph G’ of G/e is the graph
obtained by contracting e in G. Let v, be the vertex of G’ which corresponds to the iden-
tification of the two extremities u and v of e. The genus function g’ of G / e is then defined
by

g(w) if w # v,
g (w) =< g(u) + g(v) if w =12, and e is not a loop, i.e., u # v
glu) +1 if w = v, and e is a loop, i.e., u = v.
In the presence of a marking function m: [n] — V, we define the marking function m’ of G’

asm’ == om:[n] > V' where #: G — G’ denotes the contraction map.
The following proposition is straightforward.

Proposition 2.7. Notations as above, the stable graph G/e has genus g.

Finally, we define layered stable (marked) graphs as stable (marked) graphs G = (V, E, g, m)
endowed with an ordered partition 7 on the edge set E.

2.8. Partial order on stable (marked) graphs of given genus. Let n be a non-negative
integer. We define a partial order < on the set of stable marked graphs of genus g with n
marked points as follows. For two stable marked graphs G and H, we say G < H if G can be
obtained by a sequence of edge-contractions from H, in the sense of the previous paragraph.
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2.9. Metric graphs. We briefly recall the definition of a metric graph and how it arises as a
metric realization of a graph with associated edge lengths.

Let G = (V, E) be a finite graph and ¢: F — R, an edge length function that assigns a
positive real number ¢, to every edge e € E. To such a pair (G,{), we associate a metric
space ¢ as follows: by assigning each edge a direction and calling one of its vertices the initial
vertex v; and the other one the terminal vertex vy, every edge e € E can be identified with
a copy of the interval Z, = [0, £¢] (the left and right endpoint correspond to v; and v). The
topological space ¢ is obtained by further identifying the ends of edges corresponding to the
same vertex v (in the sense of a topological quotient). The topology on ¢ is metrizable by the
so-called path metric: the distance between two points x,y € ¢ is defined as the arc length of
the shortest path connecting them.

A metric graph is a compact metric space arising from the above construction for some
pair (G,£) of a graph G and edge length function ¢. The metric graph ¢ is then called the
metric realization of the pair (G,{). Conversely, a pair (G, ) such that its metric realization
is isometric to a fixed metric graph ¢ is called a finite graph model of 4. Clearly, any metric
graph has infinitely many finite graph models. However, as we explain now, for stable metric
graphs it is possible to find a minimum model.

An augmented metric graph is a metric graph with a genus function g: ¢ — N u {0} which
is zero outside a finite set of points in ¢. A metric graph with n marked points is a metric
graph ¢ endowed with a marking function m: [n] — ¢. We define the counting function
n: ¥ — [n] similar to the case of graphs.

A finite graph model of an augmented metric graph with n marked points is a finite graph
model (G = (V, E), ) of the underlying metric graph such that V' contains all points of positive
genus and all marked points.

An augmented metric graph ¢ with n marked points is called stable if every point x of ¢4
of degree one verifies deg(x) + g(z) + n(x) > 3, and any connected component of ¢ entirely
consisting of points of degree two (i.e., homeomorphic to circle) has either a point of positive
genus or a marked point. The following is well-known.

Proposition 2.8. Any stable metric graph has a unique minimum model, that is a finite graph
model, whose vertex set is contained in the vertex set of any other finite graph model.

Proof. The vertex set of any finite graph model contains all points x with deg(z) # 2, all points
x with g(x) > 0, and all points = with n(z) > 0. However, under the stability condition, these
points themselves form the vertex set of a finite graph model. O

2.10. Layered metric graphs and tropical curves. A layered augmented metric graph
(with marking) is a pair (¢,7) consisting of an augmented metric graph ¢ (with marking)
together with a finite graph model (G, ¢) and an ordered partition 7 on the edge set E(G) of
G. In this situation, (G, ) is called the combinatorial type of the augmented metric graph
(Y, m).

Two layered augmented metric graphs (with marking) ¢ and ¢’ are called conformally
equivalent at infinity if they have the same combinatorial type (G, 7), the same genus function
on the vertex set V(G) and for each layer m; of 7, there is a positive number A; > 0 such that

U, =Xl
for the edge length functions ¢, ¢': E(G) — R.. In other words, the layered augmented metric
graphs (¢',7) equivalent to some fixed (¢, 7) are obtained by multiplying the lengths for
every layer 7; by constants A; > 0.

In the following we will refer to this as the conformal equivalence relation (at infinity being
assumed at all time).



MODULI OF HYBRID CURVES I: VARIATIONS OF CANONICAL MEASURES 17

A tropical curve (with marking) is a conformal equivalence class of layered metric graphs
(with markings). Equivalently, this is a pair € = (¥, ) consisting of an augmented metric
graph ¢ (with marking) with an ordered partition 7 = (71,...,7,) on the edge set E of a
finite graph model (G, ¢) of 4 such that in addition, the normalization conditions

Dibe=1, j=1,....r

EET;

hold true. A layered metric graph (with marking) is called stable if its underlying metric graph
(with marking) is stable. A tropical curve (with marking) is called stable if any, and so each,
of its layered metric graph (with marking) representatives are stable. For a stable tropical
curve (with marking), we always assume that the layering is defined on the minimum model
of the underlying metric graph.

Remark 2.9. In [AN22] we will extend the definition of tropical curves. The tropical curves
appearing in the current paper are those having full sedentarity, that is, all their edges live at
infinity (the word infinity in the conformal equivalence relation refers to this). A tropical curve
in general can have a finite part meaning edges which do not live at infinity. Considering them
all at the same time will allow to define a compactified moduli space of higher rank tropical
curves in [AN22]|. The notion of rank in the definition of tropical curves refers to the number
of layers at infinity. o

2.11. Layered metrized complexes and hybrid curves. We first recall the definition of
metrized complexes, see [AB15] for more details.
A metrized curve compler ME consists of the following data:
A finite graph G = (V, E).
A metric graph ¢ with a model (G, ¢) for a length function ¢: £ — R...
For each vertex v € V', a smooth projective complex curve Cj,.
For each vertex v € V, a bijection e — pS between the edges incident to v (with loop
edges counted twice) and a subset A, = {p$}cs, of Cy(C).

By an abuse of the notation, we use the same letter M% for the metrized complex and its
geometric realization defined as follows. For each edge e € E, let Z, = [0,{.] be an interval
of length /.. For each vertex v € V, by an abuse of the notation, denote equally by C, the
analytification, which is a compact Riemann surface. For each vertex v of an edge e, we
identify the corresponding extremity of Z, with the marked point p¢. This identifies M% as
the disjoint union of the Riemann surfaces C,, v € V', and intervals Z., e € E, glued by these
identifications. M% is naturally endowed with the quotient topology.

To any metrized complex, one associates the underlying graph G = (V, F) and the genus
function g: V' — N U {0} which maps v € V' to the genus g(v) of C,. The metric realization
of this augmented graph and the edge length function ¢ is called the underlying augmented
metric graph of M%.

A metrized complex with n marked points is a metrized complex M% with a marking
function m: [n] — M% such that for each j € [n], m(j) lies outside the union of the intervals
I.,ee F.

A layered metrized complex is a pair (ME, ) consisting of a metrized complex M% and
a layering m on the edge set of M%. Any layered metrized complex naturally gives rise to a
layered augmented metric graph.

We define the conformal equivalence relation (at infinity) on layered metrized complexes
(with marking) in the same way as for layered metric graphs.

Finally, a hybrid curve (with marking) ¢"" is a conformal equivalence class of layered
metrized complexes (with marking). Equivalently, we can define a hybrid curve (with marking)
¢"" as a layered metrized complex (M€, 7 = (my,..., ) whose edge length function verifies

the normalization condition Zeewj le=1forallj=1,...,r
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Any hybrid curve ¢ naturally gives rise to a tropical curve €"”: we take the underlying
augmented metric graph ¢ of M% with normalized edge lengths, together with the layering
7 of the edge set F of the graph G, which is a finite graph model of ¢.

In this paper, unless otherwise stated, we only consider stable metrized complexes and
hybrid curves (with marking), which are those whose underlying augmented (marked) graph
is stable.

3. HYBRID SPACES OF HIGHER RANK

The aim of this section is to present a construction of hybrid spaces of higher rank. Given
the data of a complex manifold B and a simple normal crossing divisor D, we associate to
it a hybrid space B"" by equipping the points ¢ € D with additional simplicial coordinates.
Specializing to the case of a polydisc B = AN with the SNC divisor given by the coordinate
axes, we obtain a suitable base space for the hybrid versal deformation in Section 4.2.

3.1. The setting. In the following, let B be an N-dimensional complex manifold, for an
integer N, and let D = | J . De be a simple normal crossing divisor. More precisely, we require
that (D.)ecp is a finite family of smooth, connected and closed submanifolds of codimension
one in B such that for any subset /' € FE, the intersection

(3.1) Dp = () De
eeF

is either empty or a smooth submanifold of codimension |F'| (with only finitely many connected
components). We refer to the intersection Dy as the stratum associated to the subset F' < E.
The inner stratum is the subset

(3.2) Dp:=Dp~|JD.={teB | E = F}
etk

where for t € B, we set
(3.3) Ey:={ecE | teD.}.
Notice that for F' = @, we simply recover the open part

Dy = B\ D = B*.
The inner strata (3.2) form a partition of B, that is,
(3.4) B= || Dr.

FcE

An adapted coordinate neighborhood, also called a system of local parameters, for D around a
point ¢t € B is a pair (U, z) where U is an open neighborhood of ¢ in B and z = (z;)}_, are
local coordinates on U with
(i) |zil <1on U for all i = 1,...,N, and
(ii) DenU = @ for all e ¢ Ey, and
(ili) DenU = {se€ U | z(s) = 0} for all e € E;. More precisely, for each e € E, there is an
associated coordinate ze = z;(.) on (U, z) such that this holds true.

We will also need the following elementary fact:

Proposition 3.1. Assume that (U, z) and (U’,z') are adapted coordinate neighborhoods for
points t,t' € B, respectively. Then, for all e € Ey N Ey,

/ !/
Ze = Jee onUnNU

for a non-vanishing holomorphic function g.: U nU" — C.
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hyb

3.2. Definition of the hybrid space. Before formally defining the hybrid space B, we
briefly motivate the construction. The idea is to enrich the points ¢ € D with additional
simplictal coordinates in order to distinguish different ways of approaching them in the complex
manifold B.

Namely, fix some ¢ € B and consider a small neighborhood of ¢ in B. Upon choosing local
coordinates (z;);, we can assume that the divisors D., e € Ey, are given by D, = {z. = 0}.
This trivially implies that
(3.5) lim log(|z¢(s)|) = —o0, e € Fy.

s—t

However, the asymptotic behavior of the normalized logarithmic coordinates,
log(|ze(s)])

ZéeE‘t log( Zé(s)‘),

carries non-trivial information. This hints that sequences (s;), in B* converging to ¢t in B
with different limit values

(3.7) ye == lim Log,(s,) € [0,1]

n—w

(3.6) Log,(s) == e € Ey,

should be further distinguished and hence converge to different points in B"". Since > Log.(s) =
1, the limit y := (ye)e lies in the simplex op, = {(ye)e € RE: | ¥ ye = 1}. On the other hand,
there might be a subset E? < E; with

(3.8) Ye = lim Log,.(s,) =0, ee E7.

n—w

These logarithmic coordinates are dominated by the others and their limit y, = 0 carries only
little information. To analyze them further, we renormalize and consider the limits

log(|ze(sn)1)

(3.9) y? == lim eec E2.

e n—om ZéEE? log(’zé(sn)b’ t
Repeating the same steps, we end up with subsets By = E} 2 E? 2 --- 2 Ef 2 E[H -
and corresponding limit values y =: y' € Ogt, +++, Y € og. The idea behind the topology

of B™ is as follows: sequences (sn)n © B* approaching the same point ¢ in B have different
limit points in B"", according to the asymptotic behavior given by the values (y!,--- ,y").
We now proceed with the formal definition of the space B™". Recall from Section 2.2 that
II(F) denotes the set of ordered partitions of a subset F' € FE (in particular, II(@) = {ng}).
We denote by II the union of II(F') for F' < E.
For any subset F' < E, the standard simplex o in R is denoted by

op = {(aze)e € ]Rgo | Z Te = 1}
eeF

and its relative interior & is given by
Op = {(me)eeap ! :ce>0f0ralleeF}.

For an ordered partition 7 = (7q,...,7m.) € II(F) of a subset F € E, we define its hybrid
stratum as

(3.10) D

hyb ©. ° 2 o o o
Wy i=Dp X 0p =Dy X 0p; X Opy+* X Or,.,
where D, := Dp. For 7 = 7y (i.e., the empty ordered partition of F' = &), we set

D, = Dy = B*.
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As a set, we introduce the hybrid space B”" as the disjoint union

(3.11) B"=1] || pi'=B*v || |] D

FcSE nell(F) DCFCE mell(F)

In the sequel, elements of B"™" will be written as pairs t = (¢, x), meaning that ¢ € D, and
x € 6, for some ordered partition 7 € II.

In the last section of this paper, we will also consider a specific type of subspaces of B
Namely, fix two ordered partitions 7 and 7’ in IT satisfying 7/ < 7 (w.r.t. to the partial order
"<" on IT introduced in Section 2.2). Then, we denote by BE::W,] the subspace

(3.12) B, .= || D, =B
eell
' <o<m

corresponding to the closed interval [7/, 7] = {p € II: 7/ < o < 7} in II.

3.3. The hybrid topology. It remains to equip B"" with a suitable topology. Motivated
by (3.5) — (3.9), this will be done by using normalized logarithmic coordinates. Let (W, z)
be an adapted coordinate neighborhood for some point t € B (see Section 3.1). For a subset
F ¢ E, consider the following Log-map

LOgF: W\UEEFDe —> OO-F
(3.13) 5 . ( log |z (s)| )
2eer loglze(s)] el

We will define a topology on B"" by specifying for each point t € B™" a system of neighbor-
hoods U(t). It suffices to define a neighborhood base (U*(t) )€>O around each t € B”". The
total system of neighborhoods U(t) will then consist of all sets V' with V' © U#(t) for some
e > 0.

Hence, assume that t € B”" and ¢ > 0 are fixed. Suppose that t = (t,x) € Dhyb for
the ordered partition 7w and fix some adapted coordinate neighborhood (W, z) of ¢. Bearlng
in mind the decomposition (3.11), we will define U¢(t) by a similar decomposition. More

precisely, let
U U,
hyb

where the subset UZ, € D_, of the hybrld stratum D - is defined as follows:
Assume that 7/ ( T and that 7/ < 7. Recall that this implies that F» € E; and that 7
has the following form (see Section 2.2)

(3.14) ™= (91,92,-.-,9’}@) = ((Qi)é":pg),

where ¢! = (Qk) '_, is an ordered partition of 7} for i = 1,...,7 and the last part o = (0x);.2,
is an ordered partition of E, ~\ E.. Note that we allow E =FE..

A point s = (s,y) in the stratum D::,b belongs to UZ, if the following set of conditions is
satisfied:

(i) For each complex coordinate z; on W, that is, fori =1,...,N

|zi(s) — z(t)| <e.

. . reo .
= ’ ’ = a : )
(i) Assume that E & Er, that is, o = (0x);2 is non-trivial. Then

)

log |ze(s)
- {ZeEQk+1 [2e()] <e and . max {”LOng () — zg, ”OC} =S

k=liro=1 | D, 108 |26(s)] =1yeTeo

where z,, is the point z,, = (z¢)eep, in the simplex 7, .



MODULI OF HYBRID CURVES I: VARIATIONS OF CANONICAL MEASURES 21

(iii) For each i € {1,...,r}, consider the ordered partition ¢’ = (¢});’_; of 7. Then,
Zeegi Ye
max —l < and max max e Te| < €.
k=1,...,r;—1 Zeegz Ye k=1,...,r; eeg}C Zéeg}; Ye

Notice that by Proposition 3.1, the neighborhood system U(t) is independent of the choice
of the adapted coordinate neighborhood (W, z) (although the U¢(t)’s are not).

Theorem 3.2. There is a unique topology on B"" such that U(t) coincides with the system
. hyb
of meighborhoods for any te€ B .

Proof. Tt suffices to verify that the set systems U(t), t € B"", satisfy the axioms of a neigh-
borhood system and this is straightforward. O

Although the definition of the topology on B"™" is slightly involved, there is a simple de-
scription of the convergence of sequences.

Proposition 3.3. Let t € B”" and assume t = (t,x) € D:ryb for the ordered partition m € II.

Suppose that (tn)n = (tn, Zn)n is a sequence in B . Then, the following statements hold true:

(a) If t,, converges to t in B"™", then, almost all t, belong to hybrid strata D::,h of ordered
partitions ™ with ™ < 7.

(b) Assume that (ty,), < Dl;ry,b for some fized ordered partition ' < w. In particular, ™ 1s of
the form (3.14). Then, t, converges to t in B"™" if and only if the following conditions
hold:

(i) t, converges tot in B.
(ii) Assume that E. < Er, that is, 0 = (0)k is non-trivial (see (3.14)). Then,

(3.15) AI_IEO Log,, (tn) = g,

for all k, where x,, = (Te)ecp, € To,- Moreover, for coordinates e € g and €' € g
with k < k/,

log |zer (tn)|

3.16
(3.16) 0 Tog [z ()]

= 0.
In the above statements, (W, z) is a fized (or equivalently, any) adapted coordinate
neighborhood of t. ‘ '

(iii) For every i = 1,...,r, let ¢ = (0},)r be the ordered partition of = in (3.14). Then,
for all k and all e € Q};, we have

(3.17) lim = — g,
n—w ZléegliC Tn,e

Moreover, if e € o}, and €' € g}, with k < k', then,

(3.18) lim 2% —

n—w :Cnﬁ
Proof. The claims follow from the definition of the topology on B"". O

Remark 3.4. Proposition 3.3 confirms that the topology on B"™" formalizes the ideas of
(3.5)—(3.9). Indeed, (3.15) and (3.16) correspond exactly to the ordering of the singular
coordinates z., e € E, around a point ¢ in groups (according to their logarithmic growth) and
then renormalizing. The other conditions (3.17) and (3.18) represent the same idea for the
simplicial coordinates. o

The following proposition summarizes basic properties of the topology.

hyb

Proposition 3.5. B~ has the following topological properties.
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(i) B"™" is a second countable, locally compact Hausdorff space and in particular, B"™" s
metrizable. The convergent sequences are described in Proposition 3.3. Moreover, if B is
compact, then B™" s compact.

(ii) The natural projection map pr: B”" — B, t = (t,x) — t is continuous. Moreover, B is
homeomorphic to the quotient space Bhyb/ ~, wheret ~ s for t,s € B"" if and only if
pr(t) = pr(s).

(iii) The subset B* < B"™" is open in B”". Moreover, the topology on B* induced by B""
coincides with the one from B.

(iv) In general, the hybrid stratum D:ryb of an ordered partition w € Il is neither open nor
closed in B*™". On each D.", the topology induced by B™" coincides with the product

T

topology induced from (3.10).

Proof. We prove in detail that B"™" is locally compact. All other claims are elementary to
verify. Fix a point s = (s,y) in B”". We have to prove that s has a compact neighborhood. Let
A © B be a compact neighborhood of s = pr(s) € B. Since the projection map pr: B”" — B

is continuous (see (ii)), the preimage A™" := pr(A) is a neighborhood of s in B”". In the
b

following, we prove that A™" < B"™" is compact.

Since B"™" is second countable (see (7)), it suffices to show that every sequence (t,) in
A" has a convergent subsequence. Restricting to a subsequence, we may assume that all t,,,
n € N, lie in the hybrid stratum D’ of some ordered partition 7’ = (mf,...,7.) of a subset
F' = E of E. We write t,, = (tp, ) with ¢, = pr(t,) € B and x, = (Tne)ecr’ € O/,
with 6, = <°77r/1 X &ﬂé +++ X 0. By compactness of A © B, we may assume that the points
tn, = pr(t,) converge in B to a point t € A as n — . Set F' := Ej.

In the following, we construct an ordered partition 7w of F' and a point x € ¢, such that, up
to passing to a subsequence, t,, converge to the hybrid point t := (¢,z) € D;‘:b.

We begin with the construction of the ordered partition w. Using our convention from
Section 2.2, we will define 7 of the form

(3.19) m= (0", 0%....0"0),

where o' = (o})x is an ordered partition of 7, i = 1,...,7, and ¢ = (gg) is an ordered
partition of F* := F \ F’, so that 7 refines 7’.

Fix an adapted coordinate neighborhood (U, z) around ¢ with coordinates z., e € F', corre-
sponding to the components D, e € F'. Consider the quotients

| log | ze(tn)]]
Q,(n)zia eafeFocv
I Tloglz (t)]
and for every m}, i = 1,...,r, the quotients
Qe (n) = %, e, f €mh.
xn?f

Taking a subsequence of (t,,),, we assume that all limits g¢ ¢ := lim, . g r(n) exist in [0, +-00].
We now define the desired ordered partition ¢ of F* as follows. If F* = &, we set 9 = &.
Otherwise, we define the subset 91 < F* by

o1:={e€F” | gy #0forall fe F"}.

Note that p; is non-empty. Indeed, arguing by contradiction, suppose that for every e € F*,
there exists ¢’ € F* with g, = 0. Then, we get a contradiction by

o | 1 e(tn » de,ef ! et
Seere | 108 |ze(tu)ll _ Duep de )l loglze )l 50

1= =
ZCEFOC‘ |log | ze(tn)|| ZeEFOO | log |ze(tn)]| ce o
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for n — 0. We then proceed by induction and repeat the same construction for the set
F” \ p1, and so on. More precisely, setting

k k
Okt i= {eer\Ugl ’ qeﬁfaéOforallfeFm\Ugl}
=1 =1

we inductively obtain an ordered partition ¢ = (g3); 2, of F* of some length 7, € {1,...|F”|}.
Moreover, using the relations ge ¢(n) = 1/qf.(n) and ge ¢(n) = ge,g(n)qq, r(n), one can deduce
that for all sets g, k =1,...,7r,, we have

(3.20) e, € (0,400) fore, fe g, and ¢,y = +0 for e€ g; and f € g with k <.

The desired ordered partition o* of the set w4 =1,...,r, is constructed analogously. We
set

0l = {e e { Ge,r # 0 for all f €] }, and inductively define

k k
Q%H_l:{eEﬂ'é\UQ? | qe,fs«éOforallfewg\Ugf},

=1 =1
thereby obtaining an ordered partition o' = (o});"; of m} of some length r; € {1,...|7}.
Moreover, similar to the case of p treated above, we have for every set o, k = 1,...,r;, that

(3.21) Ge.f € (0,+00) for e, f € o, and g = +oo for e € g}, and f € o} with k < L.

Altogether, we get the desired ordered partition 7 of F' by (3.19).
It remains to construct the limiting point t € D: of the sequence (t,),. We first define an
element x = (x.)cer of o, as follows. If e € g for some k, then,

z. — lim | log ’Ze n) 2 Qf
e ,€
n—ow Zfeg | ].Og |Zf fGQk

Ifeeg}:C forsome ¢ =1,...,rand k=1,...,r;, then

Te = lim Z Afe)

n—w Z i ‘TTL
fEQk f fEQk

Finally, consider the point t := (t,2) € D, . Combining properties (3.20) and (3.21) with

Proposition 3.3, we conclude that lim,,_,,t, =t in B . The proof is complete. ]

3.4. Family of hybrid compactifications. Our constructions above refine and combine
previous constructions of hybrid spaces. It leads moreover to a family of (relative) hybrid
compactifications. Since this is thoroughly discussed in our work [AN22], we only briefly
explain it here. For an integer r € N, we define the following hybrid space B"" . Let 1L,
be the set of all ordered partitions of subsets of ¥ which have rank bounded by r. For each

subset F' € E and ordered partition @ = (m1,...,m) of F' with k < r, define the stratum
Dhyb(r) B lO)F X Opy X oo X O, X Op,. iftk=r
T\ Dp X 6y X -+ X gy, X 6, if k<.

Note that if k& = r, then we allow coordinates in the last simplex o, to take value zero. For
hyb('r)
= B*.

as the disjoint union

T = Ty, we set D
We introduce B

(322) Bhyb(r) = |_| I_I D:—yb(r) — B* |—| |_| D;yb(r)

FCE rell, (F) @CFCE well, (F)

y b(r)
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and define the hybrid topology on B similarly as on B"™". Analogous to the proof of
hyb(r)

Proposition 3.5, one can show that B is a locally compact Hausdorft space. Moreover, if

B is compact, then B s compact as well.

Note that by definition, B" = g™, Also, we remark that the hybrid boundary
D™ = B™" U B* of B™"" coincides with the metrized complex M€ (D) associated
to D defined as follows. We first take the disjoint union of sets D x o for all non-empty
subsets F' € E. For each pair of non-empty subsets F; < F5, we then identify the two sets
Dp, x op and Dp, x of, along the common subset Dp, x 0. The resulting space endowed
with the quotient topology is the metrized complex M% (D).

We further define B™"” as the hybrid space from [BJ17], that is, B = B* L X(D)
where (D), the dual complex of D, is the simplicial complex that for every non-empty subset
F c F and each connected component Z < Dp, contains one copy o of the standard simplex
Op.

For each j > i, we get a forgetful map q;>; : B™Y . B™Y For i # 0, this is defined

hyb(0)

as follows. The map qj-; restricts to identity on any stratum D;yb(j) with 7w € II;. For an
element m = (my,...,7) € g with k >4+ 1, let 7’ := (71, ..., m_1,m U--- U ). Then, the
hyb(j) hyb(4)

restriction of q;; to D has image in the stratum D_, ",

K
Qjoi: D;yb(j) R D:]b(i)

It is given by sending a point t = (t,z = (z!,...,2¥)) of D;yb(j) to the point (t,y) with

y=(z'...,27 1y = (2%,0,...,0)). Fori=0, let 4j>0 ‘= q1>0 © q;j>1 Where 10 is defined

by contracting the proper complex strata.

This leads to a tower of hybrid spaces and continuous maps

(3.23) B —B —B

hyb(0) hyb(1) hyb(|E|—-1) Bhyb(\E\) _ ph

=B

interpolating between B and B

4. HYBRID DEFORMATION SPACES AND MODULI OF HYBRID CURVES

The aim of this section is to construct the moduli spaces of (marked) hybrid curves ///ghyb

and ///ghy; as well as the universal hybrid curves %;yb and %gly; lying above them. Although
we consider coarse moduli spaces here, in proving our results, we reduce to the hybrid re-
placements of versal deformation spaces, which provide étale charts for the fine moduli space.
Universal hybrid curves are defined on these charts. This approach is enough for our main
purpose in this paper, that concerns the study of variations of canonical measures, as well
as in our forthcoming work that concern asymptotic of analytic and complex geometry on
Riemann surfaces close to the boundary of their moduli spaces. We hope to elaborate on
hybrid Deligne-Mumford stacks in our future work, in the context of providing a valuation
theoretic approach to hybrid geometry.

We proceed by applying the construction of Section 3 to the deformation space of a stable
curve (that provides local étale charts in .# , ,, around the corresponding point). The resulting
local hybrid charts are used in order to define the hybrid topology. In order to define .#, ;yb, set
theoretically, we define hybrid strata associated to stable graphs and then take their disjoint
union. Finally, we define the universal hybrid curve and describe its topology.

4.1. Deformations of stable curves. This section recalls standard results about deforma-
tions and degenerations of complex stable curves, with or without markings. These will be
used in the construction of the hybrid moduli spaces as well as in the study of the monodromy
and period maps (see Section 7). We follow closely our main reference [ABBF16] and refer
to [ACGHS84, DMG69, Hof84] for more details.
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Let Sy be a stable curve with dual graph G = (V, E,g). For v € V, we denote by C, the
(normalization of the) corresponding irreducible component of Sy. Let g : V' — Z., be the
genus function which associates to each vertex v of G the genus g(v) of C,. We denote by ¢
the arithmetic genus of Sp, which is equal to

g=h+) g)
veV
Here h denotes the first Betti number of G, i.e., h = rank H;(G). Each edge e = uv corresponds
to a point of intersection of €, and C, in Sp. These points are denoted by p¢ and p¢ in C,
and C,, respectively. In this way, for each vertex v in G, we get a marked Riemann surface of
genus g(v) with deg(v) distinct marked points pS, in one-to-one correspondence with half-edges
e of the graph incident to v. The collection of these marked points on C,, is denoted by A,.

4.1.1. Formal deformations. Let Sy be a stable curve of arlthmetlc genus g. Standard results
in deformation theory provide a smooth formal scheme B = Spf C[[t1, ..., tx]], and a versal
formal family of curves p: S — B with fiber So over the point 0 € B 1som0rphlc to Sp.

The total space S is formally smooth over C and the tangent space T to B at 0 can be
identified with the Ext group Extl(Q}go, Ogs,) in the category of sheaves over Sy. Locally for
the étale topology at a node of Sy, we have

(4.1) So ~ Spec R, for R = C[z,y]/(zy).

This implies we have locally an isomorphism Qlo ~ Rdx ® Rdy/(xdy + ydx). Moreover, the
element zdy € leo is killed by both x and y. This means that Q}% has a non-trivial torsion
subsheaf supported at the singular points of .Sp.

By local-to-global Ext-spectral sequence, we get the short exact sequence

(4.2) 0 — H'(Sp, Hom(Q5,, Os,)) — T — I'(Sp, &zt (g, Os,)) — 0.
By the above local presentation of leo, the &zt sheaf on the right hand side of this equation

is locally given by the extension
0 - R —> Rdx® Rdy — Q% — 0
1 — zdy + ydzx.

In other words, &t (Q}%, Og,) is the skyscraper sheaf which contains one copy of C supported
at each singular point. This implies that

(4.3) F(SOa@%Q}S'Ov OSO)) ~ CP.

By [DM69], the global sections F(SO,QI(Q}%, Os,)) correspond to smoothings of the sin-
gular points of Sy. Deformations in which the dual graph remains the same (and so only the
marked curves (C,, A,) deform) are represented by the subspace H' (S, 7—[07m((2}%, Og,)) cT.

For any pair of non-negative integers a and n, the moduli space .#,, of curves of genus
a with n marked points has dimension 3a — 3 + n. This leads to the following equality of
dimensions

dim H'(Sp, Hom (g, Os,)) = Z (3g(v) — 3 + deg(v)), and
veV

N=dimT = ) (3g(v) + deg(v) — 3) + | E| = 3g — 3.
veV
The above analy51s shows that deformations of Sy which preserve the singularity at p® are
given by a divisor D c B and correspond to the tangent directions in T' that have zero as
the e-th coordinate via (4.2) and (4.3). Denoting by z. € Op the local parameters around 0

for the divisors ﬁe, e € F, the projection map T — CF & C is seen to be defined by dz,
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and the surjective map T — C¥ in (4.2) is given precisely by the differentials of these local
parameters. It thus follows that we have a collection of principal divisors ﬁe — B indexed
by the edges of G which meet transversally. Moreover, the intersection of these divisors in
B is precisely the locus of those deformations of Sy which keep the dual graph fixed. More
generally, we get the following correspondence. For any subset F' € FE, the intersection of the
divisors lA)e for e € F' is the locus of those deformations whose dual graph contains all the edges
F < FE. This is naturally stratified into those deformations whose dual graph is obtained by
contracting a subset of edges A € E ~ F. This dual graph is denoted by G / A. In addition to
local parameters z. for edges e € E, we have N — | E| more local parameters which correspond
to the deformations which preserve the dual graph.

Similarly, for (Sp,q1,...,qn) a complex stable curve of arithmetic genus g with n marked
points, there exists a formal disc B of dlmensmn N = 3g—3+n and a versal formal deformation
p: S — B such that the tangent space to 0 € B is identified with Ext! (Ql O (=201 4i))-
The fiber at 0 of the family is isomorphic to So, and in addition, the family comes with sections
0;: B — § such that 0;(0) = ¢;.

The local study from above is carried out in a similar way. It leads to local parameters
Ze, indexed by the edges of the dual graph G = (V, E) of Sy, and formal divisors lA)e c é,
e € E, which meet transversally. In addition to the local parameters z., e € E, we have

— |E| = 3g — 3+ n — |E| more local parameters that correspond to the deformations of the
stable marked curve which preserve the dual graph. That is, they correspond to deformations
of the marked curves (Cy,4,). Here, A, consists of the nodes pS, e ~ v, and those marked
points q1, ..., g, that lie on C,,.

As in the unmarked case, we get the following correspondence. For any subset F' < E, the
intersection of the divisors ]_A)e for e € F' is the locus of those deformations whose dual graph
contains all edges F' < FE. This is naturally stratified into those deformations whose dual
stable graph with n markings is obtained by contracting a subset of edges A € F ~ F, that
is, it is given by G / A (see Section 2). Recall that the marking function in G / A is defined as
the composition of the map m: [n] — V(@) with the projection map »: V(G) — V(G/A).
We denote this marked graph still with G / A, as it will be clear from the context whether
markings are involved or not.

4.1.2. Analytification. From the local theory above using formal schemes, we get analytic
deformations & — B of stable Riemann surfaces (with markings if n # 0) over a polydisc B
of dimension N = 3g — 3 + n. This means that

Bz\AxAx-‘-xA

~
N times

for A a small disk around 0 in C. Moreover, the formal divisors above give rise to analytic
divisors D, ¢ B which are defined by equations {z. = 0} for analytic local parameters z.
associated to edges e € E. Once again, D, is the locus of all points ¢ € B such that in
the family p: S — B, the fiber p~1(¢) is a Riemann surface which has a singular point
corresponding to e. We denote by p¢: D, — S the associated section, mapping t € D, to the
singular point p¢(t) on the fiber ;.

In the following, B will denote the base of the versal deformation of the stable curve Sy,
or the stable marked curve (So,q1,...,qn). We let B* := B\ | . De be the locus of points
whose fibers in the family are smooth Riemann surfaces and set S* := p~1(B*).

For more details related to the discussion in this section, we refer to [ACGHS84, Chapter
X]] and the recent work of Hubbard-Koch [HK14| (that plays a crucial role in the further
investigation of the geometry of hybrid curves and their moduli spaces in the sequel [AN22]).
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4.2. Hybrid deformation space. We assume w.l.o.g. that £ = {1,...,|E|} < {1,...,N},
Let B = A~ be a polydisc in CY and D = |J,.p De, where the divisors D,, e € E, are given
by

Dez{zeAN‘zezo}.

The corresponding hybrid space B”" will serve as the base space for the hybrid versal defor-
mation. Notice that in this setting, adapted coordinate neighborhoods (U, z) can be defined
in a particularly simple way: for each ¢t € B, we can choose U = B ~ Ue:te;ﬁ() D, and z = (z;);
as the standard coordinates on U < AN,

4.3. Universal hybrid curve over hybrid deformation space. In this section, we intro-
duce the universal hybrid family S™" over the hybrid deformation space B"" associated to a
stable curve Sp. The fiber S, over a point t = (t,2) € B"" is the hybrid curve represented by
t. This has the underlying stable Riemann surface S; (the fiber in the original versal family
p: & — B) and has edge length function given by the coordinates z., e € Ey, of x. Here, E};
is naturally identified with the set of edges of the dual graph of S;. Moreover, the ordered
partition m = (mg)g of E; is such that t € D:ryb. In particular, since z € 6, the normaliza-
tion condition )’ cem, Te = 1 holds. In short, we get the hybrid family over B™" by replacing
non-smooth fibers of p: S — B by hybrid curves.

The rigorous definition of the family of hybrid curves phyb : S8 - B is slightly involved.
However, since it plays a key role in our works, we present the construction in some detail. In
order to simplify the exposition, we omit any mention of the markings.

Let Sy be a stable curve with dual graph G = (V, E, g) and p: S — B its versal deformation
family (see Section 4.1). The family S"" will be defined over the hybrid deformation space
B"™ =], D, from Section 4.2. We will introduce 8" by a decomposition

(4.4) s"=s"u || || s
PCFCE rell(F)

where each p;yb : S:ryb — D:Ty * is a family of hybrid curves with ordered partition 7 defined over

D;‘Tyb. The subfamily §* := S;yﬁ; will coincide with the original family of Riemann surfaces

hyb

8§* = 8| g« Moreover, we will define a hybrid topology on & .

4.3.1. Normalized families. Recall from Section 4.1 that the fiber S; of each t € B is a stable
Riemann surface with exactly |E;| singular points p°(t), e € E;. Its stable dual graph is the
graph G := G/(E\ E}) obtained by contracting all edges in E\ E;. Moreover, S; has precisely
|V (Gy)] irreducible components C, ¢, v € V(Gy).

The sections p¢: D, — S, e € E, are continuous. The complement of their images
(4.5) P° =8~ U p“(De) € S,
eck

consists of all points in & which are also smooth points of their fiber.

Let p = p°(s) be a point on the section p®: D, — S for some e € E. Then, there exists a
small neighborhood U of p in § and local coordinates (note that S is smooth as an analytic
space)

(4.6) 2 = (()imer 260 2)

with the following properties:

(i) All coordinates have absolute value smaller than one, that is, |2], |25] and |z| <1 on U
foralli=1,...N, 7 # e, and
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(ii) the coordinates are compatible with the coordinates on the base B by the projection map
p: § — B, in the sense that for all g e U,

p(Q)l = Zi(q)7 i # e,

and p(g)e = 2;(¢)2;(q), and
(iii) for each base point t € p(U) with ¢t € D,, we have

Cu,thz{qu|p( ) =t and z{( —0}

and similarly for C,; and z;. Here, Cy; and C,; are the components of the fiber S;
corresponding to the vertices u,v € V(G;) with e = uv.

In the following, we call a pair (U, z) consisting of a neighborhood U and local coordinates
z on U with the above properties a standard coordinate neighborhood of p € p¢(D.) on S.

Fix an ordered partition 7 of a non-empty subset F' € E. As the first step in the definition
of the aforementioned family S, — D" (see (4.4)), we construct the Riemann surface
components for the hybrid curves.

By the preceding discussion, for t € Dy, the fiber S; is a stable Riemann surface with stable
dual graph Gr := G/(E \ F). Moreover, S; has |V (Gr)| components Cy;, v € V(GF), and
|F'| singular points p¢(t), e € F'. In what follows, we identify F' with the edge set of the graph
Gr.

We consider the restricted family Sp = S| bp DF and construct the corresponding
normalized family
That is, in the fibers Sp|, = S, L € Dp, we replace each node p¢(t) of an edge e = uv € F by two
different points p,(¢) and p§(t) lying on the components Cy, ¢ and C, 4, thereby disconnecting
the components. This amounts to replacing points ¢ with z§(q) = 2;(¢) = 0 by two new
points, as in the normalization of a single fiber. Each fiber SF\ of SF is the disjoint union
of the smooth Riemann surfaces C,; for v € V(Gp). For each edge e = uv € F', there are
two continuous sections pg, pS: Dp — Sp such that pS(t) and pS(t) lie in the components
Cu and Cy;. Moreover, Sp is obtained from §F by glueing the sections pf, and p¢, for all
e = uv € F, over any point t € D r. The construction of §F clearly leaves the smooth points
p € P° invariant (see (4.5)). More formally,

(4.7) {q eP° | plg)e bF} c Sp.
Since D" = Dp x 6, we can naturally extend Sr — Dp to
(4.8) Sp x 6z — D"
For each edge e = wv in F', the sections pf, p¢: D P — 5~’F extend to sections

hyb

(49> ]5161,7}55 D7r _)gFXOQ-ﬂ"

4.3.2. Metric graph part of hybrid curves. Next, we will construct the versal family of intervals
for the aforementioned family S," — D.". Recall that we had fixed an ordered partition 7
of a non-empty subset F' € E. For each edge e = wv in F, define

(4.10) 7¢ = {(a:,)\u,)\v) € Gp X R2) | Ay + Ay = m} C oy x R2,

The projection to the first factor pry: Z¢ — o, is continuous and the fiber over & = (z¢)er €
or can be identified with the interval [0, z.] of length . > 0. Moreover, Z¢ — 6 is a fiber
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bundle, topologically isomorphic to the trivial bundle (6, x [0,1]) — &,. We obtain two
continuous sections

S, Oc'ﬂ- —>I§., ($f)f’—>(l',0,$e)7 and

SO 20

sS: op — I¢, (xf)f — (x,2¢,0).

. hyb > ° °
Since D, = Dp x 65, we can naturally extend Z¢ — &, to

(4.11) Dp xI¢ — D"
For each edge e = wv in F', the sections s¢,, s$: 6, — Z¢ extend to sections
(4.12) 5.5 D" — Dp x I¢.

4.3.3. Construction of S"". In the following, we combine the previous constructions to define
the families S, — D, w e II, and S — B""

Fix an ordered partition 7 of some subset F' € E. From the preceding considerations, we
get the normalized hybrid family

~ hyb

(4.13) 3= (§F x &w) L (|_| Dp x I:;).
eeF

By (4.8)(4.12), we see that S,"" comes with a map

~hyb ~ hyb hyb
™ : STI' - D7T

hyb ~ hyb .
¢,50: D — S, for all edges e = uwv in F.

We define S;yb by glueing these sections pairwise, that is, as the quotient

and continuous sections p¢, ps, 55,55 : D
hyb ~hyb

(4.14) S =8 ~,

where over each base point t € D, , we identify 7€ (t) with 3¢ (t) and p¢(t) with 3¢(t), for all
e = uv in F. The resulting points in S:ryb are denoted by p¢ (t) and pS(t).
Endowing S:ryb with the quotient topology, we get a continuous map

(4.15) po 8" - D"
By construction, the fiber S, | . at some t = (¢,x) € D." is the metrized complex M% defined

by the stable Riemann surface S; and the edge lengths of x on its dual graph Gr. To turn
S |, into a hybrid curve, we add the data of the ordered partition 7. Altogether, S - D"

™

is a family of hybrid curves with underlying graph G and layering 7w. The continuous sections
pS,pS: D" — S give the attachment points of the intervals representing the edge e = uv in

the hybrid curves. For the empty ordered partition mg, we simply recover the original family
S§* =S8, =S|

over the open part D,, = B*.
Notice that S;Vb consists of three different types of points:

hyb

(4.16) S, =P LPLLP2
for the following three sets:

e PU is the set of all points in S:ryb, which are smooth points of some Riemann surface
component of their fiber. Formally, we can write P? as (see (4.7))

(4.17) Pli= || (SnP)x{z}=(SrnP)xé.28,"

™ T
t=(t,x)eD™"
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e P! consists of all attachment points of intervals in the fibers,

(4.18) P— || [ {piw.pi0)}.

tED:_yb e=uveF

e P2 is the set of all points in S, , which lie in the strict interior of some interval of their
fiber. That is, formally (see (4.11)),

(4.19) P2 — ( | | Dr x I:;) “Plcs”
ecF
Finally, as a set, we introduce the family ™" by (4.4), that is, we set
(4.20) sT=su || ] S
@CFCE mell(F)

Since B”" = L1, D;;yb, the maps p};ryb in (4.15) glue to a hybrid projection map
(4.21) . S
Note that on S* = S, the hybrid projection p”" coincides with the projection p: S* — B*

for the versal family p: & — B. If there is no risk of confusion, we will shorten notation and
use the same letter p for both maps.

hyb hyb hyb

— B

4.3.4. The topology on S™". The precise definition of the topology on 8™ is quite technical,
and the details are presented in Appendix A. In the following, we give an informal outline and
describe the convergent sequences.

Consider the fiber S, over a base point t = (t,2) € B”". The topology on S"" should
ensure the continuity of the projection map p: S — B"™". Hence it suffices to clarify the
topological relationship between Szyb and nearby fibers S;‘yb, that is, fibers whose base points
s = (s,y) € B"" are close to t in B"". By the properties of B"", we have the inclusion E; < E,
for the edge sets of the hybrid curves, that is, Shyb has more intervals than Shyb. Clearly, the
Riemann surfaces parts and the intervals of common edges e € Es in S." and S, can be
related naturally. In order to treat the additional intervals in St , recall that S;yb contains
an analytic cylinder of the form

es—{ ze,2) eC? ! lze |, |zo| < 1, 2528 =ze(t)}

for every e € Ey \ Es. In the family & — B, the cylinder W, s degenerates to two half-discs
glued at the node p°(t), as s — t. On the other hand, changing to logarithmic coordinates

s (arg(=), | log(l=:))).

We s becomes a real cylinder of length |log(|z.(s)|)|. Forgetting the angle and rescaling, we
can relate it to the respective interval Z, in S
These ideas are formalized by the following Log-maps. Let p € p¢(D.) be a point on the
section p®, e € E. Fix a standard coordinate neighborhood (U, z) for p in S (see (4.6)). Then,
we introduce the Log-map
Log.: U~ p_l(De) - [0, 1]

log |25, (9)]
log [z (q)]’

(4.22)

q —>

where z.(q) = p(q)e = 25(q)25(q) and p: S — B is the projection map. Using the Log-maps,
we introduce the topology on S™" in Appendix A.

The following proposition characterizes the convergence of points on smooth Riemann sur-
face fibers to points on hybrid curve fibers. In a similar way, one can characterize also the

convergence of general sequences.
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Proposition 4.1. Let p be a point in S~ and t = (t, ) := p(p) its hybrid base point. Suppose
further that (pn)n is a sequence in S* < S"™" with base points t, = p(pn) in B* < B™". If
lim, . pp =P in S"", then necessarily

hyb

(4.23) lim ¢, =t in B .

n—ow
Moreover, the convergence can be characterized as follows.

(i) Suppose that p belongs to the Riemann surface part of its fiber S:yb (and is not an attach-
ment point). That is, p € P and formally p = (p, ) for some non-node point p in the
fiber S (see (4.17)).

Then, lim,_, pn =p in S~ ezactly when (4.23) holds and
lim p, =p inS.
n—w

(ii) Suppose that p belongs to an interval of its fiber Szyb. That is, p = XS, is a point 0 <
XS < xe in the closed interval I, = [0, x| < S:yb representing an edge e = uv in the dual
graph of Szyb. The attachment points ps,(t) and pS(t) correspond to A, = 0 and A, = z.,
respectively.

Then, lim, ,,p, = P n s exactly when (4.23) holds, lim,_,, p, = p°(t) in the
original family S and
log |25 (pn)| G

Him Loge(pn) = i 30 o) — 70

for the Log-map on some (equivalently, on every) standard coordinate neighborhood (U, z)
of p¢(t) in S.

Proof. The claims are easily derived from the definition of the topology on 8™, see Appen-
dix A. O

Remark 4.2. The topological space 8" has the following properties.
" is a second countable, locally compact Hausdorff space and in particular, 8" is
i) S i d table, locall t Hausdorff d i ticular, S i
metrizable.
(ii) The family p: 8" — B"™" of hybrid curves is continuous over B"".
(iii) On each subfamily S, < 8"" (see (4.4)), the induced topology from S"" coincides with
the one introduced on S:ryb in the previous section.
o

4.4. Hybrid moduli space. Let g and n be two non-negative integers verifying 3g—3+n = 0.
If g = 1, we impose moreover that n > 1.

4.4.1. Stratification of //?g,n by stable graphs with markings. A nice reference for the materials
in this short subsection is [ACP15]|, which already makes connections to the moduli space of
tropical curves. See also [CCUW20| for a more refined treatment of the stack structure.
Once again, we emphasize that our notion of tropical curve differs from the one considered
in [ACP15,CCUW20].

Let .#,,, be the (coarse) moduli space of stable curves of genus g with n markings. Denote
by A g,n the Deligne-Mumford compactification of .#,,,, obtained by adding stable curves of
genus g with n marked points to .# .

There is a stratification of .#,,, by combinatorial types of stable dual graphs G (with n
marked points) of genus g. Denoting by .# the associated stratum, we have

'/79,71 = |_| %Ga

G': stable marked graph of genus g
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where the disjoint union is taken over isomorphism classes of stabled marked graphs of genus
g. Here, an isomorphism between stabled marked graphs of genus g is an isomorphism between
the underlying graphs that additionally respects the genus functions and the marking functions
from [n] to the sets of vertices.

The stratum .# can be described as follows. Consider a stable graph with n marked points
G = (V,E,g,m). Let n: V— NU {0} be the counting function that maps v € V to the number
of labels placed at v. For each vertex v € V, consider the moduli space .#(,), deg(v)+n(v), and
the product

(4.24) .//fg = H ,// ), deg(v)+n(v)
veV

Denote by Aut(G) the automorphism group of the marked stable graph G, that is, the set of
automorphisms of the underlying graph that respect both the genus and the marking functions.
The group Aut(G) naturally acts on .#; through the decomposition as a product of factors,

by permuting the factors and respecting the marked points. We have .Z; ~ //%/Aut(G).

We denote by 4, the universal family of curves with n markings over .#,,,. By an abuse
of the notation, the universal family of stable curves with n markings over .# g,n 18 also
denoted by 4. We understand this in the sense of the theory of Deligne-Mumford stacks:
in our setting, on étale charts given by the versal deformation spaces, we get a well-defined
family of stable curves. When passing to the coarse moduli space, the fibers of the family are
quotients of stable Riemann surfaces by the action of their automorphism groups. We refer
to [ACGHS84, Chapter XI| and [HK14] for more details.

4.4.2. Moduli space of tropical curves of given combinatorial type. Let G = (V, E, g, m) be a
stable graph of genus g with n marked points. We define the moduli space of tropical curves
of combinatorial type G as follows. First, we introduce

> trop
| O"TI' )

mell(E)

where, we recall, for 7 = (771, ..., my) an ordered partition of F, we set 0 = Gn; X Oy =+ - X O, ..
trop

In Sectlon 6, we endow .#, ~ with a natural topology, compatible with the hybrid topology
on B"" from Section 3.3. Here the vertices and the edges of the graph G are all labeled. The
group Aut(G) naturally acts on //Gtmp by permutation of the edges, and the moduli space of
tropical curves of combinatorial type G is defined by taking the quotient
(4.25) My =M,  JAu(Q).

trop >~ trop

4.4.3. Hybrid moduli space. Let G = (V, E,g,m ) be a stable graph of genus g with n marked
points. The group Aut(G) acts naturally on ///G and on .//[ . From these two actions, we
get a diagonal action of Aut(G) on the product ///p X M, 7."". We define the hybrid stratum
M, associated to G as

My = (M x M) JAut(G

By construction, the elements of the hybrid stratum ///C];yb correspond to isomorphism classes
of hybrid curves with combinatorial type G (here, we consider isomorphisms of the underlying
marked stable Riemann surfaces respecting the ordered partition and edge lengths).

We now give an alternative characterization of these hybrid strata and obtain a refined
decomposition into hybrid orbifolds.

Let G = (V, E, g,m) be a stable dual graph with n markings. Consider an ordered partition
m = (m,...,m) of E and denote by (G,w) the corresponding layered stable graph with
markings. Denote by Aut(G, ) the subgroup of Aut(G) consisting of those elements which
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preserve the ordered partition 7, i.e., which respect the corresponding filtration .#™. The
hybrid orbifold associated with 7 is the quotient

M = (Mg % 57) [ Aut(G, 7).

Notice that the hybrid orbifold ./, }y:: only depends on the orbit [7] of the ordered partition
7w € II(E) under the action of Aut(G), that is, ., ]y: and //léy;, are isomorphic whenever
[7] = [#']. The hybrid stratum .#, can then be identified as

A B /e
[7]ell(E)/Aut(G)

where the union is over all orbits of ordered partitions under the action of Aut(G) (here, for
each orbit in II(E)/Aut(G) we have fixed an arbitrary representative ).

Definition 4.3 (Hybrid moduli spaces as a set). The moduli space ///;;Z of hybrid curves of
genus g with n markings is defined by

hyb hyb
Moo= | L A,

G [r]ell(E(G))/Aut(G)

where the first union is over all stable graphs G of genus g with n markings (again, 7 is an
arbitrary ordered partition representing the corresponding orbit). o

yb

By construction, the points t of ,///ghm are in bijection with the isomorphism classes of marked
hybrid curves. We denote by Cfg]y; the unwversal hybrid curve over ,//;y; More precisely, as

in the case of the Deligne-Mumford stack ./ g passing to the hybrid replacement B"" of
étale charts B given by the versal deformation spaces, we get a well-defined family of hybrid

curves nghy,}; Over the space .///;y;, that we regard formally as the coarse moduli space of

hybrid curves, the (set-theoretic) fiber %,"" over some base point t € ///ghy; is the quotient
of the hybrid curve represented by t under the action of its automorphism group. Here, an
automorphism of a hybrid curve is an automorphism of the underlying stable Riemann surface
such that the induced automorphism on the dual graph respects the ordered partition and
edge lengths.

4.5. Hybrid topology. In this section, we describe the hybrid topology on the hybrid moduli
spaces.

Consider a point sg in .# g,n» and denote by B the analytified versal deformation space
of the corresponding stable curve (with n marked points) Sy := %,,. This way, we get an
étale open chart (for the fine moduli space) B — .# g,n around sg. Let B"™ be the hybrid
deformation space defined in Section 4.2. Denote by G the dual stable graph of Sy with n
markings.

By construction, the automorphism group Aut(Sp) of the marked stable Riemann surface Sy
acts on B. Since every automorphism of Sy defines an automorphism of the dual stable graph
@G, this extends to a natural action of Aut(Sp) on B"”". We equip the quotient B""/Aut(Sp)
with the quotient topology induced from the hybrid topology of B"™". Combining the above,

hyb

we thus get a map from B"" /Aut(So) to .4,,.

Proposition 4.4. Notations as above, the collection of sets consisting of images othyb/Aut(So)
m %;V; form a covering of ///52

Proof. By definition of a covering, we must show that the union of these images is equal
to //l;y; The points of ///;v; bijectively correspond to isomorphism classes of hybrid curves.
Hence the claim is obvious, since (the isomorphism class of) each hybrid curve trivially belongs

to the image of B""/Aut(Sp) for its stable Riemann surface Sp. O
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Definition 4.5 (Hybrid topology). We say that the images of sets of the form B""/Aut(QG)
are all open in ///g ., and define the hybrid topology on //l;y; as the one generated by this
open covering. o

Theorem 4.6. The space ///;y; 18 compact.

Proof. This follows from the compactness of //79771 and local compactness of the spaces B"™",
stated in Proposition 3.5. g

4.6. Universal hybrid curve. It follows that locally, for the local charts B"" JAut(Sp) con-
sidered in the previous section, the universal hybrid curve ‘Kgly,: restricts to the versal hybrid

curve 8™ — B"" (see Section 4.3) descended over B""/Aut(Sy). The latter means that we
first extend the action of Aut(Sp) from the base B"™ to the versal hybrid curve S and then
take the quotient. We endow the universal hybrid curve %gkfnb with the topology induced by
these local charts.

4.7. Towers of hybrid moduli spaces. Using the constructions outlined in Section 3.4, we
can actually go further and define a tower of hybrid spaces

(4.26) Mgy — My

—hyb(1) —hyb(2)

—hyb(N—1) —hyb(N)

N
interpolating between ., ,, and /// . Here N = 3g — 3 + n is the dimension of .#, ,. We
briefly discuss this here and refer to [AN22] for more details.

The elements of ., gmk) correspond to (equivalences classes of) marked hybrid curves of
rank at most k, however the definition is slightly relaxed in order to ensure compactness.
Namely, we allow the presence of some zero edge lengths in the last layer 7y for hybrid curves
of rank equal to k (while at the same time keeping the normalization condition ) =1).
The k-th hybrid space M, o - compactifies .#; by adding these (generalized) hybrid curves

. . hyb (k)
as its boundary part. The moduli space ///g,n
—hyb(k)

is an open subset of .Z, ,

eET, 5

of (marked) hybrid curves of rank at most k

—hyb(k)
and corresponds to those elements of .7,

non-zero. Note that for k¥ = N, we have the equality .# N = ///g;

g7n
yb (k)

can be deduced from the compactness of .#,,, and the local compactness of
hyb(r)

with all edge lengths
The compactness of the
spaces //l

the spaces B from Section 3.4.
Moreover, over each member of the tower, we get the corresponding universal hybrid curve

%hyb(r

g7n
hyb(2)

(4.27) Con «— Cgpn < Cgp < Cyyp — Cyn

) .
, forming a tower

hyb(1) hyb(N—1) hyb

compatible with (4.26), in the sense that via the maps from the universal hybrid curves to the
moduli spaces, the diagrams are commutative.

5. CANONICAL MEASURES

In this section, we introduce canonical measures on different geometric objects: metric
graphs, Riemann surfaces, tropical curves, and hybrid curves.

5.1. Canonical measure on metric graphs. Let G = (V, E) be a finite graph of genus h
and {: E — R, an edge length function. The corresponding metric graph is denoted by ¢
(see Section 2.9). There are several equivalent ways to introduce the canonical measure on
¢. The original definition of Zhang is based on the use of the metric graph Laplacian and
its Green functions [Zha93]. In the following, we give three different expressions which are
convenient for our purposes.
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First of all, recall the following definition in terms of spanning trees. For a spanning tree

T = (V(T),E(T)) of G, define its weight w(T') as
(5.1) w@ =[] *
eeENE(T)

The set of spanning trees of G is denoted by 7 (G). The Foster coefficients u(e), e € E, of the
metric graph ¢ are defined as

1
(5.2) 77 S @@ "
M( ) ZTGT(G) OJ(T) TET(G)Z::eéE(T) (

see, e.g., [BF11, equation (TC1)|. That is, p(e) is the probability that a random spanning
tree, sampled proportional to the weights (5.1), does not contain the edge e.
The canonical measure on ¢ is the measure

ule
(5.3) fg = lf )dﬂe,
eel €

where df, is the uniform Lebesgue measure on the edge e = [0, /], so that éd@e has total
mass one on e. Since the complement of a spanning tree has g edges, it follows that j, has
total mass g.

Alternatively, the canonical measure can be expressed using the cycle space of G. Let
H,(G,Z) be the first homology of G. We fix an orientation for the edges of the graph. By
definition, we have an exact sequence

0— H(G,2) —7F — 17V - 0.
For each edge e of G, denote by (-, ). the bilinear form on R¥ defined by

<$ ) y>e = TelYe
for any pair of elements z = (z¢) feg,y = (yf) fer € RP. We denote by ¢ the corresponding
quadratic form. The edge length function ¢: E — R, defines an inner product on R¥ by

<55,y>€ = Z€e<xay>e: dexeyea I,yERE.
eeE eeE

The associated quadratic form is denoted by g;. Let m: R — H;(G,R) be the orthogonal
projection w.r.t. (-, of RE onto its subspace H;(G,R). The canonical measure i, can be
written as (e.g., [SW19, Proposition 5.2|)

(5.4) o= D) gy ae((e)) .

ek €

Finally, we derive a Hodge-theoretic expression for p,, , which resembles the canonical mea-
sure on Riemann surfaces (see (5.8) below). After fixing a basis v1,...,7, of Hi(G,Z), we
can identify the quadratic form g, restricted to Hy(G,R) with an h x h symmetric matrix M,
so that, thinking of elements of H;(G,R) as column vectors, we have

(5.5) ge(z) = 2" M, x.

For an edge length function ¢: E — R, the restriction of g, to H;(G,R) can be identified
with the h x h symmetric matrix

(5.6) My =" LM,
eel

We denote its inverse matrix by M, [1. Recall from Section 1.8 that the (i, j)-coordinate of a
matrix A is denoted by A(7,j). For an element v € H;(G,R) and e € E, denote by v(e) the
e-coordinate of ~.



36 OMID AMINI AND NOEMA NICOLUSSI

Theorem 5.1 (Canonical measure via the graph period matrix). The canonical measure on
9 is the measure

(5.7) — “tfe) da.,

ecE ¢

where db. is the uniform Lebesgue measure on the edge e = [0, .| and the Foster coefficients
u(e), e € E, are given by

h
ple) = Le D0 M, (i, 5) vile)v;(e),
ij=1

with y1, ..., a basis of Hi(G,R).
Proof. Taking into account (5.4), it suffices to show that for all edges e € E,
h
ar(m(e)) = £ (e (e)M; i, ).
ij=1

Writing 7(e) in the basis 71, ..., v, gives

h
m(e) = ). aeivis
i=1
where the coefficents a.; are determined by the system of linear equations
2a67j<7j77i>€ =(m(e), vipe = {e,%iye = Levi(e)
J
for e € £ and i € [h]. This implies that
h o h
<ae,j> =M (56%‘(6)) ,
7=1 7=1
We conclude by combining this expression with gy (W(e)) = (m(e),m(e))s. O
5.2. Canonical measure on a Riemann surface. Let S be a compact Riemann surface of

positive genus g. Denote by Q!(S) the vector space of holomorphic one-forms w on S endowed
with the Hermitian inner product

1
{wy,wey = ZJ w1 A D9
S

for wi,ws € Q1(9).
Choosing an orthonormal basis 71, ...,1, of Q(S), the canonical measure of S is defined
by

. g
1 _
Hae = 5 D515 A -
i=1

An alternate description of 1, can be given as follows. Choose a symplectic basis ay, ..., ag4,
bi,..., by of Hi(S,Z), meaning that for the intersection pairing {-,-) between l-cycles in S,
we have for all 4,5 =1,...,¢,

<CLZ', aj> = <bl, b]> =0 and <6Li, b]> = 51'7]‘.
Let wi,...,w, be an adapted basis of Q!(S) in the sense that

J wi = i
o,

J
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and define the period matrix of S by

Q- (Q(z',j))ijzl = (L wi)ijzl'

The imaginary part Im(€Q) of Q is a symmetric positive definite real matrix. Denote by
Im(Q)~! its inverse. Then,

.9

1 1/ - _
(5.8) Ha = 5 Z Im(9) l(Zvj)wi N Wy

2
,j=1

where Im(2)71(4, §) is the (4, j)-coordinate of the matrix Im()~!.

trop

5.3. Tropical curves. Let € = = (¢4, 7) be a tropical curve with underlying finite graph
model G = (V| E), ordered partition 7 = (71,...,7,) on E and edge length function ¢: E —
R satisfying the layerwise normalization property. Let ¢ be the associated augmented metric
graph and g: V' — N U {0} its genus function.

Consider the metric graph grx (%) associated to the graded minor gri(G) and the edge
length function ¢ := €|7rj: mj — R4. Denote by ,uéh the canonical measure on grx(¥4). By
a slight abuse of the notation, we also denote by uéh the corresponding measure on ¢ with
support in the intervals Z. for e € m;. We can write

: 1 (e)
M‘;h = Z ge dae
E€ET

for the uniform Lebesgue measure dfe on the interval Z. and the Foster coefficients w(e),
e € mj, of the metric graph grx(9).
The canonical measure p of € is the measure on ¢ defined by

(5.9) p =Yg, + Y “;(j)dee.

veV j=1eem;

It follows from the considerations in Section 2.5 and Section 5.1 that u?(e) is the probability
that a random layered spanning tree of the tropical curve does not contain the edge e (when
sampled proportional to the product of the lengths of edges not present in the tree).

Example 5.2. Consider first the tropical curve of rank two with underlying layered graph
from Example 3, and with edge lengths all equal to 1/2. The corresponding probability
distribution is uniform on four layered spanning trees. The resulting canonical measure is the
Lebesgue measure. The total mass is two.

Consider now the same graph with ordered partition consisting of a single set, namely the
set of all edges m; = E, and with edge lengths all equal to 1/2. The probability distribution on
five spanning trees is uniform. In a random spanning tree, an edge is absent with probability
either 2/5 or 3/5. In the associated canonical measure, two edges have a mass of 2/5 and the
other two a mass of 3/5. The total mass is again two. o

5.4. Hybrid curves. Consider a hybrid curve " with underlying metrized complex M%,
graph G = (V| E), ordered partition = on E, and edge length function ¢: £ — R satisfying
the normalization property. Denote by € the associated tropical curve. For each vertex
v eV, let C, be the corresponding smooth compact Riemann surface of genus g(v).

We define the canonical measure p“" on ¢"" as the measure which restricts to the canonical
measure of € on the intervals Z, for each edge e € E, and which coincides with the canonical
measure on each Riemann surface C,, v € V (on components C, of genus g(v) = 0, we set
g = 0).

The following is straightforward.
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(g/

Mg = pe, + o, + ke, + diey + dbe, + dbe,

F1GURE 4. Example of two hybrid curves with the same underlying stable Rie-
mann surface. The canonical measures have the same Archimedean parts. The
non-Archimedean parts are however different. Note that changing the order of
w1, mo in the first example would drastically change the non-Archimedean part.

Proposition 5.3. Let q: " — €"" be the natural projection map which contracts each
Riemann surface Cy to the vertex v of € . Then the pushout of the canonical measure on
€"" by q is the canonical measure of € .

Note that canonical measures on hybrid curves provide a common generalization of all
previously introduced notions of canonical measures.

6. CONTINUITY OF THE UNIVERSAL CANONICALLY MEASURED TROPICAL CURVE

The aim of this section is to study the continuity of canonical measures on the universal
curve over %C;mp, the moduli space of tropical curves with combinatorial type G. We start
by recalling the definition of ///g°‘“, making precise its topology, and defining the universal
tropical curve (ggop. We then obtain the following result that will be needed in the proof of
Theorem 1.2.

Theorem 6.1 (Continuity: tropical curves). The universal family of canonically measured
tropical curves %g“" of given combinatorial type G = (V,E,g) over ///g;“" s a continuous
family. That is, for every continuous function f: €, — R, the function F: .4, — R
defined by integration

trop

F@)= | A i, we .
(ﬁ;rop ta”l

trop

is continuous on M .

In the above statement, ‘K;rop denotes the fiber over a point z € ///émp in the universal family
%" . Tt coincides with the quotient of the tropical curve €, associated to x by the action
of its automorphism group. Each fiber Cf;;op is equipped with its canonical measure u®", the

€T
pushout of the canonical measure on the tropical curve CK;OP through the quotient map.
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6.1. The moduli space .7, " . Fix an augmented graph G = (V, E, g) and let .#,; " be the
moduli space of tropical curves of combinatorial type G (see Section 4.4.2). Recall that, as a
set, ///C:mp is defined as the quotient

~~trop

(6.1) M = A /At (G)

of the set

(6.2) M= || 6
well(E)

In the following, we endow the spaces . and //Z,tmp with suitable topologies. We define a
topology on ., " by specifying for each = € ., "
then put the quotient topology on //lémp.

It suffices to define a neighborhood base (U*(x) )E>

p

its system of neighborhoods U(z), and

. 7 tro
o around each point z € A" . Hence,

assume that x € //7&"0 and € > 0 are fixed. Suppose that x € 7, for the ordered partition m
of E. We will introduce U®(z) as a union

Us(z) = U U,
' <m
where the subset UZ, € 6, is defined as follows:
Assume that 7’ = (7})}_, is an ordered partition of E with 7’ < 7. Then, 7 has the following
form

(6.3) = (0% 0") = (o)),

where o' = (Q};)Z"Zl is an ordered partition of « for ¢ = 1,...,7.
A point y € 6, belongs to UZ, if the following condition is satisfied. For each i € {1,...,7},
consider the ordered partition o' = (g};)iizl of m}. Then,

Ye

— Te| < E.
Zée,g}'C Ye

Zeegi ye
(6.4) max — < and max max
k=1,...,5;,—1 Zeeg}; Ye k=1,...,si ecol

> trop

As stated in the following theorem, this defines a topology on .7, .

Theorem 6.2. There is a unique topology on //Z;'mp such that U(x) coincides with the system
of neighborhoods for any x e M, .

This topology is compatible with the hybrid topology on .Z, ;y; Making this precise requires
the introduction of logarithm maps, which is out of the scope of this paper. We refer instead
to our paper [AN22, Section 13].

It is also clear that //’/\;mp is a second countable and compact Hausdorft space. Similar to
Proposition 3.3, we can describe the convergent sequences.

Proposition 6.3. Let z € //r/\c;tmp and assume x € o, for an ordered partition w € II(E).

P

Suppose that (xy,), is a sequence in e///f\;tm .

~

(a) If ,, converges to x in M
7' of E with n’ < .
(b) Assume that (zy,)n, S 64 for some fized ordered partition @' < 7. In particular, 7 is of

Then, the following statements hold.

trop

, then, almost all x,, belong to strata &, of ordered partitions

the form (6.3). Then, z, converges to x in /Z/VG"OP if and only if the following conditions
hold:

o Let o' = (g},);", be one of the ordered partitions in (6.3). Then, for all k and e € g,

(6.5) m — e = g,
n—w Zéegi xn,é
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Moreover, if e € o%. and e’ € gi, with k < k', then

(6.6) lim —%¢ =

n—ow ;U,rhe

~~~trop

Proof. The claims follow from the definition of the topology on .Z, . U

6.2. Universal tropical curve of given combinatorial type. Each point z € ///g‘m or x €
/Z/\;rop clearly represents a tropical curve %th of combinatorial type G = (V, E, g). Namely,
%mp, T E /ZZVGHOP, consists of the augmented metric graph ¢, (i.e., the metric realization of
the pair (G, z)) and the orderetcippartition 7 of the edge set F associated to z (i.e., such that

0x 3 ), and similar for z € ., .

The space /Z/VGWD supports a natural family of tropical curves ‘gémp, whose fibers are the
respective tropical curves (see below). The action of the automorphism group Aut(G) on

//r/\;mp extends naturally to an action on %mep. We define the universal tropical curve €
over //lgop as the topological quotient

G =%, /Aut(G).
There is a natural projection map from %, to .4, = //Z;"op /Aut(G). The topological fiber

€. over x € M, is the quotient of the tropical curve ‘g;mp associated to x by the action of

its automorphism group.

The construction of the family %mep is done by standard techniques and included here only
for completeness (see [ACP15, CCUW20]| for similar considerations). We first combine the
interval fiber bundles 77 over o7 (see (4.10)) to an interval fiber bundle Zo = | | cyy(p) Z7

T

e € FE, over ////\C;"op. The family of tropical curves %2””‘” over %tmp is the topological quotient

Cg;;rop — |_|Ie/ ~,

ecE
where, above any point in the base /Z/\;"Op, we glue the extremities of the intervals 7, using

the incidence relations in the graph G.

6.3. Proof of Theorem 6.1. The proof of Theorem 6.1 is based on the following lemma on
convergence of Foster coefficients.

Lemma 6.4. Let £ be a point in /Z;mp and m = (Wj);f:l its ordered partition, that is, £ € 6.

Suppose that (L), < .//Z,trop 18 a sequence with lim,,_,, £, = £ in .//fl\;tmp and ¥, € &(E) for alln.
Consider the Foster coefficients p,(€), e € E, of the metric graph %, associated to (V, E, ly,).
Then, for all layers m;, j = 1,...,r and all edges e € 7;,

(67) gl_rgo Hn(e) = Hw,j(e)a
where 1, j(€), e € m;, are the Foster coefficients of the metric graph gri(%) associated to the
graded minor gry(G) and the edge lengths L, e € ;.

Proof. Recall the definition of the Foster coefficients using spanning trees (5.2). Fix a spanning
tree T' e T(G) and denote its weight in ¥, by

wn(T) = [] tne=[] ] tne
)

e¢E(T 1=1eem;\E(T)

We first give an asymptotic description of the weights w, (T') as n — .
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Since Gt ~ T contains no cycles, Proposition 2.2 gives the inequality

(6.8) |E: N E(T)| =) |m NE()|>h(Gh) =Yk,  i=1,...r
j=i j=i

If equality holds true in (6.8) for all i, then (V, EL n E(T)) is a spanning tree of G% for all 4.
However, then Tj := m; n T is a spanning tree of gré for all i. Hence, T = Ui_; T; belongs
to the set T:(G) of spanning trees of the layered graph (G, m) (see Definition 2.5). By the
equality |m; ~ E(T)| = h% and Proposition 6.3, we infer that, as n — oo,

(6.9) wn(T) = [ Li(%)" (Hyi(:ri) + 0(1))
=1 =1

where L;(¥%,) = Zeem lpe and v(T;) = Heem\E(T) L. is the weight of the spanning tree T;
in the metric graph gr’ (%), which is obtained by equipping the i-th graded minor gr’ (G) of
(G, ) with the edge length function l.-
Conversely, assume that the inequality in (6.8) is strict for some ig € [r]. As follows from
(6.8), the edge set E(G) ~\ E(T') can be decomposed as
E~NET)=FRuFu---uF,

where each F; is a subset of | J =i TN B (T) containing exactly hi edges. By our assumption
on T, at least one edge set F; must contain an edge from some m; with j > 7. Applying
Proposition 6.3, we conclude that for T' ¢ T, (G),

(6.10) lim [ | Li(%) ™" wn(T) = 0.
Ti=1

In order to prove (6.7), fix an edge e in the j-th set 7, j € [r]. Combining the representation
(5.2) with (6.9) and (6.10), we finally obtain that

T

lim pp,(e) = Z H vi(Ty) / Z vi(T3) = pis,j(e),
1

n—w

T=(T;)i€Tx(G): i=1 T=(T3)i€Tx(G) i=
e¢E(T)
where the last equality follows by applying (5.2) to the graded minor grgr. ([l

~

Proof of Theorem 6.1. We will prove that the family (‘gt

TO . > trop
Lope), x € M, where each

x
tropical curve fiber ‘éjmp is equipped with its canonical measure p$™", is a continuous family
of measured spaces over /Z/\;mp. Recalling that ., and %,,” are obtained as topological
quotients, Theorem 6.1 follows.

Since the canonical measure is defined by Foster coefficients (see (5.9)), Lemma 6.4 proves
the continuity at each point ¢ € ¢, through the stratum &z . To prove the continuity through
general strata, one can fix an ordered partition 7’ < 7 and apply Lemma 6.4 to each graded

minor gr’,(G). O

7. MONODROMY

This section provides basic results about degenerations of Riemann surfaces. We recall an
interpretation of the rank one symmetric matrices M, introduced in (5.5) in terms of the
monodromy of a degenerating family of Riemann surfaces. We then define admissible basis
for layered graphs and hybrid curves. In the next section, we relate these results to the
asymptotics of the period mapping. We use the notations of Section 4.1.

Let Sy be a stable curve of genus ¢g with dual graph G = (V| E, g), and consider the analytic
family S — B of stable Riemann surfaces over a polydisc B of dimension N = 3g — 3 with
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fiber Sy = Sp over 0 € B. Let B* := B \ |J.cp De be the locus of points whose fibers in the
family p: S — B are smooth, and set S* := p~1(B*).

Fix a base-point b € B*. The fundamental group m (B*, b) is isomorphic to Z¥, with one
generator \. per edge e € E corresponding to a simple loop A\e © B*. The loop A, is based at b
and turns once around the divisor D.. Moreover, A is contractible in the space B\, se Der-

From the family p: S* — B*, we get the local system H on B* with H; = Hy(S:,7Z),
t € B*. This local system is classified by the monodromy action of w1 (B*,b) on Hy(S,,Z).
The elements A, e € E, form a system of generators for the fundamental group, and Picard-
Lefschetz theory describes the action of A. on Hi(S,,Z) as follows (see |Lam81, Section 6]
and |[CMSP17, Chapter 4]). There is a vanishing cycle a. in H;(S,,Z) associated to the
singular point p® of Sy such that the monodromy action of A, is given by

(71) Ae: Hl(Sbaz) - Hl(SbaZ)
(7.2) B B =B, ac)ae.

Here (-, -) denotes the intersection pairing between one-cycles in Hi(S,).

7.1. Specialization. After possibly shrinking the polydisc B, the inclusion Sy — S admits
a deformation retraction & — Sp. It follows that Sy and S have the same homology groups.
From the composition of the inclusion S, <> S ~pomotopy So With the homotopy equivalence,
we get the specialization map

Sp: Hl(Sb,Z) I Hl(S,Z) ~ Hl(SO,Z).
We have the following proposition, cf. [ABBF16].
Proposition 7.1. The spectalization map sp s surjective.

Proof. For the sake of completeness, we provide a proof. We take a one-dimensional disk A
which goes through the point b and 0 in B such that the restriction of the family over A is
algebraic. We get a variation of Hodge structures H!(S;), t € A*, that we can assume to have
unipotent monodromy by going to a finite cover of A*. Denote by N the logarithm of the
monodromy map on the cohomology associated to the family over A*. Clemens-Schmid exact
sequence in asymptotic Hodge theory [PS08] then gives the following exact sequence

*
0 — H'(So) = H'(S,) = H'(S,).
Passing to the dual, gives the surjectivity stated in the proposition. ([l

Let A ¢ Hy(S,,Z) denote the kernel of the specialization map. It corresponds precisely to
the subspace spanned by the vanishing cycles a., e € E. We have an exact sequence

0— A— H\(S,,Z) 2 H\(Sy,Z) — 0.
From the inclusion of subspaces C,, <— Sy, we get a short exact sequence
0— P Hi(Cy,Z) — Hy(So,Z) — H\(G,Z) — 0.
veV

Define
A= Ay sp! (@ Hl(Cv,Z)) c Hy(S,,Z).
veV
It follows that
(73) Hl(Sba Z)/A, = HI(SOa Z)/ @ Hl(cva Z) = Hl(G7 Z)
veV

Recall that a subspace H < H1(S,,Z) is called isotropic if for any pair of elements a,b € H,
the intersection pairing {a, by vanishes.
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Proposition 7.2. The subspace A c H1(S,,Z) of vanishing cycles has rank equal to h and is
isotropic. Moreover, we have (A, A"y = 0.

Proof. By surjectivity of the specialization map, we have

rank A = rank Hy(S,, Z) — rank Hy(S0,Z) =29 —h—2 ). g(v) = h.
veV

The vanishing cycles a, are disjoint for b close to 0 € B, and their self-intersections are zero,
which shows the second claim. The space A’ contains A and all cycles which can be deformed
to a cycle on a component of Sy. The elements of A vanish in Sy, the pairing between A and
cycles in any C, is thus trivial, and the last claim follows. [l

It follows that the intersection pairing involving vanishing cycles reduces to a pairing A x
(H1 (S,,Z) /A') ~Z.
7.2. Description of the monodromy action. For every edge e € E, define
N =X —1d.

By (7.2) and the previous proposition, we get that N, o N, = 0, that is, N, = log(A¢). Note
that (7.2) implies that actually N, vanishes on A’.
It follows that N.: Hy(S,,Z) — A passes to the quotient by A’ and induces

(7.4) Hi(G,7) ~ H\(S,,Z)/ A" 2o A ~ (H((S,,7)/A) ~ H\(G,7)".
We recall the following result from [ABBF16, Proposition 3.4].

Proposition 7.3. The bilinear form on Hi(G,Z) given by the composition of maps in (7.4)
coincides with the bilinear form {-,-). restricted to Hy(G,Z).

7.3. Admissible symplectic basis. Enumerate the vertices of the graph G as vy,...,v,.
Define gg, ..., gn by

gi=h+ Z 9(vi).
j=1

Note that gg = h and g, = g.

An admissible symplectic basis a1, ...,aq,b1,...,by for Hi(S,,Z) is a symplectic basis such
that
(1) a,...,ap form a basis of the space of vanishing cycles A, and
(2) for any r = 1,...,n, the collection of elements a; and b; for j = g,—1 +1,..., g, gives

a basis of H1(C,,,Z) in
HI(C’UTaZ) — HI(S(]aZ) =~ Hl(SbaZ)/A

Note that in (2) the elements a; and b; seen in Hy(C,,,Z) necessarily form a symplectic
basis of Hi(Cy,,Z). Indeed, the pairing between A and A’ is trivial in Hy(S,,Z), and so
the intersection pairing in Hy(C,,,Z) coincides with the one induced from Hi(S,,Z) via the
specialization map.

For any edge e € E, the vanishing cycle a. can be decomposed as a linear combination of
the basis elements a; of A:

h
(7.5) Qe = Z Ce,ili.

i=1
Let B, < Hi(S,,Z) be the subspace generated by the basis elements by, ...,b,. As we saw
above, projection onto Hi(S,,Z)/A" provides an isomorphism B, ~ H;(G,Z). The pairing
(-, gives an isomorphism B, ~ AV, and the monodromy operators . give maps

Ne: B, — A.
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The following proposition is straightforward to prove.

Proposition 7.4. In terms of the basis by, ... by for B; ~ H1(G,Z), we can write

€ = (0672' Ce7j> . .
1<i,j<h
for M, defined in Equation (5.5).

In the following, we will write o7 (respectively %) for the subspace of H;(S,,Z) generated by
ai,...,aq (respectively by, ..., by). Then &7 is a maximal isotropic subspace with A ¢ &/ < A’

We will adapt the definition of an admissible symplectic basis to hybrid curves in Sec-
tion 7.4.2 (by adding a condition regarding the layering).

7.4. Admissible basis for layered graphs and hybrid curves. In this section, we refine
the notion of an admissible symplectic basis in context with hybrid curves. Later on, this will
allow to control the asymptotics of period matrices under degeneration to a hybrid curve.

Let G = (V, E, ) be a layered graph of genus h with vertex set V', edge set E, and ordered
partition m = (my,...,m) on E. Denote by &r the decreasing filtration of F introduced in
Section 2.3,

&: E'=FE2F)2...2FE 2E "' =0
Consider the associated decreasing sequence of spanning subgraphs of G,
G=GL>G > ... oG oG = (V,9)

with G% = (V, EZ), and let gr’k(G) = G?}/E?}H be the j-th graded minor.

Recall that 7;: GL - grzr(G) is the contraction map. By an abuse of the notation, we
denote by .¢;: Hy (G%, Z) — H; (gr%(G), Z) the corresponding map on the level of homology
groups. For future use, we record the following basic proposition.

Proposition 7.5. The map #;: Hy (G%,Z) — Hy (grgr(G),Z) is surjective.

7.4.1. Admissible basis for layered graphs. Notations as above, let G = (V| E) be a layered

graph of genus h with ordered partition 7 = (71,...,m) on E.
By the genus formula in Proposition 2.2, we have h = hl +--. 4 h”. Consider the partition
(7.6) (W =JuJ20-uJr

into intervals J2 of size hi given by

j—1 Jj—1 J
Ja= {1 Yk 24 Yk, Y nkL
1=1 1=1 i=1

An admissible basis for the layered graph (G,w) is a basis v1,...,7, of Hi(G,Z) that
satisfies the following conditions for all layers m;, j = 1,...,r:

(1) For each k € Jﬁ, the cycle v, lies in the spanning subgraph GZ of G. In other words, all

edges of v, belong to E < E. '
(i) The cycles #j(yg) for k € Ji form a basis of Hy(grx(G),Z).

Proposition 7.6. Any layered graph G = (V, E,7) admits an admissible basis.

Proof. This is a consequence of the genus formula, c¢f. Proposition 2.2, and Proposition 7.5.
We can indeed construct an admissible basis by first taking, for each j = 1,...,7, a basis ’7%,
ke Jl, of gr%(G), and then lifting these cycles to cycles 7y in G via the (surjective) projection
maps % ;: GI — gri(G). Tt is easy to see that the cycles v; form a basis of Hi(G,Z), and
they obviously verify the above properties (i) and (7). O
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7.4.2. Admissible basis for hybrid curves. Let ¥ be a hybrid curve with underlying stable
curve Sy and layered dual graph G = (V, E, 7). Denote as in Section 4.1 by g: V" — N u {0}
the genus function on vertices.

Enumerate the vertices of the graph as vq,...,v,. Define gg,..., g, by

(7.7) gi=h+ ) e

Note that gg = h and g, = g.
Let b be a fixed base point in B*. An admissible symplectic basis for € is a symplectic basis
ai,...,aq,b1,...,by of Hi(S,,7Z) that verifies the following properties.

(1) The collection of elements ai,...,a, forms a basis of the space of vanishing cycles
Ac H (Sbv Z),
(2) for any k =1,...,n, the collection of elements a; and b; for j = gx—1 +1,..., g gives

a basis of Hy(Cy,,Z) in
Hl(C’UkaZ) - Hl(SOaZ) = Hl(Sb’Z)/Aa and

(3) the elements by, ...,b, € B; ~ H1(G,Z) form an admissible basis for the layered graph
G = (V, E,m), in the sense of the previous section.

In particular, Proposition 7.6 implies that an admissible symplectic basis for ¢ always exists.

8. PERIOD MAP

The aim of this section is to describe the period map for the variation of Hodge structures
Hy(S;) for t € B*, for the family p: §* — B™* described in the previous section. We refer
to [ABBF16, Hof84] for more details.

Recall first that B = A3973 and that B¥ = B~ UgegD,.. Shrinking the polydisk if necessary
and making a choice of local parameters around 0 for D., we can write B* ~ (A*)F

A39-3=IE| Let B* be the universal cover of B*. We get an isomorphism B* ~ HE x A39—3-1E|
with H the Poincaré half-plane. The map

B* — B*
is given by sending (. € H to exp(27i¢.) € A*.
Denote by &* the family of Riemann surfaces over B* obtained by pullback of the family

§* — B*. In the following, we w1ll use the notations of the preceding section. We fix a point
b € B* together with a lift b e B*. We also choose an admissible symplectic basis
al,...,ag,bl,...,bg € Hl(Sb, ) =d DA

Recall from Section 7.3 that the space of vanishing cycles A is generated by ai,...,an € A,
and by, ..., by generate Hq(S,,Z)/A’ ~ Hi(G,Z) as in (7.3), and the corresponding subsequent
interval blocks of size g(vy) give a symplectic basis of Hy(C,,,Z) for k =1,...,n.

Let #H be the local system on B* given by the first integral homology of the fibers of
S* — B*. Let H be the local system on B* obtalned by the pullback of H. We have

H; = H\(S;,Z) = Hi(Sy,Z) for any t € B* and { € B* over it. The local system H being
trivial, we can spread out the above symplectic basis at b to a symplectic basis

al,f’ ce ,agf, blf’ ceey bg,f

of Hl(gg, 7) for i € B* living above any point ¢ € B*.
Since o7 is isotropic (see Proposition 7.2) and contains the subspace of vanishing cycles,
the Picard-Lefschetz formula (7.2) implies that the elements a, ; only depend on ¢ and not

on t. Thus, we will denote them merely by a;¢. The same remark actually applies for the
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basis elements b, ; with j > h (see again Proposition 7.2). So the only non-trivial part of the
symplectic basis regarding the monodromy action is by ;,..., by ;.

If there is no risk of confusion, we drop ¢, and simply use a; and b; for the elements, having
in mind the dependency on t or ¢, with the above remarks.

The local system H on B leads to an admissible variation of polarized Hodge structures.
Denote by Hc the vector bundle on B* associated to the locally free sheaf H ®7 O+ of Opgx-
modules. The Hodge filtration on Hc is given by F® = He o F! = pxws=/p*, the pushout of
the relative dualizing sheaf wsx,p+. By the work of Deligne [Del70], the holomorphic vector
bundle H¢ admits a canonical extension to a holomorphic vector bundle over B that lives in
J+(Hc) where 3: B* — B. We denote this holomorphic bundle by V, and note that we have
V|« = Hc. Sections of V are locally of the form exp(— ... (e Ne) applied to a multi-valued
section of H¢ over U n B*, for an open subset U in B [Del70, Section I1.5]. By nilpotent orbit
theorem, the Hodge filtration F* can be extended holomorphically to a filtration FO = V o F!.
Since psxws#/px extends canonically to the pushout p.ws,p of the relative dualizing sheaf to B
(which is locally free of rank g), the sheaf of Op-modules associated to F! is simply PxWs/Bs
which is a coherent Op-module by functoriality of the dualizing sheaf on families.

We define a collection of holomorphic one-forms (w;)i=1,.. 4 on S* by requiring that, for

each t € B*, the forms w;; := wi|5t, i=1,...,g, verify the equations
(8.1) J Wit = 0ij-
i
These equations uniquely determine w1 ¢,...,wq ¢, t € B*. Moreover, by coherence property,

wj¢ extends holomorphically to §. Although we do not need this here, we note that for
each t € D < B, the collection (wj’t)?:l verifies the same equations given above where for
those cycles a; which become vanishing cycles for ¢, the corresponding equations in (8.1) fix
the residues of the restriction of w;; on each component of the stable curve &; at the nodes
appearing on that component.

It follows that the period matrix for each fiber SN'ti" in the family S* - DB* is given by

g
Q{ = ( J Wit > .
bii ij=1

Let H, be the Siegel domain defined as
Hy == { g x g complex symmetric matrix ’ Im(Q2) > 0}.
Definition 8.1. The period map of the variation of Hodge structures H;(S;,Z) over B* is
given by
(8.2) $: B* — H,
- g
t— (J wj7t> . o
b; 7 L=t
The group Spy,(R) acts on Hy by
A B 1
<C’ D> Q= (AQ+ B)(CQ+ D).

The Siegel moduli space is a smooth Deligne-Mumford stack defined as the quotient A, =
szg(Z) \Hg and parametrizes principally polarized abelian varieties of dimension g. As we
explain below, the image of the monodromy map for the local system H lives in szg(Z).
Since wj¢ for t € D < B might have poles at nodes appearing in the fiber S;, the (multival-
ued) coordinates Sbi,s wj,s can tend to infinity when s tends to ¢. This may happen when the
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specialization of b; s to S; goes through nodes in &;. In order to describe the precise asymptotic
of these coordinates, we need to explicitly describe the action of the logarithm of monodromy
maps N, e € E, on the entries in (8.2).

In what follows, we view the entries of the period matrix as functions on /BS;, and note that
N = Ae — Id acts on the space of functions ¢: B* — C by Ne(¢)(@) = p(Ae(D)) — ©(F).

As in (7.5), for each edge e, we can write

g
(8.3) Ge = Z Ce,ilj.
i=1
Moreover, since a. € A, the coefficients c.; are zero for i > h.
By the Picard-Lefschetz formula (7.2), we deduce that
(8.4) Ne(bi) = e, biyae = ceiae.

The forms w; are defined globally, so they are invariant under monodromy. The integral of
these forms with respect to the vanishing cycles is computed by

h
(8.5) J wj =, Ce,zf Wj = Ce,j-
Qe i=1 a;

For each pair of integers 4, j € [g], we view the integration of w; along b; as a function

J wj: B* - C, fr—>f Wi
bi,- bi,t_

Applying (8.4) and (8.5), we deduce that

Ne (J (,Uj> = f W5 — f Wi = J Wi = <ae,bi>f Wj = Ce,jCe j-
b; e (bi) b; e(bs) Qe

~ —~~— g
We introduce the g x g matrices M, = (Me(i,j))‘ . by
ij=

=~ . . Ce’i Ce,j lf Z,] g h
8.6 M (i,5) =
(86) (0,7) {0 otherwise.

By Proposition 7.4, the matrix Me is the h x h matrix M, from (5.5), which we have filled up
with zeros to a g x g matrix. In particular, the entries of this matrix are all integers.

Altogether, we have proved that the logarithm N, of (the monodromy map) A. is given by
the following element of the Lie algebra spy,(Z)

(8.7) N, = (8 AZ) .

It follows that the image of the monodromy lives in Spy,(Z) and the map & descends to
B*, resulting in the following commutative diagram.

B2, H,
(8.8) l l

B* %, Spa, (Z )\H.

The map ® sends a point ¢ € B* to the point of the Siegel moduli space A, corresponding to
the Jacobian Jac(Sy).



48 OMID AMINI AND NOEMA NICOLUSSI

8.1. Asymptotics of the period map. The asymptotics of the period map can be described
by the nilpotent orbit theorem for variations of polarized Hodge structures.

We denote the coordinate variables corresponding to the edges as zg, and write the coor-
dinates of any point ¢ of B* as zp X zge. The coordinates in the universal cover B* will be
denoted by (¢, e € [N]. In these coordinates, the projection B* — B* is given by

exp(2mi foree £
(89) Ze = p( C€)7 )
C67 for e ¢ FE.

In these coordinates, the action of Ae ON B* for e € E, corresponds to (. — (. + 1.

The twisted period map ¥ on B* glven by
(8.10) — exp(— 2 N,

eell
takes values in the compact dual D of the period domain D = H,, which is (essentially) a flag
variety parametrizing filtrations F*C?9 satisfying the conditions of being a Hodge filtration of
weight 1, with Hodge numbers h'0 = h%! = ¢ [Sch73, Section 3|. The space D contains H,
as an open subset and the action of the symplectic group szg(Z) can be extended to D.

The map U is invariant under the transformation (e — (. + 1 and so descends to a map
U: B* —» D. We have the following result [Sch73, CKS86].

Theorem 8.2 (Nilpotent orbit theorem). After shrinking the radius of A if necessary, the
map VU extends to a holomorphic map
U: B— D.
Moreover, there exists a constant Ty > 0 such that
exp( ). CN)U(t) € H,
ecE

for all t € B, provided that Im((.) = Ty for any e € E.
Furthermore, there are constants C, 3 > 0 so that the following estimate

dist (B(3),exp(Y) C(N)U()) < €Y Im(Ce(5))” exp(~27 Im(C.(3)))
ecel ecel
holds for any s € B*, for the point t with zg(t) = 0 and zge(t) = zge(s), and any 5 € B*
above s satisfying Im((.(5)) = Ty for all e € E.

In what follows we denote the period map ® from Definition 8.1 as

¢: B* — H,

~ g
t—> Qg = <J wj’t>ij:1.

b; i
Proposition 8.3. Notations as in the previous section, we have that
V(D) = 0~ ) C(D)Me
el

It follows from the nilpotent orbit theorem that, shrinking the polydisk B around the origin,
if necessary, we can write \TJ(E) = Ay € H for any ¢t € B* and f € B* above t. Moreover, the
family of matrices (A¢)wep* can be extended to a family over B by setting Ay = ¥(¢) for the
extension ¥: B — D.

We will be interested in the imaginary part of ;. By the description of the monodromy,

Im(€;) is invariant under monodromy and descends to a map from B* to the space of positive
definite symmetric g x g matrices. For a point ¢t € B, we denote this matrix by Im(£2).
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The above results imply the following estimate for the imaginary parts. Given s € B*, we
introduce the log parameters £.(s) := —log |z.(s)|, e € E.

Theorem 8.4. For s € B* with {c(s), e € E, large enough, the uniform estimate

dist (Tm(€2,), Im(A,) + % ;ﬂze(s)ﬂg < ce;ee(s)ﬁ exp(—Lo(s))

holds, where t € B is the point with zg(t) = 0 and zgc(t) = zge(s).

Definition 8.5. We denote by Ag the value of ¥ at 0 € B and call it the (regularized) limit
period matriz, or simply, the limit period matriz at the origin in B. We have

Ao = Tim (27 = ) Cc()Mc)
0 eel

where ¢ is any point of B* living above ¢. o

Remark 8.6. The limit period matrix Ag at the origin 0 € B depends on the choice of
parameters, and is defined only up to a sum of the form ), AeMe. o

8.2. Description of the limit period matrix Ay at origin. As before, let p: S — B be
the family of Riemann surfaces over the polydisk B. The pullbacks p*(D,) of divisors D, for
e € E form a simple normal crossing divisor in §. The dualizing sheaf wg,p coincides with the

sheaf Q}S /B (log(p*D)) of holomorphic 1-forms with logarithmic singularities along the divisor

p*D. Our forms wy,...,w, form a basis of HO (B,p*ws/E;).

Let ai,...,a4,b1,...,by be an admissible symplectic basis of Hi(S,,Z). For k € [n], and
for each pair g1 + 1 < j < g (see (7.7) for the definition of gi), and each i € [g], we have

J wj = dij-
a;

We infer that the restrictions wy, 410, ..,w, 0 to Cy, form a basis of the space of holomorphic
differentials on C,, . Moreover, the function Sbi w; is holomorphic on B for any j € [g].

For each k = 0,1,...,n, let I} be the index set Iy = {gx—1 + 1,...,9x} (we set g1 = 0).
For a g x g matrix P, denote by P[I, I};s] the matrix with rows in I and columns in I;. We
deduce the following theorem.

Theorem 8.7. The limit period matriz Ag at the origin t = 0 has the following shape.

e Let 1 < k < n. Then the matriz Ag[Iy, I;;] € CIU)¥8(k) is the period matriz Qy, of the
component C, for the symplectic basis a;, b;, for j € Iy, and the holomorphic forms w;,
J € Iy, restricted to C,, .

o All matrices Ao[Iy, Iir] € CIOR*8) for indices 1 < k, k' < n with k # k" are vanishing.

In other words, the limit period matrix Ay has the following form

Qa * * * *
€ Q0 0 0
(8.11) Ag=| * 0 P O 0
. . . . . 0
* 0 Qy, ., 0
* 0 0 Qy,

for some h x h matrix Q.
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Proof. By definition, Ag is the limit of Q; — > p Ce(f)Me as t € B* tends to 0 and  is a

point of B* above t € B*. By definition of the matrix ]We (8.6), the entries of Ag[Iy, Ij]
for k, k" € [n] correspond to the limit of the corresponding entries in ;. By what preceded,
for k = K/, these are precisely the entries of the period matrix €, of the component C,, .
This proves the first statement, Consider now the case k # k’. For any t € B*, we have
Sai Wit =0 for any ¢ € I, and j € Ipy. Passing to the limit, we get Sai Wi = 0, that is the
restriction of wj,o0 to the component C,, has vanishing integrals along’ all the elements a; o,
i € I,. Since a;0, b0, 1 € I, form a symplectic basis of C,,, and the restriction of w;g to
C,, is holomorphic, we infer that w;o vanishes on C,,, and so all the entries in Ag[I}, I}/] are
Z€ro. ]

9. GENERIC CONTINUITY

Let Sy be a stable Riemann surface with dual graph G = (V| E,g), and denote by S — B
the analytic versal deformation space and the versal family of Riemann surfaces over it. We
fix a base point b € B*.

Consider the family of canonically measured hybrid curves (S:yb, [t )¢egive OVer B
is, each hybrid curve S:yh, t € B”", is endowed with its canonical measure e = pg.

The aim of this section is to prove the continuity of canonical measures when approaching
hybrid points through the open subset B* B"". More precisely, we show the following result.

hyb

. That

Theorem 9.1. The family of canonically measured hybrid curves (Szyb, it )eegive over the hy-
brid space B"™" is continuous through the open subset B* < B"". That is, for every continuous

function f: S = R, the function F: B”" — R defined by integration along fibers

hyb
F(t) := }bf‘ v Al te B
S S
satisfies the continuity condition
lim F(t) = F(t)

t—t
te B*

hyb

for all points t € B"™".

Remark 9.2. Without loss of generality, the proof of the continuity can be reduced to the case
where t = (¢, ) with ¢ = 0 € B. This allows to simplify the presentation in the following. <

In the following, we fix an ordered partition m = (71,...,m) on E, and a point of the form
t = (0,2) in the hybrid stratum D" = D, x &,. We also fix an admissible basis for H, (S}, Z)
with respect to the layering .

Let (w;)?_; be the corresponding family of holomorphic one-forms on S (see Section 8). For
each point t € B*, we write the canonical measure on the smooth Riemann surface S; as

g
(9.1) He = Z Hi gt
ij=1

where, for 4, j € [g], the complex-valued measure p; j; on S is given by

i — . . —
Higit == §Im(9t) 1(Z,j)wi A Wj.

We prove Theorem 9.1 by describing the limit of measures p; ¢, as t € B* approaches the
point t = (0, ). There will be three regimes, each treated in a separate section below.
For notational convenience, we introduce the following index sets

(92) Ik = {gkfl—'_la"'agk}? k:17"'7n7
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where g = h + Z?:l g(v;) is given as in (7.7), with g(v;) the genus of the Riemann surface

component C;; of S:yb, for j € [n]. We will establish the following limiting behavior (see below
for more precise statement):

(1) If h < 4,7, then, p; j; converges

- either, to a piece of the canonical measure on the Riemann surface component C,, of
Szyb, according to the analogue decomposition to (9.1); this happens in the case i,
belong to the same block Iy for k € [n],

- or, to zero; when i, j belong to two different blocks among Is, k € [n],

(2) If 1 <4,7 < h, then p; j; converges to a piece of the canonical measure on the underlying
tropical curve of the hybrid curve S,:yb, according to the decomposition deduced from
Theorem 5.1.

(3) If either, i < h < j, or, j < h <1, then p; j; converges to zero.

9.1. Inverse lemma. The proof of Theorem 9.1 requires an understanding of the asymptotics
of the inverse of period matrices. Our key tool is the inverse lemma stated below. Its proof
is given in Section 9.7

Lemma 9.3 (Inverse lemma). Let X be a topological space and fiz a pointt € X. Letyy, ...,y
be a collection of non-vanishing complex valued functions on X \ {t} such that

t
(9.3) T 2= L O A

=t yr(t)

Let M: X ~ {t} — C"™™" be a matriz-valued function. Assume that M(t) has an (r,r) block
decomposition of the form

M(t) = (A ¢ ) ,
(t) k() 1<k,I<r

where, as t converges to t in X, the blocks Ap: X ~ {t} — C™*™ are asymptotically given

by

At () = Yumaxgey (1) (-’Zl\kl +o(1))

for matrices .,éAlkl e C™>*™ and all the diagonal matrices flkk, k=1,...,r, are invertible.
Then, the matriz M (t) is invertible for t in a punctured neighborhood of t. Moreover, as t
converges to t, the inverse M(t)~1 has an (r,r) block decomposition with asymptotic behavior

M) ™ = (Y () (B + (1)) )
(t) Yninte (1) (Bra + o(1)) L <hier
for some matrices By € C**™ . The matrices in the asymptotics of on-diagonal blocks are
given by
By, = k_k17 k=1,...r

9.2. The inverse of the period matrix. In this section we apply the inverse lemma 9.3
to Im(€Y), the imaginary part of the period matrix for the Riemann surface S, t € B*, and
describe the asymptotic behavior of Im(£2;)~! as t € B* converges to t.

In order to apply Lemma 9.3, we need a detailed description of the asymptotics of Tm(€2;).
Recall from Theorem 8.4 that, as t € B* converges to the origin 0 € B,

(9.4) dist (Im(Qt),Im(Ao) + % 3 €e(t)]\7€> - 0.
eel
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Thus, choosing an admissible basis for H;(S,,Z) as in Section 7.4.2, Im(£2;) has the following
form

Im(Qg) + Mﬂ(t) * % .. %
; Q) 0 - 0
Im () = : : . 0o [+o),
* 0 <o Im(Qy, ) 0
* 0 e 0 Im(,,)

as t € B* tends to the origin 0 € B in the standard topology on B. Here, My = Do Le(t) M,
is the matrix defined in (5.6) for the edge lengths £.(t) = —log|z(t)|, e € E.

Next, we rewrite Im(€2;) as a square block matrix with r 4+ 1 blocks in each row/column.
Here, 7 is the rank of the ordered partition 7 = (m;)7_, with t = (0,z) € D.". Using the index
decomposition [h] = J1 L -+ 1 JI from (7.6), we set

Jh=Ah+1,...,9}
such that altogether, we get a partition
(9.5) [g] = Jru - wJith

For a matrix A € C9*9, we write Ay == A| . 1, 1 <k, I <7+ 1, for its (k,1)-th block with
respect to the decomposition (9.5). We stress that the notation \A(4, j) is used for the (4, j)-th

matrix entry.
Let A(t) := Im(€2;). We obtain the following (r + 1,7 + 1) block decomposition of Im(€),

Im(Qt)ZA(t)z(Akl(t)>1<kl<r+1 where A (t) = Im(Q) = Tn(2)] 1

To describe the asymptotics of the blocks A (t), we need the following functions yi, . . . yr+1
on B*. For k=1,...,r, define y,: B* — Ry by

(9.6) Blt) = 5o S log |0 = o= 3 Llt), e BT

eEmy EETTY
and set y,4+1(t) = 1 on B*. By the topological properties of B"™", we have

Yry1(t)

im
—t
ot k()

=0, k=1,...,7.

We obtain the following asymptotic behavior when ¢ € B* tends to t in B"™":
e Assume first that 1 < k <[ < r. Then,

(M) + 5= 31 LoD (Mo + of1)

I

Akl<t) = A (t)T

eell
! Lo(t
B % eemg-:-um« ee(t)(Me)kl " O(1> - yl(t)(;;l 2T y(l()t) (Me>kl + 0(1)>
- yz(t)< Z Te(Me) g + 0(1)>7

ecm

where we have used that (M) = 0 for all e € 73 1 ... m_1. The latter holds true since
our fixed basis of H1(S,,Z) is admissible. Note also that, as ¢ tends to t = (0, x), we have
—log |z (t)| = 27y (t)(xe + 0(1)) for e € m; by the definition of convergence in B"".

e On the other hand, if k =7+ 1 or I =r + 1, then by (9.4),

A (t) = Im(Ag) g + o(1).



MODULI OF HYBRID CURVES I: VARIATIONS OF CANONICAL MEASURES 53

The inverse lemma 9.3 now allows to describe A(t)~! = Im(€;)~!. Denote by

(9.7) ME, = 2. M, e RFF¥M:

EET;

the matrix (5.6) on the k-th graded minor gr®(G) of G, equipped with the edge lengths in the
simplicial part z of the point t = (0,z), and with respect to the basis of Hy(grk(G),Z) given
by the contracted cycles #(b;), i € J¥ (see Section 7.4.2 for details).

Theorem 9.4. Let Im(€) € R9*9, t € B*, be the imaginary part of the period matriz of
S;. Consider the block matriz decomposition of its inverse Im(Q;)~L. If t € B* converges to
t = (0,z) in B"", then

(9.5) 10(920) ™ = (Yasnge () (Bra + (1))

1<k, I<r+1
. k !
for matrices By € RP=*P= (where h'+! := g — h). Moreover,

Bii = (Mf:’m)fl, k=1,...,r

and
Im (€2, )7t 0 0 0
0 Im(Q,,)"Y 0 0
Br+1,r+1 = : . . 0
0 o co Im(Qy, )7t 0
0 .. .. 0 Im(Qvn)*l

Proof. The claim is an immediate consequence of the preceding discussion and Lemma 9.3.
Indeed, the structure of B,y1,41 follows from (8.11) and it only remains to notice that
Yicen, Te(Me)rkk = M}, for each k =1,...,r. O

9.3. Continuity I. For each & = 1,...,n, consider the index set I = {gr_1 + 1,..., 9k}
defined in (9.2). We prove the following result.

Theorem 9.5. Assume that t € B* converges to t = (0,2). Then the following holds true for
each pair of indices (i,7) with h+ 1 <1i,j < g.
o Ifi,j belong to the same set Iy, for some 1 < k < n, then u;;; converges to the measure
i 1. . .
Hije = 5 Tm(Qy, )14, §) wi A @;
on SEyb, supported on Cy, S:yb. Here Q,, denotes the period matriz of the Riemann
surface component C,, for the symplectic basis {a;, b;}i jer, (see Section 7.4.2).
e Ifi,j belong to distinct sets Iy, # I, then p; j: converges to the zero measure on S,:‘yb.

Proof. The relative holomorphic forms w;,w; on §* — B* extend holomorphically to S — B.
In particular, the complex valued-measure w; A @; extends continuously over all points of B.
It follows that when ¢t € B* approaches the hybrid point t = (0, ), the family of measured
spaces (St,wj ¢ A W;¢) converges to (8" wi A @;). This measure is supported in C,,, for i € I,
and is zero if j ¢ .

It will be thus enough to prove that
(9-9) lim Im(Q) ™ (i, j) = Im(Qu, )~ (4, 5)

—

teB*

if 7 and j belong to the same interval Ij. This follows immediately from Theorem 9.4. 0
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9.4. Continuity II. Consider a pair of indices 1 < 4,5 < h. Let Mﬁ’z € ]RhI:thﬁ, k=1,...r,
be the matrices from (9.7) and [h] = J! L --- U JZ the index decomposition from (7.6).

Theorem 9.6. Assume that t € B* converges to t = (0,z). Then, the following holds true
for each pair of indices (i,7) with 1 < i,j < h.

e Ifi,j belong to the same set J* < [h], then Wi j¢ converges to a measure [ jt ON S:yb

supported on the intervals of S:yb. More precisely, the limit measure is given by

Hijt = 2 (Mﬁ,x)_l(%]) ")/Z‘<6)")/j(€) dfe

CET

where y; = xk(b) and v; = #k(bj) are the cycles in Hi(gr%(G),Z) corresponding to
the elements b;,bj € By ~ Hi(G,Z) of the fized admissible basis, ¢} is the projection
map GE — gr®(G), and df. is the uniform Lebesgue measure on the interval I, < S:yb
representing the edge e.

e Ifi,j belong to distinct sets J& # J., then Wit converges to the zero measure on Szyb

The rest of this section is devoted to the proof of this theorem.

9.4.1. The behavior near singular points. Fix a small neighborhood Uy of the origin 0 € B. Let
e = uv be an edge of the graph G, and consider the singular point p®(0) of the fiber Sy = Sp.
We find a small neighborhood U, of p®(0) in S lying above Uy and put coordinates z =

((zz)#e, zg, zv) on U, with the equation z; 2, = z., using a standard coordinate neighborhood

u
(Ue, 2) (see (4.6) for details).
Since w; and w; are global sections over S of the dualizing sheaf wg/p, locally in a small
neighborhood U, as above, we can write

dz, dz,
(9.10) O Sl

)
€
Z’LL

" 2mi
for holomorphic functions f; and f; on U..

For the vanishing cycle ae, we have {, w; = vi(e) and §, w; = 7;(e), see (8.5). It follows
by the residue formula that f;(z) = vi(e) if 2 = 2 = 0. The same holds true for f;.

Now, we write 25 = exp(27i¢%), and pass to the polar coordinates ¢¢ = —log|z5| and

= Re(¢%) on U, \ p~1(D,.). Note that in particular, £¢ + £¢ = £.(t) = —log |z.(t)|.

In these coordinates, we have

dz

L= —dlS + (2mi)dTy

It follows that on U, p_l(De),

1 _
wi A By = — fi@) i (2)drg A e
™1

Let now t € B* be a point close to t in B"™". Restricting the measure p; ;; to Ue 0 S, we
get the expression

1 _
o ()70 ) fil2) fi(2)dri A dl, on Ue 0 Sy,
T

Assume now that i and j belong to the index sets J¥ and J. with 1 < k <1 < 7. Then,
Theorem 9.4 implies that

Mihj’t =

i = f;(ﬂzjfﬂ(()) (Buali.9) + (1)) drg A df,  on U, S,

and the o(1)-term tends to zero uniformly on U, n Sy as t € B* tends to t.
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Finally, suppose that the edge e belongs to the m-th set m,, of the ordered partition .
Normalizing the coordinates by the respective lengths, we get
t = .
pige = 20 £ ) (Buli.d) + o(1)drs » do,
Yk (1)
in U, N &, where
I 149

U 2mym(t)  Deen, Ce(t)’
Moreover, f; is holomorphic on U, with f;(z) = vi(e) for z& = 2§ = 0, and hence

fi(z) = yile) + O(|z5]) + O(]2¢])  in U,.
The same holds true for f;. Altogether, we have shown that

e

(9.11) it = ce(p) dr A dO. in S n U,.
where the function ¢;: & n U, — C has the form
_Ym® (o e c .
(9.12) alp) = 25 (1(e0() + O=5D + O(1=4]) ) (Bua(i. ) + o(1).

as t € B* tends to t with uniform estimates for the error terms. More precisely, the o(1) term
tends to zero uniformly on U, n S; for ¢ — t and the constant upper bounds in the O(|z5|)
and O(|z¢|) terms can be chosen independent of t.

9.4.2. Proof of Theorem 9.6. Let f be a continuous function on 8””. We are concerned with
the limit behavior of

(9.13) f s, hig
Sy

as t € B* converges to t = (0,x) in B"™". Using the same notation as in the preceding
section, we consider small neighborhoods U, around the singular points of Sp = Sy and choose
coordinates as above. As before, we suppose that i € JJ and j € JJ with 1 <k <[ <7r. The
case 1 <1 <k < r can be treated by symmetry, using 1z; j; = ;i -

Outside the open neighborhoods U,, the measures y; ;; extend continuously by zero. Indeed,
the measures w; A @; extend continuously outside these open sets and Im(;)~1(4,7) — 0 as
t — t by Theorem 9.4. More precisely, we have Im(€;) (i, ) = O(1/yx(t)) by Theorem 9.4
and yi(t) — +0o0 as t — t. In particular,

(914) lim f|3t d/ti,%t = 0.

A2 IS (U UenSy)

Hence it remains to analyze the integrals of f| s, over the sets U, n Sy, e € E. Fix an edge
e € F and suppose that e belongs to m-th set 7, of the ordered partition 7.

If m < k, then ;(e) = 7;(e) = 0 since our fixed basis of H;(S),Z) is admissible (see Section
7.4). In this case, w; and w; do not have logarithmic poles at the node p®(0) of Sp. Using the
same argument as in (9.14), we see that, for any e € m,, with m < k, we have

lim f|3t dﬂi,j,t =0.

tteggk SenUe

Therefore, in the following, we may suppose that m > k.

Next, we compute the range of the coordinate O, = £5 /(27 Y, (t)) on U. N S;. Suppose that
the coordinates 2§ and z{ on U, have range 0 < [z¢], |25 < ¢, for ¢ > 0. Taking into account
that 2525 = z.(t) on U. n &, one readily computes that O, has range the interval

Oc(Ue 0 St) = [h(t), ha(t)] = Zet
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where for t € B*, we set

—log(e)
27 Y (£)
with £.(t) = —log |ze(t)|.

We then decompose U, NSy = Ul

e,

ho(t) == 18Uz MI/E) _ Le(t) + log(e)

27 Y (1) 27 Y (1)

h1 (t) =

U2 ', as the disjoint union of the sets

1 . 1
Ult - {peU NS | |z5(p)| = G or |z5(p)| = Ee(t)}’ and
1 1
2 e
U2 = {pelen s | 2 < ) < ze(t)}'

A direct verification shows that on U7, and UZ,, the coordinate ©, has range

Oc(UL)) = [ha(t), ha(t)] U [ha(t), ha(t)] = ZIL,,  ©c(UZ,) = (ha(t), ho(t)) = 12,

where

- log (£ (t ~ Lo(t) — log (£e(t
SR (0]} i) o L) =108 (6(0)
27 Yy (1) 27 ym (1)
By the definition of convergence in B"" and (9.6), as t € B* tends to t = (0, ) in B"", we get
(9.15) lim hy(t) = lim ha(t) =0, lim ho(t) = lim hy(t) = .
teB* (e B teB* teB*

Thus, in the limit ¢ — t, the sets Z, shrink to {0} U {z.}, and the intervals 72, expand to
the interval (0,z.). Using the boundedness of f and the coefficient ¢, see (9.12), and using
that m > k, this implies that

It remains to understand the limit of the integrals over the sets Ue%t.
We first observe that

(9.16) lim | fi, dr$ A dO, = f( ) dfe(\)

where 7, is the interval of length x. representing the edge e € E in the hybrid curve SZYb and
0. denotes the uniform Lebesgue measure on Z.. Indeed, we can explicitly write

f|S dré A dO. —f f [ ((2)ige, Ty ©c) dry dO, .

Then, (9.16) is a direct consequence of the definition of the topology on S™ (namely, Propo-
sition 4.1) and (9.15).

In view of (9.11), it finally remains to describe the behavior of the function ¢;(p). If
k =1 = m, then it follows from (9.12) that

lim sup e, (p) —7i(e)y (e (M), )] = 0.
teB*pEUet

Here, we use that |28, |25] < 1/]1log(|ze(t)|)| on U2t and hence z¢, z5 — 0 uniformly on Uft

for t — t. (Remark that this argument fails for U}  instead of U? ', and hence the above
decomposition was necessary.) The above implies in turn that

fim | Sl dinge = (s @O ) [ 00 do
e,

te B*
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hyb

On the other hand, if m > k, then y,,(t)/yr(t) goes to zero as t € B* converges to t in B .
This means that
lim sup [er(p)] = 0
teB* pEUg,t
and in particular
lim f|st dﬂi,j,t = 0.

t—t 2
te_é* Ue,t

Since k < I < m, we have m > k provided that [ > k. We infer that non-zero contributions of
the integral over U, N S; to the limit (9.13) only occur if kK =1 = m.

Finally, combining all the above considerations, we can compute the limit in (9.13) and
arrive at Theorem 9.6. g

9.5. Continuity III. Consider a pair of indices (7,j) with 1 <i < h and j > h.

Theorem 9.7. Ift € B* converges to t = (0,z), then the measure p; j; converges to the zero
measure on Sy .

The proof proceeds in the exact same way as in the previous section.

Taking the open sets U, around singular points p© of the fiber Sy = Sp, one sees that outside
the union of the U,’s the measure w; A @; extends continuously while Im(€2;)~1(i, j) converges
to zero (see Theorem 9.4). Reasoning as in the preceding section, and supposing that i € JF,
this remains true for the restriction of measures to the subsets U, for e € 7, with m < k.

On the other hand, using the same arguments and notations as in the previous section, on
the open set U, of an edge e € m,,, we have

i gt = ij(é)@(é) dr; AdO.  onU.n S,
yr(t)

where ¢: U, — C is a bounded function such that ¢(z) = 0 if 25 = 25 = 0. The latter
property follows from the fact that w; is holomorphic at the singularities p®, e € E, of Sp.
Proceeding as in the proof of Theorem 9.6, we arrive at Theorem 9.7. U

9.6. Proof of Theorem 9.1. For points ¢t € B*, we decomposed the canonical measure as
Wt = Z?,jzl pije in (9.1). Using Remark 9.2, we then reduced the proof of Theorem 9.1
to understanding the limits of the measures y; ;; when ¢ € B* approaches a limit point of
the form t = (0,2) in B"". This was achieved in the three preceding subsections. The link

. . hyb ., .
between the measures p; ;¢ in Theorem 9.6 and the canonical measure on S, is given by
Theorem 5.1. g

9.7. Proof of the inverse lemma. We prove Lemma 9.3 proceeding by induction on r, the
number of blocks in each row/column.

If » =1, then M(¢) = A;1(t) and the claim is trivial. So suppose that M(¢) is an (r,7)
block matrix and we have already proven the claim for (r — 1,7 — 1) block matrices. Then we

can write
_ (M () Iha(?)
v = (s nafs)
(

where 111 (t) = Aj1(t) € C"*™ | Tlga(t) is the (r — 1,7 — 1) block matrix

Ms(t) = (Api(t))a<ki<r € "5
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withn' =n—n; = 2;22 ng and Il () € Cn/xm , Ma(t) € C™ " are given by

Az y2(Aa1 + o(1)) A\" yz(ﬁu +o(1))\
H21 = = 5 H12 = R
A ) \ye(A +0(1) Ay ur(Arr + o(1))
Consider the Schur complements S(t) € C"*™ and S(t) € C**" given by
S(t) := My (t) — Mo () oo ()~ T2 (2),
S(t) = aa(t) — T ()1 (1)~ Tha(8).
By the Schur complement formula, the inverse of M (t) can be written as
1 (Y(t) ‘1’12(15)) _ < S~ —S(t)_11:h2(t)H22(t)_l>
(9.17) M(#)™" = <<p21(t) Uon(t) ) = \ “Thya(£)~1Tloy (1) S (£) ! S(6) !

provided that II11(t), IIx(t), S(t), and S(t) are invertible. In the following, we prove that the
invertibility condition holds and then use (9.17) to compute the asymptotics of M (¢)~*
The matrix 11 (£) = Ay (t) is invertible, since Ay is invertible by assumption.
The (r —1,r — 1) block matrix ITIs2(¢) satisfies the assumptions of the induction hypothesis.
In particular, IIs3(t) is invertible and
1

I, () = (
22 ( ) ymin{k,l} (t)

for some matrices Ny € C**™ 2 < k.1 <

Turning to S(t), note that, since lim;_¢

(N + o<1>>)

2<k,I<r

¢ . o ‘ -
m(n)(t) exists, the limit A := lim;_¢ H221H21 c

C™*m exists as well. Indeed, we have N = (A;)7_, where N € C"*™ i =2 ... 7, is given
by

, T yt) 7 IRV
N; = %EZQW(MJ +0(1))(Aj1 +o(1)) = ;MJ-AJL

Combining this with the fact that I1;2(t) = y2(¢)O(1), we obtain

~ t ~
©018) S0 = (@) +1(00() = @) (Au + 2HOW) = 1a(6) (A +o(0).
In particular, S(t) is invertible for ¢ close to t by invertibility of A
It remains to treat S(t). In order to do so, we consider S(t) as a (r — 1,7 — 1) block matrix.
Note that

o I, T = <Ak1Af11A1l)2<k7l<T
and it follows from (9.3) that for each index pair (k,l) with 2 < k,l <r
. 1 _
lim ———— A (¢)An (1) Ay () =

l—w ymax{k,l} (t)
Yk ()i (t)
t= 41 () Ymaxisy (1)
This means that the (k,)-th block of S(t) behaves like

Skt (£) = Yunaony (8) (Art + 0(1)).

We can thus apply the induction hypothesis to S (t), and deduce in particular that it is
invertible.

(A AL Ay +o(1)) = 0.
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It remains to determine the asymptotic behavior of M (t)~! using (9.17). From (9.18), we
obtain that Wy1(¢) = y1(t) " (A + o(1)), as claimed. In addition, it is clear that

1 L o) = L NA o

This implies the claimed asymptotics for Wa;(¢). The second off-diagonal matrix W;9(¢) can
be treated similarly. Finally, the claimed asymptotics for Wos(t) follow by again applying the

Uy (t) = —

induction hypothesis to the (r — 1,7 — 1) block matrix S(t). The proof is complete. O

10. PROOF OF THE MAIN THEOREM

In this section, we present the proof of our main theorem. Let Sy be a stable curve of genus

g with dual graph G = (V, E, g). As in the previous sections, let S — B be the versal analytic

family of stable curves over a polydisc B of dimension N = 3g — 3 with S = Sy. Consider
hyb

the hybrid space B"" and the family of hybrid curves S"" = B"". We equip each fiber S
t € B”", with its canonical measure p.

Theorem 10.1 (Continuity: local case). Notations as above, the family of canonically mea-
sured hybrid curves (S:yb,'ut)teBhyb 15 continuous.

By Remark 9.2, it suffices to prove the continuity at hybrid points tg € B"™" of the form
to = (0, ), that is, their underlying complex point equals ¢t = 0 € B. Fix such a hybrid point
to and let 7 = (m1,...,7m.) be the ordered partition of the edge set E with tg € D.". By
Theorem 9.1, the canonical measures are continuous at to through the open part B* of B"™".
In order to establish Theorem 10.1, we need to prove the continuity at ty through all hybrid
strata D, of ordered partitions 7’ with 7/ < 7.

More precisely, fix a subset of edges F' € E and an ordered partition 7’ of F with 7/ < 7. We

need to show that the family of canonically measured hybrid curves ™" |y (to} is continuous

at tg for the induced topology on D;y,b U {to} = B”". We will reduce this claim to Theorem 9.1
and Theorem 6.1.

Let G = (V', F) be the stable dual graph of the stable curve S; for any ¢ in the stratum
D::,b. The graph G’ is obtained from G by contracting all edges in F \. F'. Since 7’ < 7, there
exists 79 < r such that the initial part 7y = (7,...,7,,) of 7 forms an ordered partition of

hyb hyb " trop

We have a continuous forgetful map q: D, u D, — .#, ~, which sends any hybrid point

t = (¢, ) to the point q(t) := x| either in o or in 6, depending on whether t € D::,b or
te Dl;ryb. By Proposition 5.3, for any point t € D:ry,b U D:ryb and any edge e € F', the restriction
of the canonical measure p¢ to the interval Z| ¢ of the hybrid curve S:yb coincides with the

P

restriction of the canonical measure Hq(t) On the tropical curve %th(‘:) to the interval Ie|q(t) of

(gqt(:; By Theorem 6.1, the universal family of canonically measured tropical curves %" s

continuous over .#., . It follows that for any edge e € F, the family of measured intervals
(Zt e, ut|zt ) is continuous over D::,b U D:ry " This proves half of the continuity claim, namely,

the continuity of canonical measures on the common intervals of the respective hybrid curves.

To prove the continuity on the Riemann surface parts, let .# ;- - : G — G’ be the contraction
map, which contracts all edges in E'\. F'. Denote by V,,, v € V', the set of all vertices of G that
are mapped to v by # .. For a vertex v € V’, consider the subcurve S, € Sy = Sy consisting
of the union of all irreducible components Cy,, = C,, of Sp, for u € V,,. The subcurve S, comes
with a marking given by those nodes of Sy that lie on S, and correspond to edges in F. The
marked curve S, is stable and we denote by ,B its analytic versal deformation space. Let
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hyb hyb

,S"" —  B"" be the family of hybrid curves over the associated hybrid space ,B"", endowed
fiberwise with the canonical measure.

We have a natural projection map from Dp = UFgFgE DF to B,, which gives rise to
a hybrid projection map ,p: B]E:iﬂ] — vBhyb. Recall that the subspace B]E:rlj,w] c B" was
introduced in (3.12) and corresponds to ordered partitions ¢ with 7’ < ¢ < 7. Under this last
map, the inclusion

hyb

D.) < » '(,B%)

holds true. In addition, the pullback ,p* <vShyb> can be identified naturally with a measured

subspace of the hybrid family S By Theorem 9.1 (that extends verbatim to the marked

setting), the family of canonically measured hybrid curves US:yb, te Bhyb, is continuous at

v

the point ,p(to) through the open part ,B*. Hence the family of measured spaces ,p* <v8hyb>

is continuous over the subspace D:Ty,b u {to} c B"". Since this holds for all vertices v € V', we
get the second half of the continuity, and Theorem 10.1 follows. O

APPENDIX A. THE TOPOLOGY ON THE VERSAL HYBRID FAMILY

Let Sp be a stable (marked) Riemann surface and & — B its versal deformation family.
Consider the family of hybrid curves p: 8" — B"" over the hybrid deformation space B"™".
In what follows, we make the topology on s precise. We use the terminology and notations
from Section 4.3.

The following construction is needed later on. For e € E, we obtain a normalized family

(A1) S. — D,

by resolving the singular points p®(t), t € B, in the versal family S| p, —> De. That is, in each
fiber S;, t € D., we replace the node p®(t) of the edge e = wv in the dual graph G; by two
different points p¢,(t) and pg(t) lying on the components C, ; and C,;, thereby making them
disjoint. We stress that 56 is defined over D,.

We will define a topology on 8" by specifying for each point p € S a neighborhood
subbase Vy(p). The total neighborhood system V(p) at p is then obtained by taking first all
intersections of finitely many sets in Vy(p) and then all supersets of such sets.

Fix a point p € S Assume that p € S, for the ordered partition 7 of the subset F < E
(see (4.4); here, S, := S* for the empty partition 74 of F = @). Let t = (t,x) := p(p) € B
be the hybrid base point of the fiber S, containing p. The neighborhood subbase Vo (p) will
contain two different types of sets. We first add the preimage p~!(U) of every neighborhood
U of the base point t in B™" to V (p). This ensures the continuity of the hybrid projection
map p: S~ — D" at p.

The second type of neighborhoods in Vy(p) clarifies the topological relation between the
subfamilies in (4.4). These sets have the structure

(A.2) W= || Wa

<y

where each W,/ is a subset of S:Ty,b. Their precise form depends on the type of the point p
according to the decomposition (4.16). We will proceed by case distinction. Assume that...
(1) p is a smooth point on some Riemann surface component of S:yb, that is, p belongs to
PY. In this case, the set W, will simply reflect the topology on the original family of Riemann
surfaces S. By (4.17), we can formally write p = (p, z) for some point p € P° (see (4.5)).
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Suppose W), is a neighborhood of p in & containing no nodes, that is, W, < P°. Then for
any ordered partition 7’ with 7’ < m, we set

hyb

(A.3) W= (| WpnS) x 6 = (Wy nSpr) x 6 S S

seD gy

where F' = E./. By (4.7), we can view W, as a subset of S:ry/b. Using the sets W/, we define
a neighborhood W of p in 8" by (A.2). Tt contains only smooth points of the corresponding
hybrid curves.

(7) p is an interior point of an interval Z, in S:yh, that is, p belongs to P2. Formally, we
can write the point p as p = (t,z, A5, \5) for some edge e € F and 0 < A, A < z, with
NS+ NS =z, (see (4.19)). Fix an ordered partition 7’ of some subset F’ with 7’ < . Suppose

that...

e 7' contains the edge e (that is, e € F’). Then, we can naturally relate the respective
intervals in the hybrid curve fibers. Namely, we can view

W, = {(s,y, 3 AY) € Dpr x T2 | 1A%y — XS | < 5}
as a subset of S;y,b by (4.13). It is contained in the intervals representing the edge e in
the respective hybrid curve fibers, that is, W, < P72r,.

e 7' does not contain the edge e (that is, e ¢ F’). In this case, we use the Log-maps
introduced in (4.22). Fix a standard coordinate neighborhood (U, z) of the point p®(¢) in
the original family S — B. Moreover, take a small neighborhood W), of p®(t) in S and
some ¢ > 0. Using the Log-map on U, we define

Wy i={qe S nU | |Log.(q) — A, /zc| < € and g belongs to W} x 6.

That is, we take those points in fibers over D:ry,b that lie in the Riemann surfaces parts,
are close to the node p®(t) in the original family S, and whose logarithmic images are
close to the point in question on the interval. By definition, we have W, < P?r, (see
(4.17)).

Altogether, we obtain the neighborhood W for p from the sets W, by (A.2).

(747) p is the attachment point of an interval Z, in S:yb, that is, p belongs to PL (see
(4.18)). Parametrizing the interval Z, starting from p, we can assume that p = p¢(t) is the
left endpoint 0 of the interval Z, = [0, x.] representing the edge e = wv € F in the hybrid
curve S;”. Fix an ordered partition 7’ of some subset F’ with 7’ < 7. Suppose that...

e 7’ does not contain the edge e. Then, we use the Log-maps in the same way as in case
(ii). Namely, we fix a standard coordinate neighborhood (U, z) of the point p€(¢) in the
original family S, a small neighborhood W), of p¢(t) in S and some ¢ > 0. Using the
Log-map on U, we then set

Wy ={qe Sp nU | Log,(q) < ¢ and ¢ belongs to W} x 6.

That is, we take those points in fibers over D::,b that lie in the Riemann surfaces parts,
are close to the node p°(t) in the original family S, and have logarithmic image close to
the left endpoint of the interval. Again, W, is viewed as a subset of S:ry,b by (4.17). It
contains only smooth points of the corresponding fibers, that is, W < P?T,.

e 7' contains the edge e (that is, e € F’). Then, the singularity along the section p® was
resolved also in the family S:r‘y,b. Thus, locally, S:ry,b looks like the normalized family S,
from (A.1) with some intervals attached. In this case, we want the set W,/ to contain
both parts of stable Riemann surfaces and intervals. To define the first part, note that
we can view

Se|bF/ X Opt
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as a subset of S, (similar to (A.3)). In particular, for a neighborhood W of p&(t) in S,
we can see

as a subset of S,

W = U WA (§e|s) X Opr = (W N (g€|f)p,)> X Opt
s€Dp

hyb

. By (4.13), the second part of Wy is the subset

hyb

Wz = { (5,9, X0, X5) € D x Ty | Nifye <} € 83

which corresponds to taking interval parts [0, ¢] in the edge e of the hybrid curves. Al-
together, the subset W, < S;y,b is defined as the union Wy = Wy 1 U Wi 9. It contains
points of all three types in (4.16).
Again, the neighborhood W of p is obtained from the sets W, by (A.2).
We can now finish the definition of the neighborhood subbase Vy(p) of the point p € S™".
Distinguishing the three cases (7)-(77)-(4i7), we add to Vo(p) all sets W that can be constructed
in the way described above (ranging over all € > 0, and neighborhoods U, W, W, etc.).

Finally, the topology on 8™ is the unique one such that Vo(p) is a neighborhood subbase
for cach p € 8™, A direct verification shows that the related neighborhood system (V(p))p,
obtained by taking finite intersections and supersets of sets in Vy(p), satisfies the axioms of a
neighborhood system on 8", concluding the definition of the hybrid topology on S™".
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